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ON  THE  LINEAR  TRANSFORMATIONS  OF  A  QUADRATIC 
FORM   INTO  ITSELF* 

BY 

PERCEY  F.  SMITH 

The  problem  of  the  determination  f  of  all  linear  transformations  possessing 
an  invariant  quadratic  form,  is  well  known  to  be  classic.  It  enjoyed  the  atten- 
tion of  EuLER,  Caylet  and  Hermite,  and  reached  a  certain  stage  of  com- 
pleteness in  the  memoirs  of  Frobeniu84  Vos8,§  Lindemann||  and  Loewt.^ 
The  investigations  of  Cayley  and  Hermite  were  confined  to  the  general  trans- 
formation, Frobenius  then  determined  all  proper  transformations,  and  finally 
the  problem  was  completely  solved  by  Lindemann  and  Loewy,  and  simplified 
by  V0B8. 

The  present  paper  attacks  the  problem  from  an  altogether  different  point,  the 
fundamental  idea  being  that  of  building  up  any  such  transformation  from  simple 
elements.  The  primary  transformation  is  taken  to  be  central  reflection  in 
the  quadratic  locus  defined  by  setting  the  given  form  equal  to  zero.  This 
transformation  is  otherwise  called  in  three  dimensions,  point-plane  reflection, — 
point  and  plane  being  pole  and  polar  plane  with  respect  to  the  fundamental 
quadric.  In  this  way,  every  linear  transformation  of  the  desired  form  is  found 
to  be  a  product  of  central  reflections.  The  maximum  number  necessary  for  the 
most  general  case  is  the  number  of  variables.  V088,  in  the  first  memoir  cited, 
proved  this  theorem  for  the  general  transformation,  assuming  the  latter  given  by 
the  equations  of  Cayley.  In  the  present  paper,  however,  the  theorem  is 
derived  synthetically,  and  from  this  the  analytic  form  of  the  equations  of  trans- 
formation is  deduced. 


♦Preeented  to  the  Society  December  29,  1903.     Received  for  publication,  July  2,  ir04. 

t  The  results  of  §§  1,  2  were  commnnicated  to  the  American  Mathematical  Society  in  Decem- 
ber, 1901. 

t  FroB£KIU8,  Ueber  linear  9ubstHutionenund  bilinear  Fortnetij  Crelle,  vol.  84  (1878),  pp.  1-63. 

§yo6S,  Zur  iheorie  der  ortkogonalen  substituiianenf  Mathematiscbe  Annalen,  vol.  13 
(1878),  pp.  320-374  ;  Ueber  die  cogredienie  Transformation  der  bilinearen  formen  in  »ich  selbst, 
Miinchener  Bericbte  (1896),  pp.  1-23. 

IILtndemann,  Vorlesungen  iiber  Oeometrie^  vol.  2  (1891),  p.  356;  Ueber  die  Unearen  Trans- 
formationen  einer  quadralischen  Mannigfaliigkeit  in  sick,  Miinchener  Berichte  (1896),  pp. 
31-66. 

^  LOBW  Y,  Ueber  die  JVansformaiionen  einer  quadraliechen  Form  in  sich  selbst^  Leo  p.  NovaActa, 
Halle,  vol.  65  (1896),  pp.  1-66. 

1 
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The  theory  of  central  reflections  developed  in  §  1  is  so  simple,  and  the  ana- 
lytic representation  derived  therefrom  so  direct  that  the  present  discussion  pre- 
sents a  complete  solution  of  the  problem  which  may  be  regarded  as  elementary. 
Furthermore,  the  equations  (24)  found  in  explicit  form  for  every  such  transfor- 
mation have  not  been  given  elsewhere,  as  far  as  the  author's  knowledge  goes. 

In  §  §  5,  6  are  given  some  applications,  and  in  §  7  the  solution  of  the  corres- 
ponding problem  for  the  alternating  bilinear  form.  The  results  of  the  first' six 
sections  apply,  of  course,  to  the  symmetrical  bilinear  form. 

§  1.   The  theory  of  central  reflections. 
Let 

(1)  f{x)  =  L  a^x.x^,         a.,  =  a^         (»,  A:  =  l,  2,  •   •,  n), 

be  the  given  quadratic  form.  The  quadratic  locus  y*(cc)  =  0  in  linear  space 
Sn-\  of  w  —  1  dimensions  may  be  called  after  Cayley  the  "absolute."  Any 
group  of  r  independent  sets  of  coordinates 

determine  a  linear  manifold  M^_^^  of  n  —  r  —  1  dimensions,  the  coordinates 
X  of  any  point  of  which  are  linearly  derived  from  the  a's : 

The  involutory  transformation  which  forms  the  basis  of  the  discussion  is  the 
"central  reflection"  of  Voss  (loc.  cit.),  or  the  point-plane  reflection,  as  it  is  often 
called,  point  and  plane  standing  in  the  relation  of  pole  and  polar  with  respect  to 
y(x)  =  0 .  1  shall  denote  by  {  a  }  the  reflection  in  the  point  a  and  its  polar 
plane,  and  by  x{b,]x'  the  fact  of  x  transforming  into  x\  from  which  also, 
since  the  transformation  is  involutory,  will  follow  sc'  {  a  }  x.  From  the  definition 
of  the  transformation  x\  x  and  a  are  collinear,  hence  x'  =  x  +  Xa,  and  since  by 
hypothesis,  f{x')^f{x)^we  find  for  the  equations  of  {  a } 

,o^  '  2/(x,a)  ,      2f{x\  a) 

(2)  :c^x^~j^ya.         or         x  =  x Jf^<'> 

where,  of  course, y( a)  4=  0  (and  may  be  taken  equal  to  1  when  desired),  because 
the  center  a  must  not  lie  on  the  absolute. 

Evidently  the  center  a  and  each  point  in  the  polar  M^_^  of  a,  viz.,  /(sc,  a) 
=  0  are  invariant  under  { a } . 

The  product  {  ab  }  of  two  reflections  {  a  }  and  { b  }  comes  out  as 

This  is  symmetrical  in  a  and  h  when  and  only  when/'(c,  6)  =  0,  i.  e.,  we  have 
the  result : 
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Two  centred  reflections  {  a  }  and  { b  }  are  commutatwe^  when  and  only  when 
a  and  b  are  cojyugate  points  with  respect  to  the  absolute.* 

The  important  question  is  now  this :    When  i«  {  ab  }  s  { cd  }  ? 

A  necessary  condition  is  expressed  in 

Theorem  1.  If  { a(i>a(*>a('>  •  -  •  a^^> }  s  { V'^h^h^'^ . . .  b^^^ } ,  then  each  of  the 
centers  b  is  numerically  derived  from  the  centers  a^^\  af-^  •  •  •,  c^'K-f 

Take  r  =  2 .  Then  from  (3),  { ab }  =  { cd }  gives  as  a  necessary  and  suffi- 
cient condition 

,4.     /(^.«),  ■//(:«>&)      2f(x,a)f(a.b)\  . 

""  yt'c)  '^\j\d)  -    f{c)f{d)    r 

for  every  value  of  x.     If  c  ^  a,  take  /(x,  c)  =  0 ,  and/(a5,  a)  +  0 .     Then  d 
is  Qumerically  derived  from  a  and  b  .     Similarly  for  c . 

The  following  proof  involving  the  principles  of  Grassmann's  Ausdehnungs- 
lehreX  is  general  and  very  direct.  Regarding  a,  &,  c,  (2  as  extensive  magni- 
tudes or  complex  quantities,  and  the  coefficients  in  (4)  as  scalars,  we  notice  that 
the  coefficient  of  b  is  of  the  same  form  as  that  of  a  diminished  by  a  multiple  of 
the  latter.  Now  write  down  (4)  with  x  replaced  by  x\  and  multiply  the  corre- 
sponding members  of  the  two  equations  together  using  the  '^  combinatorial  law  " 
a6=  —  6a,  crf=  —  cZc;  then,  taking/(a)  =/(6)  =/(c)=/(rf)  =  1,  we  get 
easily 

/(«i  c)     /(«,  d) 


/(»,  a)     /(»,  6) 
f{x\a)    f{x\b) 


ab  5 


f{x\c)    f{x\d) 


cd^ 


in  which  the  scalar  coefficients  are  determinants.  In  this  form  the  theorem  fol- 
lows at  once,  and  as  the  method  is  in  no  wise  different  for  the  general  case,  the 
truth  of  the  proposition  is  established. 

It  is  now  necessary  to  add  only  the  following  theorem,  after  which  a  complete 
theory  of  central  reflections  may  be  developed  by  synthesis. 

Theorem  2.  The  product  { ab }  o/*  two  central  reflections  may  be  resolved 
in  00*  ways  into  { cd } ,  the  centers  c  and  d  lying  on  the  manifold  M^  derived 
from  a  and  b .  Either  c  or  d  may  be  chosen  arbitrarily  on  this  line.  The 
other  is  then  uniquely  determined, 

Forif/(a)=l,/(6)  =  l,and\2  +  At2  +  2X/i,/(a,6)=l,then  {ab}  =  (cd} 
if  c  =  \a  +  /i6,  and  e?  =  —  fta  +  [X  +  2fif{a^  6)]  6,  as  direct  substitution  in 

*V08S,  loo.  oit.,  p.  345. 

t  We  asBxime  r>n,  and  a^,  a,,  •  •  •,  dr  independent. 

X  Ausdehnungalehre  von  1862,  p.  42. 
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(4)  will  show.*  Furthermore,  we  caoDot  write  {ab}  =  {cd}  s  (cd'}  unless 
{d)  »  {d'}.  For  (ccdj  would  in  this  case  be  identical  with  {cod'},  and 
since  { cc }  is  the  identical  transformation,  we  must  also  have  { d }  =  { d'  }. 

The  invariant  configuration  of  {  ab  }  is  made  up  of  the  points  of  intersection 
of  the  line  ab  with  the  absolute,  and  every  point  of  the  ^_3  common  to  the 
two  polar  manifolds  M^_^  of  a  and  i.f 

It  is  to  be  noted  also  that  \a  +  fib  lies  upon  the  absolute  when 

which  is  the  condition  of  coincidence  of  c  and  c?,  i.  e.,  in  the  resolution  of  { ab  } 
the  express  hypothesis  made  in  (2)  that  a  center  shall  not  lie  upon  the  absolute 
is  equivalent  to  coincidence  of  c  and  d. 

Pass  on  now  to  r  —  3 ,  and  the  proof  of 

Theorem  3.  The  product  of  three  central  reflections  {  abc  }  may  always  be 
resolved  in  oo*  ways  into  {  def } .  The  first  center  is  any  point  in  the  plane 
of  a^  6 ,  c ;  but  the  line  joining  e  and  f  is  then  uniquely  determined^  though 
either  e  or  f  may  be  chosen  at  will  upon  this  line. 

Given,  then,  the  three  centers  a,  6,  c,  and  any  center  d  in  their  plane.  If 
the  point  b'  of  intersection  of  ad  and  be  is  not  on  the  absolute,  then  by  theorem 
2,  {  abc  }  s  { ab'c' }  s  {  def } .  Suppose,  however, /(  i' )  =  0 ,  and  let  a'  be  any 
center  on  a&,  so  that  we  may  write  {  ab  }  s  { a'b' } .  Then  the  lines  da  and  cb' 
are  projectively  related,  and  accordingly  their  point  of  intersection  b"  describes 
a  conic  containing  d  and  c .  Since  d  and  c  are  not  on  the  absolute,  this  conic 
cannot  be  the  intersection  of  the  plane  of  centers  with  the  absolute,  and  b"  may  be 
assumed  a  center.  Hence  we  now  have  { abc  }  ^  { a'b'c }  ^  {  a'b"c' }  s  {  def  }  , 
and  the  first  part  of  theorem  3  is  proved. 

For  the  rest,  if  (def)  »  (de'f),  then  (ef)  =  (e'f)  and  the  second  part 
follows  at  once  from  theorem  2. 

It  appears,  therefore,  that  the  transformation  {  abc }  establishes  in  the  plane 
of  centers  a  point-line  relation  between  the  first  center  d  and  the  line  ef  upon 
which  the  remaining  two  must  then  lie. 

This  relation  is  a  correlation.  For  if  f  is  any  center  on  e/*,  then 
{ def }  5  { dj  Cj  fj } ;  and  if  de  and  d^  e^  intersect  in  d' ,  we  may  write 
{ d'e'f }  s  {  d'e|  fj } .  Hence  e  and  e[  are  on  e/*,  and  e  and  d'  coincide  with  e 
and  d  respectively.  Therefore  as/*  in  {  def  }  moves  along  e/*,  the  corresponding 
line  turns  around  d.  Hence  the  transformation  { abc }  establishes  a  duality 
{  r }  in  the  plane  of  centers,  such  that  the  second  and  third  centers  lie  upon  the 
line   that   corresponds    under    { F }    to  the  first  center.     Furthermore,   since 


*The  eqnations  simply  indicate  tbat  a,  h  and  c,  d  are  oorresponding  pointa  of  a  projectivity 
on  the  line  of  centers  and  with  fixed  points  upon  the  absolute. 

t  The  line  joining  a  and  h  touches  the  absolute  when  /( a )  /( 6 )  =  [/( a ,  6  )]*. 
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{ def }  5  { ed'f }  ^  { efd"  }  ,  y*lie8  on  the  correlate  of  a,  and  finally,  as  the  pre- 
ceding shows  that  a  point  and  its  line  under  {  F  }  are  united  only  when  the  point 
is  on  the  absolute,  we  have 

Theorem  4.  The  transformation  {  abe  }  establishes  in  the  plane  of  centers 
a  duality  which  is  characteristic  of  the  transformation.  In  any  resobUion 
of  { abe } ,  the  line  corresponding  in  this  duality  to  any  center  contains  the 
following  centers  of  the  product.  Coincidence  of  point  and  line  under  this 
diicdity  occurs  when  and  only  when  the  point  is  on  the  absolute. 

The  generalization  of  this  theorem  is  at  once  accomplished  by  complete  induc- 
tion. Assume,  then,  that  theorems  3  and  4  hold  for  the  product  of  any  p  cen- 
tral reflections  p  <.n.     Write  the  transformation 

{ T^^, }  s  { a^^^  a(2> . . .  a('*>  a^''^^^ }  s  { a^*^  T^ } . 

Let  ¥^^  be  any  point  in  the  M^  numerically  derived  from  a^*\  a^*^,  •  • .,  a^+*\ 
and  suppose  the  line  a^^^¥^^  intersects  the  locus  of  centers  of  { T  }  in  a^°\  Con- 
siderations analogous  to  the  preceding  permit  us  to  assume  a^^^  not  on  the 
absolute,  and  we  may  by  hypothesis  write  {T^}  s  {a^°^T^_j}.  Since  also 
I  a(»  a(«> }  5  { V»>  b<oj } ,  we  evidently  have  { T^+, }  s  { b(*>  T;  } .  The  remainder 
of  the  proof  follows  as  easily  and  may  be  omitted,  the  statement  following. 

Theorem  6.  The  transformation  { a^*^a^*^  •  •  •  a^*"^  }  compounded  of  r  inde^ 
pendent  central  reflections  establishes  within  the  M^_^  numerically  derived 
from  the  centers  a^*\  a^^\  •  •  •  a^''\  a  duality  which  is  characteristic  of  the  trans- 
formation. We  may  resolve  the  transformation  in  oo^''^''"^^  ways^  the  first  center 
being  any  point  in  M^^ ,  and  the  following  limited  only  by  the  condition  that  the 
J!f_j  corresponding  to  any  one  of  them  in  the  duality  contains  all  the  succeed- 
ing cejiters.  Coincidence  of  point  and  corresponding  M^_^  occurs  when  and 
only  when  the  point  is  on  the  absolute.  The  transformation  depends  upon 
r(n  —  1)— •Jr(r— 1)=  J^r(2w  —  r  —  l)  essential  parameters. 

From  this  result  we  may  at  once  state 

Theorem  6.  Any  product  of  reflections  in  centers  lying  in  an  M^^  may 
always  be  reduced  to  one  of  r  factors  or  fewer.  The  most  general  transformation 
compounded  of  central  reflections  may  therefore  be  reduced  to  one  of  n  factors 

The  proof  follows  at  once  from  theorem  5.  For  example,  { a^*^a^^^  •  •  •  a^"^  a  }  may 
bewritten{b(*)b(2) . .  .b<'*-^)aa}or{V^>b(2> .  •  •b^'^-*)}.  Forany,T^=  {a(^>a(^>  •  •  •a^')} 
the  polar  J^_^_i  with  respect  to/=  0  of  the  locus  of  centers  is  a  locus  of  invari- 
ant points.     All  remaining  invariant  points  lie  in  the  locus  of  centers. 

§  2.   On  the  resolution  of  aiiy  orthogonal  transformations 
into  central  reflections. 

The  quadratic  form  of  the  preceding  section  is  now  assumed  to  be 

4>{x)  =  x]  +  x\  +  ^^^xl. 
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Let  { T  } ,  defined  by  the  equations 

(4)  y,  =  Z«t*3'A  ( »,  *=  1,  2,  .  •  •,  n ) , 

i 

be  any  orthogonal  transformation,  i.  e.,  <^(j/)  s  <^(sc).  The  question  is  to 
show  that  { T  }  is  a  product  of  central  reflections.  This  is  known  to  be  the  case 
for  71  =s  2 ,  for  example.  For  if  we  interpret  x^  and  x^  as  Cartesian  rectangular 
coordinates  in  the  plane,  { T  }  is  either  a  rotation  around  the  origin  or  a  reflec- 
tion *  in  a  line  through  the  origin  according  as  the  determinant  |  a^^  |  in  (4)  is  1  or 
—  1 .    But  in  the  case  of  a  rotation,  { T  }  is  compounded  of  two  line  reflections. 

Knowing,  then,  that  the  orthogonal  transformation  for  n  =  2  is  always  a 
product  of  central  reflection,  I  shall  prove  the  theorem  true  in  general  by  estab- 
lishing the  truth  of  the  proposition  : 

An  orthogonal  transformation  in  n  variables  may  always  he  resolved  into 
one  in  n—  i  variables  compounded  with  central  reflections.^ 

We  may  assume  in  (4)  that  a^^  s^  0 .  For  if  this  were  the  case,  suppose 
a^^  4=  0 »  which  must  be  true  for  some  value  of  r.  But  the  reflection  {  a  }  in  the 
centre  a^  =  a,  =  •  •  •  =  a^j  =  0 ,  a^  =  1 ,  a^^  =s . . .  =  a^_^  =  0 ,  a^  =  —  1 ,  merely 
interchanges  x^  and  x^^  and,  accordingly,  composition  of  { T  }  and  {  a }  will  give 
us  a  transformation  for  which  the  hypothesis  holds. 

Now  suppose  a^^  4=  0  •  Consider  a  reflection  { b }  for  which  only  b^  and  b^ 
do  not  vanish.     This  has  the  form 

aJ^  =  iC^  (  A:  +  8  4-  n  ), 

where  \*  +  /x*  =  1 .  Then  if  \ :  /a  be  chosen  so  that  \a^  -f  fia^^  =  0 ,  the  com- 
pounded transformation  {Tb},  viz.,  y.-^^^^.^Xj^^  is  such  that  /8^^  =  0, 
P^^  4=  0,  but  otherwise  /8^^=  a„^.  Hence  we  may  multiply  { T  }  by  a  product 
of  central  reflections  such  that  finally  y^  =  7„„a?„.  But  for  an  orthogonal  trans- 
formation:|:  we  must  have  7^^  =  zb  1 ,  and  x^  must  disappear  from  the  other 
equations,  and  therefore  the  proposition  is  established. 

Referring  to  the  preceding  theorems  we  may  now  state  the  fundamental 
result. 

Theorem  7.  Every  linear  transformation  of  a  general  quadratic  form  in 
n  variables  into  itself  may  be  compounded  of  n  central  reflections  orfewer^  and 
theorems  IS  hold  for  all  such  transformations, 

*  For  ibis  interpretation  of  the  variables,  a  central  reflection  becomes  tbe  asnal  reflection  in 
a  line  throngb  tbe  origin. 

f  Tbis  tbeorem  is  given  by  Kbonecker,  Berliner  Monatsbericbte  (1890),  p.  1071,  ^s^bose 
proof  is  essentially  identical  witb  tbe  following. 

t  Since  S^a^^a^  =  0  ( i,  «  —  1 ,  2,    •  •,  n  —  1 ),  and  also  |  a,,^  |  +  0,  we  most  bave a.^  =  0,  and 


Digitized  by 


Google 


1905]  OF   A   QUADRATIC   FORM   INTO   ITSELF  7 

As  already  remarked,  Voss  has  proved  that  the  general  orthogonal  substi- 
tution is  compounded  of  n  central  reflections,  and  for  this  purpose  he  chooses  the 
equations  of  the  transformation  in  Cayley's  form.  He  also  points  out  that 
the  determination  of  the  centei*s  is  exactly  analogous  to  that  of  finding  a  self- 
conjugate  tetrahedron  with  respect  to  a  quadric*  The  association  of  the  gene- 
ral transformation  with  a  characteristic  duality  is  implied  in  this  statement,  but 
very  imperfectly.  Moreover,  since  the  formulas  of  Cayley  apply  only  to 
general  proper  transformations,  it  is  evident  that  the  proof  given  by  Vo88  is 
incomplete. 

§  3.  Equations  of  the  transformations  f  compounded  of  n  independent 

central  reflections. 

Since  the  general  transformation  is  completely  characterized  by  a  correlation 
in  which  coincidence  of  point  and  corresponding  M^_^  arises  when  the  point  is 
on  the  absolute,  we  begin  with  the  duality  {  F }  defined  by 

(5)  X  ^,,aj,y,  =  0  ( i,  A:  =  1 ,  2, . . .,  « ) . 

For  aj  =  y ,  this  must  reduce  to  (1 ),  or,  /(  »  )  ==  0 ;  i.  e.,  /S.^  +  /8^.  =  2\a .^^ .  Then 
if  we  set  ^.^^  —  /S^.  =  2/ia.^.,  we  may  write  {  T }  in  the  form 

(6)  ]E(H*  +  f^ik)^iyk  =  0  (a«  =  (i«,  ouk  =  —  aki). 

i,* 

The  equation  (6)  gives  the  most  general  form  of  the  correlation  in  question,  and 
shows  that  for  a  given /(as),  the  variety  is  given  by  the  number  of  the  arbitrary 
a's,  viz.,  ^n(7i  —  1 );  and  accordingly,  the  number  of  essential  parameters  in  the 
most  general  Hermite  transformation  isj7i(n— 1). 
The  duality 

(7)  f(x,y)^Zci,,x,y,^0 

is  evidently  the  polar  reciprocation  with  respect  to  the  absolute,  while 

(8)  t^(a5,y)s  5:a^aj.y^  =  0  (a«  =— a«) 

is  a  nullsystem^  since  point  and  corresponding  M^_^  lie  in  coincidence.  The 
geometrical  relation  of  the  dualities  (6),  (7)  and  (8)  is  simply  this.  Under  {  T  } 
the  point  x  gives  the  two  Jf  _j's,  M  and  M'  say,  whose  equations  are 
\f{x^  y)  +  fiw{x^  y)  =  0,  V*(^^  y)  "■  /*«?(«;,  y)  =  0;  and  therefore  M  and 
M'  are  divided  harmonically  by  the  polar  of  x  with  respect  to  the  absolute  and 
the  correspondent  of  x  in  the  nullsystem.  J 


*Loo.  oit.,  p.  349. 

t  It  wiU  be  ooDvenieDt  to  designate  any  linear  transformation  of  a  quadratic  fotm  into  itself, 
an  Hermite  iranaformatwn.     (Cf.  LoEWY,  loo.  cit. ) 

JCf.  Varleaungen  uber  Geometrie,  Clkbsch-Lindemann,  vol.  2,  p.  40*?,  for  the  correspondiDg 
discussion  in  ordinary  space. 
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We  proceed  now  to  find  the  equations  of  the  Hermite  transformation  { T } 
corresponding  to  the  correlation  {  F  }  defined  by  (6). 

Let  x{T}x\  and  suppose  { T  }  s  { a^*^a^^^  •  • . a^"^ } ,  according  to  theorem  7. 
Choose  a  such  that  a  {  F  }  Jlf,  when  Mis  the  polar  of  x  ,  i.  e., 

(9)  Z(K* +  /*«**)«.- =PZ«.*a^i  («,A:^l,2,...,n). 

Then  x'  is  an  invariant  point  for  {  aT  } ,  and  hence  x{b,}x  .  That  is,  we 
have  to  eliminate  the  a  from  (9)  and 

(10)  «,  =  «'--^L_L^«. 

Multiplying  (9)  by  a^^  and  summing  with  respect  to  A,  gives  X/*(  a)  =  pf{^\  «); 
hence  (10)  becomes 

(11)  cc  =  x' a; 

and  now  eliminating  a  from  (9)  and  (11)  we  obtain 

(12)  Z(>-««-M««)<+Z(Kt  +  M«^)a'.  =  0  (.-,*,.  =  1,2,. ..,»). 

i  9 

The  equations!  of  { T  }  are  then  found  by  solving  (12)  for  x  .  Before  taking 
up  this  question,  however,  an  interesting  geometrical  theorem  is  at  once  read  out 
of  (12),  viz., 

Theorem  8.  Corresponding  points  in  any  general  Hennite  transformation 
are  points  which  give  the  same  M^_^  in  the  duality  which  is  characteristic  of 
the  transformation. 

This  theorem  completes  the  connection  between  the  transformation  { T  }  and 
its  corresponding  duality,  and  would  serve  as  basis  of  a  purely  geometrical  dis- 
cussion. 

The  equations  of  {  T  }  in  the  form  f  (12)  are  very  convenient  for  discussion 
as  the  following  deductions  will  show. 

Write  (12)  when  solved  for  x'  in  the  form 

(13)  a^i  =  Z  ^ik^k  (•»  ^=^^  2,  . . .,  n). 

k 

Then  denoting  the  determinant  \>^a.j^  +  fta.j^|  by  A (X,  /a),  we  evidently  have 

(14)  l''.•J-(-lrA>-^i7) =(-!)"' 

for  A(X,  —  /i)  is  simply  A(\,  /a)  with  rows  and  columns  interchanged.     This 


♦Multiplying  (12)  by  a-^.  and  a:*,  respectively,  and  Bumming  with  respect  to  k  gives 
f[x)=f(x')y  a  verification. 

1 1  do  not  find  the  Hermite  transformation  so  given  elsewhere.  See,  for  example,  Lobwy, 
loc.  cit,  pp.  9  et  seq. 
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result  is  a  verification,  for  the  determinant  of  a  central  reflection  is  —  1 ,  and  of 
course  of  {  T  } ,  should  be  (  —  1  )"*.     Hence 

Theorem  9.  The  equations  (12)  define  a  proper  or  improper  Hermite  trans- 
formation according  as  n  is  even  or  odd. 

'  The  solution  of  (12)  is  obtained  at  once  by  first  solving  (9)  for  the  a's  and 
then  substituting  in  (11).  Following  this  method  we  readily  find  for  the  c's  of 
(13)  the  equations : 

/16\      c   = - c   = ~ 

^     ^        "  A(\,/i)  '  •••  A(X,M) 

(i  +  «;  i,  *,  «  =  1,  -2,  •••,  n). 

The  classical  formulas  of  Cayley  for  an  orthogonal  substitution  are  of  course 
obtained  by  setting  a^  =  0 ,  i  4=  ^^  ««  =  1- 

Associated  with  the  same  nullsystem  a^  are  00^  dualities  determined  by  the 
ratio  XifjL.  An  interesting  result  is  obtained  by  putting  fi^O:  for  then  the 
duality  becomes  the  polar  reciprocation  in  the  absolute.  The  centers  of  { T  } 
are  now  conjugate  in  pairs  and  therefore  reflections  in  these  centers  are  commu- 
tative (§  1).     The  equations  (12)  become  simply  x'.  =  —  aj^  and  we  get 

Theorem  10.  The  transformaiion  in  H^^i  compounded  of  n  commutative 
central  reflections  in  the  absolute  reduces  to  an  identical  point  transformation. 

This  result  is  obtained  by  V08S  (loc.  cit.,  p.  346),  who  also  gives  interesting  geo- 
metrical consequences  for  w  =  3  and  n  =  4 .  Compounding  { T  }  with  aj^  =  —  x. 
gives  a  proper  transformation  for  every  n.  11  n  is  odd,  however,  the  product 
reduces  down  to  one  oi  n^-X  central  reflections.  In  this  case,  therefore,  the 
transformation  compounded  of  n  and  of  ;i  •—  1  central  reflections  are  essentially 
identical. 

The  unsolved  form  (12)  of  {T}  is*  very  convenient  for  discussion  of  fixed 
elements.     For,  putting  x  =  /kb,  we  find 

(15o)  .^(p)  =  |\a«(p+l)-M«a(p- 1)1  =  0, 

the  corresponding  fixed  point  x  being  given  by 

2:  [X«^(P  +  1  )-/*««(/>- 1 )]  a;,  =  0 . 

i 

Evidently  <^  ( 1 )  4=  0  if  |  a^.^^  |  4=  0 ,  and  we  learn  that  the  characteristic  equation  f 
of  the  transformation  (15)  cannot  have  the  root  +\  if  the  absolute  is  non- 
degenerate. 

Geometrically,  the  determination  of  the  fixed  elements  is  the  same  as  the 


*Cf.,  e.  g.,  LiNDBMANN,  MuDohener  Berichte  (1896),  p.  52. 

t  The  **  characteristic  function  *'  of  ( 13),  ( 15)  is  readily  seen  tobe0(p)-i-(— 1)"A(A,;/), 
since  tor  p  =  Of  the  characteristic  function  must  reduce  to  |  r^^  |  or  ( —  1 )". 
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question  of  coincident  elements  in  the  polar  reciprocation  (7)  and  the  nuUsys- 
tern  (8). 

§  4.   The  transformations  compounded  of  n  central  reflections  or  fewer. 

The  transformation  { T^_^ }  «  {  a^'^a^^^  •  -  •  a^"~'> } ,  «  >  0 ,  becomes  a  { T^ }  if  mul- 
tiplied by  any  { T^ }  whose  locus  of  centers  does  not  intersect  the  locus  of  centers 
of  { T^_^ } .  The  correlation  within  the  latter  M^_^_^  which  is  characteristic  of 
{ T^_^ }  is  therefore  determined  by  a  duality  (6),  in  the  sense  that  a  point  in 
Jtf^_^_j  corresponds  to  the  M^_^^  determined  by  the  intersection  of  M^_^__y^  and 
the  J/^_2  corresponding  to  the  point  by  (6).  Furthermore,  it  is  evident  that  the 
relation 

{T.}^{T,T,_,} 

indicated  above,  implies  that  the  locus  of  centers  of  { T^ }  corresponds  under  the 
duality  defining  { T^  }  to  the  locus  of  centers  M^^^_^  of  { T^_^ } .  As  remarked 
before,  these  must  not  intersect.  The  necessary  and  sufficient  condition  is 
found.     For  if  M^_^_^  is  defined  by 

(16)  {iP^x)  =  0,  {if^x)  =  0,  . . .,  (i/'^jc)  =  0, 
then  the  corresponding  Jtf|_j  under  (6)  is  determined  from 

(17)  5](Xa,.  +  M««)a,  =  <T<'),4'>+<T<M'^+...  +  <r<o,4')    (.•,  fc  =  i,  2,    ••,  n). 

i 

If   then  the  a's  satisfy  (16),  the  condition  appears  in  the  vanishing  of  the 

determinant  formed  by  bordering  A(X,  /a)  by  the  i^'s.    Denoting  this  bordered 

determinant  by 

A<'>(\,M), 
we  have 

Theorem  11.  The  necessary  and  sufficient  condition  for  the  intersection 
of  an  -3/,_^_j  (16)  with  the  M^_^  corresponding  to  it  under  any  duality  is 
found  by  equating  to  zero  the  determinant  of  order  n  +  t  formed  by  border'- 
ing  the  determinant  of  the  duality  with  the  v*a. 

In  particular,  A^^^(\,  /a)  =  0  defines  in  the  coordinates  v^  the  correlate  of  the 
absolute  itself  under  {  F  }.  That  is,  the  envelope  of  the  M^_^a  which  contain 
their  corresponding  points.  This  quadratic  manifold  is  the  second  *'  funda- 
mental locus"  of  the  duality,  the  other  being  the  absolute  itself.* 

Proceeding  now  to  find  the  equations  of  { T^__^ } ,  the  locus  of  centers  being 
defined  by  (16)  and  A^'^(\,  /a)  =1=  0,  we  may  at  once  write  down  the  equations 
of  the  most  general  duality  within  J^_,_i  such  that  the  J^_,_2  determined  by 
any  point  shall  lie  in  the  M^_^  corresponding  to  that  poifit  under  (6).  These 
are 


*LlNDEMANN,   VorUsungen  etc.,  vol.  2,  p.  402;  Voss,  Mathematische  Anna  1  en,  vol. 
13  (1878),  p.  359. 
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(18)  2:(Xa,,+  M^,,)a,+  <T<>V,^Vcr<2>i4^)+...  +  <T<o,/;)  =  pt,^   (t,  it=l,  2,  .- -,  «). 

The  a's  satisfy  (16)  also,  or 

(19)  (,/»>a)=0,  (i/2)a)  =  0,  ..-,  (i/Oa)  =  0. 

The  n  +  t  equations  (18)  and  (19)  may  be  solved  for  the  a's  and  o-'s,  since 
^'(^9  m)  +  0  •     The  a's  depend  only  upon  the  intersection  of  (t/a;)  =  0  and  the 

K-.-^  (16). 

As  before,  if  a?  { T^_^ }  x\  then  choosing  for  u  the  polar  Jf,_2  of  x'  with  i*espect 
to/=  0,  i.  e.,  taking  in  (18), 

(20)  «,  =  i:a,,«:, 

i 

and  assuming  the  a  determined  by  (18)  as  the  Jlrst  center  of  { T^_^ } ,  then  obvi- 
ously a;  {  a  }  a;',  as  in  the  general  case,  §  3,  Multiplying  (18)  by  a^  and  sum- 
ming with  respect  to  A,  gives  by  (19)  and  (20)  V*(^)  =  RfWy  ^)'  Hence  the 
equations  of  the  a's  are 

(21)  x,-x\  +  ja,  =  Q. 

The  equations  of  { T„_^ }  are  then  found  by  the  elimination  of  the  a's,  the  i/'s, 
and  the  o-'s  from  (18),  (19),  (20),  and  (21).  In  fact  substituting  from  (20) 
and  (21)  in  (18)  and  (19),  gives 

2X. 

(22)     z(H*+M«.»)»'.+2:(H*-'*«y*)"';-7-r«^'H"=o 

(t,  i,  *=^-l,2,  •••,  n;  «=1,2,  •    •,  0, 
(23)  (i/'>x)^(i/'V)  =  0. 

Multiplying  (22)  by  x^  and  x^  respectively  and  summing  with  respect  to  k 
gives  as  before  the  verification 

/(x)  =/(»;'). 
We  may  therefore  state 

Theorem  12.  ITie  equations  (22)  and  (23)  define  in  unsolved  form  a  linear 
transformation  of  the  quadratic  form /(x)  into  itself  and  every  such  transfor- 
tion  is  given  by  these  equations^  t  having  any  value  from  0  to  n  —  1 ,  and  the 
a's  being  elements  of  an  arbitrary  skew  determinant. 

The  form  x'.  =  ^c^^x^  for  the  transformation  is  readily  obtained  by  solving 
(18),  (19),  (20)  for  a.  and  substituting  in  (21).     This  gives 

2^Z«..Ai7(^,/^) 
(24^  '--'- WxTTo — ' 

where 

«.>==0(l4=5),e..=  l  (.•,A-,«=l,2,     ..,n). 
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Theorem  13.  The  equations  (24)  give  the  form  of  the  coefficient  of  every 
Hennite  transformation. 

The  determinant  |  c^  |  =  (  —  1 )"~'.  This  is  easily  seen  by  making  a  change 
of  variable  y^=  (i/^'^x),  «  =  1,  2,  •••,^,  by  which  n-^t  of  the  2c*s  remain 
unchanged,  say  sc^^j,  .  •  • ,  x^,  it  being  assumed  that  the  determinant 

(25)  |i/;V^^^..i//)| 
of  the  matrix 

(26)  _  |l'^.'Vn...^o|| 
does  not  vanish. 

This  transformation  may  readily  be  effected  by  first  eliminating  the  o-'s,  and 
then  changing  the  variables. 

The  a's  are  still  arbitrary  in  (24),  but  no  longer  essential.  In  fact,  (18)  and 
(19)  defining  a  duality  in  a  linear  il!/|^_^_^, contain  at  most  ^(n  —  ^)(n  —  i— 1) 
essential  parameters.  And  indeed,  if  the  <r's  and  a^,  Oj,  •  •*,  a^  be  eliminated 
from  (18)  and  (19)  under  the  hypothesis  (25)  made  above,  there  will  remain 
{n-^t)  equations  for  a,^j ,  •  •  • ,  a^,  of  the  form 

(27)  X  (  ^«*Vi.  «+fc  +  f^^t+3.  t+k)(^t^3  =  K+*       0',  *  =r  1 ,  2,  •  • . ,  n  -  0 . 

J 

in  which  the  a^%  and  a'^s  are  linear  in  the  a's  and  a's  respectively,  and  at  the 
same  time  elements  of  a  symmetric  and  skew  determinant  respectively.  The 
coefficients  of  the  a's  and  cC^  are  quadratic  in  the  determinants  of  order  t  of 
the  matrix  (25). 

Since  the  number  of  independent  determinants  is  ^(n  —  ^),  we  find  for  the 
total  number  of  essential  parameters  in  (24), 

^{n^t){n^t^l)  +  t{n^t)^^{n^t){n  +  t''l),* 

which  agrees  with  the  statement  of  Theorem  5  for  r  »  ti  —  ^. 

Returning  to  (22)  and  (23)  for  discussion  of  fixed  elements  cc'  =  /kb,  we  find 
for  the  characteristic  function  of  (24), 

(28)  <A(/>) A(')(X-^) ' 

where  <l>^^^(p)  is  the  determinant  (15a)  of  the  general  case  bordered  with  the  x^'s. 
It  is  easy  to  transform  <l>^'\p)  into  the  determinant  of  order  n  —  ty 

(29)  r\p)  =  \^<j..+Up  + 1)  -  K+j,/+*(/'  - 1)1. 

in  which  a  and  a  have  the  same  significance  as  above.  The  equations  (28)  and 
(29)  give  the  theorem  due  to  Voss.f 

*Cf.  LiNDEMANN,  Munchener  Berichte  (1896),  p.  66. 
t  Voss,  Miinohener  Berichte  (1896),  p.  14. 
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The  characteristic  function  for  any  Hermite  transformation  (24),  except  for 
the  factor  (1  —  p)',  ahoays  has  the  form 

in  which  the  a"8  and  a"B  are  elements  of  a  symmetric  and  skeuo  determinant 
respectively. 

Finally,  (22)  and  (23)  show  that  p=\  gives  for  the  corresponding  fixed  point 

i  9 

i,  e.,  eoery  point  of  the  polar  of  the  J^_<_i  (16)  with  respect  to  the  absolute  is 
fixed.  Any  other  fixed  point  lies  in  the  M^_^__^  {\^\  ^^  discussion  of  their 
arrangement  being  precisely  that  of  the  general  case  if  n  is  replaced  by  n  — •  ^. 

The  problem  of  the  determination  of  all  linear  transformations  of  a  quadratic 
form  into  itself  may  therefore  be  regarded  as  completely  solved  in  this  and  the 
preceding  sections.  The  derivation  of  canonical  forms  for  any  given  case  is  a 
matter  of  no  great  difficulty.  The  question  evidently  depends  primarily  upon 
the  discussion  of  the  dualities  (7)  and  (8)  of  §  3. 

§  6.  Further  resolution  of  the  transformation  into  involutory 
transformations. 

The  inverse  { T~^, }  of  the  transformation  (22),  (23)  is  found  by  changing  /a 
to  —  /A.  Hence  {T^_^}  is  involutory  when  and  only  when  /a=  0,  i.  e.,  when 
{  T^_^ }  is  compounded  of  reflections  in  centers  conjugate  with  respect  to  the 
absolute.  Such  a  transformation  depends  upon  t{n--t)  essential  parameters, 
viz.,  the  coordinates  of  the  locus  of  centers. 

We  now  state  the  theorem : 

Theorem  14.  Every  linear  transformation  of  a  quadratic  form  into  itself 
may  be  resolved  into  the  product  of  two  involutory  transformations. 

Consider  any  { T^ } ,  ^  =  2r ;  then  we  shall  prove 

(30)  {T,}s{a„a„...,aJ{b„b,....,bJ, 

where  the  a's  and  also  the  &'s  are  conjugate  in  pairs. 

For  simplicity  of  statement,  take  r  =  2 .  Then  the  locus  of  centers  of  { T^ } 
is  ordinary  space,  J^,  the  transformation  being  characterized  by  a  duality  {  F } 
in  Jl/^,  which  is  pointed  out  in  §  3,  is  defined  by  means  of  a  nullsystem  {  N" } 
together  with  reciprocation  in  the  absolute.  From  (6)  and  (8)  §  3,  it  is  readily 
seen  that  {  a^  a^ }  s  {^2^1}  ^^^^^^  ^^^  o^7  when  a^  lies  in  the  plane  correspond- 
ing to  Oj  under  { H* }  .  Thus  the  line  A  joining  a^ ,  a^  is  invariant  under  { H* } , 
that  is,  A  ^^  belongs  to  { B" } ,"  and  the  line  B  determined  by  \^  h^  enjoys  the 
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same  property.*  Furthermore  ^  {  F  }  J5,  by  theorem  5.  Hence,  since  the  oo' 
lines  of  { H* }  transform  by  {  F  }  into  the  oo^  lines  of  a  nullsystem  { B"  } ,  it 
appears  that  the  line  A  of  { N* }  becomes  ^  of  { B"  } ,  that  is,  B  belongs  to  { N* } 
and  { B"  } .  Through  any  point  b^  passes  one  line  of  the  congruence  common 
to  { N" }  and  { B"  } ,  hence  if  b^  is  chosen  arbitrarily,  B  is  determined  uniquely, 
and  also  A  from  A  {F}  B,  but  a^  is  any  point  on  A .  Thus  the  resolution  may 
be  effected  in  oo'  ways. 

The  proof  f or  r  >  2  is  precisely  the  same,  and  the  degree  of  freedom  is  found 
to  be  r.  For  i  =  2r  —  1 ,  it  is  only  necessary  to  multiply  {  T^ }  by  an  {  a } ,  and 
then  apply  the  theorem,  remembering  that  a  may  be  chosen  arbitrarily.  For 
71  SB  2r  •—  1 ,  it  has  already  been  remarked  that  the  transformatiqn  is  not  dif- 
ferent from  i  =  2r  —  2 . 

As  a  general  theorem ,  it  may  be  stated  that  the  resolution! 

{T.}»{T,T,T,...} 
into  involutory  transformations  may  be  effected  in 

^«(«+l)-.(V  +  /.«  +  !/=+...) 

ways. 

§6.  Application  to  the  case  n  =  6 . 

Special  interest  attaches  to  the  case  n  =  6 ,  for  then  the  x's  satisfying 
y*(a;)  =  0 ,  I  a,.^  I  4=  0 ,  may  be  assumed  as  line  coordinates  in  ordinary  space,  jS^, 
central  reflection  becomes  the  transformation  defined  by  a  nullsystem  in  £,,  or, 
inversion  in  a  linear  line  complex,  while  the  transformations  { T^ }  in  question 
are  the  coUineations  and  correlations  of  projective  geometry,  according  as  ^  is 
even  or  odd.  In  other  words,  we  are  concerned  with  line  geometry  in  the  sense 
of  PlCcker.  The  involutory  transformations  { Tj }  and  { T3 }  are  respectively 
a  skew  reflection  ^  and  polar  reciprocation  in  a  quadric.  Theorem  14  now  gives 
the  well  known  results  that  a  general  coUineation  is  compounded  of  two  polar 
reciprocations,  and  the  general  correlation  of  a  skew  reflection  and  a  polar 
reciprocation.  Besolving 
(31)  {T.}s{T,}{T;}{T'a, 

gives  the  theorem  due  to  Wilson,  that  the  general  collineation  is  compounded 
of  three  skew  reflections.  The  resolution  possesses  nine  degrees  of  freedom,  and 
the  discussion  brings  out  some  essential  facts  not  given  in  the  theorem  of  Wil- 
son. 

Let  { Tj }  in  (31)  be  { ab  } .     Then  if  x  and  x  are  the  directrices  of  {  T,} , 

*  For  disoassion  of  the  nullsystem  of  M5bius,  referenoe  may  be  made  to  Lindemakx,  Vot' 
lesungen,  vol.  2,  p.  52. 

t  Voss  has  given  theorem  14for  <  =  n  =  2r  ;  MathematiRche  Annalen,  vol.  13,  p.  343. 
JCf.  Wilson,  Transactions,  vol.  1  (1900),  pp.  193-196. 
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o  =  »  +  \x\  6  =  X  —  Xas',  and  from  the  duality  \f{x^  y)  +  fiw(x^  y)  =  0 
defining  .{ T^ } «  since  a  and  6  satisfy  this,  and  also /(a,  &)  =  0,  we  find 

(32)  ^<^iu^i<^0  («a  =  -a«), 

and  the  directrices  of  each  component  of  {  T^  }  satisfy  (32).  Furthermore,  it  is 
readily  found  that  the  directrices  of  { T , }  and  {  T^ }  belong  to  the  congruence 
common  to  the  complexes, 

(33)  \/(aj,  y)  +  ^w{x,  y)  =  0,         \f{x\  y)  +  ^{x\  y)  «  0, 

and  one  line  of  this  congruence  may  be  chosen  arbitrarily.  The  complete  result 
therefore  is 

Theorem  15.  A  general  collineation  may  be  resolved  in  oo'  ways  into  the 
product  of  three  skew  reflections.  The  first  pair  of  directrices  satisfy  (82) 
in  three^imensional  space.  Either  one  having  been  chosen^  the  other  belongs 
to  a  linear  line  complex  containing  the  first.  The  remaining  four  directrices 
then  belong  to  the  linear  line  congruence  (83),  and  one  having  been  chosen 
arbitrarily  the  other  three  are  determined  uniquely. 

§  7.     Linear  transformation  of  the  alternating  bilinear  form  into  itself. 
The  alternating  form 

(34)  w{xyy)s'£a^x^y^=zO  (att=-a«), 

is  invariant  under  the  transformation  obtained  from  (22)  and  (23)  by  changing 
the  sign  of  the  x  in  (22)  ;  viz., 

2X 

k  i  P       9 

(36)  (i/'^x)  -  (i/-V)  =  0  («  =  l,  2, ....  0, 

(iiu^<^ki  (t,*  =  l,2,  •    -jn), 

X  and  y  being  oogredient  variables.  For  multiplying  (35)  by  y^  and  summing 
up,  with  respect  to  k , 

2\ 

(37)  \f{x,y)  +  fxw{x,y)  -\f{x\y)  +  fjLw{x\y)  ^       "EaC^i^'^y)  ^  0. 

In  the  same  way  are  found  three  other  equations,  and  from  these  is  found  by 
using  (36), 

'^{^^  y)  =  «?(«',  y'). 

The  determinant  of  the  solution  of  (35),  (36)  is  +  1 ,  the  reasoning  being  the 
same  as  in  §  4 .     The  characteristic  function  is  therefore 
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,,.    (i-py<t>'i-p) 

<f>^*\p)  having  same  meaning  as  in  (28). 

The  a's  in  (86)  are  arbitrary,  but  not  essential  parameters.     The  number  of 
the  latter  is  readily  found  to  be 

i(»-e)(n~«+l)  +  ^(n-^)  =  i(n-«)(M  +  «  +  l). 

By  the  method  of  this  section  all  linear  transformations  of  the  required  type  are 
found.* 


*Ct,  Voss,  Miincbener  Beriohte  (1896),  p.  20. 

The  Sheffield  Scientific  School, 
Yale  University. 
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The  postulates  for  real  algebra  presented  in  this  paper  may  be  analysed  into 
three  groups :  (1)  propositions  concerning  the  relation  < ,  which,  taken  by  them- 
selves, form  a  set  of  independent  postulates  foraone-dimensionalcontinuum,  or  a 
continuous  scale ;  (2)  propositions  concerning  the  operation  -f- ,  which,  taken  by 
themselves,  form  a  set  of  independent  postulates  for  the  theory  of  groups ;  and 
(3)  propositions  connecting  the  two  symbols  <  and  -f  .  All  these  postulates 
taken  together  form  a  complete  set  of  postulates  for  real  ^  algebra  as  given  in 
§§  1-4.  Various  modifications  of  this  set  are  given  in  the  later  sections  of  the 
paper  and  in  the  appendix. 

All  these  postulates  are  shown  to  be  independent^  that  is,  the  list  contains  no 
redundancies ;  and  the  system  which  they  determine  is  shown  to  be  unique,  § 

*  Presented  to  the  Society  at  the  St.  Louis  summer  meeting,  September  17,  1904,  and  to  the 
Congress  of  Arts  and  Sciences,  Section  of  Algebra  and  Analysis,  St.  Louis,  September  22,  1904. 
Keceived  for  publication  September  17,  1904. 

t  Received  for  publication  October  3,  1904. 

X  A  set  of  postulates  for  complex  algebra  will  be  presented  in  a  subsequent  paper. 

§  A  set  of  postulates  having  this  property  has  been  called  a  '*  categorical, ''  as  distinguished 

from  a  ^Mipjunctive,''  set;  see  O.   Veblen,  Transactions,  vol.  5  (1904),  p.  346.     Every 

proposition  concerning  a  cIors  K,  a  relation  < ,  and  an  oi)eration  -{-  ,  is  either  deducible  from 

the  postulates  of  this  set,  or  in  contradiction  with  them. 

17 
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that  is,  there  is  essentially  only  one  system  (namely  the  system  of  all  real  num- 
bers) in  which  a  relation  <  and  an  operation  +  are  so  defined  as  to  satisfy  all 
the  postulates  (see  below,  theorem  30.)  The  existence  of  the  system  of  real 
numbers,  as  built  up  from  the  positive  integers  by  the  "  genetic  "  method  of  suc- 
cessive generalization  of  the  number  concept,  *  proves,  moreover,  the  consistency 
of  the  postulates. 

The  postulates  for  a  continuum  (§  1)  are  the  obvious  ones  (see,  for  example, 
ScHONFLiESS's  Bericht  iiber  Mengenlehre^\  but  their  independence  has  not 
heretofore  been  established. 

The  postulates  for  the  theory  of  groups  (§  2  and  §  6)  carry  the  analysis  farther, 
it  is  thought,  than  the  earlier  sets  given  by  the  writer  J  and  by  E.  H.  MoORE.§ 

The  postulates  for  real  algebra  (§  3  and  §  6)  are  more  satisfactory  than  the 
writer's  earlier  set  ||  in  several  respects ;  first,  the  separation  of  the  postulates 
concerning  <  from  those  concerning  +  is  now  complete ;  secondly,  the  indi- 
vidual postulates  are  more  nearly  simple  statements  (and  are  hence  more  numer- 
ous) ;  and  finally,  in  the  statement  of  the  postulates  no  assumption  is  made  in 
regard  to  the  existence  of  any  kind  of  numbers.  This  last  improvement  was 
suggested  by  a  recent  paper  by  Burau-Forti,  to  which  further  reference  will 
be  made  in  §  3. 

On  the  fundamental  concepts  involved,  namely :  dass^  and  element  of  a  class ; 
dyadic  relation  ;  9nd  operation^  or  rule  of  combination  ;  see  Transactions, 
vol.  5  (1904),  p.  288-290  ;  for  farther  bibliographical  references  see  also 
Transactions,  vol.  3  (1902),  p.  266,  and  vol.  4  (1908),  p.  358;  and  the 
Theoretische  Arithmetik  of  Stolz  and  Gmeiner  (1901  — ). 

§1.  A  set  of  postulates  for  a  one-dimensional  continuum. 

In  this  section  we  consider  the  conditions  which  must  be  imposed  upon  a 
doss  K^  and  a  dyadic  relation  <  (read :  "  below,"  or  "  algebraically  less  than  "),^ 
in  order  that  K  shall  be  a  on&dimensional  continuum^  or  a  contimums  scale 
with  respect  to  < .  These  conditions  are  expressed  in  the  following  eight  postu- 
lates :  I,  II,  R1-R&  (the  letter  R  being  prefixed  to  indicate  that  the  postu- 
lates concern  the  Relation  <  ).** 

*Cf.  D.  HiLBEBT,  Uher  den  Zahlhegriff,  J tkhre^heTiQht  der  deutsohen  Mathematiker- 
VereinigTing,  vol.  8  (1900),  part  1,  pp.  180-184. 

t  Ibid,,  vol.  8  ( 1900) ,  part  2. 

|E.  V.  Huntington,  finlletin  of  the  American  Mathematical  Society,  ser.  2,  vol. 
8  (1901-2),  pp.  296-300  ;  TraneaotioDB,  vol.  4  (1903),  pp.  27-30. 

§£.  H.  Moore,  Transactions,  vol.  3  (1902),  pp.  485-492;  vol.  5  (1904),  p.  549. 

II  Transactions,  vol.  4  (1903),  pp.  358-370. 

^ Since  the  notion  of  quantity  \r  not  involved  here,  the  expressions  *'he1ow''  and  *' above" 
(compare  a  thermometer  scale)  are  clearly  preferable  to  'Mess  than''  and  ^'greater  than.''  The 
expressions  **  before"  and  ''after  '*  may  also  be  used  to  advantage. 

**  A  summary  of  these  postnlates  will  be  given  in  §  4. 
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The  symbol  <  here  denotes  a  general  dyadic  relation,  having  no  properties 
not  expressly  stated  in  the  postulates.  When,  as  in  §  4,  there  is  danger  of  con- 
fusion with  the  ordinary  <  of  arithmetic,  we  shall  enclose  the  more  general 
symbol  in  a  circle,  thus :  €)  ;  but  the  omission  of  the  circle,  whenever  it  is  not 
absolutely  necessary,  will  give  the  theorems  a  more  familiar  appearance,  and 
thus  facilitate  the  reading.  Note  that  a<&  (a^^below"  b)  and  &>a(& 
^^ above"  a)  denote  the  same  relation  between  a  and  b ;  and  that  a  =  b  means: 
a  •<  6  or  a  =  6 . 

Postulate  I.     There  is  an  entity  which  belongs  to  the  class. 

This  postulate  teUs  us  that  JK'is  not  an  ^' empty"  class. 

Postulate  II.  If  a  is  an  element  of  the  class,  there  is  an  element  b  such 
that  a  =}=  6. 

This  postulate  excludes  the  trivial  case  of  a  class  containing  only  a  single 
element.  —  Postulates  I  and  II  together  give  us 

Theorem  1.     There  are  at  least  two  distiTict  elements  in  the  class. 

Postulate  R1.  If  a  and  b  are  elements  of  the  class,  and  a  4^  & ,  then  either 
a  <  6  or  a  >  6 . 

Postulate  R2.  If  a  and  b  are  elements  of  the  class,  and  a  =}=  6 ,  then  a  <  6 
and  a  >  &  cannot  both  be  true. 

That  is,  the  relation  <  is  ^'non-symmetric"  for  every  pair  of  distinct  elements. 

Postulate  RZ,     If  a  is  an  element  of  the  class,  then  a  <  a  cannot  be  true. 

That  is,  the  relation  <  is  "non-reflexive"  for  every  element  of  the  class. — 
From  postulates  Rl-RZ  we  have  at  once  : 

Theorem  2.     If  a  and  b  are  elements  of  the  class^  then  either 

a^by         «<6»         or         a>6; 

and  these  three  relations  are  mutually  exclusive. 

Postulate  ^4.  If  a,  6,  c  are  elements  of  the  class,  and  a  =}=  c,  then  from 
a  <  6  and  6  <  c  follows  a<^c. 

In  view  of  postulate  J?2 ,  this  postulate  gives  us 

Theorem  3.  From  a<cb  and  6  < c  follows  a  <CCj  whenever  a,  6  and  c 
belong  to  the  class. 

That  is,  the  relation  <  is  ^'transitive." 

The  postulates  Rl-Ri^  with  I  and  II,  make  the  class  a  "scale"  or  a  "simply 
ordered  assemblage"  with  respect  to  the  relation  < ;  or,  an  assemblage  possess- 
ing ^'' Grossencharakter'^  in  the  sense  defined  by  Schonfliess  (loc.  cit.). 

Postulate  R5.  If  a  and  b  are  elements  of  the  class  such  that  a  <  &  or 
a  >  & ,  then :  it  a  ^  b^  there  is  either  an  element  x  such  that  a  <  x  and  x  <  6 , 
or  an  element  y  such  that  a'>  y  and  y^b. 

Such  an  element  x  (or  y)  is  said  to  lie  "between"  the  elements  a  and  6; 
in  view  of  theorems  1-3,  we  have 
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Iheorem  4.  If  a  and  b  are  two  distinct  elementSy  there  is  at  least  one^  and 
therefore  an  infinite  nvmber  of  elements  lying  "  between  "  th>em  ;  and  hence  the 
class  K  itself  is  infinite. 

Thus  postulate  Rb^  taken  with  the  preceding  postulates,  makes  the  class 
"  dense  "  {dichty  compact)  with  respect  to  the  relation  < .  (Without  this  postu- 
late, the  class  might  be  infinite  but  "discrete,"  like  the  class  of  integral  num- 
bers, or,  it  might  consist  of  merely  a  finite  number  of  elements.)  But  a  "  dense  " 
class  is  not  necessarily  continuous  (as  witness  the  system  of  all  rational  numbers 
with  regard  to  <) ;  we  therefore  add  the  following  postulate  of  continuity^ 
which  may  be  stated  in  either  of  two  forms,  RQ  or  RQ' : 

Postulate  ^6.  If  F  is  a  non-empty  sub-class  in  K^  and  if  there  is  an  ele- 
ment cm  K  such  that  every  element  of  F  is  <  c,  then  there  is  an  element  X 
in  K  having  the  two  following  properties  with  regard  to  the  sub-class  F : 

1°)  if  a  is  an  element  of  F,  then  a  =  JT;  while 

2°)  if  a;  is  any  element  of  K  which  is/<  JT,  there  is  an  element  in  F  which 
is  >a;. 

This  element  X^  which  is  readily  seen  to  be  uniquely  determined  by  the  sub- 
class F,  is  called  the  "upper  limit"  of  the  sub-class,  or  sometimes  its  "lowest 
upper  bound."  Thus,  if  a  subclass  F  has  any  "  upper  bound  "  c  in  K^  it  will 
have  a  *'^ lowest  upper  bound"  X.  If  X  happens  to  belong  to  the  sub-class 
F ,  it  is  its  highest  element ;  but  a  sub-class  F  may  have  an  upper  limit  and  yet 
not  have  any  highest  element. 

In  place  of  postulate  ^6,  and  as  equivalent  to  it,  we  might  use 

Postulate  R6' :  The  same  as  postulate  ^6  with  the  symbols  <  and  > 
interchanged. 

In  brief,  if  a  sub-class  F'  has  any  "lower  bound"  in  X,  it  will  have  a 
''^highest  lower  bound,"  called  also  its  "lower  limit."  This  element  will  be 
uniquely  determined  by  the  sub-class  T\  and  if  it  belongs  to  the  sub-class  it  will 
be  its  lowest  element. 

Each  of  these  postulates,  ^6  and  ^6'  can  be  deduced  from  the  other  (with 
the  aid  of  the  preceding  postulates),*  and  from  both  together  we  have  the  fol- 
lowing theorem : 

Theorem  5.  If  T  and  F'  are  two  non-empty  sub-classes  in  K^  such  that 
emery  element  ofTis  <  every  element  ofV\  then  there  is  at  least  one  element 
My  which  is  =  every  element  ofT  and  =  every  element  ofT'. 

*  Thus,  sappoee,  in  the  first  place,  that  £6  is  given,  then  the  proof  for  B6^  is  as  follows  :  Id 
the  hypothesis,  the  sub-class  r^  is  a  non-empty  class,  which  has  some  lower  bonnd,  say  </ ;  we  are 
to  prove  that  it  has  a  highest  lower  bound,  X^.  To  show  this,  we  define  a  sub-class  T  as  the 
class  of  all  those  elements  in  K  which  are  below  every  element  in  T^.  This  class  T  will  be  a 
non-empty  class,  since  it  contains  the  element  (/,  and  it  will  have  some  upper  bound,  since  any 
element  of  the  non-empty  class  F^  will  answer  that  purpose.  Therefore,  by  postulate  BQ,  the 
sub-class  r  will  have  an  upper  limit,  X.  It  is  then  easy  to  show  that  this  element  X  will  be 
the  required  lower  limit  of  the  sab-class  V^,  —  In  like  manner,  R6  could  be  deduced  from  B6^. 
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For,  r  will  have  its  upper  limit,  X,  and  T'  will  have  its  lower  limit,  X\ 
by  postulates  ^6  and  ^6',  and  X  ^  X\  Then  take  M=  X,  or  X\  or  any 
element  which  may  lie  between  JTand  X\ 

In  particular,  if  the  two  sub-classes  T  and  F'  make  up,  together,  the  whole 
class  ^,  the  upper  limit  of  F  will  coincide  with  the  lower  limit  of  F',  there  will 
be  only  one  element  Jf,  and  this  will  be  either  the  highest  element  in  F  or  the 
lowest  element  in  F'.* 

Thus  every  system  (X,  <)  which  satisfies  postulates  I,  II,  R\-RQ  will  have 
the  property  of  continuity  as  defined  by  Dedekind  in  his  Stetigkeit  und  irra- 
tionale  ZahJen^  and  may  be  called  a  one-dimensional  continuum  or  a  contimt- 
0U8  scale^  with  respect  to  the  relation  < .      [See  below,  end  of  §  1.] 

Moreover,  these  eight  postulates  I,  II,  Iil-Ii6 ,  as  will  be  shown  in  §  4,  are 
independent  of  each  other ;  that  is,  no  one  of  them  can  be  deduced  from  the 
remaining  seven. 

In  conclusion,  we  notice  that  a  one-dimensional  continuum,  or  continuous 
scale,  as  defined  by  postulates  I,  II,  R\-RQy  may  be  either  limited  or  unlimited, 
in  "either  direction.  To  complete  the  discussion  of  the  present  section,  there- 
fore, we  add  the  two  following  postulates,  although  they  will  not  be  required  in 
the  remainder  of  this  paper : 

Postulate  Rl.  If  a  is  an  element  of  the  class,  and  if  there  is  any  element 
h  ^  a^  then  there  is  an  element  x  such  that  a;  <  a ; 

Post-date  R8,  If  a  is  an  element  of  the  class,  and  if  there  is  any  element 
&  =^  a,  then  there  is  an  element  y  such  that  y'>  a. 

Hence,  the  class  has  neither  a  lowest  nor  a  highest  element,  but  is  unlimited 
in  both  directions. 

The  ten  postulates :  I,  II,  ^1-^8,  form  a  set  of  independent  postulates  (see 
§  4),  which  define  completely  the  properties  of  an  unlimited  continuous  scale 
with  respect  to  < .  For,  if  C  and  C  are  two  systems  ( K^  <  )  which  satisfy 
all  these  postulates,  they  clearly  can  be  brought  into  one-to-one  correspondence  f 
in  such  a  manner  that  if  a  <  6  in  (7,  then  a'  <  h'  in  C\  where  a  and  b'  are 
the  elements  which  correspond  to  a  and  h  respectively.  Hence  the  set  is  "  cate- 
gorical," X  that  is,  every  proposition  concerning  K  and  <  must  either  be  dedu- 
cible  from  the  postulates  of  the  set,  or  be  in  contradiction  with  them. 

[It  should  be  noticed  that  these  postulates,  in  spite  of  the  fact  that  they  form 
a  categorical  set,  are  hardly  sufficient  to  define  a  continuum  in  the  ordinary 
geometric  sense  of  the  word.     For  example,  the  class  of  positive  real  numbers 


*  Notice  also  that  postulate  £6  oan  be  dednoed  from  theorem  5  (with  the  aid  of  the  preceding 
postulates),  by  taking  as  F^  the  subclass  of  all  the  elements  of  ^  which  are  >  every  element  of  F. 
t  And  that  in  an  infinite  number  of  ways. 
1 0.  Veblkn  :  loo.  cit. 
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between  0  and  3,  omitting  the  numbers  x  for  which  1  <  sc  ^  2 ,  is  a  class  which 
satisfies  all  the  conditions  but  is  not  a  geometric  continuum  in  any  oixlinary 
sense.  All  we  can  say  is  that  it  is  equivalent  to  a  continuum  as  far  as  our 
relation  <  is  concemed.*'\ 

§  2.    A   SET   OF  POSTULATES   FOB  ABELIAN   GROUPS.f 

In  this  section  we  consider  the  condition  which  must  be  imposed  upon  a  class 
K^  and  an  ofperation  or  rule  of  combination  -f  (read:  "plus"),  in  order  that 
JS^  shall  be  an  abelian  group  with  respect  to  +  .  These  conditions  are  expressed 
in  the  following  eight  postulates :  I,  II,  Al-AQ  (the  letter  A  being  prefixed  to 
indicate  that  the  postulates  concern  Abelian  groups,  or  if  one  will,  the  operation 
of  Addition).  J 

The  symbol  +  here  denotes  a  general  operation,  having  no  properties  •  not 
expressly  stated  in  the  postulates.  When,  as  in  §  4,  there  is  danger  of  confu- 
sion with  the  ordinary  +  of  arithmetic,  we  shall  enclose  the  more  general  sym- 
bol in  a  circle,  thus :   e  . 

Postulate  I.  There  is  an  entity  which  belongs  to  the  class. 

Postulate  II.  If  a  is  an  element  of  the  class,  there  is  an  element  b  such 
that  a  =}=  &. 

These  postulates  serve  to  exclude  the  cases  of  an  "  empty  "  class,  and  a  class 
containing  a  single  element.     Together  they  give 

Theorem  1.     There  are  at  least  two  distinct  elements  in  the  class. 

Postulate  A1.  If  a  and  b  are  elements  of  the  class,  then  a  +  6  is  an  ele- 
ment of  the  class. 

This  postulate  states  the  fundamental  property  of  a  group^  the  element  a+b 
being  called,  for  our  present  purpose,§  the  "  sum  "  of  the  elements  a  and  b . 

Postulate  A2,    Ifa,&,a-f&9  and  b  +  a  are  elements  of  the  class,  then 

a  +  6  =  6  -|-  a. 

This  is  the  "commutative  law"  for  the  operation  +,  and  is  the  characteristic 
property  of  abelian  groups  as  distinguished  from  groups  in  general. 

*0n  G.  Cantob'b  defioition  of  a  oontiDunm,  which  differs  somewhat  from  Dkdekind's  defi- 
nition, see  B.  Russell,  Principles  of  MaihemaiieSy  vol.  1  (1903),  chap.  36. 

t  For  a  farther  analysis  of  the  postulates  for  the  theory  of  gronps,  see  §  5. 

X  a  summary  of  these  xKWtnlates  will  he  ipven  in  §  4. 

§  If  we  interpreted  the  operation  0  as  ''  multiplication,''  as  one  usually  does  in  the  general 
theory  of  abstract  groups,  we  should  call  a^h  the  *' product "  of  a  and  h.  So  below,  instead 
of  the  ^'zero-element''  (0),  the  '' negative  of  a"  ( — a),  the  operation  of  '* subtraction  " 
( 6  —  a ) ,  etc.,  we  should  speak  of  the  "  unit  element "  ( 1 ) ,  the  "reciprocal  of  a"  ( o"* ) ,  the 
operation  of  '^  division  "  ( hja ) ,  etc.  Again,  if  we  were  dealing  with  groups  of  transformations, 
we  should  call  1  the  *' identical  transformation,"  or  the  'identity,"  and  o~'  the  *'  inverse  of  a." 
Compare  §  5. 
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Postulate  AS.  If  a,  6,  c,  a  -f  6,  6  +  c,  {a+  b)  +  c,  and  a+  (b  +  c) 
are  elements  of  the  class,  then 

(a+6)-|-c  =  a  +  (5  +  c). 

This  is  the  ^^associative  law"  for  the  operation  +.  These  three  postulates 
give  us 

ITieorem  6.*  (a)  The  operation  +  is  always  possible  vrithin  the  class^  and 
it  obeys  (6)  the  commutative  law  and  (c)  the  associative  law. 

Postulate  Ai.  If  a,  as,  y,  a  +  »,  and  a  +  y  are  elements  of  the  class, 
then  from  a  +  a?  =  a  +  y  follows  x  =  y. 

Hence,  in  view  of  this  commutative  law,  we  have 

Theorem  7.     A  change  in  either  a  or  b  alone  produces  a  change  in  a  +  b. 

Postulate  Ab.  If  there  is  any  element  in  the  dass,  then  there  is  an  ele- 
ment 0  such  that  0  +  0  «  0 . 

It  is  easy  to  show  that  for  any  such  element  0,  and  for  every  element  a, 
a  +  0  =  0  +  a=sa;  and  hence  that  the  element  0  is  uniquely  determined.! 
Thus  we  have  the  theorem : 

Theorem  8.  (a)  There  is  a  uniquely  determined  element  0  such  that 
0  +  0  =  0;  {b)for  every  element  a 

a  +  0  ^  a         and         0  +  a  =  a  ; 

and  (c)  if  a  -fa5  =  aora3H-a=a,  then  a;  =  0. 

This  element  0  may  be  called,  for  our  present  purpose,  the  '*  zero-element " 
of  the  class,  the  properties  in  theorem  8  being  the  '^  additive  "  properties  of  zero. 
When,  as  in  §  4,  there  is  any  danger  of  confusing  this  symbol  with  the  ordinary 
0  of  arithmetic,  we  shall  enclose  it  in  a  circle,  or  (which  is  typographically  more 
convenient)  denote  the  element  in  question  by  z  (the  initial  letter  of  '^  zero  "),  or 
by  i  (the  initial  letter  of  *'  identity  ").  J 

Postulate  A6,  If  there  is  a  uniquely  determined  element  0  such  that 
0  -f  0  =  0 ,  then  for  every  element  a  there  is  an  element  a  such  that  a  -f-  a  =  0 . 

In  view  of  postulate  ^4,  this  element  a  is  uniquely  determined  by  a,  and 
may  be  called  the  "negative  of  a."  J 

Further,  if  we  take  x  =  a  +  6 ,  we  have 

a  +  x  =  a  +  (d+b)  =  {a  +  d)  +  b^O  +  b^b; 
hence, 

*The  theorem-nnmbera  2-5  have  been  used  in  §  1. 

t  Thas,  if  2  -|-  2  -  2,  we  have  2+(a-|-«)=«4-  (z  +  a)  ^  {z -{-  z)  -\- a  =  z -\-  (a),  whence, 
by  postulate  AA,  a  -{-  z  ^^a,  and,  by  the  oommutative  law,  z  -\-  a—-  a,  Henoe,  if  z^  and  2,  were 
two  elements  such  that  z^-\-  Zi=  z^  and  2,  -|-  2,  —  22,  then  a-\-  z^  -a  and  6  -|-  2,  —  6,  for  all 
values  of  a  and  b  \  whence,  taking  a=^z^  and  6  =  2i ,  we  should  have  2^  +  2|  —  2,  and  ^i  +  «2  =  2^1 ; 

or,  2,  r=  2^  . 

X  Compare  footnote  under  postulate  A\. 
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Theorem  9.  (a)  Every  two  elements^  a  and  b ,  determine  uniquely  a  third 
element  aj,  denoted  hyh^a^  such  that 

a  +  (h  --  a)  ^  b; 
(b)  in  particular^ 

a  —  a  =  0  ; 

and  (c)  the  element  0  —  a  is tisually  abbreviated  into  —a^  so  that 

a  +  (— a)  =  0. 

The  element  6  —  a  is  called  the  "difference  "  b  minus  a,  and  the  operation  of 
finding  it,  the  "subtraction"  of  a  from  6.* 

From  theorems  1,  and  6—9,  we  see  that  every  system  (^,  +)  which  satisfies 
the  eight  postulates^  I,  II,  -41--46,  is  an  abelian  grouj)  with  respect  to  + , 
according  to  the  usual  definition. f  These  eight  postulates,  as  will  be  shown 
in  §4,  are  independent  at  each  other;  that  is,  no  one  of  them  can  be 
deduced  from  the  other  seven.  The  complete  theory  of  abelian  groups  would 
contain  all  the  propositions  which  follow  from  these  eight  postulates  by  logical 
deduction. 

In  conclusion,  it  should  be  noticed  that  the  eight  postulates  of  §  2  form  a 
"  disjunctive,"  not  a  "  categorical,"  set ;  J  for  an  abelian  group  may  contain  any 
finite  number  of  elements,  or  be  infinite ;  and  even  if  the  number  of  elements  in 
two  groups  is  the  same,  the  groups  are  not  necessarily  isomorphic ;  hence  there 
are  many  propositions  concerning  IC  and  +  which  are  neither  deducible  from 
these  postulates,  nor  in  contradiction  with  them. 

§3.  A  SET  OF  POSTULATES  FOR  REAL  ALGEBRA. 

In  this  section,  which  forms  the  main  part  of  the  present  paper,  we  consider 
the  conditions  which  must  be  imposed  upon  a  class  K^  with  a  dyadic  relation 

<  (read :  "  below,*'  or  "  algebraically  less  than  "),  and  an  operation  +  (read  : 
"  plus  "),  in  order  that  JE^  shall  be  the  class  of  all  real  variables  with  respect  to 

<  and  -f  .  (On  the  use  of  the  symbols  <  and  + ,  or  ©  and  © ,  see  the  open- 
ing paragraphs  in  §  1  and  §  2.)  These  conditions  are  expressed  in  sixteen  pos- 
tulates, §  which  fall  into  four  groups  as  follows : 

Postulates  I-II.     (As  in  §  1  or  §  2.) 

These  postulates  give  the  class  at  least  two  distinct  elements. 

*  Compare  footnote  under  postulate  Al. 

tH.  Webeb,  Algebra^  vol.  2.  Cf.  E.  V.  HuNTiKGTON,  and  E.  H.  MooBR,  loo.  oit. ;  and 
also  G.  A.  MiLLRR,  Report  on  the  groups  of  an  infinite  order y  Bulletin  of  the  American 
Mathematical  Society,  vol.  7  (1900-1),  pp.  121-130. 

X  O.  Vkblen,  loo.  cit. 

§  A  summary  of  these  postulates  is  given  in  J  4. 
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Postulates  ^1-^6.     (As  in  §  1.) 

These  postulates,  with  I  and  II,  make  the  class  a  continuous  scale^  or  a  one- 
dimensional  continuum^  with  respect  to  the  relation  < . 

Postulates  -41-^46.     (As  in  §  2.) 

These  postulates,  with  I  and  II,  make  the  class  an  abelian  group  with  respect 
to  the  operation  +  . 

Postulate  ^^41.  If  there  is  a  uniquely  determined  element  0  such  that 
0  +  0  =  0;  and  if  a ,  6 ,  and  a  +  h  are  elements  of  the  class ;  and  if  a  >  0 
and  6  >  0  ;  then  a  +  ft  >  a . 

Postulate  RA2.  If  there  is  a  uniquely  determined  element  0  such  that 
0  +  0  =  0;  and  if  a ,  & ,  and  a  +  b  are  elements  of  the  class  ;  and  if  a  <  0  and 
ft  <  0 ;  then  a  +  6  <  a . 

These  last  two  postulates  serve  to  connect  the  symbols  <  and  +  .  In  view 
of  postulates  I,  II,  and  -41-^6,  they  give  us  at  once : 

Theorem  10,  If  a  and  b  are  both  above  0,  then  a  +  b  is  above  either  of 
them  ;  and  if  a  and  b  are  both  below  0,  then  a  +  b  is  below  either  of  them. 

These  sixteen  postulates:  I-II,  ^1  —  ^6,  ^1  —  ^6,  RAl  and  J?^2,  are 
independent^  as  will  be  shown  in  §4,  so  that  no  one  of  them  can  be  deduced 
from  the  remaining  fifteen.  On  the  other  hand,  these  sixteen  postulates,  or  the 
theorems  1-10  which  follow  from  them,*  are  sufficient  to  define  completely  the 
algebra  of  a  real  variable.  The  remainder  of  this  section  will  be  devoted  to  the 
proof  of  this  latter  statement,  the  necessary  preliminary  theorems,  besides  the 
theorems  1-10,  grouping  themselves  under  the  following  heads :  1)  positive  and 
negative  elements ;  2)  multiples,  with  remarks  on  Burali-Forti's  definition  of 
number ;  8)  Archimedes'  principle ;  and  4)  submultiples,  with  the  theorem  of 
infinite  divisibility. 

Positive  and  negative  elements. 

The  following  theorems  11-17  are  proved  without  the  use  of  postulate  £5  (on 
density)  or  postulate  RQ  (on  continuity). 

Theorem  11.  If  a  and  b  are  both  >  0,  then  a  +  6>  0;  and  if  a  and  b 
are  both  <  0  ,  then  a  +  6  <  0 .     (By  10  and  3.) 

Theorem  12.  If  a^  Q^  then  —  a  <  0 ;  and  if  a  <iOy  then  —  a  >  0 .  (By 
11  and  9.) 

Thus  the  class  IT  is  composed  of  three  mutually  exclusive,  non-empty  sub- 
classes :  1)  the  element  0  ;  2)  the  elements  above  0 ,  called  the  positive  elements ; 
3)  the  elements  below  0,  called  the  negative  elements.     (By  I,  II,  12  and  3.) 

Theorem  13.     7)^ a; >  0 ,  then  a  +  x'^  a;  ifx<,0^  then  a  +  x<ca. 

The  first  part  is  clearly  true  when  a  =  0 ,  and  (by  10)  when  a  >  0 ;  the  proof 
for   the   remaining   case,    a  <  0 ,   is   as    follows :    Suppose   a  +  x  =  a^    while 

*  It  should  be  noted  that  the  sixteen  postulates  are  clearly  deducible  from  the  theorems  1-10. 
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x>  0  and  a  <  0 ;  then  a  +  as  < 0 ,  by  3,  and  -—  jc  <  0 ,  by  12 ;  hence  by  10 , 
(a  +  as)  +  (  —  a;)  <  a  +  jc,  or,  by  6  and  9,  a  <  a  +  05,  which  contradicts  the 
supposition.     The  second  part  may  be  proved  in  a  similar  way. 

Iheorem  14.     If  a<ih  there  is  a  positive  element  x  such  that  a  +  a;  =  6  and 
a  negative   element   y   such   that   a^h  +  y;    and   conversely^    if  x'^O    in 
a  +  a;  =  6,  or  ify  < 0  in  a  =  6  +  y,  then  a<,b.     (By  9  and  13.) 
Theorem  16.     Ifx<^y^  then  a  +  a?  < a  +  y ,  and  conversely. 
For,  by  14,  take  to  <  0  so  that  x==-y  +  w.     Then,  by  13, 

(«  +  y)  +  ^<(a  +  y), 

whence  a  +  (y  +  to)  <  a  +  y ,  or  a  +  x<^a  +  y.  The  converse  is  proved 
indirectly,  as  usual. 

Iheorem  16.     If  a<ih  and  a;  <  y ,  then  a  +  aj  <  6  +  y . 

For,  a  +  a;  <  a  +  y,  and  o  +  y  <  6  +  y ,  by  16  and  the  commutative  law ; 
hence  the  theorem,  by  3. 

Theorem  17.  There  is  no  highest  dement^  and  no  lowest  element^  in  the 
class.     (By  13.) 

If  we  admit  also  the  postulate  of  density  ( lib ) ,  we  have  further  : 

Theorem  18.  Hiere  is  no  highest  or  lowest  element  in  the  suh-class  of 
positive  elements^  or  in  the  sub-class  of  negative  elements. 

Multiples. 

The  theory  of  the  multiples  of  an  element  a  is  closely  connected  with  the  theory 
of  the  (finite)  ordinal  numbers  (or  positive  integers).  In  fact  C.  Burali-Forti, 
in  a  recent  memoir,*  has  shown  that  the  theory  of  multiples  can  be  developed 
without  presupposing  any  knowledge  of  these  numbers,  and  that  the  class  of 
numbers  can  then  be  defined  by  means  of  the  theory  of  multiples.  For  the  pres- 
ent purpose,  however,  it  seems  best  to  assume  the  ordinal  numbers  as  known, 
especially  in  view  of  a  valuable  discussion  of  Bubali-Forti's  work  by  L. 
CouTURAT,  in  a  memoir  f  which  came  into  my  hands  while  writing  this  paper. 

In  order  to  state  precisely  what  is  involved  in  thus  assuming  the  ordinal 
numbers,  it  may  be  well  to  recall  the  following  facts. 

The  class  of  ordinal  numbers,  however  it  may  be  defined,  is  a  class  iV  which 
possesses  the  following  characteristic  properties,  due  to  Peano  :  X 

*C.  BUBALI-FORTI,  Sulla  ieoria  generaU  delle  grandezze  e  dei  numeric  Atli  della  R.  Accad- 
emia  delle  Soieoze  di  Torino,  vol.  39  (1903-4),  pp.  256-272.  On  Burali-Forti'b  proof 
of  the  oommatative  law,  see  footnote  below,  in  §  6. 

tL.  CouTUBAT,  Lea principe8  des  mathimaiiques ;  V:  V  idee  de  grandeur ^  Revue  de  M^ta- 
physique  et  de  Morale,  vol.  12  (1904),  pp.  675-698. 

t  For  a  brief  aooount  of  these  jKMtulates,  with  bibliographioal  referenoes,  see  Bulletin  of 
the  American  Mathematical  Society,  ser.  2,  vol.  9  (1902-3),  pp.  41-46.  An  extended 
disonasion  is  found  in  B.  Russell's  Principles  of  Maihematics,  vol.  1  (1903),  chap.  14.  A  revised 
list,  in  which  the  number  of  postulates  is  reduced  to  four,  has  been  given  by  A.  Padoa,  Theorie 
des  nombrea  entiers  abMltiSj  Revue  de  Matheroatiques,  vol.  8  (1902),  p.  48. 
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1.  The  class  JV  contains  a  peculiar  element,  called  the  "  first "  ordinal  number, 
and  denoted  by  1 . 

2.  Every  element  m  of  the  class  N  determines  uniquely  another  element  of 
N  called  the  number  " next  following"  the  number  w,  and  denoted  by  ?n+,  or 
seqm.     (l+  =  2;  2+  =  3;  etc.) 

3.  For  any  number  m,  m"*"  is  different  from  1 . 

4.  If  m+  =  n+,  then  m^n. 

5.  If  S  is  any  class  such  that:  (a)  the  number  1  belongs  to  S^  and  (&)  the 
number  m+  belongs  to  S  whenever  the  number  m  belongs  to  S;  then  every 
element  of  iV  belongs  to  S. 

This  list  of  five  postulates  comprises  as  much  of  the  theory  of  the  ordinal 
numbers  as  we  need  to  assume  in  the  present  paper. 

On  the  basis  of  these  fundamental  propositions,  the  sum,  p  +  q^  of  two 
numbers,  p  and  q^  is  the  number  defined  by  the  following  recurrent  formulae: 

^  +  l=p+,  ;>  +  2  =  (2?+l)+l,;>  +  3  =  (p+2)  +  l,..., 

p  +  {h  +  l)^{p  +  h)+  1; 

whence,  by  mathematical  induction,  />  +  y  =  y  +  />  • 

Their  product^  /^y?  is  defined  by  the  following  recurrent  formulae: 

lp-=p,  2p^lp+p,  Sp^2p+p,  •",(k-\-l)p^kp  +  p; 

whence,  by  mathematical  induction,  pq^  qP' 

Finally,  if  /?  4=  y,  then  there  is  either  a  number  X(=p--y)  such  that 
p  =  q  -j-Xy  or  else  a  number  fi(=  q  -^ p)  such  that  q  =/?  +  /i,  and  not  both  ; 
in  the  first  case  we  write  p>  q(p  "  greater  than  "  j ) ,  in  the  second  case,  p  <q 
{p  "less  than"  q). 

Making  use  of  these  properties  of  the  ordinal  numbers,  we  may  now  define 
the  multiples  of  any  element  of  our  absti*act  class  I^,  But  we  must  be  care- 
ful to  notice  that  the  symbols  +  and  < ,  as  used  between  two  ordinal  numbers, 
have  nothing  to  do  with  the  general  symbols  +  and  <  (or  0  and  C))  as  used 
between  the  elements  of  ^. 

We  define  the  mth  multiple,  ma,  of  any  element  a,  m  being  any  ordinal 
number,  by  the  following  recurrent  formulae : 

la  =  a,  2a  =  la -fa,  3a  =  2a-|-a,  •••,  (^  +  l)a  =  ^a  4- a. 

Hence,  if  p  and  q  denote  ordinal  numbers,  and  a  an  element  of  J5f ,  we  have  at 
once: 

Theorem  19.  1°)     pa  +  qa  =  (p  +  q)a; 

2^)     q  (pa)  :=  p{qa)  ==  {qp)a  =  {pq)a  ==  pqa. 
This  theorem  depends  only  on  postulates  I,  II,  and  Al ;  the  following  theorems 
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20-22,  however,  require  all  the  postulates  except  US  (on  density)  and  MS  (on 
continuity) : 

Theorem  20.  If  a  is  above  0,  the  aicccessive  multiples  of  a  form  an  ascend- 
ing  series:  (m  +  l)a>  ma;  if  a  is  below  0,  the  successive  multiples  of  a 
form  a  descending  series :  (w+l)a<  ma  ;  and  if  a  =  0,  every  multiple  of 
a  is  0  :  ma  =  0 . 

In  particular^  if^=¥  0^  pa==  qa  lohen  and  only  when  p  s=  q. 

Theorem  21.     If  a<ib^  then  ma  < m6,  and  conversely. 

For,  if  o  <  6,  then  a  =  6  +  as,  where  a;  <  0 ,  by  14  ;  hence  ma  =  m6  +  mx^ 
where  mx  <  0 ,  by  20.  Therefore  ma  <  m6 ,  by  14.  G)nver8ely,  if  ma  <  mb , 
then  a  <  6 ,  since  a  =  6  leads  to  contradictions.   ' 

Theorem  22.     If  ma  =  m6,  then  a=b.     (From  21.) 

The  principle  of  Archimedes. 

The  following  theorem  requires  all  the  postulates  except  the  postulate  of  den- 
sity (^5). 

Theorem  23.  If  a  and  b  are  both  above  0,  there  are  multiples  of  a  which  are 
above  b  ;  and  if  a  and  b  are  both  below  0,  there  are  multiples  of  a  which  are 
below  b .     (Principle  of  Archimedes.) 

The  proof  of  the  first  part  is  as  follows  :  Suppose  every  multiple  of  a  were 
=  6 ;  then,  by  the  postulate  of  continuity  (-B6),  the  class  of  multiples  of  a  would 
have  an  upper  limit,  JT,  having  the  following  properties : 

1*^)  na  =  X,  for  every  ordinal  number  n  (in  particular,  a  <  X)  ;  and 

2°)  if  a;  <  JT,  there  is  some  multiple  of  a,  say  n'a,  which  is  >  a. 

By  theorem  14,  take  a;  <  JT  so  that  x  +  a  =  JT;  then  by  2°),  n'a  >  x  for 
at  least  one  value  of  n'.  Hence,  by  theorem  15  and  the  commutative  law, 
n'a  +  a  >  05  +  a,  whence  (n'  +  1 )  a  >  X,  which  contradicts  1°). 

The  second  part  is  proved  in  a  similar  way. 

Submultiples. 

The  following  lemma  requires  all  the  postulates  except  i?6  (on  continuity) ; 
while  the  theorem  24  to  which  it  leads,  requires  the  whole  list. 

Lemma.  If  m  is  any  ordinal  number,  then,  if  a  is  positive,  there  is  a  positive 
element  x  such  that  mx  <  a ;  and  if  a  is  negative,  there  is  a  negative  element  y 
such  that  my  >  a . 

Proof.  The  lemma  is  clearly  true  when  m  =  1 ,  by  18,  and  if  it  is  true  when 
m  =  n ,  it  will  be  true  when  w  =  n  +  1 .  For  (considering  the  case  a  >  0 ) ,  if 
rwj  <  a,  then  there  is  a  positive  |  such  that  tix  +  f  =  a,  by  14,  and  a  positive 
x'  such  that  x'  <,x  and  cc'<|,  by  18.  Then  nx'  <inx  by  21,  whence, 
nx'  +  X  <,nx  +  ^y  by  16, or(n  +  l)aj'<a.  Therefore  the  lemma  is  true  for 
every  value  of  m.  —  Similarly  for  the  case  a  <  0 . 
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Theorem  24.  If  m  is  any  ordinal  number^  then  efvery  element  a  determines 
uniquely  an  element  denoted  by  a/m ,  called  the  mth  submultiple  of  a ,  such  that 

m{a/m)  =  a. 
In  particular : 

a/1  =  a         and         0/7n=0. 

Proof.  We  notice  in  the  first  place,  by  22,  that  this  element  a/m^  if  it  exists 
at  all,  will  be  uniquely  determined  by  a  and  m .  To  prove  the  existence  of  any 
such  element  (for  a  positive  a),  we  define  two  subclasses :  F,  containing  all  the 
positive  elements  y  for  which  my  <  a;  and  F',  containing  all  the  positive  ele- 
ments y'  for  which  a  <  my'.  Now  F  and  F'  are  non-empty  classes,  by  the  lemma 
just  proved,  and  18 ;  and  every  element  in  F  is  <  every  element  in  F',  by  21. 
Hence,  by  theorem  5,  there  is  a  positive  element  X  such  that :  1°)  every  element 
in  F  =  JT,  and  2°)  X  =  every  element  in  F'.  This  element  X  is  the  required 
element  a/m.  For  if  mX  were  <  a,  there  would  be  an  element  y  in  F  which 
is  >  JT,  in  contradiction  with  1°)*;  and  if  mX  were  >  a,  there  would  be  an 
element  y'  in  F'  which  is  <  JT,  in  contradiction  with  2°).f  Therefore  7?i3c=  a. 
—  The  proof  is  similar  for  a  negative  a . 

Theorem  26.  Ifp  and  q  are  ordinal  numbers  such  that  p  <.q^  then  if  a  is 
above  0,  a/p  >  a/5,  and  if  a  is  below  0,  a/p  <  a/q. 

In  other  words,  if  a  =}=  0,  increasing  the  value  of  m  brings  the  element  a/m 
nearer  to  0 .  In  particular,  if  a  >  0 ,  a  >  a/m  >  0 ,  and  if  a  <  0 ,  a  <  a/m  <  0 ; 
where  m  >  1 .     (Proof  indirect,  by  20,  21  and  24.) 

Theorem  26.  If  a  and  b  are  both  above  0,  there  are  submultiples  of  a 
which  are  below  b  ;  and  if  a  and  b  are  both  below  0,  there  are  submidtiples  of 
a  xohich  are  above  b .     (Proof  indirect,  by  23  and  24.) 

Theorem  27.  If  p  and  q  denote  ordinal  numbers^  and  a  an  element  of  K^ 
then p{a/q)  =  (/?«)/?•     (By  24.) 

Hence  we  may  denote  either  member  of  this  equation  by  pa/q. 

Any  element  of  the  iormpa/q^  where  jo  and  q  are  ordinal  numbers,  is  called 
a  rational  fraction  of  a.     In  particular,  pO/q  =  6. 

Theorem  28.     Jfm^p^q,p\q\  are  ordinal  numbers^  then  : 
(a)  mpa/mq^pa/q. 
(6)  pa/q+pa/q^  =  {q  p  +  qp)a/qq.  ^ 
(c)  pa/q  =  p  a/q'  when  and  only  when  qp  =  qp. 

Theorem  29.  If  a  is  above  0  [below  0] ,  then  pa/q  <ipa/q  when  and  only 
when  q  p  <  qp'  \or  q  p  >  qp'  ] .     (Proof  by  20,  21  and  24.) 

*  Take  ^  >  0  ao  that  mX-\-  f  =  a,  by  14,  and  7  >  0  so  that  mv  <  f ,  by  the  lemma,  and  let 
y  =  X+^.    Then  my  =  ffiX  +  1117  <  wX -f- ^  =  a  • 

t  Take  ^^  <  0  bo  that  mX  +  ^^  =  a ,  by  14,  and  j?'  <  0  so  that  mn^  >  f ' ,  by  the  lemma,  and 
lety'  =  X-f- J?^.     Then  my=mX-\^  mr/ ^mX -\- §^  =  a. 
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The  theorems  1—29  pat  U3  now  in  a  position  to  establish  the  fact  that  the 
postulates  of  §  S  are  sufficient  to  define  completely  the  algebra  of  a  real  variable ; 
this  sufficiency  is  formulated  in  the  following  theorem : 

Theorem  30.  Any  two  systems^  {K^  <?  +)  ^^^  (-^'»  <i  +)i  which  sat- 
isfy the  sixteen  postulates  o/*  §  3  are  equivalent  with  respect  to  <  and  +  ; 
that  is^  they  can  be  brought  into  one-to-one  correspondence*  in  such  a  way 
that 

1°)  from  a  <  6  follows  a'  <  6',  and  conversely;  and 

2°)  from  a  +  b  =sc  follows  a'  +  6'  =  c\  and  conversely  ; 
where  a\  b\  care  the  elements  in  K'  which  correspond  to  the  elements  a^b,  c 
in  IT, 

Proof*  First  make  the  zero-element  in  K'  correspond  to  the  zero-element 
in  K\ 

Next,  to  bring  the  positive  elements  of  JK'mto  one-to-one  correspondence  with 
the  positive  elements  of  ^\  choose  any  positive  element  JE  in  ^,  and  any 
positive  element  B'  in  JT',  and  call  £!  and  E'  corresponding  elements;  then 
if  any  positive  element  a  is  given,  the  corresponding  positive  element  a  is  deter- 
mined as  follows :  consider  in  ^  the  subclass  T  composed  of  all  rational  frac- 
tions of  £J  which  are  <  a ;  form  in  JK''  the  subclass  F'  composed  of  the  same 
rational  fractions  of  jS'';  then  the  upper  limit  of  F'  is  the  required  element 
a\     Similarly  if  a'  is  given  and  a  required. 

Finally,  bring  the  negative  element  of  K^  into  one-to-one  correspondence  with 
the  negative  elements  of  K^'  by  making  a  correspond  to  a'  whenever  —  a  cor- 
respond to  —  a'. 

The  correspondence  as  thus  established  is  readily  shown  to  have  the  proper- 
ties 1^)  and  2^),  by  the  aid  of  the  theorems  in  regard  to  rational  fractions. 

N^ote  on  multiplication. 

The  deductions  from  the  postulates  have  been  carried,  in  this  section,  only  so 
far  as  was  necessary  for  the  proof  of  theorem  SO.  The  further  development  of 
the  algebra  depends  on  the  definition  of  the  product  of  two  elements,  with 
respect  to  an  arbitrarily  chosen  (positive)  ^^  unit  element." f  [The  arbitrary 
choice  of  this  ^^  unit  element "  is  of  great  significance  in  the  theory  of  measure- 
ment^ into  which  I  shall  not  enter  here.] 

Multiplication  may  also  be  regarded  as  a  fundamental  operation  whose  prop- 
erties are  determined  by  postulates,  as  is  done  below,  in  the  appendix. 


*  Aod  that  in  an  infinite  nnmber  of  ways,  sinoe  the  ''  nnit  elements ''  E  and  B/  in  the  proof 
may  be  chosen  in  an  infinite  nnmber  of  ways. 

fCf.  E.  V.  Huntington,  Transaottons  of  the  American  Mathematical  Society, 
vol.  4  (1903),  p.  366. 
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§4.    Summary  of  the  postulates,  and  proof  of  their  independence. 

In  the  following  summary  of  the  postulates  of  §  3  for  real  algebra,  each  pos- 
tulate is  stated  twice,  first  in  the  precise  and  convenient  symbolism  *  of  Peano's 
Logica  Mathematical  and  secondly  in  common  language.  To  avoid  confusion 
in  the  proofs  of  independence,  we  enclose  the  general  symbols  <  and  -f  in 
circles,  and  write  %  in  place  of  0 . 

Postulate  I.  5r-^  5 

that  is,  there  is  an  entity  which  belongs  to  the  class. 

Postulate  II.  aeK.  D.  ^K^b9  [a  +  6]  ; 

that  is,  if  a  is  an  element  of  the  class,  there  is  an  element  h  such  that  a  =}=  & . 

Postulate  ^1.     a,  beJK'.  a  4=  6.  D:  a  ©  6.  — '.  a  ®  6  ; 

that  is,  if  a  an  J  b  are  elements  of  the  class,  and  a  =}=  6 ,  then  either  a  ob  or 
a  Qb. 

Postulate  J?2.     o,  beK.  a  +  6.  D:  a  ©  6.  a  ®  6.  =.  A; 

that  is,  if  a  and  b  are  elements  of  the  class,  and  a  ^  by  then  a  ©  6  and  aob 
cannot  both  be  true. 

Postulate  ^3.  aelT.  D .  a  ©  a.  = .  A ; 

that  is,  if  a  is  an  element  of  the  class,  then  a  c  a  cannot  be  true. 

Postulate  Bi.    a,  6,  ceJT.  a^  c.  a  o  b.  b  o  c,  D.  ao  c; 
that  is,  if  a,  6,  c  are  elements  of  the  class,  and  a  ^  c^  then  from  a  ©  6  and 
6  ©  c  follows  a  o  c. 

Postulate  US.     a,  beK:  a  ©  6.  w.  a  ©  6:  a  4=  6:  D: 

^K^x^laox.  CB  ©  6]  .  >^.  ^K^yB  [a©  y.  y  ®  6]; 


*See  Bubali-Fobti.  Logica  Matemaiiea  {Manuali  Hoepli,  1894),  or  the  introdnotions  to  the 
seTeral  volnmes  of  the  Formvlaire  de  MathSmafiqueB  (1895-1903).  In  reading  statements  written 
in  these  symbols,  look  first  for  the  dots,  which  oooar  in  gronps  of  one,  two,  or  more,  and 
divide  the  sentence  into  its  component  parts ;  the  larger  the  number  of  dots,  the  more 
important  the  point  of  division.  Next  find  the  symbol  D,  which  is  the  sign  of  illation  ;  thns, 
*'a.  b.  D.  e"  means  'S/the  propositions  a  and  b  are  tme,  then  the  proposition  c  is  tme  ; ''  or, 
*'  the  truth  of  propositions  a  and  b  implies  the  truth  of  propositions  c.''  For  the  other  symbols 
used  in  this  paper,  the  following  glossary  will  be  sufficient : 

**a.  w.  6"  means  **  either  a  or  6." 

*^aeK^^  means  '* a  belongs  to  the  class  K ; ''  **a,b  e  K^*  means  ** a  and  b  both  belong  to  the 
class  K.     (The  "  e  "  is  the  initial  letter  of  **  earU') 

*^3fK^^  means  "  there  exists  an  element  of  the  class  K.^*    **3*^  means  "  such  that.'' 

**3^K^a3  "  means  **  there  exists  an  element  a,  in  the  class  K,  such  that." 

"  Te  as'  JT  "  means  "  T  is  a  sub-class  in  the  class  -K'." 

* ' d .  = .  A"  means  ''the  proposition  a  is  false. " 

'*  Hp  "  means  **  hypothesis. " 
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tbat  is,  if  a  and  6  are  elements  of  the  clans  such  that  a  ©  6  or  a  o  6 ,  then :  if 
a  =^  6 ,  there  is  either  an  element  x  such  that  a  Q  x  and  a;  C)  6 ,  or  an  element  y 
such  that  ao  y  and  y  Q  b. 

Postulate  M.     Tc  Cls'  K.  ^T.  ijK^c  b  [  aeT.  D  .a  ©  c  ]  .  D . 

')^fX./  ^K-X^laeT.  D.  agX:  xeK.L  q  X.  D.  ^T-^b{^  o  x)]; 

that  is,  if  r  is  a  non-empty  sub-class  in  JiT,  and  if  there  is  an  element  c  in  X 
such  that  every  element  of  F  is  ©  c,  then  there  is  an  element  A'^in  A'"  having 
the  two  following  properties  with  regard  to  the  sub-class  F: 

1°)  if  a  is  an  element  of  F,  then  a^  X;  while 

2°)  if  x  is  any  element  of  X  which  is  ©  X^  there  is  an  element  in  F  which 
is  ©  X. 

Postulate  A1.  «,  beX.  D.  a  ©  beX; 

that  is,  if  a  and  b  are  elements  of  the  class,  then  o  e  h  is  an  element  of  the  class. 

Postulate  A2.    a^bj  ae  b^b  ^  a  eX,  D .  a  ©  6  =  6  e  a ; 
that  is,  if  r7 ,  6 ,  a  e  5 ,  and  &  e  a  are  elements  of  the  class,  then  a  B  b  =  b  ®  a. 

Postulate  ^3.     a^  b^  c^  ae  6,  6  e  c,  (a  e  5)  ©  c,  a  e  (6  ©  c)  eX.  D. 
(a©5)©c=a©(6©c); 

that  is,  if  a^by  c^  a®  &,&©c,(a©&)©c,  and  a  ©  (&  ©  c)  are  elements  of 
the  class,  then  (a©6)©  c^  a  ®  {b  ®  c). 

Postulate  A4t.     a^x^y^a^x^a^y eX.  a  ®  x  =  a  @  y.  D,  x  =  y; 

that  is,  if  a,  a;,  ^,  a  ©  X,  and  a  ^  y  are  elements  of  the  class,  then  from 
a  ®  X  =i  a  ®  y  follows  x  =  y. 

Postulate  A5.  g^X.  D .  ^X^%b{z  ©2=2); 

that  is,  if  there  is  any  element  in  the  class,  then  there  is  an  element  z  such  that 

2J  ©  2  =  2. 

Postulate^G.    ^X^zb{^^z=-%)\  z^^z^^^z^.z^^z^^z^.D.z^^z^:  aeXiD: 

^X^d  3(a©a  =  2); 

that  is,  if  there  is  a  uniquely  determined  element  z  such  that  2  ©  z  =  z,  then  for 
every  element  a  there  is  an  element  a  such  that  a  ©  a  =  2. 

Postulate  RAl,     Hp  A6.  a^b,  a  ®  beX,  a©2.6®2.D.a©6®a; 

that  is,  if  there  is  a  uniquely  determined  element  2  such  that  z  ®  z  =  z;  and  if 
a,  5,  and  a©  5  are  elements  of  the  class;  and  if  aoz  and  b  o  z;  then 
a  ®  b  (^  a. 
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Postulate  IiA2.     Hp  A6.  a,  6,  a  e  5  elC.  aQz.bQz.D.aeboa; 

that  is,  if  there  is  a  uniquely  determined  element  z  such  that  z  ®  z^z;  and  if 
a ,  5 ,  and  a  $  6  are  elements  of  the  class ;  and  it  aoz  and  boz;  then  a®  boa. 
This  completes  the  list  of  postulates  in  §  3. 

To  show  the  mutual  independence  of  these  sixteen  postulates — that  is,  to  show 
that  the  list  contains  no  redundancies — we  exhibit,  for  each  postidate,  an  inter- 
pretation of  A",  €)  ,  and  e  which  satisfies  all  the  other  postulates,  but  not  the 
one  in  question.  Such  postulate,  then,  cannot  be  a  consequence  of  the  other 
fifteen ;  for,  if  it  were,  every  system  ( JE',  ©  ,  ® )  which  had  the  other  fifteen 
properties  would  have  this  property  also,  which  is  not  the  case.* 

In  constructing  these  systems,  we  assume  the  existence  of  the  real  numbers, 
as  defined  in  the  usual  way  by  successive  generalizations  of  the  number-concept ; 
and  the  symbols  < ,  +  ,  and  0  are  used,  in  this  section,  only  in  their  ordinary 
arithmetic  meaning.     The  proof-systems  are  the  following : 

For  I.     IT—  an  "  empty  "  class. 

For  II.     JE'=  a  class  of  a  single  element  a,     a  ^  a  false,     a  e  a  =  a. 

For  m.  I^=  all  real  numbers.  (a@6)  =  (a<6)  when  a  and  b  are  both 
positive  or  both  negative ;  otherwise  a  Q  b  is  false,      e  =  -f- . 

For  J?2.     /r=  all  real  numbers,     (a  ©  6)  =  (a  +  b).      e  =  +  . 

For  jf?3.     K—  all  real  numbers,     (a  ©  6)  =  (a  =  6).      e  =  -|- . 

For  J?4.  K=  ^  class  of  three  elements,  0,1,  and  2.  0©1,1©2,2©0. 
a®b=^  a+  b  when  a  -|-  6  =  2 ,  and  =  a  -|-  6  —  3  when  o  -|-  6  >  2 ;  in  other 
words,  cr  ®  6  s  a  -f  6  (mod  3). 

For  i?5.     ir=i  all  integral  numbers.      ©  =  < .      e  =  +  . 

For  RQ.     A'=  all  rational  numbers.      ©  =  < .      e  =  +  . 

For  A\,  K  ==  all  real  numbers.  ©  =  <.  a(^b==^a-\-b  when  a  +  6  =  0 , 
otherwise  a  e  6  =  au  entity  not  in  the  class. 

For  A2.     J5r=  all  real  numbers.     ©  =  <.     a  ®  b  ^b. 

For  Ad,  K^  all  real  numbers.  ©  ==  <.  a  ®  6  ==  2(a  -|-  6)  when  aand 
b  are  both  positive  or  both  negative ;  otherwise  a  ®  6  =  a  -|-  6 . 

F(yr  A4.  fi^=  all  real  numbers.  ©  =  <.  ae&  =  0  when  a  =^  6 ; 
and  a  ^  a=i  a. 

For  AS,     IC=*  all  positive  real  numbers.     ©  =  < .     e  =  -f  . 

For  A6,     K^  all  positive  real  numbers,  with  0.     ©  =  < .     ©  =  +  . 

For  RAX,  K=^  all  real  numbers.  (a©6)  =  (a>6)  when  a  and  6  are 
both  positive,  otherwise  ©  =  < .     ©  =  +  . 

For  RA2,  K=  all  real  numbers.  (a©6)=s(a>6)  when  a  and  b  are 
both  negative,  otherwise  ©  =  < .     ©  =  +  . 

^This  is  the  now  familiar  method  of  proving  indepeDdeDoe. 
TraDS.  Am.  Math.  Soc.  8 
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Thus  the  independence  of  the  sixteen  postulates  of  §  3  is  established. 

The  independence  of  the  ten  postulates  of  §  1  is  proved  as  follows : 

For  postulates  I,  II,  ^1-^6,  use  the  systems  just  given,  omitting  the  speci- 
fications in  regard  to  e . 

For  postulate  J?7,  namely,  a,  heK.  a  4=  6.  D.  ^K^xb{x  ©  a),  use  the 
system :  JSr=  all  real  numbers  between  0  and  1,  with  0  ;  ©  =  < . 

For  postulate  ^8,  namely,  a,  h€K.  a  =^  6.  D.  ^K^y^^y  ©  a),  use  the 
system :  JE"=  all  real  numbers  between  —  1  and  0,  with  0  ;  ©  =  < . 

To  prove  the  independence  of  the  eight  postulates  of  §  2,  use  the  systems 
above,  omitting  the  specifications  in  regard  to  © . 

§6.   Further  analysis  of  the  postulates  for  group-theory.* 

The  set  of  eight  postulates  given  in  §  2  can  be  used  only  for  abdian  groups. 
In  the  present  section  I  give  a  set  of  twelve  postulates  for  groups  in  general, 
with  a  thirteenth  postulate  which  makes  the  group  abelian ;  and  moreover  (except 
in  the  case  of  postulate  (t9,  which  can  probably  be  further  sub-divided),  each 
postulate  has  been  made  as  nearly  a  simple  statement  as  seems  possible,  f 

Since  the  theory  of  groups  has  many  applications  not  connected  with  real 
algebra,  I  represent  the  fundamental  operation  of  the  group,  in  the  present  set  of 
postulates,  by  the  8}rmbol  o,  or  by  simple  juxtaposition,  instead  of  by  the  symbol 
+  or  © .  Thus,  aob  (read :  "  a  with  6  "),  or  ab ,  may  be  interpreted  at  pleasure 
as  the  "  sum  "  of  a  and  b ,  or  the  "  product "  of  a  and  b ,  or  the  "  resultant "  of  a 
and  6,  etc.  I  also  represent  the  ^^  zero-element,"  0  or  z,  of  §  2,  by  the  symbol  i 
(^^  identity  "),  which  has  a  less  special  connotation.  | 

(The  letter  G  is  prefixed  to  the  numbers  of  the  postulates  to  suggest  the  word 
Group.) 

Postulates  I-II.     The  same  as  in  §  2.     Hence : 

Theorem  I.     There  are  at  least  two  distinct  elements  in  the  class. 

Postulate  Gl.  If  a  is  an  element  of  the  class,  then  aa  is  an  element  of 
the  class. 

Postulate  G2.     If  a  4=  &  9  then  ab  is  an  element  of  the  class.  —  Hence : 

Iheorem  II.  j^a  and  b  are  elements  of  the  dass^  then  ab  is  an  element  of 
the  class. 


*  Another  set  of  postalates  for  groape  will  be  presented  in  a  sabseqaent  paper. 

t  Most  of  the  poetalates  embody,  to  be  sure,  a  maltitade  of  statements,  corresponding  to  the 
maltitade  of  elements  in  tbe  groap  ;  bat  (exoept  in  case  of  G9}  there  seems  to  be  no  groand  for 
distingaishing  any  of  these  statements  from  the  rest ;  «that  is,  there  seems  to  be  no  groand  for 
farther  sabdi vision  of  any  of  the  postalates  except  09.    Cf.  E.  H.  Moore,  loc.  cit. 

i  Compare  footnote  ander  postalate  ^  1  in  J  2. 
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Postulate  GS.  If  there  is  any  element  in  the  class,  there  is  an  element  { 
such  that  ii  ^  i . 

Postulate  Gi.  If  x  and  y  are  elements  such  that  xx^^x  and  yy  ^y^  then 
as  =  y .     Hence : 

Theorem  III.     There  is  a  uniquely  determined  element  i  such  that  ii^i. 

Postulate  Gb.     Ii  ii  =s  i  and  aa  :^  a^  then  ai^^  a. 

Postulate  G6.     Itii  ^i  and  aa  4»  a,  then  m  =  a.     Hence : 

Theorem  IV.     For  every  element  a  we  have  ai^ia^  a. 

Postulate  G1.     Ii  ax^  a  and  aa  ^  a^  then  xx^^x. 

Postulate  GS.     Ii  xa^  a  and  aa  4=  a«  then  xx  ^x.     Hence : 

Theorem  V.     i)^aaj  =  a,  or  sea  =  a,  then  as  =  i. 

Postulate  G9.  If  aa  4=  a,  66  ^  6,  cc  ^  c,  and  ab  ^r  a,  a&  =^  6,  &c  ^  &, 
&c  ^  c ;  then 

(a6)c  =  a(bc). 
Hence : 

Theorem  VI.     For  all  elements  (aJ)c  =  a(6c).     (Associative  law.) 

Postulate  GIO,  If  li  s  i  and  aa  4»  a,  then  there  is  either  an  element  a^ 
such  that  aa^  =s  {,  or  an  element  a^  such  that  a^a  =  i.  * 

Now  from  ax  =  i  follows  oca^iy  and  conversely.  Thus,  if  ax^i^  then 
a{Qca)  =  (005)0  =x  ia  =  o,  whence  «o  =  i,  by  theorem  V. 

Further,  if  ax^i  and  ay^i^  then  a;sy«  For,  from  ax^i  follows 
yax  ssyi^y,  and  from  ay^i  follows  ya^  i  and  yax  szix^x. 

Hence,  from  postulate  6^10, 

Theorem  VII.  Every  element  a  determines  uniquely  an  element  a  such  that 
ad  ^  da  ^i  i. 

Then  if  ax^ay^  we  have  dax=^day^  whence  x^y;  and  similarly  if 
xa as yo,  we  have  xad  =  yad^  whence  x  ^y.     Hence : 

Theorem  VIII.     A  change  in  either  a  or  b  alone  produces  a  change  in  ab . 

These  twelve  postulates,  I-II,  6^1-G^lO,  are  thus  sufficient  to  define  a  group. 
In  order  to  make  this  group  an  abelian  group,  we  must  add  another  postulate, 
namely : 

Postulate  G^ll.  If  oo  ^  o,  &&  ^r  6,  a&  ^r  o,  oi  ^  & ,  &o  =^  o,  and  ba^b^ 
then 

ab  =  ba. 
Hence : 

Iheorem  IX.     For  all  elements^  ab^ba.     (Commutative  law.) 

These  thirteen  postulates,  I-II,  Gl-Glly  are  independent  of  each  other,  as 
is  shown  by  the  following  systems,  or  interpretations  of  IT  and  e  : 

For  I  and  II.     The  same  systems  as  in  §  4. 


*Thi8  postulate  was  snggestod  by  £.  H.  Moobb's  six- postulate  definition  of  a  group  ;  Trans- 
actions, vol.  3  (1902),  p.  489 ;  vol.  5  (1904),  p.  549. 
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For  Gl.  K^  all  real  numbers,  a  e  6  =  a  +  6  when  a  ^s  &,  or  a  =  0,  or 
&ssO,ora  +  &  =  0;  otherwise  a  e  6  not  in  the  class. 

For  (t2.  Kr=.  all  real  numbers,  a  e  6  =  a  +  6  when  a  =  6,  or  a  =  0 ,  or 
6=sO,ora  +  &  =  0;  otherwise  a  e  6  not  in  the  class. 

Fcyr  GS,     -fir=  all  positive  real  numbers,      e  =  +  . 

For  G4c.  K^=  all  positive  real  numbers.  When  a  =^  6,  a  e  6  =  the  greater 
of  the  two  numbers  a  and  6;  when  a^=^h^  a®  a^a^ 

For  (t5.  -£"=  all  positive  real  numbers  with  0.  a^h^:^  a-^-h^  except 
that  a®  0  =  0. 

For  (t6.  A"=  all  positive  real  numbers  with  0.  a©6=sa4-i,  except 
that  0  0  a  =  0 . 

For  Gl.     K=^  all  real  numbers.    a®aa=0,0©a  =  a®0  =  a;  otherwise 

For  GS.  K=^  all  real  numbers.  a®6  =  0,0©rt  =  a©0=5a;  otherwise 
a  ©  6  =  6. 

For  G9,  K^s.  all  real  numbers.  a©6  =  2(a  +  6),  when  a  and  6  are 
both  positive  or  both  negative ;  otherwise  a^h^:^a-\-h. 

For  G^IO.     -fir=  all  positive  real  numbers  with  0.      ©  =  +  . 

For  GW,  Any  non-abelian  group  with  respect  to  ©.  For  example:  K ^ 
the  class  of  all  complex  numbers  (<x,  /3)  where  a  is  positive  and  /3  real,  with  © 
defined  so  that  (a,,  /3^)  ©  (a^,  /Sj)^  (^i^j'  ^2^\  +  ^a)*  '^^  complex  num- 
bers (a,  /3)  may  be  represented  by  the  points  of  the  a/3-plane  which  lie  to  the 
right  of  the  /3-axis,  the  element  i  being  the  point  ( 1 ,  0  ) . 

§  6.  Another  set  of  postulates  for  real  algebra. 

The  set  of  postulates  for  groups  given  in  §  5  suggests  at  once,  (if  we  replace* 
a6  by  a  +  6  a,nd  t  by  0  ) ,  another  set  of  postulates  for  real  algebra,  one  which 
does  not  involve  the  commutative  law, —  namely  the  set  consisting  of  the  follow- 
ing twenty  postulates : 

PosTULATF-8 1-II.  (As  in  §  1  Or  §  2.) — These  postulates  give  the  class  at  least 
two  distinct  elements. 

Postulates  Hl-He.  (As  in  §  1.) — ^These  postulates,  with  I  and  II,  make  the 
class  a  continuous  scale,  or  a  one-dimensional  continuum,  with  respect  to  the 
relation  <. 

Postulates  G1-  G'lO.  (As  in  §  5.) — These  postulates,  with  I  and  II,  make  the 
class  a  group  (not  necessarily  an  abelian  gi*oup)  with  respect  to  the  operation  +. 

Postulate  liGl.  If  there  is  a  uniquely  determined  element  0  such  that 
0  +  0  =  0;  and  if  a,b,  a  -h  h,  and  b  +  a  are  elements  of  the  class  such  that 
a  -\-  b  +  a,  a-\-h::^b,b  +  a=^a,  and  b  +  a  =^  b;  then:  if  a  and  b  are  >  0, 
then  a  +  6  is  >  a  and  >  6. 


''Ck>mpare  footnote  ander  postalate  ill  in  22. 
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Postulate  RG2.  If  the  hypothesis  oi  RG\  holds  true,  then:  if  a  and 
6  are  <  0 ,  then  a  +  6  is  <  a  and  <  6 . 

These  last  two  postulates  serve  to  connect  the  symbols  <  and  +  •  Ii^  view 
of  Postulates  I,  II,  and  Gl-GXQ  [see  especially  theorem  V  in  §6]  they  give 
at  once  theorem  10  of  §  3,  namely :  If  a  and  b  are  both  above  0 ,  then  a  +  b 
is  above  either  of  them  ;  and  if  a  and  b  are  both  below  0 ,  then  a  +b  is  below 
either  of  them. 

It  remains  only  to  prove  the  commutative  law.  From  theorem  10  we  have, 
as  in  §  3,  theorems  13  and  15,  and  also : 

Theorem  13a.  i)^  as >  0 ,  then  x  +  a'>  a ;  and  if  x  <iOy  then  x  +  a  <Ca; 
and 

Theorem  16a.     Ifx<^y^  then  as  +  a  < y  +  a,  and  conversely. 

From  these  theorems  the  principle  of  Archimedes  can  be  deduced  (as  in 
theorem  23)  without  the  aid  of  the  commutative  law,  and  hence  that  law  itself 
can  be  proved  by  the  method  employed  in  my  paper  on  the  postulates  of 
magnitude.* 

Thus  the  equivalence  of  the  sets  of  postulates  in  §  3  and  §  6  is  established. 

The  independence  of  the  twenty  postulates  of  this  set  (§  6)  is  shown  by  the 
following  systems : 

For  I-II,  and  R\-R6.     The  same  systems  as  in  §  4. 

For  (rl-G^lO.     The  systems  used  in  §  5,  with  ©  defined  as  <. 

For  RG\  and  RG%     The  systems  used  for  RAX  and  RA1  in  §  4. 

An  unsolved  problem.^ 

1  conclude  this  section  with  the  statement  of  the  following  problem :  Sup- 
pose that  the  postulates  RGl  and  RGi  in  §  6  are  '^  weakened  "  so  as  to  read 
"  •  • .  >  a  OR  >  6  "  and  "  •  •  •  <  a  or  <  i ,"  instead  of  "  •  •  •  <  a  and  <  6  "  and 
"  •  •  •  <  a  AND  <  6  " ;  is  the  commutative  law  then  still  deducible,  or  is  postu- 
late Gil  an  independent  postulate  ? 

In  attempting  to  prove  the  latter  alternative,  two  ^^proof-systems"  suggest 

^Transaotions,  vol.  3  (1902),  pp.  270-271.  The  method  is  due  to  O.  Holder.— The  same 
method  is  used  by  Bdbali-Fobti  ( Teoria  generate  •  •  • ,  loo.  cit. )  in  deducing  the  commntative 
law  from  a  set  of  eight  postalates  for  the  class  of  jMMitive  real  nambers  with  0.  In  order,  how- 
ever, to  make  his  proof  of  the  principle  of  Abchimbdes  convincing,  certain  modifications  are 
necessary.  In  a  letter  of  November  11,  1904,  he  proposes,  therefore,  the  following  corrected 
form  of  his  definition  1  '3,  page  6,  and  his  postulate  VI,  page  7  : 

•3.af».  D.^(ti,/)a  =  u^a;3[ae{a?/(«-Nul(tt,/))w(tt-Nul(it,/))/xj]  Df 

With  these  changes,  his  proofs  of  the  principle  of  ABCHiBf  bdes  and  the  commutative  law  present 
no  further  difficulty. 

t  This  problem  is  closely  connected  with  the  unsolved  problem  No.  1  in  my  paper  on  magni- 
tudes. Transactions,  vol.  3  (1902),  p.  279. 
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themselves.  First,  we  might  try  the  system  used  for  6^11  in  §  5,  with  q 
defined  as  follows:  (otj,  /8,)  ©  (a^,  fi^)  when  a^  <  a^,  or  when  04  =  ^j  and 
/S^OSj.  This  system  satisfies  II  Gl  and  RG2^  but  fails  for  ^6  (on  con- 
tinuity). Again,  we  might  try  the  same  system  as  to  JT  and  e ,  with  o 
defined  as  follows:  bring  the  points  (a,  /3)  of  the  half-plane  into  one-to-one 
correspondence  with  the  points  of  a  straight  line  as  G.  Cantor  has  shown  how 
to  do ; *  and  then  interpret  ©  as  "below"  (or  " on  the  left  of  " ).  This  system 
satisfies  all  the  postulates  Hl-HGy  but  it  is  not  easy  to  see  how  to  make  it  satisfy 
both  of  the  postulates  MGl  and  ItG2. — ^The  independence  of  postulate  Gll^ 
in  the  revised  set  of  postulates  proposed  in  the  problem,  is  therefore  an  open 
question. 

§  7.    A   CONDENSED   LIST   OF   POSTULATES. 

In  the  previous  sections  I  have  attempted  to  analyze  the  fundamental  propo- 
sitions of  real  algebra  into  their  simplest  (independent)  component  statements, 
and  the  number  of  postulates  in  each  list  is  therefore  large.  In  the  present  sec- 
tion, on  the  other  hand,  I  give  a  condensed  list  of  postulates,  in  which  the  num- 
ber is  much  smaller.     The  list  comprises  the  following  ten  postulates  : 

1.  There  are  at  least  two  distinct  elements  in  the  class. 

2.  If  a  <  6  and  6  <  c ,  then  a  <  c . 
8.  a  <  a  is  false. 

4.  If  a  ^  &,  then  there  is  either  an  element  x  such  that  a  <  as  and  x  <  5,  or 
an  element  y  such  that  a  >  y  and  y  >  6 . 

5.  If  r  and  F'  are  two  non-empty  sub-classes  in  IT^  such  that  every  element 
of  r  is  <  every  element  of  T\  then  there  is  at  least  one  element,  Jlf,  which  is 
=  every  element  of  F  and  =  every  element  of  F'. 

6.  If  a  and  b  are  elements  of  the  class,  then  a  -f  &  is  an  element  of  the  class^ 

7.  a  +  b  ^b-\-  a^  whenever  the  sums  involved  are  elements  of  the  class. 

8.  (a+6)  +  c  =  a-|-(6  +  c),  whenever  the  sums  involved  are  elements  of 
the  class. 

9.  If  a ,  & ,  and  a+  b  are  elements  of  the  class,  there  is  an  element  x  such 
that  a=^b  +  X, 

10.  If  as  <  y  then  a  -|-  ac  <  a  -f  y ,  whenever  the  sums  involved  are  elements 
of  the  class. 

The  sufficiency  of  these  ten  postulates  is  shown  as  follows : 

From  postulates  2  and  3  we  have :  a  <  6  and  a  >  6  cannot  both  be  true. 

From  postulates  2  and  4  we  have :   if  a  =^  6 ,  then  either  a  <  6  or  a  >  i . 

Postulates  4  and  5  give  density  and  continuity.     Hence  by  §  1,  postulates  1-5 


*G.  Cantor,  Ein  Bdtrag  zur  Mannigfaltigkeiislehre,  Cbelle's  Joarnal  fiir  die  reine 
und  angewandte  Mathematik,  vol.  84  (1877),  pp.  242-258;  translated  under  the  title 
Une  contrihuHon  d,  la  iheorie  des  tnsemhUs,  Acta  Mathematica,  vol.  2  (1883),  pp.  311-328. 
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make  the  class  a  continitous  scale^  or  a  one-dimerusional  continuum^  with  respect 
to  < .  Further,  postulates  6-9  make  the  class  an  abelian  group  *  with  respect 
to  +  ;  and  postulate  10  gives  theorem  10  of  §3. 

Hence  the  set  of  ten  postulates  in  §  7  defines  the  same  algebra  as  the  set  of 
sixteen  postulates  in  §  8. 

The  independence  of  postulates  1-10  is  shown  as  follows :  For  1-5,  and  7-10, 

use  the  systems  given  in  §  4  for  postulates  II,  JRi^  J73.  i?5,  jR6,  and  ^2,  ^3^ 

A5y  HAl^  respectively.      For  6,  use  the  system:    -ST  =  all   real   numbers; 

€»<;  a  ®b  ^  a  +  b  when  a  and  b  are  integers ;  otherwise  a  e  6  not  in 

the  class. 

Harvard  Univbrsity,  Cambridge,  Mass., 

Septembtr,  1904. 


Appendix.     A  set  of  postulates  for  real  algebra, 

IN   WHICH   MULTIPLICATION   IS   INCLUDED   AS   A   FUNDAMENTAL  CONCEPT. 

In  the  preceding  sections  of  this  paper,  multiplication  has  been  thought  of  as 
a  derived  concept,  the  product  of  two  elements  with  respect  to  an  arbitrarily 
chosen  (positive)  unit-element  being  definable  in  terms  of  the  fundamental  con- 
cepts <  and  +  •  Ir  this  appendix,  on  the  other  hand,  multiplication  is 
regarded  as  itself  a  fundamental  concept,  whose  properties  are  determined  by 
postulates. 

We  consider,  namely,  a  class,  JE',  a  relation,  <  (read :  '* below"  or  "  before  ") 
and  two  operations,  +  and  x  (read :  "  plus  "  and  "  times  "),  and  inquire  what 
conditions  must  be  imposed  upon  the  system  (  JE',  < ,  +  ,  x  )  to  make  it  equiva- 
lent to  the  algebra  of  a  real  variable  with  respect  to  < ,  +  ,  and  x  .  These  con- 
ditions are  expressed  in  the  following  twenty  postulates  (the  letters  Sy  Ay  and 
M  indicating  the  postulates  which  concern  the  Belation  < ,  the  operation  of 
Addition,  and  the  operation  of  Multiplication,  respectively) : 

Postulates  I,  II,  J?l-^6  ,  A1^A6 ,  IiAl^IiA2.     The  same  as  in  §  3. 

Postulate  311.  If  a  and  6  are  elements  of  the  class,  then  a  x  .6  (or  ai) 
is  an  element  of  the  class. 

Postulate  Jf  2.  If  a ,  6,  a& ,  and  ba  are  elements  of  the  class,  then  ab=ba. 
(Commutative  law  for  multiplication.) 

Postulate  AMI,  If  a,  i,  c,  6  +  c,  a6,  acy  a(b  +  c),  and  (ab)  -f  (ac) 
are  elements  of  the  class,  then  a(6  +  c)  =  (a6)-f(ac).  (Distributive  law  for 
multiplication  with  respect  to  addition.) 

Postulate  RAMI,     If   0  is  a   uniquely  determined   element  such   that 

*E.  V.  Huntington,  Transact  ions,  vol.  4  (1903),  p.  27.  Bat  note  that  E.  H.  Moobb'b 
qaery  as  to  ''definition  TTJ,'*  in  Transactions,  vol.  3  (1902),  p.  489,  is  not  yet  completely 
answered. 
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0  +  0  =  0,  and  if  a ,  6 ,  and  ab  are  elements  of  the  class,  and  a  >  0  and  6  >  0 , 
then  aft  >  0 . 

From  these  postulates  we  have : 

Theorem  31.     cx0  =  0xc  =  0  for  evei-y  dement  c. 

Theorem  32.     »  x  (-  6)  =  (-  a)  x  6  =  -  (a  x  ft). 

Theorem  33.  If  a  and  ft  are  both  positive  or  both  negative^  ab  is  positive  ; 
if  either  is  positive  and  the  other  negative^  ab  is  negative.  (See  definitions 
under  theorem  12.)     Hence : 

Theorem  34.     If  a  +  0  and  ft  +  0 ,  then  aft  =|=  0 . 

If  now  we  select  at  pleasure  a  positive  element  ^,  and  notice  that  every 
positive  element  a  is  the  upper  limit  of  the  class  of  all  the  rational  fractions 
of  ^  which  are  <  a  (see  definitions  under  postulate  J?6  and  theorem  27),  we  can 
prove  the  associative  law  for  multiplication  (first  for  positive  elements,  and  then, 
by  the  aid  of  theorem  32,  for  all  elements),  and  also  the  possibility  of  "division" 
when  the  divisor  is  different  from  zero ;  that  is : 

Theorem  85.     {ab)c  =  a(bc);  and 

Theorem  36.  For  every  two  elements  a  and  ft,  provided  a  is  not  zero,  there 
is  an  element  x  such  that  ax^^b. 

Thus  we  see  that  the  elements  of  K  excluding  zero  from  an  abelian  group 
with  respect  to  x  .  [Hence:  *  1°)  there  is  a  uniquely  determined  "  unit-element," 
1,  not  zero,  such  that  1x1  =  1;  2°)  for  every  element  a,lxa  =  axl==a; 
and  3^)  if  a  +  0,  then  from  ax^^  ay  follows  a;  =  y.]  Therefore  the  whole 
system  is  a  fidd  f  with  respect  to  +  and  x . 

Making  use  again  of  classes  of  rational  fractions,  we  can  now  prove : 

Theorem  37.  Any  two  systems,  {K,  <,  +,  x  )  and  {K\  <,  +  ,  x  ), 
which  satisfy  the  twenty  postulates  of  this  appendix  are  equivalent  with 
respect  to  <,,  +  and  x  y  that  is,  they  can  be  brought  into  one-to-one  corre- 
spondence in  such  a  way  that 

1°)  from  a  <.b  follows  a'  < ft',  and  conversdy  ; 

2°)  from  a+b  ^=^  c  follows  a   +b'  ^^c\  and  conversely  ;  and 

3°)  from  ab^=  c  follows  a  ft'  =  c',  a;wZ  conversely  ; — 
where  a\  ft',  c'  are  the  elements  in  K'  which  correspond  to  the  elements 
a,  b,  c  in  IT.     Further,  this  correspondence  can  be  established  in  only  one 
way,  since  the  "  unit-element "  is  fixed  in  each  system. 

The  last  clause  of  the  theorem,  namely  that  the  correspondence  can  be  estab- 
lished in  only  one  way,  marks  the  essential  distinction  between  the  postulates 
of  the  appendix  (expressed  in  terms  of  < ,  + ,  and  x  )  and  the  postulates  of 

*Cf.  Transaotions,  vol.  4  (1903),  pp.  27-28. 

tCf.  L.  E.  Dickson  and  E.  V.  Huntington,  Transactions,  vol.  4  (1903),  pp.  13  and  31. 
Notice  that  postnlates  I,  II,  A\-A^^  df  1-312,  AMI  are  not  safficient  to  define  a  field,  without 
the  aid  of  the  poatalates  concerning  •<  (as  witness  the  system  of  all  integers  with  respect  to  -f 
and  X  )•     A.  farther  discnssion  of  the  postulates  for  a  field  will  be  presented  in  a  later  paper. 
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§  3  (expressed  in  terms  of  <  and  +  ) .  For  in  §  3  the  correspondence  could  be 
established  in  an  infinite  number  of  ways,  according  to  the  infinite  number  of 
ways  in  which  the  '^  unit-elements  "  might  be  selected.  The  postulates  of  the 
appendix,  therefore,  determine  the  algebra  uniquely  in  a  stronger  sense  than  do 
the  postulates  of  the  preceding  sections. 

As  examples  of  systems  (  jST,  C)  ,  0 ,  O  )  which  satisfy  all  the  postulates,  and  to 
illustrate  theorem  37,  I  mention  the  following  "equivalent"  systems  (the  sym- 
bols < ,  H- ,  and  x  ,  being  now  used  in  their  ordinary  arithmetical  meanings) :  * 

1)  K=^ all  real  numbers ;  ©  =  <;  ©  —  +;  0  =  x.     (Here  2  =  0 ,  w  =  1 .) 

2)  -2^=  all  real  number8>0;  ©  =  <;  ae6  =  a6;  ao6  =  exp  (logalogft). 
(Here  z  =  1 ,  w  =  e  =  base  of  the  system  of  logarithms.) 

3)  JSr=  all  real  numbers>l;  ©=<;  aeft  =  exp  (log  alogi);  ao6 
=  exp  {exp  [log(loga)log(log6)]}.     (Here  «=  e,  w  =  e*.) 

4)  K^dML  real  numbers;  ©  =  <;  ae6  =  (a* -h  6*)^;  ao6  =  a6.  (This 
example  was  suggested  to  me  by  Professor  Bouton.) 

The  existence  of  any  such  system  proves  the  consistency  of  the  postulates. 

It  remains  to  show  that  the  twenty  postulates  of  the  appendix  are  indepen- 
dent ;  that  is,  to  exhibit  twenty  interpretations  of  K^  O  9  0 ,  and  o ,  in  which 
all  the  other  postulates  are  satisfied,  but  not  the  one  in  question.  These  proof- 
systems  are  the  following: 

For  I.     J5r=  an  "  empty  "  class. 

For  II.  K^2k  class  of  a  single  element  a.  aQa  false,  a^a^a. 
a  Q  a^ss  a. 

For  Sl-EQ,  A1-A6,  jRAl-HAi.  The  systems  used  in  §  4,  with  0  defined 
as  ordinary  multiplication,  except  that  in  the  system  for  J?4  the  product  is  taken 
modulo  3. 

For  the  remaining  postulates,  use  the  system  of  all  real  numbers,  with  ©  and 
0  defined  as  the  ordinary  <  and  +  ,  and  0  defined  as  follows : 

For  Ml.  a  Q  b  =  ab  when  a  and  b  are  both  rational,  otherwise  a  q  b  not  in 
the  class. 

ForM2.     aeb^b. 

For  AMI .     a  Q  b  =  a  +  b. 

For  RAMI .     aQb=  —ab. 

Thus  the  independence  of  the  twenty  postulates  is  established. 

We  notice  in  conclusion  that  we  may  replace  the  first  sixteen  postulates  of 
this  list  by  the  twenty  postulates  of  §  6,  or  by  the  ten  postulates  of  §  7,  thus 
forming  two  new  sets  of  twenty-four  and  fourteen  postulates,  respectively.  The 
independence  of  the  postulates  of  each  of  these  sets  is  readily  verified,  by  the 
aid  of  the  proof-systems  already  employed. 


^  See  the  opening  paragraph  in  §  1  and  §  2.    For  oonvenience  in  printing,  exp  x  is  written  for  e*. 
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ON  THE  PRIMITIVE   GROUPS  OF  CLASS  3p* 

BY 

W.  A.  MANNING 

In  this  paper  are  considered  only  those  groups  which  contain  a  substitution 
of  order  p  and  degree  3/> ,  jo  an  odd  prime.  Two  general  theorems  are  first 
established  and  then  class  9  is  disposed  of  before  the  general  problem  is  con- 
sidered. 

Theobem  I.  Let  A  he  a  substitution  of  degree  pq  and  order  p  in  a  group 
of  class  pqt  q  =P'  N'o  substitution  similar  to  and  non-commutative  with  A 
can  be  free  from  all  the  letters  of  any  one  cycle  of  A .  An  exception  may 
occur  when  q^p  and  the  group  contains  a  transitive  subgroup  of  order  p^. 

Let  £  be  a  substitution  similar  to  A ,  non-commutative  with  A ,  and  free 
from  all  the  letters  of  r  cycles  of  -4 .  If  y  <  j^,  no  two  substitutions  similar  to 
A  can  displace  exactly  the  same  letters  unless  one  is  a  power  of  the  other,f  and 
we  may  assume  this  to  be  true  in  the  groups  of  class  p^  here  considered,  since 
the  knowledge  that  G  contains  a  transitive  subgroup  of  degree  p^  makes  its 
consideration  and  determination  relatively  simple. 

If  B  does  not  connect  old  and  new  letters  transitively  in  its  cycles,  A~^B~^AB 
is  of  degree  not  greater  than  (j  —  »•)/>,  and  is  not  the  identity.  We  can  now 
assume  that  B  and  all  its  powers  connect  old  and  new  letters  transitively. 

It  will  be  shown  that  a  substitution  F  can  always  be  found  among  the  substi- 
tutions similar  to  A ,  which  transforms  into  themselves  the  r  cycles  of  A  left 
fixed  by  B  and  which  displaces  not  more  than  q  —  r  letters  new  to  A .  The 
existence  of  I^  depends  only  upon  the  existence  of  B  and  leads  to  a  substitution, 
not  the  identity,  which  displaces  at  most  (y  —  r)jo  +  y  —  r  letters.  If  B  dis- 
places not  more  than  q  new  letters  and  y  =^  p ,  we  have  at  once  a  substitution 
A~^B~^AB  of  degree  less  than  pq.  If  y  ==j9,  an  apparent  exception  arises 
when  r  =  1 ,  and  B  displaces  just  p  new  letters.  But  here  A-^BA  is  not  a 
power  of  B  and  displaces  the  same  p^  letters  as  B. 

It  is  now  assumed  that  B  displaces  more  than  q  new  letters,  so  that  some 
cycle  contains  at  least  two  new  letters.  In  B^i^ABf*  —  (7,  suppose  p  so  chosen 
that  two  new  letters  which  occur  in  the  same  cycle  of  B  are  adjacent  in  B^ . 

♦Presented  to  the  Society  (San  Franoiaco)  April  25, 1903.  Received  for  pablication  June  2, 
1904. 

tTransaotions  of  the  American  Mathematical  Society,  vol.  4  (1903),  p.  351. 
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The  substitution  C  does  not  displace  as  many  new  letters  as  B  and  in  it  r  cycles 
of  A  occur  unchanged.  C  certainly  contains  one  or  more  new  letters.  We  now 
wish  to  show  that  the  new  letters  which  are  in  C  cannot  merely  fill  up  isolated 
cycles  of  C  but  that  C  also  must  connect  old  and  new  letters  in  its  cycles. 
Let  C  ^  C^  SR^  where  C^  contains  only  old  letters,  S  only  new  ones,  and  R 
is  made  up  of  the  r  unchanged  cycles  of  A .  Let  S  have  8  cycles.  Break  A 
up  into  two  parts,  A^^A^R^  where  -4,  =  CjC,  •  •  c^.^.  The  substitution 
-4"*(7  =  (-4j-'(7j)/S'  contains  not  more  than  (y  — r  +  s)/?  letters.  Unless 
«  =  r,  G^  is  of  class  less  than  pq.  Again  A~^C~^AC ^  A'^^C'^^  A^C^  lowers 
the  class  of  (r  to  (y  —  r)p  or  less  unless  we  have  -4~"  Gi^\  =  C^i-  This  condi- 
tion can  be  satisfied  only  if  Cj  =  c^^Cj*  •  •  •  c^t:;-l,»  since  C^  has  at  most  jo  —  2 
cycles.  From  this  form  of  C  it  follows  that  if  a  letter  of  any  cycle  of  A  is  left 
fixed  by  B^ ,  no  letter  of  that  cycle  occurs  in  B .  But  by  hypothesis  B  is  free 
from  just  r  complete  cycles  of  A .  Then  B^  contains  just  {q'-r)p  old  letters. 
The  number  of  new  letters  m  B^  \&  sp  ^  rp^  and  since  these  rp  new  letters  are 
all  found  in  (7,  each  one  of  them  is  in  B^  preceded  by  an  old  letter.  But  p 
was  chosen  so  that  two  new  letters  would  be  adjacent  in  B^ .  We  conclude  that 
C  connects  old  and  new  letters  transitively. 

Suppose  that  in  some  cycle  of  C  two  or  more  new  letters  are  found.  Again 
we  choose  p  so  that  two  new  letters  are  adjacent  in  C^.  Then  D  =  C^^A  C^ 
displaces  fewer  new  letters  than  does  Cy  retains  unchanged  the  r  cycles  of  A 
left  fixed  by  ^,  and  furthermore  connects  old  and  new  letters.  The  last  state- 
ment requires  proof. 

In  case  D  does  not  connect  old  and  new  letters,  D  ^  D^  SR^  where  D^  con- 
tains old  letters  only ;  S^  8p  new  letters  only ;  and  R  repeats  r  cycles  of  A 
without  change.  The  degree  of  A~^D  ^  {A-^^D^)S  is  not  greater  than 
(^q^r+8)2y ;  hence  8  =  r.  Again  A-^D~^AD  =  A~^D~^A^D^  ^  1 ,  since  this 
substitution  cannot  displace  more  than  (  y  —  r  )p  letters.  Hence  Z>, = c^»  •  •  •  c^!:^, . 
Now  C-f'A Cf"^  D^c[^^" (ft^,  SR.  It  follows  that  if  a  letter  of  any  cycle 
of  A  is  missing  from  C^,  no  letter  of  that  cycle  occurs  in  C.  Therefore  C 
leaves  fixed  all  the  letters  of  at  least  s  cycles  of  A .  But  we  have  seen  that 
8^  r.  The  same  reasoning  can  now  be  applied  to  C  as  was  applied  to  B. 
Then  D  has  the  properties  stated.  Applying  the  same  method  to  D  we  obtain 
another  substitution  E  similar  to  A ,  connecting  old  and  new  letters  transitively, 
containing  unchanged  at  least  r  cycles  of  A ,  and  displacing  fewer  new  letters 
than  jD.  This  process  can  be  continued  until  a  substitution  F  is  reached 
which  has  at  least  r  cycles  of  A  unchanged,  is  similar  to  A ,  and  introduces  k 
(y  —  r=  k=  1)  new  letters  with  no  two  new  letters  in  the  same  cycle.  The 
substitution  A~^F  displaces  not  more  than  (y  —  rj/^  +  y  —  r  letters,  which  is 
contrary  to  the  hypothesis  that  ?•  =  1 . 
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Theorem  II.  Among  the  substitutions  similar  to  A  in  a  primitive  group 
of  class  pq  {^  <q  =p)^  p  odd^  a  substitution  B  can  be  found  connecting 
transitively  two  cycles  of  A  and  having  not  more  than  one  new  letter  in  any 
cycle. 

Since  G  is  primitive  the  similar  substitutions  ^ ,  •  •  •  generate  a  transitive 
group.  If  no  one  of  the  set  replaces  all  the  letters  a^ ,  ag ,  •  •  • »  «p  by  other 
letters,  one  of  them  connects  two  cycles  of  A  and  has  not  more  than  one  new 
letter  a  in  any  cyqle.*  But  if  A^  replaces  all  the  letters  «i ,  •  •  •  by  other  letters, 
these  p  letters  a  are  found  in  at  least  three  of  the  q  cycles  of  ^^ ,  so  that  by  the 
theorem  just  proved  some  cycle  of  A^  contains  letters  from  diiSerent  cycles  of 

A .  Therefore  there  always  is  in  the  set  j4  ,  •  •  •  a  substitution  -B  ==(  a^  6j  •.)..• . 
Among  all  the  substitutions  j4  ,  •  •  •  which  connect  cycles  of  A ,  there  is  one 

which  displaces  a  minimum  number  \  of  the  new  letters  a.  It  is  inmiaterial 
which  two  cycles  of  A  are  connected.  Let  £  be  a  substitution  of  the  form 
(a&  •••)••  •  displacing  X  new  letters.  Also  let  B  leave  fixed  one  of  the  letters 
a.  It  cannot  have  two  new  letters  a  consecutive,  for  then  B~^AB  would  con- 
nect  letters  a  and  b  in  one  of  its  cycles  and  would  displace  fewer  than  X  new 
letters.  Suppose  that  B  has  two  or  more  new  letters  in  its  first  cycle.  A  con- 
venient power  B^  makes  these  two  new  letters  consecutive.  In  B^  letters  a  can 
only  be  followed  (or  preceded)  by  other  letters  a  and  new  letters  a .  Hence  in 
the  first  cycle  of  Bf"  there  are  the  sequences  a  a  and  b'  a\  where  a  is  one  of  the 
letters  a^  •  •  •,  a^,  and  b'  is  one  of  the  remaining  (?  —  1  )p  letters  of  A .  Now 
choose  or  so  that  -B^*'  =  (a'  6'  •  •  •  a  a" ...)....  Since  by  hypothesis  B  leaves 
an  a  fixed,  B^^'^'AB^'^  connects  cycles  of  A  and  has  fewer  than  X  letters  a. 
Then  B  has  just  one  a  in  its  first  cycle.  It  is  clear  that  any  power  of  B  has  a 
letter  a  followed  (or  preceded)  in  its  first  cycle  by  a  letter  from  another  cycle 
of  A.     Hence  B  cannot  have  two  new  letters  in  any  cycle. 

We  shall  now  show  that  it  may  always  be  assumed  that  B  leaves  a  letter  a 
fixed.  Suppose  that  B  displaces  all  the  a^,  ••*,  o^.  Evidently  the  same  is 
true  of  6j,  62^  •  •  • »  ^p-  ^^  *^®  2jo  letters  Oj ,  •  •  • ,  6^  •  •  •  occupy  just  two  cycles  of 
B^  any  power  of  B  replaces  some  a  by  an  a  and  some  other  a  by  a  6,  and,  as 
before,  B  has  not  more  than  one  new  letter  a  to  a  cycle.  If  the  2/>  letters 
dj ,  •  •  • ,  6j ,  •  •  •  are  found  in  more  than  two  cycles  of  B ,  two  cases  arise.  First,  let 
no  letter  c,  rf,  •  •  •  be  in  the  same  cycle  with  an  a  or  6.  Some  power  B'  of  B 
now  connects  c  and  c7,  say,  because  of  Theorem  I.  Then  B  must  displace  the  2p 
letters  Cj ,  •  •  • ,  e^^  •  •  • ,  and  these  letters  again  are  found  in  at  least  two  cycles  of 

B.  Now  if  no  e  is  in  a  cycle  of  B  with  c  or  cZ,  we  have  a  B^  connecting  e  and 
y,  with  the  same  conditions.  Proceeding  thus  we  finally  find  that  either  B 
connects  two  cycles  k  and  I  oi  A^  leaving  fixed  some  of  the  letters  ^^  •  •  • ,  ^  , 
or  else  B  connects  three  or  more  cycles  of  ^ .     So  we  have  the  second  case, 

*  Jordan,  Journal  fur  Mathematik,  vol.  79  (1874),  pp.  249-253. 
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a  letter  c  is  in  a  cycle  with  a  and  b.  Here  B  displaces  the  3p  letters 
^n  *"»  ^i»  •  •*'  ^1'  "••  These  3/?  letters  cannot  occupy  just  3  cycles  of  -B,  for 
then  any  power  of  B  would  transform  A  into  a  new  substitution  connecting 
cycles  of  ^ .  In  fact  B  cannot  have  Jq)  letters  of  k  cycles  of  ^  in  ^  cycles  by 
themselves  for  the  same  reason.  Hence  o^ ,  •  •  • ,  6^ ,  •  •  • ,  Cj ,  •  •  •  are  to  be  found 
in  at  least  4  cycles  of  B,  Continuing  thus  it  is  evident  that  B  either  displaces 
all  the  qp  letters  of  A  or  connects  two  cycles  of  A  without  displacing  all  the 
letters  of  one  of  the  two  cycles. 

Class  9. 

Let  there  be  a  transitive  subgroup  (i^)  of  degree  9  in  G.  This  subgroup 
cannot  be  cyclic  for  it  would  then  be  contained  iu  a  doubly  transitive  G^^^*^ 
which  does  not  exist.  If  jP  is  non-cyclic  it  leads  to  a  doubly  transitive  (r  is.  12. 99 
also  impossible. 

We  can  now  say  that  there  is  a  substitution  B  similar  to  A  which  connects 
transitively  two  cycles  of  A  and  displaces  one,  two,  or  three  new  letters. 

Suppose  that  I^^  {A^  B}  is  intransitive.  It  is  a  simple  isomorphism 
between  two  transitive  constituents,  one  of  which  is  of  degree  4  and  order  12. 
Now  the  other  constituent  can  only  be  of  degree  6,  and  class  4,  lowering  the 
class  of  (t  to  8 . 

Then  /^  is  transitive.  It  is  of  degi'ee  12  and  order  36.  The  4  systems  of 
imprimitivity  of  three  letters  each  can  be  chosen  in  only  one  way.  Hence  I^ 
must  be  maximal  in  a  doubly  transitive  G\l,  12. zy^^  absurdity.  No  primitive 
group  of  class  9  exists. 

Class  3p,  J?  >  3 . 

If  a  primitive  group  contains  a  cyclic  subgroup  F  on  Sp  letters,  it  also  con- 
tains a  doubly  transitive  G^fa^Vosp  •  Then  dp  =  2^*"  —  1 ,  and  jp  =  5 .  We  have 
here  a  (rjeisf  which  is  maximal  in  turn  in  a  G^^^,but  is  not  contained  in  a 
4-ply  transitive  group  of  degree  18.  J 

In  case  F  is  non-Abelian  only  the  doubly  transitive  G'^"*"*  need  be  examined. 
Here  the  subgroup  transforming  F  into  itself  has  a  tetrahedral  subgroup  in  its 
quotient  group.  But  such  a  subgroup  is  not  to  be  found  in  the  group  of  iso- 
morphisms of  F, 

Let  /j  =  {  j4  ,  -B  } ,  of  degree  greater  than  3p ,  be  intransitive,  and  let  I[  and 
T[  be  the  two  simply  isomorphic  transitive  constituents  of  degrees  2p  +  k\ 

*  Jordan,  Journal  de  Math^matiqaes,  ser.  2,  vol.  16  (1871),  p.  383;  Maboobaff, 
Uther  primitive  Oruppen  mit  iranaitiven  Untergruppen  geringeren  OradeSj  DiasertatioD,  GieeseD, 
1889. 

fMlLLBB,  The  primitive  groups  of  degreelB,  American  Joarnal  of  MathematicB,  vol. 
20  (1898),  p.  229;  The  transitive  groups  of  degree  17,  Quarterly  Joarnal  of  Mathematics, 
vol.  31  (1899),  p.  49. 

t  JoBDAN,  Journal  de  Math^matiqaes,  ser.  2,  vol.  17  (1872),  p.  351. 
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p  +  Jc\  respectively  ;  where  A-' ,  i"  =  0 ,  1 ;  A'  =  A"  +  0 .  Suppose  /'[  of 
degree  p.  It  is  then  of  class  p  —  2 ,  and  hence  *  is  the  simple  triply  transitive 
^p.p-i.p-2'  To  all  the  substitutions  not  of  order  jj  in  !'[  must  correspond  sub- 
stitutions of  degree  2p  +  2  in  7J .  Hence  (/)  —  1  )(^  —  2 )  =  2jo  +  2 ,  from 
which  p  =  b.  The  group  I^  is  icosaedral  of  degree  17.  Next  suppose  that 
r[  is  of  degree  p+1.  It  can  only  be  of  class  p  —  1  and  hence  is  of  order 
(f»  +  1  )/>  •  2 .  Now  r[  has  ( j?  +  1  )jp/2  subgroups  of  order  2  on  |)  —  1  letters, 
and  each  is  invariant  in  a  subgroup  of  order  4.  But  the  substitutions  of  order 
2  involve  all  possible  transpositions  of  j>  +  1  letters,  so  that  a  given  transposi- 
tion is  found  in(p  —  l)/2  distinct  substitutions.  These  (j9  —  1  )/2  substitu- 
tions generate  an  Abelian  group  since  the  product  of  any  two  of  them  is  of 
order  2.     Hence  (;?  -  1  )/2  =  2 ,  p  =  S.f 

Since  the  degree  of  /,'  exceeds  (8p  —  l)/2  a  substitution  C  similar  to  A  can 
be  found  in  G  which  connects  I\  and  /'/ ,  and  introduces  at  most  three  letters 
new  to  /j . 

We  take  up  /^J  first.  A  transitive  group  of  degree  17  and  class  16  is  triply 
transitive  and  has  already  been  considered.  It  may  be  remarked  that  /^^ 
cannot  be  included  in  a  larger  intransitive  group  of  the  same  degree.  Then 
/2  =  {-4 ,  -B,  (7  }  ,  if  of  degree  18,  is  of  order  18  •  60.  This  group  cannot  be 
primitive,  as  may  be  shown  as  follows.'  There  are  in  I^  36  conjugate  subgroups 
of  order  5,  each  of  which  is  invariant  in  a  subgroup  of  order  80.  By  consid- 
ering the  transitive  representation  of  I^  on  86  letters  it  is  seen  that  I^  has  one 
conjugate  set  of  6  subgroups  of  order  8,  and  since  no  operator  of  order  5  can 
be  permutable  with  each  of  the  6  subgroups  of  order  8,  /^  is  isomorphic  to  a 
midtiply  transitive  group  on  6  letters.  Then  I^  has  either  an  invariant  intran- 
sitive subgroup  or  a  regular  invariant  subgroup  of  order  18  containing  negative 
substitutions.  But  I^  is  a  positive  primitive  group  by  hypothesis.  Since  I^  is 
generated  by  /|^  and  C,  it  cannot  be  imprimitive.  Continuing  in  much  the 
same  way  the  examination  of  the  limited  number  of  cases  to  which  /^^  and  P^^ 
lead,  we  reach  the  conclusion  that  the  subgroup  I^  of  G  is  never  intransitive. 

If  the  transitive  group  I^  is  of  degree  Zp  +  \  it  is  primitive  of  order 
(  8p  +  1 );) .  Here  again  2>  =  6 ,  because  of  the  condition  8/?  -|-  1  =  2* .  This 
well-known  G\l  is  not  maximal  in  a  group  of  degree  17.  If  I^  is  of  degree 
8^)  +  2,  the  number  of  subgroups  of  order  p  in  it  is  (8p  +  2)/2,  an  absurd- 
ity. Let  /j={^,  B)  be  of  degree  8p  +  8.  Since  any  substitution  of  /^ 
which  replaces  one  new  letter  by  another  must  merely  permute  the  new  letters 
among  themselves,  I^  is  imprimitive.  There  are  p  +  1  systems  of  8  letters  each. 
Since  a  system  of  three  letters  can  be  chosen  in  only  one  way,  I^  leads  to  a 


*Cf.  Maillet,  Becherehea  9ur  les  Siibstitutions,  etc.,  Dissertation,  Paris,  1892,  p.  78. 
fCf.  DE  Seguieb,  Gomptes  Rendasde  PAoad^miedes  Soienoesde  Paris,  vol.  137 
(1903),  p.  37. 
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doubly  transitive  G^+*  of  order  (3j9  +  4)(3;?  +  S)p  or  (8p  +  4)(3;?  +  3)2/?. 
In  G  the  Sylow  subgroup  of  order  p  b  invariant  in  a  group  in  which  the  quo- 
tient-group is  tetrahedral  or  octahedral.     This  is  impossible. 

There  exist  then  only  three  primitive  groups  of  class  3p ,  p  odd,  containing  a 
substitution  of  order  p  and  class  8p .  These  groups  are  of  dass  15  and  order 
80,  240  and  4080. 
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THE   MINIMUM   DEGREE  r  OF  RESOLVENTS  FOR   THE  ^-SECTION 

OF  THE  PERIODS   OF   HYPERELLIPTIC  FUNCTIONS 

OF  FOUR   PERIODS* 

BY 

LEONARD  EUGENE  DICKSON  f 

Introduction. 
The  chief  object  of  the  investigation  J  is  to  prove  that,  if  ^  >  3 , 

T={p*-l)l{p-l). 

The  case  />  =  3  alone  is  exceptional,  the  problem  then  being  equivalent  to  that 
of  the  27  lines  on  a  general  cubic  surface.  On  the  final  page  of  his  Traite^  § 
Jordan  states  that  he  had  established  the  theorem  for  ji?  =  5 ,  by  methods  anal- 
ogous to  those  used  in  his  complicated  discussion  for  j?  =  3 ,  and  says  ^'  mais  ici 
la  complication  est  beaucoup  plus  grande." 

It  is  rather  remarkable  that  the  minimum  r  should  be  so  large  as 
i^*  +  ^^  +\p  +  1 5  since  the  fractional  form  of  the  general  quaternary  linear 
group  modulo  p  can  be  represented  as  a  substitution  group  of  this  degree  (and 
of  no  lower  in  view  of  the  present  theorem) . 

The  paper  makes  considerable  headway  in  the  problem  of  all  the  subgroups 
of  the  quaternary  abelian  group  modulo  p ,  which  plays  the  same  role  in  the 
hyperelliptic  modular  theory  (as  yet  but  little  developed)  as  the  binary  congru- 
ence group  plays  in  the  classic  elliptic  modular  theory. 

Properties  of  three  maximal  subgroups  of  SA{^^p^), 
1.  We  consider  special  abelian  ||  transformations  of  the  three  types 

*  Presented  to  the  Society  (Chicago),  December  30,  1904.  Received  for  pnblication  Novem- 
ber 17,  1904. 

t  Of  the  Carnegie  Institution  of  Washington. 

X  A  sequel  to  my  series  of  articles  in  these  Transactions.  Occasional  reference  to  them  is 
made  by  Roman  numerals  as  in  the  list  in  the  paper,  Determination  of  all  the  subgroups  of  the 
knovm  simple  group  of  order  25920,  in  vol.  5  (1904),  p.  127. 

§Note  E,  p.  667.     Also  in  Comptes  Rendus  (1870),  p.  1028. 

II  The  abelian  conditions  on  ( 1 ),  and  ( 1 ),  are  given  by  (7)  of  1X374  and  (19)  of  Ilgso)  respec- 
tively.    The  sign  ^  preceding  the  matrices  in  II  is  now  to  be  omitted. 
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Those  of  type  (l)j  form  a  group  G^  of  order  <o  ==  (p^  —  1 )  (i^*  —  1  )/'*"  •  The 
operators  with  a,j  =  1  form  a  subgroup  G^,  of  order  a>'  =  (^^*  —  1  )/?*".  Next^ 
the  operators  of  type  (1)2  form  a  group  H^  ;  those  with  a^^ot.^  "~  ^12^21  ~  ^  form 
a  subgroup  H^,.     Finally,  there  are  { {p^*  —  1  )/>"}*  operators  (1)3  with 

(2)  ^n^ll  -  /3„7„  =  1,  «22^22-  ^22  722=  1- 

These  and  their  products  by  P,2  =  (  f  1  f , )  (  ^1  ^2 )  ^^**™  *  group  A",, » 
7r=  2 (/?*•— l)^/>**.  A  subgroup  K,,,  ir'  =  (p^  —  l)p^''  is  formed  of  the 
operators 

(3)  fi  =  fi  +  7ii'7i1  V'l^Vi^  fa  =  ^22^2  +  722^2'  ^2  =  ^22^2+^22^2- 


2.  Theorem.'  J^  a  subgroup  of  SA(4t^p^)  contains  G„,^  it  lies  in  G„. 
In  particular^  G^  is  a  maximal  subgroup. 

We  extend  G^,  by  a  transformation  S  of  SA{4t^  />"),  not  in  G^ ,  and  prove 
that  the  group  obtained  is  SA^i^p"").  Give  to  S  the  notation  (1)  of  Il^yj* 
By  hypothesis,  fi^^^  /S^,,  8,^  are  not  all  zero.  We  may  assume  that  /8,j  and  /8j, 
are  not  both  zero,  otherwise  M^  S  has  /3[^  =  —  S^^  =}=  0 ,  while  M^  lies  in  G„ . 

Let  first  /8jj  s=  0 ,  ^S^g  +  0 .  Employing  S~^  if  necessary,  we  may  take 
l^u  =  0,  /8,i  +  0.  Then  S'  s  ^iV;,2.pi  where  a^^  +  p/S^i  =  1,  is  of  the  form 
S  with  a^j  =  1 ,  /8jj  =5  0 ,  /Sjj  =f=  0 .  Now  G^,  contains  a  transformation  T  which 
leaves  rj^  fixed  and  replaces  f ^  by  the  same  function  f  1  +  •  •  •  that  /S"  does. 
Then  S^  s  T~^S'  leaves  fj  fixed  and  has  /S^^  =  0 .     The  abelian  conditions  give 

«11  =  1^  72l==S2l  =  0»  ^22^22  -/522  722=1- 

The  product  /S^^  ^  S^U-\  where  C7=  (^^  S)  ^°  ^2  ^^  ^2'  ^^ 

fi  =  fl'  '7i='7l  +/3l2f2+^l2^2'  ^2  =  ^2+  ^21^1'  ^2  =  ^72  +  /^21  f  I ' 

By  the  hypothesis  on  Sj  S^  is  not  in  (?„ ,  so  that  /3^^  and  S^^  are  not  both  zero. 
Now  G„,  contains  an  operator  V  which  leaves  f  j  and  rj^  unaltered  and  replaces  f  ^ 
by  -  K-\^^J^  +  B^^T)^),  where  k  is  any  mark  +  0.  Then  V-'S^V^^  R,^^^^. 
Now  M~^  transforms  the  latter  into  Qa,!,**  ^^^  (r^,  contains  Qi,2,ic-  Hence 
we  reach 


(4) 


•^12  —    X2, 1, 1  Vl,  2, 1  ^2, 1,  1  -^2,  -1 1  -"^1  —  -^J2  -"^2  -^12  1 


and  hence  {Linear  Groups^  p.  92)  all  the  generators  of  SA  (4,2?"). 

Trans.  Am.  Math.  Hoc.   4 
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Let  next  ^^  +  <>•  Then  S'  s  Jf/'.^^^^^^^^^Q.^^^^^^-^S  replaces  1;^  by 
^^1  f  1  +  ^1  •     Then  S^  s  i,^  _,^-i  S'  replaces  Vi  by  fin  \x .     For  S^ , 

by  certain  abelian  conditions.     Then  8^^  S^U''\  Ubs  above,  is 

fl'  =  «llfl  -  /^U    ^^l  +  «l2f2  +  'yi,'72*  '^i  =  /^llfl'  ^2  =  ^2  +  «2lfl' 

^i-'?2+/32lfl- 

Then  /Sg  s  ASjiV;,2,-yia9i.2.-a„  is  of  the  form 

fl  =  «fi  -  ^n  ^i»         ^71  =  ^11  fp         fi  =  ^2'         ^2  ==  V2' 
Then  aS^  a  'S'^ii  ..^-i  is  of  the  form  S^  with  a  =  0.     Now  /^^  transforms  i,  ^^ 
into  X|,_;^pfj.     Hence  we  reach  every  L[^^  and  hence  M^  =»  ^1, -1 -^i,  1  J^i,  _i  • 

8.  Theorem,  ij^  a  subgroup  of  SA(4t^  p")  contains  H^,^  it  lies  in  H^. 
Jn  particular^  H^  is  a  maximal  subgroup, 

I  omit  the  proof,  which  is  of  the  same  character  as  that  of  §  2. 

4.  Theorem.  If ^^  for  2}>2,  a  subgroup  of  SA(4t^p'*)  contains  K^,^  it 
lies  in  K^  or  G^ .     In  particular^  K^  is  a  maximal  subgroup.* 

We  extend  JST^,  by  a  transformation  S  of  ^5^(4,^"),  lying  in  neither  JET^ 
nor  G^ ,  and  prove  that  the  group  obtained  is  SA  ( 4 ,  p** ) .  Giving  S  the  nota- 
tion (1)  of  11^2'  ^®  bave  a,2, 7i2»  /Sjj,  S^^  not  all  zero,  since  S  does  not  lie  in  JT^ . 

Applying  Zi^;^  on  the  right,  we  may  suppose  that  a^,  and  7^,  ^^  ^^^  both 
zero.  We  may  take  a^^^  0^  applying  M^  on  the  left  if  necessary.  Finally, 
applying  jTj^  ^^2, ^  o^  tbe  left,  we  may  take  Ojj  =  1 1  7i2  =  0 . 

Case  (a). '  Let  81,  =  0 .  Then  (2),  holds.  Then  SU'' ,  where  C^=  (|S  C) 
on  fj  and  i/^,  becomes  /Sj  in  view  of  abelian  conditions  Cj^,  C^ : 


(6) 


^.- 


^11 

7„ 

1 

0 

0700 

0 

0 

1 

0 
0 

Tr= 

/9    S     1     0 
0     0     10 

J8« 

«« 

0 

1 

0701 

Since  S^  does  not  He  in  G^ ,  i9,i  and  fi^^  are  not  both  zero. 

Let  first  /Sj2  +  0  in  /Sj.  Then  T^\^^  ^1^1. -prf  ^2.p«  is  the  form  W.  Then 
for  any  X  +  0,  W-'T^^^  WTi;l  =  A,2.i-a-  Transforming  by  2^,^  and  Jf-\ 
we  reach  every  jRi,,,^  and  §2,1,^1  if  p'*>  2.     Thenf  we  reach  iV^i,2,  ^  and  its 

*  The  latter  is  true  also  for  p  =  2 . 

i Linear  Groups,  p.  97,  formula  (83)  for  i  =  2,j=l. 
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transform  Qi  2,  -^  by  M^.    Applying  (4),  we  obtain  the  remaining  generators  of 

Let  next  /8j,  =  0,  ^8,,  ^  0,  in  S^.     Then/8„  =  -  /3jj,  S„  =  -  Sj,  by  abelian 
conditions  C,.  and  C^.     Then  A,-«uflri'^i  A.-.„*rf  »  ■^• 


(6)      Z. 


0        0 


F= 


«u 

7,1 

^u 

8n 

«n 

7« 

1 

0 

1 

Then  if  7  +  0,Z-^r,,,Zri;i=  ei,2.A-i.     If  p>2,we  reixjh  every  Q,^^, 


0 


Then 


^§i.«,-i-  fi  =  -  ^i'  ^i»  n[  =  ^ufn  fa  =  ii^  %  =  ^2 


transforms  Xj^  ^  into  ii'^  _p^|j .  We  thus  reach  every  transformation  of  determi- 
nant unity  on  f^  and  i;,,  and  then  SA(^^p^). 

Case  (&) .  Let  next  S^,  4"  ^  •  -^Pplp^g  ^2,  p  ^^  ^^^  1^^^  ^®  °^7  make 
/8,j  =  0 .  We  thus  have  a  transformation  S'  with  aj^  =  1 ,  7,2  =  0 ,  /8j,  ==  0 , 
8jj  4=  0 .  Since  iS"  is  not  in  JT^ ,  a^j,  y^^  jS^^  S^  are  not  all  zero.  Applying 
M^  on  the  right,  we  may  assume  that  a^  and  7,2  ^®  ^^^  both  zero  in  /S"'. 

(6J.  Let  first  a^^  4=  0.  We  may  set  a,,  =  1  by  multiplying  by  T^]^  on 
the  right.     Then  F=  L^  -y^^'^h  y««rl^2.  -^«  ^  ^'  ^'^^  '^"^  (6)a  • 

If  a,, +  0  in  F,  then  V^^L,^_^^^V  has  721  =  ©,  7u  =  0-  Then 
y^'^i -p  ^^1^2. p  is  Z,,  with  « =  p  -  pSl, : 


a)  ^. 


Then  Z/^'^_,=  Z^.     For  Sj„  4=  0,  Z^  with  p  =  -  Sfj^S^i'  is  of  the  earlier  type 
(6),.    ForS^  =  0,Z,  =  i;,.pandS,,  =  l,a^,  =  0,8j,=  -a-Mn  Fj.    Then 

y^  s  Z;;,3„.Fir2,.-i :  f;  =  ^2^  Vi  =  '72  -  a"*'?!*  fi  =  fi  +  «-*f2.  ^i  ==  ^1- 

Then(Fr'r2,_iF27'2,-i)'=  ft.i,-4a-i-     We  thus  reach  SA^^.p""). 

If  a^  =s  0  in  F,  then  On  =  0  by  abelian  condition  C^.  Applying  X^^  on 
the  left,  we  may  set  S^  =  0 .  Then  L^^  _^^^  FLj^  ^^^  L^  1  is  of  the  form  (6) 
witha;,=  -./8,,  +  0. 

(6,).     Let  finally  a^^  =  0 ,  722  +  0  in  >S".     We  may  set  /S^^  =  0 ,  since  other- 
wise S'L^i  is  of  the  form  S'  with  022  4=  ^  •     Applying  on  the  right  the  inverse 


1       0 

0         0 

a 

7 

1 

0 

-pSf,    1 

0         0 

1         0 

,        X- 

0 
1 

0 
0 

0 
0 

1 

7 

-(^nK   0 

t       1 

0 

1 

0 

—  a 
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of  (^  J5)  on  f,  and  ?;,,  we  reach  (7)^,  in  view  of  the  abelian  conditions.  If 
a  =  7  =  0,  X=  P„  would  belong  to  JT,.  If  a  4=  0,  X'^  is  of  the  form  S' 
with  0^4=0.  Hence  we  may  set  a=rO,  74=^.  Then  X*  =  JVi2,iy'  M 
/)>  2,  we  reach  every  iV^i,2,p-  Now  Xi^j^2,-Y==  ^12-  Hence  we  reach  the 
generators  of  /Si4(4,  j9**). 

The  subgroups  of  order  a  power  of  p . 

6.  Consider  the  subgroup  G^^n  of  the  operators  /S'=  [A;,a,c,rf]  defined 
by  (3)  of  Iljjyg.     Let  2  =  \_/c,  a,  7,  S]  .     Then  the  commutator  /S-^2-^aS2  is 

(8)  [Aj',  0,c',  0]      (ifc'  =  2ac  — 2ya4-aM  — a'rf,  c'  =  oul  — ad). 

If  p  >  2 ,  we  may  make  k'  and  c'  assume  arbitrary  values  in  the  field  by 
taking  a  =  —  1 ,  a  =  0 ,  S  =  c',  27  =  A;'  +  c'.  If  j9  =  2 ,  we  may  make  k'  and 
c  assume  arbitrary  values  each  4=  0  by  taking  8  =  0,  a  =  k' /c\  rf  =  c'  /k'; 
also  we  may  make  k'  =  c'  =  0.  The  number  of  operators  thus  reached  is 
(  2"  ~  1  )*  +  1 ,  which  exceeds  ^2'"  if  ti  >  1 ,  so  that  they  generate  J^  below. 
If  p  =  2 ,  n  =  1 ,  then  k'  =s  c  =  ad  ^  aS. 

Theorem.     JFor  p"  >  2 ,  the  commutator  subgroup  of  G^^  is 

(9)  IT^  s=  {  [A,  0,  c,  0],  A,  c  arbitrary}  ; 

ybr  j5"  =  2  i<  ia  the  group  of  the  two  operators  [i,0,i,  0],i=0,l. 

6.  It  is  easily  shown  that  if  the  pth  power  of  every  operator  of  a  group  G^ 
belongs  to  its  commutator  subgroup  G^^j  there  are  exactly  (p"~*—  1)/(je>  — 1) 
subgroups  of  order  p"*'^  in  G^ . 

For  G^4n  the  condition  is  satisfied.  Hence  the  number  of  its  subgroups  of 
order 2?*"-'  is  (p^  —  !)/(/>  -  1)  if  jo">  2,  and  7  if  p"=  2. 

When  a  subgroup  Gj^  can  be  defined  by  certain  independent  relations 
y|  =  0,  •  •  •, y).  =  0  between  the  coefficients  A,  a,  c,  d  of  Sj  we  denote  it 
{/j  =  0,  .'..,/.=  0  }  .     Thus  (9)  is  denoted  {  a  =  0,  e?  =  0  }  . 

jFor  p>2yn^l^thep  +  l  subgroups  of  order  p^  of  G^4  are 

(10)  {^  =  0},  {a=^td}  (<  =  o,l....,p-l). 

7.  The  gi'oup  { a  =3  0 }  is  commutative  of  type  (1,1,1)  and  hence  has 
p^  +  P  +  ^  subgroups  of  order  p*.  As  in  §5,  it  follows  that,  for  j»>  2,  the 
commutator  group  of  either  {(2=0}  or  {a^td}^t^O^  is  formed  of  the 
operators  [A;,  0,  0,  0]  ,  and  contains  the  pth  power  of  every  S.  Hence  either 
group  has  exactly  p  +  1  subgroups  of  order  p^.  They  are  seen  to  be  the  ones 
given  in  the  following  table : 


Digitized  by 


Google 


1905] 


Order  p\ 


PEBIODS  OF  HYPERELLIPTIC   FUNCTIONS 
Snbgroape  of  order  p* . 


53 


{a  =  <(?},<  4=0 

{a  =  0} 


{a  =  0,d=0},  {a  =  td,c=^8d  +  ^td^}, 
{a=0,(Z=sO},  {a=0,c=:ad},   {a  =  0,i  =  rc  +  »rf} 


where  r  and  8  take  independently  the  values  0,  1,  ••*,  p  —  1. 

Now  jTi  ,.1  transforms  {a  =  ^d},«4=0,  into  { a  =  d } .  The  2j3*  +  p  +  1 
distinct  subgroups  of  order  p^  of  (t^4  are  found  to  be  conjugate  within 
SA  (4 ,  p)  with  the  four  types  *  in  the  5th~8th  rows  of  the  table  of  §  8. 

8.  In  the  following  table  is  given  in  the  first  column  a  representative  of  each 
set  of  subgroups  of  G^^  conjugate  within  SA(^^ p)^ p'>2;  in  the  second 
column  the  largest  subgroup  of  SA{^^p)  transforming  into  itself  the  repre- 
sentative. 


{d=0} 

{a^d} 

{a  =  d=0} 

{a  =  c  =  0} 

{a  =  0,  krss  vd} 

(Ai) 

{B)iip>i 


ff^  of  operators  (l)^ 
G^  of  operators  ( 1  )j 

2pS(j»2  _  1)  operators  (ll)i 

G^  of  operators  ( 1  )^ 
{p^€)(p  —  l)p'  operators  (11)2 


where  i/  is  a  particular  not-square,  /i  =  l  or  i',  jB=«[0,--1,0,—- 1],  and 
6  s=  =k  1  according  as  p  =  4Z  =k  1 ,  and  where 


(11) 


0         aJA  0       -<x„/A 

«*i  7m  «a  7m 

0      =Fi«t„/A       0       ±a„/A 

A  =  ±(4 


«n 

7n 

«if         7« 

0 

<-'«„ 

0    rV-'a, 

=FM~'«,2 

7m 

±«ii       7« 

0 

^t-\ 

.     0     ±r'a, 

u 
« -  O  +  0,  <  =  aj,  +  M-'<  +  0. 

*  These  correspond  to  JT^i,  f**,  iT^,  and  (16^),  respeotively  of  U.    The  types  of  period  p 
are  taken  from  I ;  the  transform  of  Ai  of  lux  by  Mi  ifs  Ti,  .i  gives  £ . 
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General  plan  of  the  svhsequent  investigation. 

9.  Let  -fir  be  a  subgroup  of  order  p'iV  of  SA(4t^p)y  i>  0,  JV  prime  to  jp, 
p  >  2 .  Applying  a  suitable  transformation  within  SA(A^  P )»  we  may  assume 
that  H  contains  a  subgroup  G^t  lying  in  the  0^,4  of  §§  5-7.  If  ff  contains 
G^  self-conjugately,  S  lies  in  one  of  the  groups  in  the  second  column  of  the 
table  in  §  8,  and  hence  lies  in  G^ ,  S^ ,  or  {G^^^  7i, .„  2^, ^).  In  this  case  the 
determination  of  H  depends  upon  the  determination  *  of  all  subgroups  of  the 
binary  linear-homogeneous  group  of  determinant  unity.  Suppose  next  that 
G^i  is  not  self-conjugate  in  II.  Let  p^  be  the  maximal  order  of  a  subgroup 
conmion  to  G^i  and  any  of  its  conjugates  under  II;  let  G^^  be  such  a  subgroup. 
By  a  theorem  f  discovered  independently  by  Burnside  and  Frobenius,  ff  must 
contain  an  operator  S^  of  period  prime  to  p,  commutative  with  G^^  but  not 
with  G^i. 

Now,  if  p  >  2,  {p^  —  l)(p^ ""  1)  ^^  ^^  factor  of  the  form  1  +p'a;,  x>  0. 
For  if  so,  call  the  quotient  q.  Then  0  <y  <p^,  — p*  -f  1  s  y  (mod  p*). 
Hence  y  =p'  —  p^  -f  1.  But  the  latter  is  relatively  prime  to  (p^  —  1)*,  and 
exceeds  p^  -|- 1  if  p  >  2 .  Hence  the  number  of  conjugates  to  G^i  in  H  is  not 
s  1  (mod  p*),  so  ihsiH  m  =  i  —  2 .      We  may  se^  rw  =  i  —  1  or  i  —  2 . 

10.  Lemma.  Any  binary  transformation  jB  =  (*  j),/84=0,  together  with 
all  the  S^  =  (I  1 )  generate  every  binary  transformation  of  determinant  unity. 

Indeed,  ^.^p-i^'S^.^-i  =  (|  5)>  where  t=  - /8-'(aS  - /Sy)  +  0.  The 
latter  operator  transforms  S^  into  ( ^  J ) ,  where  <r  =  X/8t"*  may  be  made  arbitrary. 

The  subgro^ipa  H  of  order  p^N^  p  >  2 . 

11.  Now  i  =  4 ,  wi  =  3  or  2  in  §  9.  For  m  =  8 ,  we  may  take  G^^  to  be 
{a=sO}  or  {c?=0},  since  every  operator  commutative  with  { a  =  rf }  lies  in 
(6r^4,  Ti^jjTj^)  and  hence  is  commutative  with  G^^  (§  8). 

For  {  rf  =  0  } ,  aS  is  of  the  form  (l)j .  Then  iSj^  =^  0  since  /S  is  not  commu- 
tative with  G^A'  The  quotient-group  §  G„/  {d^O}  may  be  taken  concretely 
as  the  group  of  the  products  jT,  ^^^  ?7,  f7  a  binary  transformation  of  deter- 
minant unity  on  fj  ^^^  V2'  Also,  G^^j  {d  =0}  is  (^2,-y)«  Then,  by  §  10,  we 
reach  every  U.  The8^,  with  G^^^  generate  G^,.  Hence,  by  §  2,  ^  is  a  sub- 
group oi  G^. 

For  (a  =  0},  /S  is  of  the  form  (1)3,  with  a^i  +  0«     The  quotient-groups 


*  This  has  been  done  by  the  writer  for  any  Galois  field. 

t  References  in  Bubnsidb's  Theory  of  Groups^  p.  97. 

X  Compare,  for  example,  Bubnsidb'b  Theory  of  Groups,  p.  94,  Cor.  II. 

J  Bulletin  of  the  American  Mathematical  Society,  toI.  10  (1904),  pp.  178-184. 
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«u 

0         a«        0 

1 

0 

a 

0 

^- 

0 

o^/A     0     -a.,/A 

^,^     _ 

0 

1 

0 

0 

{a-0}- 

«21 

0         «a        0 

'         {0=0]  - 

0 

0 

1 

0 

♦ 

0 

-a„/A   0      a„/A 

0 

—  a 

0 

1 

where  ^^=  a^^a^  —  a„a,|,  are  simply  isomorphic  with  the  binary  groups 

Hence,  in  view  of  §  10  and  §  3 ,  ^  is  a  subgroup  of  H^ . 

12.  Let  next  i  =  4 ,  m  =  2 .  Then,  by  §  8 ,  G^  is  neither  (a  =  rf  =  0}  nor 
{a  =  c?,  c  =  ^cP}.  If  G^^  is  {as=c=0),  S=S^P^^^  where  /S,  lies  in 
{a=  0}  extended  by  21,«,,  Tg^^,  so  that  S^  transforms  G^^  into  itself.  But 
G^4  and  its  transform  by  Pj,  have  {a  =  0}  in  common,  in  contradiction  with 
m  s=  2 .  Finally,  let  G^  be  {a=0,Aj=i'c?],8o  that  /S'  is  of  the  form  (11), . 
Now  the  general  quaternary  abelian  operator  with  every  fi  =.  0  transforms 
[&,  a,  c,  (2]  into  an  operator  of  the  form  (1)^,  written  in  capital  letters,  with 

C^  -  A«,i«^i  +  ca.,a^  +  (c  -  ae?)a^a^,  +  da^^a^^  -  aa.,7^  -  a7,2a,.p 

where  T^=l  (1=^'),  t^  =  0  (i=^^*).     Hence  G^a  and  its  transform  by   S 
would  have  {a  =  0}  in  common,  in  contradiction  with  m  =s  2 . 

TJie  subgroups  H  of  order  p^N^  p  >  2 . 

13.  Let  first  ^  »  3 ,  m  =  2  in  §  9.  In  view  of  §  8  the  only  case  not  imme- 
diately excluded  is  0^^,=  {  a  =  c?  =  0  },  G^z=  {a^d} ,  Then  S  lies  in 
((t^4,  Tj^^jj  ^2,o„)  ft^<l  hence  transforms  {a  =  e? }  into  [a  =  OjiO^^d} ;  the  latter 
two  generate  G  ^  in  contradiction  with  i  =  3 . 

14.  Leti  =  8,w=l.  If  G^^  =  (i,  ^.i^  j),  then  G,,,=^{a^Q].  Since 
(11)2  is  of  the  form  (1)2,  this  case  is  excluded  by  §  8.  It  Gp  =  (B)^  j)  being 
>  3 ,  then  Gy  =  {  a  =  rf } ;  so  that  (§  8)  any  operator  commutative  with  G  is 
commutative  with  Gp».  Let  finally  Gp  ==-  (ij  1).  Let  first  Gpt  be  { a  =  0  }^ 
so  that  yS'  is  of  the  form  (1),  with  ^^^0.  Then  S  transforms  [0,0,1,0] 
into  [2a,^a,j,  —  an/822'  ^11*^22'  ^]»  which  extends  6rp3  to  G^i^  in  contradiction 
with  t  =  3 .  The  same  argument  excludes  G^z  =  {a  =  d} .  Finally, 
G^={d=0}  ia  excluded  by  § 8. 

Theorem.  Every  subgroup  of  order  />W  has  a  selfconpigate  G  ,  and  lience 
lies  in  either  G„  or  H^ . 
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The  subgroups  H  of  order  p^N^  p  >  2 . 
15.  Let  i  =  2,  m  =  1 .     Let  first  G^,  =  ( A.i)i  whence  S  ==  (l)i.     Then 


G^^is 


{a  =  e?=0),  {a  =  c  =  0}, 


or 


[a=^  d^  c^  sd  + 


[«}, 


1       0       r 

8 

1 

0      i      J 

0      10 

0       a       1 

0 

0 

,      x= 

0 
0 

10      0 
-i     0      1 

0   «-r   1 

1 

.0 

-1   -1    2 

We  may  set  «  =  0  by  transforming  by[0,0,— «,0],  which  is  commutative 
with  (Zr,^  1 ) .     The  argument  at  the  end  of  §  14  excludes  {  a  =  c?  =  0  }  . 

Let  G^t  =  {a  =  c=0}.  Now  S  transforms  [i,  0 ,  0 ,  7]  into  2 ,  given  by 
the  second  matrix  of  Ilg^^  when  a  =  c  =  0 .  The  supposition  fi^  =  0  contra- 
dicts i  =  2 .  If  ^22  +  0  9  we  employ  2  for  7  =  a-^  /S"* .  Hence  we  may  set 
i322  +  0,^22=  0  in  5.  Then, for  7=  —  /8^/,  2i,  _^has  the  form  L'^iQx^^^i* 
This  is  transformed  into  L^^L^^^  by  -^1,2, -«>  which  is  commutative  with 
{  a  =  c  =  0  } .  Hence  ^contains  i^  ^  and  {  a  =  c  =  0  } ,  which  generate  K^, 
of  §1.     By  §4,5^1iesin  JT^or  G^. 

For  Gy  =  { a  =  cZ,  c  =  Jrf^ } ,  a  similar  argument  shows  H contains  an  oper- 
ator C/j. ,,  with  «  4=  0 : 


Ur,.^ 


Now  iVi  2^  _^,  which  is  commutative  with  G^^  transforms  ?7^  ,  into  ^i,  r«-»» C^o, » • 
Hence,  ir  contains  G^^  and  ?7o, , .  Set  jE"^  =  [  0 ,  rf ,  c?/2 ,  cZ  ] .  Then  ^  con- 
tains  Xs  L^^^U^-IE^U^^,  and  F,  the  transform  of  ^_i  by  [2,  2,  2,  2]X. 
Now  N^^  2, 2  transforms  Gj^  into  itself,  and  T"  into  L^  27/4  ^,  1  •  W®  ™*y  *1^^8 
assume  that  ^contains  Gpg  and  CT^^  j.     Then  ^contains 

X-'i,,^_,  175:1^,  =  [- 1,  -  2, 0, 0], 

which  belongs  to  (r^*,  but  not  to  G^^  contrary  to  i  =  2 . 

16.  Let  next  G^=={  L^^  ^  ij,  1 )  •  Then  S  is  of  the  form  (11)2 '  *  special  case 
of  (1)2.  Hence  S  transforms  {  a  =  0  }  into  itself.  But  the  only  G^  contain- 
ing G^  are  {  a  =  c  =  0  }  and  {a=0,^  =  rc-hAW?}.  Hence  S  transforms 
either  of  these  into  a  subgroup  of  G^k  ,  in  contradiction  with  i  =  2 . 

17.  Let  finally  G^^{B),p  being  >  8 .     Then  G^  must  be  either 

{a  =  c?=0},         or         {a  =  dyC  =  ad+\d^]. 
The  first  is  excluded  by  §  8 .     The  second  is  transformed  into  itself  by  any 
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operator  of  {  a  =  <Z},  and  into  [a^s^d^  c=s  ^ad  +  JcP}  by  T^^^T^^,.     Trans- 
forming the  result  by  [0,  0,  («*-.l)/12,  («*  —  l)/2],  we  obtain 

{ a  =  f?,  c  =  [aV  -  J(«»  -  1  )]rf  +  id'}. 

This  lies  in  G^^^  in  contradiction  with  i  =  2 . 

18.  It  remains  to  consider  the  ff^^^  no  two  of  whose  subgroups  G^t  have  in 
common  an  operator  4=  /.  Hence  the  number  of  conjugate  G^t  is  -3f ,  where 
Ms  1  (mod  p^).  It  is  readily  shown  that  the  only  factors  of  the  form  I  +  p'x 
of  a)  =  (jo*-l)(/-l)  arel,/>'  +  l,(p^-l)»  and  o.  Hence  if  ^  is  of 
index  <  t,  where  t  =  (p*  —  1  )/(p  —  1 ) ,  we  may  set  Jf = p'  +  1  or  (p*  —  1  y. 
The  latter  case  is  immediately  excluded  in  view  of  the  orders  of  the  largest 
subgroups  containing  a  G^  self-conjugately  ( §  8 ) .  For  Jf  =  p*  +  1 ,  G^t 
is  se]f-conjugate  in  a  Gy^  within  H^  where  t  divides  (p^  — 1)^  In  fact, 
t  ^  2(/  -  1)  by  §  8.     Hence,  forp  >  3,  ^is  of  index  >  t. 

19.  If  a  subgroup  ^of  order  piVis  of  index  <  t,  then  JNr=  a>.  The  details 
of  the  exclusion  (for  p  >  3  )  of  this  isolated  case  will  be  omitted,  in  view  of  an 
anticipated  treatment  of  all  orders  p^.  In  this  direction  I  have  shown  that 
any  Jl^y  with  more  than  one  C^  conjugate  with  (  Li^  i )  may  be  transformed  into 
the  group  F  of  the  binary  transformations  of  determinant  unity  on  f ^  and  y;,  , 
or  else  into  a  direct  product  of  F  and  a  binary  group  on  ^^  and  7f^  with  no  oper- 
ator of  period  p  (and  hence  of  order  2 ,  4(2,  24 ,  48  or  120 ). 

Thb  Univbksity  of  Chioauo, 
October  1,  1904. 
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DETERMINATION   OF  ALL  THE  GROUPS  OF  ORDER  2*"  WHICH 

CONTAIN   AN   ODD  NUMBER  OF  CYCLIC  SUBGROUPS 

OF  COMPOSITE  ORDER* 


BY 


G.  A.  MIJ.LER 


It  has  recently  been  proved  that  in  every  non-cyclic  group  of  order  p^ ,  p 
being  an  odd  prime,  the  number  of  cyclic  subgroups  of  order  jo^,  /8>  1,  is 
always  a  multiple  of  p ,  and  that  this  number  is  of  the  form  1  +  jt>  +  kp^  when 
^  =  1  .f  From  this  it  follows  almost  directly  that  the  number  of  cyclic  sub- 
groups of  order  p^  in  any  group  ((r)  is  always  of  the  form  hp  whenever  the 
Sylow  subgroups  of  order  ^"*  in  G  are  non-cyclic,  and  that  the  number  of  sub- 
groups of  order  p  in  such  a  G^  is  always  of  the  form  1  -|-  j)  +  lq?*X  When 
j3  =  2 ,  both  of  these  theorems  have  exceptions.  The  present  paper  is  devoted 
to  an  exhaustive  study  of  the  exceptions  of  the  former  theorem.  Since  the 
cyclic  groups  are  so  elementary  we  shall  confine  our  attention  to  the  non-cyclic 
groups  of  order  2"*.     Moreover,  every  group  of  even  order  contains  an  odd 

*  Presented  to  the  Society  (San  Francisco)  October  1,  1904.  Received  for  publication  Sep- 
tember 26,  1904. 

fProceedings  of  the  London  Mathematical  Society,  ser.  2,  vol.  2  (1904),  p.  142. 

{The  former  of  these  facts  was  noticed  in  the  article  jost  mentioned.  The  second  does  not 
follow  so  easily,  bnt  it  may  be  proved  as  follows  :  Since  the  number  of  sabgronpe  of  order  p  in 
snch  a  Sylow  subgroup  ( fif )  of  order  p"*  is  =  1  +  p  (mod  j)*) ,  it  is  only  necessary  to  observe  that 
the  number  of  those  which  are  found  in  Q  but  not  in  ^  is  of  the  form  Jtp'.  If  8  transforms  one  of 
these  subgroups  (  P )  into  only  p  conjugates,  the  operators  of  P  are  commutative  with  every  oper- 
ator of  a  subgroup  of  order  p"*~^  contained  in  S,  In  particular,  P  and  an  invariant  (under  S) 
operator  of  order  p  in  this  subgroup  of  order  p^-*  generate  a  group  of  order  p*  and  of  type 
(1,1)  which  has  just  p  conjugates  under  B,  It  could  not  be  transformed  into  itself  by  Sf  since 
a  Sylow  subgroup  cannot  transform  a  group  of  order  pi  into  itself  unless  this  group  is  contained 
in  the  Sylow  subgroup.  The  given  p  subgroups  of  order  p'  contain  p'  distinct  subgroups  of  order 
p  which  are  not  found  in  8  and  whose  generators  are  commutative  with  each  operator  of  the 
given  subgroup  of  order  p"*~^.  If  there  is  any  other  operator  ( P)  of  order  p  in  Q  which  is  not 
found  in  Sf  and  is  commutative  with  each  operator  of  the  given  subgroup  of  order  p"*'^,  we  use 
the  same  invariant  operator  under  8  and  construct  other  p  conjugate  subgroups  under  8  which 
have  p'  additional  subgroups  of  order  p,  etc.  Proceeding  in  the  same  manner  with  each  of  the 
other  subgroups  of  order  p"*~^  in  5,  the  theorem  clearly  follows  since  we  do  not  need  to  consider 
those  subgroups  of  order  p  which  have  more  than  p  conjugates  under  8.  When  the  Sylow  sub- 
groups of  order  p"*  (p>2,m>l)  in  Q  are  cyclic,  the  preceding  argument  proves  that  the  num- 
ber of  subgroups  of  order  p  is  of  the  form  1  -}-  A^ . 
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number  of  subgroups  of  order  2  since  the  operators  of  order  2  and  the  identity- 
are  the  only  ones  which  are  self  inverse. 

§  1.    Cyclic  subgroups  whose  order  exceeds  four. 

We  shall  first  prove  that  a  group  of  order  2"*  cannot  contain  just  27i  +  1 , 
?i>  0,  cyclic  subgroups  of  order  2*,  a>  2.  Suppose  that  such  a  group  (G) 
contains  2n  +  1  cyclic  subgroups  of  order  2».  At  least  one  of  them  (^,)  is 
invariant  under  G.  Let  H^  represent  any  other  and  let  H'^  be  the  subgroup 
of  H^  such  that  the  group  {fij,  H'^  ]  generated  by  -H|,  H'^  is  of  order  2*+*. 
When  H'^  coincides  with  H^  then  {-fiTj,  H'^ }  contains  just  2  cyclic  subgroups  of 
order  2"" .  *  If  this  condition  is  not  satisfied  H'^  must  transform  H^  according  to 
the  square  of  an  operator  in  its  group  of  isomorphism.  Hence  {H^^t  H'^ }  has 
still  just  2  cyclic  subgroups  of  order  2*  and  at  least  2*~'  invariant  operators.  \ 
These  two  cyclic  subgroups,  which  we  may  call  H^^  H^^  contain  just  2**"*  com- 
mon operators.  It  will  next  be  proved  that  G  contains  an  even  number  of  cyclic 
subgroups  of  order  2*  which  involve  these  2*"*^  common  operators.  The  main 
result  thus  far  is  that  any  group  which  contains  an  odd  number  (greater  than 
one)  of  cyclic  subgroups  of  order  2"  must  contain  two  such  subgroups  which  have 
2*"^  common  operators. 

Suppose  that  G  contains  an  odd  number  of  cyclic  subgroups  of  order  2<^ 
which  have  2»~^  operators  in  common  with  H^.  One  of  them  (-ff^)  must  be 
transformed  into  itself  by  {H^^  H^\.  The  group  {JETj,  -£^,  -H^}  is  clearly  con- 
formal  to  an  abelian  group  with  respect  to  its  operators  whose  orders  exceed  4. 
This  follows  almost  directly  from  the  fact  that  the  order  of  the  commutator  sub- 
group of  this  group  cannot  exceed  2.  Hence  {H^^  H^^  H^]  contains  four  cyclic 
subgroups  of  order  2"".  At  least  one  of  the  remaining  cyclic  subgroups  of 
order  2*  which  have  2*~^  operators  in  common  with  H^  is  transformed  into  itself 
by  {H^t  H^'i  -^a}'  Calling  this  H^  we  have  again  that  the  group 
{H^^  H^^  H^^  H^]  is  conformal  with  an  abelian  group  with  respect  to  its 
operators  whose  order  exceed  four.  This  group  contains  8  cyclic  subgroups 
of  order  2" .  As  this  process  could  be  continued  indefinitely  if  there  were  an 
odd  number  of  cyclic  subgroups  of  order  2*  having  2*~^  operators  in  common 
with  H^ ,  this  hypothesis  is  disproved. 

The  theorem  in  question  is  now  practically  proved,  for  the  cyclic  subgroups 
of  order  2*  which  have  2*~^  common  operators  must  occur  in  even  sets  and  a 
cyclic  group  of  order  2*  which  is  found  in  one  set  cannot  also  occur  in  another 
set.  Hence  G  cannot  contain  just  27i  +  1 ,  ti  >  0 ,  cyclic  subgroups  of  order 
2*,  a>  2.     We  shall  now  consider  the  case  when  G  contains  only  one  cyclic 


*  BUBNSIDB,  Theory  of  Groups  of  Finite  Order,  1897,  p.  77. 

t  Bulletin  of  the  American  Mathematical  Society,  vol.  7  (1901),  p.  352. 
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subgroup  of  order  2'' .  It  will  result  that  in  this  case  G  must  be  one  of  these 
three  well  known  groups  of  order  2''  +  1  having  this  property ;  viz.,  the  dihedral 
rotation  group,  the  one  obtained  from  this  dihedral  rotation  group  by  replacing 
its  non-invariant  operators  of  order  2  by  operators  of  order  4,  and  the  one 
which  transforms  the  operators  of  the  cyclic  subgroup  of  order  2*^*  into  their 
2*»  —  1  powers,  containing  2*»  —  1  operators  of  each  of  the  orders  2  and  4  in 
addition  to  the  given  cyclic  subgroup. 

If  G  contains  only  one  cyclic  subgroup  of  order  2*^  it  cannot  contain  more 
than  one  cyclic  subgroup  of  any  higher  order  (2»i),  since  some  two  subgroups 
of  this  order  would  generate  a  group  which  is  conformal  with  the  abelian  group 
of  the  type  (a^ ,  1 )  .*  Let  2*»  be  the  order  of  the  largest  cyclic  subgroup  H^  of 
G.  The  operators  of  G  must  transform  the  operators  of  H^  according  to  a 
group  of  order  2"*~*».  Every  subgroup  of  order  4  in  the  group  of  isomorph- 
isms of  H^  contains  the  operator  of  order  2  which  transforms  just  half  of 
the  operators  of  H^  into  themselves,  f  Hence  m  =  ^j  +  1 ,  otherwise  G  would 
contain  more  than  one  cyclic  subgroup  of  order  2"^'  as  it  would  have  to  trans- 
form the  operators  of  H^  according  to  the  given  operator  of  order  2 .  As  the 
groups  of  order  2"^  +  1  which  contain  a  cyclic  subgroup  of  order  2''*  are  well 
known,  the  results  stated  at  the  end  of  the  preceding  paragraph  are  established. 
That  is,  if  a  group  of  order  2"*  contains  an  odd  number  of  cyclic  subgroups 
of  order  2",  a  >  2 ,  this  number  must  be  unity ^  and  the  group  must  be  one 
of  three  containing  a  cyclic  subgroup  of  order  2"*"^.  As  the  properties  of 
these  three  groups  are  very  elementary  and  their  forms  are  so  dissimilar  (one 
contains  2"*~*  -f  1,  the  other  2^^"*  +  1,  and  the  third  only  one  operator  of  order 
2)  it  is  easy  to  distinguish  them.  When  a  is  given,  m  may  have  any  arbitrary 
value  which  exceeds  a. 

§  2.   Cyclic  subgroups  of  order  four. 

The  three  groups  mentioned  in  the  last  paragraph  contain  respectively  one, 
2«-s  ^  \  ^  and  2"*-'  -f  1  cyclic  subgroups  of  order  4 .  We  proceed  to  prove 
that  these  are  the  only  non-cyclic  groups  of  order  2'"  which  contain  an  odd  num- 
ber of  cyclic  subgroups  of  order  4 .  The  method  of  proof  is  very  similar  to  the 
one  employed  in  the  preceding  section. 

Let  G  be  any  group  of  order  2"*  which  contains  an  odd  number  of  cyclic  sub- 
groups of  order  4.  At  least  one  of  them  (iT^)  is  invariant  under  G.  At  least 
half  the  operators  of  G  are  commutative  with  a  generator  (  s )  of  iT^ .  It  will 
be  proved  that  the  subgroup  {G^)  formed  by  these  2**"^  operators  must  be 
cyclic.     If  G^  were  not  cyclic  K^  would  be  contained  in  an  abelian  subgroup  of 

*  American  Journal  of  Matbematios,  vol.  23  (1901),  p.  173. 

t  Balletin  of  the  Amerioan  Mathematical  Society,  vol.  7  (1901),  p.  351. 
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type  ( 2 ,  1 )  .*  This  subgroup  would  contain  two  cyclic  subgroups  of  order 
4,  (iiTj,  JE^)  having  a  common  square.  It  will  now  be  proved  that  G  would 
then  contain  an  even  number  of  cyclic  subgroups  of  order  4  including  ^. 

If  this  number  were  odd,  {  i?j ,  J?^ }  would  transform  at  least  one  of  the 
remaining  ones  (^)  into  itself.  The  commutator  subgroup  of  {K^^  K^^  K^ 
is  generated  by  ^  and  hence  this  group  contains  an  even  number  of  cyclic  sub- 
groups of  order  4  and  all  of  these  subgroups  contain  s^  f  Hence  there  would 
be  another  invariant  cyclic  subgroup  K^  involving  «-.  The  number  of  cyclic 
subgroups  of  order  4  in  { -ffj,  JST^,  -ff^,  ^ }  is  again  even  since  the  commutator 
subgroup  is  still  generated  by  s^  and  all  of  these  subgroups  include  ^.  This 
follows  almost  directly  from  the  fact  that  the  product  of  an  operator  of  order  4 
in  {K^s  K^^  K^^  K^\  into  an  operator  of  order  2  is  of  order  4  when  the  two 
factors  are  commutative  and  of  order  2  when  they  are  not  commutative,  while 
the  converse  is  true  when  the  second  factor  is  of  order  4. 

As  this  process  could  be  continued  indefinitely  if  there  were  an  odd  number 
of  cyclic  subgroups  of  order  4  which  contained  s^  it  results  that  the  number  of 
these  subgroups  is  even.  If  there  were  an  odd  numbers  of  cyclic  subgroups  of 
order  4  in  (7  which  did  not  contain  a^  one  of  these  and  ^  would  again  generate 
the  abelian  group  of  type  (2,  1)  and  the  number  of  those  involving  the  same 
subgroup  of  order  2  would  again  be  even.  As  similar  remarks  would  apply  to 
all  the  possible  other  cyclic  subgroups  of  order  4  we  have  proved  that  G^^  is 
cyclic  whenever  G  contains  an  odd  number  of  cyclic  subgrotips  of  order  4. 
This  proves  the  statement  in  the  first  paragraph  of  this  section,  since  the  other 
non-cyclic  group  of  order  2"*  which  contains  a  cyclic  subgroup  of  order  2"*~* 
contains  an  even  number  of  cyclic  subgroups  of  order  4. 

Combining  the  results  of  the  two  sections  we  have  that  every  group  of  order 
2"*,  m  >  3 ,  which  contains  an  odd  number  of  cyclic  subgroups  of  order  4  con- 
tains just  one  cyclic  subgroup  of  order  2%  where  a  can  have  all  the  values  from 
3  to  m  —  1 ;  and  every  group  which  contains  only  one  cyclic  subgroup  of  order 
2*  contains  an  odd  number  of  cyclic  subgroups  of  order  4.  For  each  value  of 
a  and  m  there  ai'e  three  such  groups,  hence  there  is  a  doubly  infinite  system  of 
groups  of  order  2"^  which  contain  an  odd  number  of  cyclic  subgroups  of  com- 
posite order.  When  m  =  3  there  are  only  two  groups  having  this  property,  viz. 
the  quaternion  group  and  the  group  of  movements  of  the  square.  If  all  the 
non-cyclic  groups  of  order  p"*(m  >  3,  je>  an  arbitrary  prime)  were  determined 
there  would  be  just  three  among  them  in  which  the  number  of  cyclic  subgroups 
of  composite  order  would  not  always  be  a  multiple  oi  p.  In  these  three  special 
cases  the  number  of  cyclic  subgroups  of  every  composite  order  is  not  divisible 
by  p. 


♦BUBNSIDE,  lOC.  Oit,  p.  75. 

tQnarterly  Joarnal  of  Mathematics,  vol.  28  (1896),  p.  269. 
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In  the  exceptional  groups  noted  above  the  number  of  the  subgroups  of  order 
2  is  5  1  (  mod  4  ) .  That  this  number  is  5  8  (  mod  4  )  in  every  other  non-cyclic 
group  of  order  2""  is  a  direct  consequence  of  the  fact  that  the  number  of  cyclic 
subgroups  of  order  4  in  all  of  these  groups  is  even.  From  this  fact  it  results 
that  the  number  of  operators  whose  order  exceeds  2  is  divisible  by  4,  since  every 
cyclic  subgroup  of  order  2^  contains  2'~^  operators  which  are  not  found  in  any 
other  subgroup  whose  order  =  2^,  Hence  the  given  system  of  groups  is  com- 
posed of  all  the  groups  of  order  p"*  in  which  the  number  of  cyclic  subgroups  of 
order  p  is  not  si  +  p  (mod  p^).  That  is,  the  groups  of  order  p"*  in  which  the 
number  of  cyclic  subgroups  of  composite  order  is  not  divisible  by  p  coincide 
with  those  in  which  the  number  of  subgroups  of  order  p  is  not  of  the  form 
1  +p+ip\ 
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ON  THE  COEFFICIENTS 
IN  THE  QUOTIENT  OF  TWO  ALTERNANTS* 

BY 

E.  D.  BOE,   Jb. 

§  1.  Introdtiction. 

This  paper  is  complementary  to  one  published  in  an  earlier  number  of  the 
Transactions,  f  The  notations  used  there  are  retained  with  the  following 
additions : 

\PlP,---Pm\\ 


(I) 


lL?,?,-?JrlLdl' 

iy.(iT---(i"y"rL(i-7J' 


where  jj  —  /c^,  jj=  #Cj  —  1,  ••  -jj^^  ^^  —  m  +  1,  so  that;>  andj  are  both  par- 
titions of  weight  to ; 

where 

and  where  such  terms  in  '^  are  excepted  as  wotdd  present  the  subtraction  of 
the  same  number  from  two  or  more  equal  p's  ; 

(4)   a,/(;)„|>„  ..  .,;)„)  =  ay(l"2'....7^..  .m'-)=y(l'>2'..  ..r^'..  .m-); 

(6)     .5,/[(ir(l*)---(l-)"-]=/[(l)''(l*)''---(l')"-'--(l-M. 


*  Presented  to  the  Society  December  29,  1902.     Received  for  pnblioation  May  9,  1904. 
t  On  the  OoefflcietUs  in  the  Product  of  an  Alternant  and  a  Symmetric  Function  vol.  5  (1904),  no. 
2,  pp.  193-213.    This  paper  will  be  referred  to  as  I. 
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The  subject  of  investigation  is  the  coefficients  |  [^]  |  of  the  symmetric  func- 
tions (p )  in  the  quotient 

w  ^^^-s|!!ji(.)-s|[^]|w. 

A  table  of  such  coefficients  for  weight  w  is  called  a  quotient  table  for  weight  t^ . 
The  following  results  are  obtained :  The  relations 


PILJ'PI!,         and         2:r 


I? 

K 


0 

1 


according  as  J^J,  together  with  other  recurrence  formulas,  are  found  in  §2. 
Generalizations  for  some  of  the  columns  of  coefficients  are  brought  out  in  §  3. 
In  §  4,  it  is  shown  that :  the  table  is  contained  in  a  triangle  and  fills  up  the 
remainder  of  the  square  with  the  product  table ;  none  of  the  coefficients  is  nega- 
tive; the  diagonal  line  next  to  the  hypotenuse  is  skew-symmetrical  with  the 
corresponding  diagonal  of  the  product  table ;  the  hypotenuse  consists  of  ones 
which  the  table  has  in  common  with  the  product  table ;  the  table  possesses  the 
invariant  property ;  the  coefficients  are  the  conjugates  of  those  of  Dr.  Taylor's 
product  table;  the  last  line  of  the  table  is  proved  to  be  symmetrical  with 
respect  to  its  middle  element.  In  addition  to  the  quotients  aimed  at,  the  table 
also  gives  the  determinants  {fc^K^ '  •  •  ^mla'  ^^  {'"^1^2 '  "'^mlt^^  terms  of  monomial 
symmetric  functions,  and  by  means  of  a  two-fold  application  it  gives  the  values 
of  the  elementary  products  of  weight  w  in  terms  of  monomial  symmetric  func- 
tions (§  6). 

§  2.  Recurrence  Formulas  for  the  |  [^]  |. 

1.  Dr.  Taylor  has  obtained  the  following  formula,*  which  has  been  expressed 
in  the  writer's  notation,  viz. : 

^^  !(i'y,-5,;(i*y!' 

where  the  upper  operator  S^  applies  to  the  upper  complex  only,  and  the  lower 
one  d^  to  the  lower,  and  where  such  terms  in  the  summation  are  excluded  as 
would  make  two  of  the  /c's  equal,  since  in  this  case  the  corresponding  alternant 
would  vanish.  By  using  the  partition  q  of  weight  w^  instead  of  the  complex  /c, 
obtained  from  it  as  explained  in  connection  with  (1),  (7)  becomes 

*0n  the  Product  of  an  Alternant  by  a  Symmetric  Function^  Americau   Mathematical 
Monthly,  vol.  10  (1903),  pp.  119-130. 
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where  such  terms  in  the  sum  vanish  as  cause  a  smaller  number  to  follow  a  larger 
one  in  the  series  q. 

Example:  Using  ^j,  8^  as  operators,  and  having  the  table  for  weight  4, 


L(i)(i7J"L(i)(i')J'*'L(i)(i')J 


1  +  1  =  2. 


2.  Expressing  (7)  in  terms  of  conjugates  by  the  relation  (30)  of  I,  and  by 
considering  the  effect  on  its  conjugate  of  an  operator  8^  on  a  partition,  we  find 
that  the  operator  S^  goes  over  into  its  conjugate  \^  whence, 


!K]|-s;IK]| 


Formula  (9)  reduces  a  coefficient  in  the  quotient  table  of  weight  t£>,  to  a  sum  of 
coefficients  in  the  table  of  weight  w  ^r. 
Example:  Using  d^  and  S^, 


iri»2n|    |ri'2"j|    Ifi'sii 

L2'3  J|-|L23j|  +  |Ll2^J|- 


3  +  2  =  5, 


by  the  table  for  weight  5. 

Since  the  tables  read  horizontally  give  the  values  of  the  elementary  products 
in  terms  of  the  determinants  { '«i'C2 **  "^mla  =  [?i?2*  "  ?i«]o»  ^®  ^^^^  ivom 
this  and  (9)  the  following  proposition  in  determinants :  * 

(10)      a^  [q^q^  ••?,]  =  £  [a^o^  ?i  +  ^^p  ?2  +  «2»  * ' ' '  ?r  +  ^r»  ' "  '^  ?«]  » 

where  x^  +  Xy^  +  x^+ h  a;^  =  r,  0  ^cc^^y,  +  x^,  ^q^  +  x^^  -* .,  and  where 

the  same  number  must  not  be  added  to  two  or  more  equal  indices  (^'s). 

3.  When  the  number  of  elements  in  p  and  q  is  the  same,  we  may  find  the 
coefficient  by  a  single  reduction  by  subtracting  unity  from  each  element  of  p 
and  y,  for  the  partitions  of  the  reduced  coefficient.     We  have 

m\  \\PxP2'"Pn'\\      \\Pi-^P2-^  •••A-llI 

If  n  be  the  number  of  elements  in  each  partition  the  coefficient  of  weight  w  is 
reduced  to  one  of  weight  u?  -  w .  Thus  |  [  f/,  ]  |  =  |  [^'3^]  |  =  2 ,  by  the  table  for 
weight  4 .  This  depends  upon  the  invariance  of  the  table  treated  of  in  §  4,  8., 
and  is  there  explained. 

4.  We  have  also  the  two  following  particular  recurrence  formulas : 

^^j;^ !L  ?.?2  Jro+iL   ?,«i?,-2   \[ 

*Cf.,  MuiB,  Vaninhing  Aggregates  of  Secondary  Minors  of  a  Per  symmetric  Determinanty  Trans- 
actions of  the  Royal  Society  of  Edinburgh,  vol.  40  (1902),  pp.  511-533. 

Trans.  Am.  Math.  Snc.  ft 
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where  9a  =  ?i  +  1 9  &nd  where  in  the  first  term  0  or  1  is  to  be  taken  aeoording 
as  any  element  of  jp  is  or  is  not  greater  than  q^.     Similarly 

<i^)      IL  q\  Jro+lL       (?,-2)^       J|- 

These  formulas  are  derived  from  two  relations  given  by  W.  W,  Johnson,* 
taken  in  connection  with  the  before-mentioned  invariance.  The  relations,  using 
the  present  notation,  are 

^    '  I  012        '  I  —  ^ta.*!"*" ''i"****     012    r 

/IS^  |01g.  +  2g.  +  3|  .  ««„  J01?L?.  +  1| 

^     >  I     "0123"         I  —  *«i.«i  +  "i<^S««|       0123       [■ 

Examples : 

ir2»3-i|     ,     iri*2i|    ,     ,     „ 

![n]j=«+i[2.]|-«+^=«. 

5.  From  the  product  table,  (I),  we  have 


(16)                                      ^P^=?p 
from  the  quotient  table, 

1 1 

(17)                                      ^*^'^?    I    (?)' 

hence 

(IS,            w-e;.(e|^,)) 

Again  from  the  quotient  table 

(19)                                      «p^2^    *    {*}-• 

From  the  product  table 

(20)                                          {«},^Z 

?"'' 

*0n  a  Formula  of  Reduction  for  Allei-nants  of  the  Third  Order,  Amerioan  Jonrnal  of 
Mathematics,  vol.  7  ( 1885)  pp.  347-352.  See  also  the  same  aathor's  paper  On  the  CalcukUion 
of  the  Oo-Factorg  of  Alternants  of  the  Fourth  Order,  1.  c.  pp.  380-388. 
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(21) 
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From  either  of  the  identities  (18)  or  (21)  follows  the  identity 

(22)  Z 

according  as  ^l^.     From  (22)  we  derive  the  recurrence  formula, 

(23)  ir!ll=-i: 


0 
1' 


where  k  goes  from  1  2  8  •  •  •  m  to  the  complex  next  preceding 
?i?2  +  l?s+2-?„+»»-l. 


Thus 


[l»3]h-(-i-«)=*- 


By  the  help  of  the  product  table  one  can  by  means  of  this  recurrence  formula 
calculate  any  line  of  the  quotient  table  beginning  at  the  left  of  the  line.  If  the 
quotient  table  were  given  the  product  table  might  similarly  be  found  by  the 
same  relation. 

§  8.   General  formulas  for  the  ||  J  || . 

As  in  the  product  table,  so  also  in  the  quotient  table  it  has  been  possible  to 
generalize  certain  of  the  coefficients  by  columns.     Since 


101 


•  m 


:riT  =  {'^i^2""^m}*=  {^\i 


and  since  the  determinants  {k\^  are  given  in  the  product  table,  we  may  assume 
as  known  the  function  {/cj^,  which  gives  all  the  coefficients  in  the  column 
headed  by  the  complex  ic  or,  what  is  the  same  thing,  by  the  partition  q .  Let 
n__^  denote  the  number  of  different  ways  of  subtracting  r  units  from  the  com- 
plex of  exponents  PiP2'"Pm  ^^  *^®  symmetric  function  (  p  ) ,  and  let  (  n_^  )^^    ^^ 

where  r,  +  r ,  + f-  r;^  =  r,  denote  the  number  of  ways  of  subtracting  r  units 

at  a  time  from  p ,  r^  from  one  index,  r,  from  another  and  so  on.     Then 


(24) 

Also  it  is  evident  that 


(26) 


n 


S(^-r)nrs...rA' 

=/(^,w_,,n,2,...)=/(^), 
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and  the  problem  of  determining  the  ||^||  is  a  purely  combinatorial  one.     In 
particular  with  pj  jp,  •  •  •  p^  =  O*^!** 2** .  •  •  m*-, 

(26)  „..(''.+   „-  +  «-)  =  l.        (»..).-("•■'■,■■'''-). 

(27)  „.,_(«.  +  •,■  +  «■),        (»^),.  =  f  ■+■,•  +  "-). 

(28)  »..-(»..).+  («..)„-('''+-i+''-)  +  («'  +  -,-  +  "-), 

«-,  =  («-,),  +  ("-s)«  +  («-s).n  ^  ("''  "^  ■  1  "^  "'") 
80)  ^  ^ 

We  thus  find  for  the  following  partitions  j,  {/e}^=i?^(^),  and/(n),  together 
with  the  coefficient  which  holds  for  the  entire  column  headed  by  the  partition  j , 
as  shown  by  the  table  on  page  007. 
Example:  By  (35) 

|rP2n|       /4\       ^ 

lii'sJl-U)-"- 

§4.   The  construction  and  properties  of  the  table, 

1.  The  partitions  are  written  horizontally  and  vertically  as  explained  for  the 
product  table,  I,  with  complexes  of  alternants  or  determinants  corresponding  to 
the  several  partitions  heading  the  columns.  The  quotient  table  is  read  verti- 
cally downwards  and  not  horizontally  as  in  the  case  of  the  product  table.  The 
argument  is  taken  from  the  horizontal  line  of  complexes  at  the  top  of  the  table  in 
the  column  headed  by  the  complex  k  .  The  quotient  |  /c^/Cg . . .  /c^  |  / 1 0 1  •  •  •  m  —  1 1 , 
is  equal  to  the  sum  of  all  the  products  got  by  multiplying  each  coefficient  of 
the  column  into  the  symmetric  function  signified  by  the  partition  at  the  left  of 
the  line  in  which  the  coefficient  occurs. 

2.  From  the  nature  of  division  *  it  is  seen  that  the  first  term  in  the  quotient 


*See  MuiB,  The  Theory  of  DeterminanU,  §  130,  p.  177. 
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is  the  symmetric  function  (  q) ,  where  y  =  iCj ,  ic^  —  1 ,  •  •  • ,  #c^  —  m  +  1 ;  whence 
it  follows  that 


W  |[^]i-o, 

when  p  precedes  9,  and 

(40,  |[^]|.l. 


From  (89)  and  (40)  it  follows  that  the  table  is  contained  in  a  triangle  which 
fills  up  the  remainder  of  the  square  with  the  product  table;  also  that  the 
hypotenuse  which  belongs  in  common  to  both  tables,  consists  of  ones. 

8.  Of  the  coefficients  none  can  be  negative.  This  can  be  seen  from  (9)  in 
which  no  minus  sign  occurs  in  the  summation.  It  can  also  be  seen  from  the 
standpoint  of  the  coefficients  as  coefficients  in  the  product  of  the  elementary 
functions  by  1 01  •  •  •  m  ~  1 1 .  In  the  formation  of  this  product,  units  must  be 
laid  on  the  complex  in  such  a  way  that  no  inversions  of  order  can  arise  among 
the  elements  of  the  resulting  complexes. 

4.  The  last  column  consists  of  ones ;  in  the  next  to  the  last  column  the  coef- 
ficient is  one  less  than  the  number  of  elements  in  the  partition  at  the  left  in  the 
same  horizontal  line  with  it.  In  the  third  last  column  the  coefficient  is  equal 
to  the  number  of  combinations  of  the  number  of  elements  taken  two  at  a  time, 
minus  the  number  of  elements  equal  to  unity.  In  the  column  headed  by  the 
partition  (n  ^  2V)  the  coefficient  is  equal  to  the  number  of  combinations  of 
one  less  than  the  number  of  elements  in  the  partition  at  the  left,  taken  two  at  a 
time.     These  and  other  like  generalizations  follow  from  formulas  (81)  to  (88). 

6.  The  diagonal  line  next  to  the  hypotenuse  is  skew  symmetrical  with  the 
corresponding  diagonal  of  the  product  table.  This  follows  at  once  from  formula 
(23).  It  can  also  be  seen  by  noticing  that  the  first  term  of  the  first  remainder 
in  the  process  of  division  comes  from  changing  the  sign  of  the  alternant  next  to 
the  hypotenuse.  As  a  consequence  of  this  property  no  coefficient  of  the 
product  table  in  the  diagonal  next  to  the  hypotenuse  can  be  positive. 

6.  It  may  be  recalled  that  it  was  shown  in  I,  §  4  (80),  that  the  coefficients 
are  those  of  Dr.  Taylor's  product  table,  when  conjugate  columns  have  been 
interchanged.  This  also  assumes  a  rearrangement  of  Dr.  Taylor's  table  accord- 
ing to  the  writer's  method  of  ordering,  as  explained  in  I. 

7.  The  last  line  of  the  table  is  symmetrical  with  respect  to  its  middle  element 
or  elements,  as  the  first  line  of  the  product  table  is  symmetrical  or  skew  sym- 
metrical in  the  same  way  according  eis  w  is  odd  or  even."*"     In  fact 

*  To  prove  this  we  note,  by  the  method  of  J  3,  2. 1,. that  all  ooefficientB  in  the  first  line  will  be 
zero,  except  those  whose  column  partition  consists  of  r  units  and  the  element  m — r.  The  yalae 
of  the  coefficient  is  then,  by  i  3,  2.  I, 
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ir    ^"    ii=ir     ^""    II 

(41) 

'^\[.PmPm-l-P*-'^Pl\i"^\lPn,-^P»-l-Pl\\' 

ir     ^"     iLir     1""'     II 

From  (41)  and  (42),  since  the  lower  partitions  of  the  left  members  and  also  of 
the  right  members  term  by  term  are  conjugates,  it  follows,  if  the  property  is 
true  for  the  table  of  weight  t/?  —  1,  it  is  true  for  the  table  of  weight  w.  But  it 
is  seen  to  be  true  when  w  ^2^  and  hence  it  is  true  for  all  values  of  w.* 

8.  Like  the  product  table  it  possesses  the  invariant  property.  In  fact  since 
each  is  the  unique  inverse  of  the  other  table,  the  invariance  of  the  quotient  table 
follows  from  that  of  the  product  table.     It  also  appears  as  follows.     We  have 

If  ijij  •  •  •  i^^^  are  so  taken  that 

i^,  i,  -  1,  ^3  -  2,  . . . ,  i„,^^  -  m  «  r  -  1  =  O'q^q^ . .  .5^^, 
then  as  an  explicit  function  of  t^ 

Hence,  in  their  development  in  terms  of  monomial  symmetric  functions,  as  far  as 
these  functions  contain  no  more  than  m  elements,  |  ij  ij  •  •  •  i^+^  |/|01...m  +  r  — 1| 
and  I  /Cj /Kg  • .  •  /c^  I/I  01  . . .  m  —  1 1  must  have  identical  coeiBBcients.  In  the  former 
the  symmetric  functions  are  functions  of  w  +  r  quantities  a^,  Oj,  •  •  •,  a„+^,  in 
the  latter  they  are  functions  of  the  m  quantities  a^^a^,  •  •  •,  a^.  The  latter 
quotient  can  be  obtained  from  the  former  by  putting  a^^j  ==  a^  ^^  =  . . .  =:  a^^^ »  0 

*The  value  of  the  conjugate  coeffioient  is 

Ll^-'-Hr+l)  J      ^     ^ 
whence 

which  proves  the  proposition. 
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in  it.  It  is  also  evident  that  (44)  and  its  development  are  invariant  if  all  the 
indices  of  both  numerator  and  denominator  be  increased  by  the  same  positive 
integer  \. 

9.  If  n  denote  the  number  of  terms  in  the  symmetric  function  {p)^  then 
S^plUII  is  the  whole  number  of  terms  in  the  quotient  I /Cj^j.  •  ./e^|/|01  •  •  -w  — 1 1. 
But  this  number  is  equal  to  the  difference  product  of  the  «'s  divided  by  the 
difference  product  of  0,1,  2,  •••,m  —  1*  hence  we  have  the  formula 


n!  \\p 


(^^-^l)(^m  -  ^^2)  •  •  •  (^^2  -  '^l) 


1!2!  ...(m-l)! 
as  a  farther  relation  and  check  for  the  coefficients  of  the  quotient  table. 

§  5.   Ths  Quotient  Table  as  a  Table  for  ElemerUary  Products 
{as  a  Product  Table). 

A  two-fold  application  of  the  table  gives  the  elementary  products  in  terms  of 
monomial  symmetric  functions.  Since  |/Cj/C2---«^|/|01-..m  —  1|=  {fc}^^  the 
table  gives  the  values  of  the  determinants  {fc}^^  in  terms  of  monomial  sym- 
metric functions  (formula  (17)) .     Also  since  (l,  (41)) , 

(46)  {*L=(-ir<{J^}., 

it  gives  the  values  of  the  determinants  {^}^  in  terms  of  monomial  symmetric 
functions. 
Thus 

[6]a=[l^L=(l^). 

(4T)  [15],=  [l*2],=  5(r)  +  (r2), 

[24],=  [P2»],  =  9(r)  + 3(1^2)+ (P2^), 
with  Oq  =  1 . 

Moreover,  looked  upon  as  a  product  table  in  Dr.  Taylor's  sense  and  read  hori- 
zontally, it  gives,  by  the  application  of  the  theorem  of  corresponding  matrices,  the 
elementary  products  directly  in  terms  of  the  {/c}^,  (19),  or,  after  multiplying 
the  coefficients  by  (  —  1 )"  and  using  conjugate  headings,  in  terms  of  the  {/c}^. 
In  combination  with  the  product  table  this  gives  the  elementary  products  in 
terms  of  elementary  products  and  thus  leads  to  the  identity  (21),  or  it  gives  the 
elementary  products  developed  in  terms  of  the  ^'s : 

*0.  H.  Mitchell,  Noteon  Determinants  of  Powen^  Amerioan  Journal  of  Mathematics, 
vol.  4  (1881),  p.  341. 
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By  the  use  of  conjugate  alternants  as  headings,  it  gives  directly  the  product  of 
1 01  •  •  •  m  —  1 1  and  the  elementary  symmetric  functions. 
Examples : 

(49)  1 012345 1 (l*)(r)  =  1123456 1 +  1023457 1 +1013467  I . 

(r)(l»)=[24L+[15L+[6]^ 

(50)  =[l^2«].+  [1^2],+  [l«], 

=  (1^2^)  + 4(1*2) +  15(1«)     [by  (47)]. 

§6.   Tables. 

Quotient  tables  from  weight  one  to  weight  seven  inclusive  are  given  below 
With  each  table  is  also  given  the  product  table.  The  latter  consists  of  the 
diagonal  of  ones  and  the  triangle  of  coefficients  above  this  diagonal,  while  the 
quotient  table  consists  of  the  same  diagonal  and  triangle  of  coefficients  below  it. 
The  quotient  table  is  read  as  explained  in  §  4,  1,  the  product  table  as  explained 
in  I. 


Weight  1. 


Weight  2. 


Weight  3. 


(1) 

S 
(1«) 

1 

s 

(1») 

(21) 

JO 

o 
(3) 

(1) 

1 

(2) 

—  1 

(3) 

I 

—  1 

1 
1 

(1«) 

1 

1 

(21) 

-2 

1 

(!•) 

ll       2 

1 

Weight  4. 


Weight  5. 


(1*) 

(21«) 

i 

(») 

(31) 

(4) 

'    (4) 

-1 

1 

0 

—  1 

1 

(81) 

2 

—  1 

—  1 

1 

1 

(2«) 

1 

—  1 

1 

1 

1 

(21«) 

-3 

1 

1 

2 

1 

(1*) 

1 

3 

2 

3 

1 

1 

1 

1 

1 

1 

o 

(16)     (21») 

(2«1) 

(31«) 

(32) 

(41) 

(6) 

(6) 

1 

—  1 

0 

1 

0 

—  1 

(41) 

—  2 

1 

1 

—  1 

—  1 

1 

i  (32)     —  2 

2 

—  1 

—  1 

-1 

1 

1 

1 

(31«) 

3 

—  1 

1 

1 

2 

(2«1) 

3 

—  2 

1 

1 

2 

2 

(21»)   —4 

1 

2 

3 

3 

3 

(1») 

1 

4        5 

6 

5 

4 
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(7) 


(61) 
(62) 


(48) 
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Wkioht  6. 


(6) 
(53) 

(!•) 

(21*) 

i 

(2*1«) 

(23) 

o 
(81») 

o 
(821) 

(41t) 

3 
(S») 

0 

(42) 
0 

S 
(61) 

(6) 

—  1 

0 

0 

—  1 

0 

1 

-1 

2 

—  1 

—  1 

0 

1 

1 

0 

—  1 

—  1 

0 

—  1 

1 

(42) 

2 

—  2 

1 

—  1 

1 

—  1 

1 

1 
1 
2 
2 

W 

1 

—  1 

0 

1 

1 

—  1 

0 

1 

1 

(41«) 

-3 

1 

1 

—  1 

-1 

1 

0 

1 

1 
2 

(821) 

—  6 

0 

—  2 

—  2 

1 

1 

(81») 

4 

—  1 

—  1 

0 

1 

2 

3 

1 

3 

3      1 

(2") 

—  1 

—  1 

1 

0 

2 

1 

1 

3 

2 

1 
1 
1 
1 

(2«1«) 

6-3 

1 

1 

1 

4 

3 
6 

2 

.     3 
5 

_4l       3 
6         4 

(21«) 

—  5 

1 

3 

2 

4 

8 

(!•) 

1 

6 

9 

5 

10 

16 

10 

9 

5 

Weight  7. 


(1') 


(51«) 


(421) 


(3>1) 


(41») 


—  2 


—  2 


(21») 


i 

(2«1») 


1 
—  1 


(2"1) 


(81«) 


o 
(821«) 


1 


—  1    — 1 
0 


1    -1 

— i-  -  - 


0—1 


-i!-ii-i 


2' 


—  41 


—  4 


(32>) 


(S21«) 


(31*) 


(2^) 


(2«1») 
(216) 


(1^) 


-12 


—  3 


—  1 


—  1 


—  1 


10 


—  6 


—  4 


—  2 

1 


14 


—  1 


—  2 


2   — 


—  1    — 


1    — 


—  3 


(82») 
0 


(41«)    (8«1) 


(421) 


(61«) 


—  1 


—  1 
1 


,  I 


1 


—  1 

—  1 


14 


—  1 


—  2 


—  1 


(43) 
0 


0 


(52) 
0 


-1    — 1 


0—1 


—  1 

1 


—  ll-l  1 

o!     li  1 

1      oj  1 
1 


(«i) 
—  1 

1 
1 
1 


(7) 


1 


0 


15 


15 


35 


10  j     10 


31       8 


3 
11 


11 


2 


21      20 !     21 


20       10 


35 1     15 1     14 


4 
6 
5 
7 
10 
14 


Stbacuse  University,  May,  1904. 
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GENERAL  THEORY  OF  CURVES  ON  RULED  SURFACES* 


BY 


E.  J.  WILCZYNSKIf 

§  1.  Rdatkm  between  the  differential  equations  of  the  surface  and  of  the 

curves  situated  upon  iU 

Let  a  ruled  surface  be  given  by  means  of  the  system  of  differential  equa- 
tions 

y" +Puy  -^Pn^'+iny  +  iii^^'^^ 
^"  +  p%xy'  +P22^'+  92iy  +  ?222^==  0, 

so  that  the  curves  C^  and  C^  will  be  two  curves  upon  it,  the  lines  joining  corre- 
sponding points  of  these  two  curves  being  generators  of  the  surface.     We  shall 
eliminate  once  z  and  once  y,  so  as  to  obtain  the  linear  differential  equations  of 
the  fourth  order  which  each  of  these  functions  must  satisfy. 
We  have  from  (1),  by  differentiation, 

(2) 

»(»)  =  r^,y'+  r^z+s^^y  +  s^z, 

where 

^11  ^Pn  +Px2Pti  -Pn  -  ?ii*  «ii  =  Pii?ii  +/^i2?2i  -  ?iM 

^2  =  Pi2{Pn  +P21)  -P'x2  -  ?121  «12  =-Pll?l2  +i^l2?22  "  9x2^ 

^21  =  P2I  {Pn  +P22)-P2l-  ?2l  y  «2l  =  P2I  ?11  +  P22  ?21  -  ?21  ' 


^22  =  7^22  +  P12P2I  -  P22  -  ?22  »  «22  =  P2I  ?12  +  P^  ?22  -  ^22  ' 

We  find,  by  another  differentiation, 

y^'^  =  hiy  +  ^i2»'  +  ^ny  +  ^n^^ 

(4) 

2^^*^  =  hiy'  +  ^22^'  +  '^2\y  +  ^22«' 

where 


*  Presented  to  the  Society  April  30,  1904.     Received  for  publication  March  12,  1904. 
t  Of  the  Carnegie  Institution  of  Washington. 
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^21  =  -Pii^2i  -Pn^tt  +  »•«  +  «M. 

'»  =  -Pis»*2i  —Pt2^a  +  »'m  +  ««♦ 
If  we  put  further 

(6)  A,  =  p„  «„  -  j„r„ ,         Aj  =  /)„  »„  -  y„  r„ , 

we  can  find,  from  the  above  equations, 

(7) 

and  similarly, 

(o) 

-  ^ZV     =  ?2l^^'^  +  «2I»"  +  (jPa«21  -  ?21^22)2^'   +  (?22«il  "  ?2l««)«^- 

Finally,  we  obtain  the  required  differential  equations  for  y  and  »,  viz: 

\y^'^  =  (7^12^12  -  ?12^12)y^'^  +  (^12^^2  -  «l2^2)y" 

(9)  +    [(7^11^12  -/>12^1  )^12  -  (;>U«12  -  ?l2ni)'l2  +  ^l  'iJ  y' 
+    [(?11^2  -;^12«ll)^12  -  (?ll«12-  ?12«ll)^12+  ^I'^nJy' 

and 

^2^^'^  =  (^21  ^21  -  ^tlh^y^^  +  (^21^21  -  hxhv)^" 

(10)  +    [(/>22^2l  -JP2l»'22)'^21  "  (jP22«21  "  ?2l^22)^21  +  ^2^22]  ^' 
+   [(?22^2l  --P21«22)'^2l  ^  (  ?22  «2l  "  ?2l«22)^2l   +  ^2^22]^- 

These  equations  are  capable  of  a  vast  number  of  applications.  Any  question, 
in  fact,  in  regard  to  the  existence  of  curves  of  a  specified  character  on  a  ruled 
surface  must  make  use  of  them. 

We  notice  that  the  conditions  A^  =  0  or  A^  =  0  will  be  necessary  and  suffi- 
cient to  make  C^  or  C^  plane  curves ;  the  differential  equations  (of  the  third 
order)  of  these  plane  curves  are  found  by  putting  A^  =  0  or  A,  =  0  in  (7)  or 
(8)  respectively.  We  will  merely  indicate  a  few  other  applications  of  these  for- 
mulas.    Let  us  write  (9),  more  briefly, 

[(9')]  y<*>  +  4^.s/»>  +  Qp,y"  +  Ap,y'  +;,,y  =  0 . 

It  is  easy  to  write  down  the  conditions  that  the  integral  curve  of  (9')  shall 
belong  to  a  linear  complex,  or  that  it  shall  be  a  twisted  cubic.  In  one  case  its 
invariant  of  weight  8,  and  in  the  other  both  of  its  invariants,  must  vanish.    But 
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these  conditions,  which  we  now  find  expressed  in  terms  of  the  coefficients  of  (1), 
become  conditions  for  a  particular  kind  of  ruled  surface,  which  contains  such 
curves.  One  can  impose  other  conditions,  for  example,  that  these  curves  shall 
be  flecnode  curves  or  asymptotic  curves  on  the  surface,  and  then  proceed  to 
study  the  particular  class  of  surface  characterized. 

It  is  not  our  intention  to  follow  up  any  of  these  special  problems,  interesting 
as  they  are.  We  shall,  however,  apply  our  equations  for  the  purpose  of  answer- 
ing some  questions  of  a  fundamental  nature  in  the  general  theory  of  ruled 
surfaces. 

§  2.   On  ruled  surfaces^  one  of  the  branches  of  whose  flecnode  curve  is  given. 

The  flecnode  curve  is  so  important  in  the  general  theory  of  ruled  surfaces, 
that  it  seems  essential  to  investigate  to  what  extent  it  may  be  arbitrarily  assigned. 

If  one  of  the  sheets  of  the  flecnode  surface,  F\  of  S  is  given,  there  remain 
only  two  possibilities  for  S,  namely,  one  or  the  other  of  the  two  sheets  of  the 
flecnode  surface  oi  F'.  But  let  us  suppose  that  we  merely  know  that  a  certain 
curve  C  is  one  of  the  branches  of  the  flecnode  curve  on  S.  Then  there  are  two 
questions  to  answer.  Can  this  curve  be  chosen  arbitrarily  ?  And  how  far  does 
it  determine  the  surface  SI 

Let  the  curve  C  be  given  by  means  of  its  differential  equation 

where  ^j ,  •  •  •,  p^  are  given  functions  of  sc.  In  the  system  of  differential  equa- 
tions (1)  defining  our  surface  /S,  we  must  regard  the  coefficients  p.j^  and  y.^ 
as  unknown  functions.  We  may,  however,  assume  without  exception  that 
Wj,  =  0,  so  that  Cy  is  one  of  the  branches  of  the  flecnode  curve  on  8^  that 
^jj=rO,  so  that  C^  is  an  asymptotic  curve  on  8^  and  that  2?,i=i>22— ^• 
Under  these  assumptions  we  form  the  differential  equation  (9)  of  the  curve  C^. 
Since  C^  is  to  be  identical  with  C  it  must  be  possible  to  convert  equation  (9) 
into  (11)  by  a  transformation  of  the  form 

(12)  y  =  4>{=^)y,       5  =/(«). 

The  functions  <^  and  f  are  not  independent  however.  For,  while  the  equations 
u^^  =  0  and  p^^  ==  0  are  not  disturbed  by  any  transformation  of  this  form,  the 
conditions  p^^  s=sp^^  0  are.  In  fact  a  transformation  of  the  form  (12)  con- 
verts (1)  into  another  system  of  the  same  form  whose  corresponding  coefficients 
p„  and  p^  will  be 
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In  order,  therefore,  that  after  this  transformation  p^^  and  p^  may  again  vanish, 
we  must  have 

C 

(13)  *^^^' 

where  C  is  an  arbitrary  constant,  which  may  be  put  equal  to  unity. 

If  then  we  apply  the  transformation  (12)  to  (11),  we  shall  get  an  equation 

dx^  +  *^«  ^  +  ^P^dx^  +  *P^-dx  +P^y  -  ^' 

which  we  must  identify  with  (9).  Equating  coefficients  gives  us  a  system  of 
four  equations  with  five  unknown  functions  of  x,  viz.:  J\  p^^^  jj^,  y,^,  q^. 

We  find,  therefore,  the  following  theorem :  An  arbitrary  space  curve  being 
given^  it  can  be  considered  as  one  branch  of  the  jlecnode  curve  of  an  infinity 
of  ruled  surfaces^  into  whose  general  expression  there  enters  an  arbitrary  func- 
tion. One  may,  therefore,  impose  another  condition  and  still  obtain  an  infinity 
of.  ruled  surfaces. 

The  most  general  curve  C^  which  is  capable  of  being  the  second  branch  of 
the  flecnode  curve  on  a  ruled  surface  for  which  G^  is  the  first  branch,  involves, 
therefore,  in  its  expression  one  arbitrary  function.  It  cannot,  therefore,  be  an 
arbitrary  curve,  as  that  would  involve  three  arbitrary  functions. 

Therefore,  two  curves  taken  at  random  cannot  be  comiected  point  to  point  in 
such  a  way  as  to  constitute  the  complete  flecnode  curve  upon  the  ruled  surface 
thus  generated. 

We  can  also  prove  our  theorem  by  purely  synthetic  considerations.  Let  us 
take  points  P^^  P^^  P^^  P^^  -- -  on  an  arbitrary  curve,  corresponding  for 
example  to  equal  increments  Aa?  of  the  parameter.  Through  P^^  P^^  P,  draw 
three  arbitrary  lines  gi^  g^^  9^-  ^^  <^^^  draw  a  line  f  through  P,  intersecting 
g^  and  ^3,  say  in  Q^  and  Q^.  Take  an  arbitrary  point  Q^  on  f^  and  join  it  to 
P^  by  a  line  g^.  Then  f  intersects  g^^  g^^t  g^i  g^^  Through  P^  we  draw  a 
line  f^  intersecting  g^  and  g^  in  points  Qj,  Q'^  and  of  course  g^  in  Q'^=  P,. 
Take  an  arbitrary  point  Q'^  on  f^  and  join  it  to  P^  by  a  line  g^.  Continue  this 
process.  Clearly,  we  shall  get  two  assemblages  of  lines  ^i,^,,--*  and 
/i  9/2  9  •  •  • '  which  when  P^ ,  Pj ,  ...  are  taken  closer  and  closiBr  together,  approach 
as  a  limit  two  ruled  surfaces  having  the  given  curve  as  flecnode  curve,  and  which 
are  flecnode  surfaces  of  each  other.  The  first  three  lines  g^i  g^i  ff^  are  arbi- 
trary, and  thus  give  rise  to  six  constants  of  integration.  Further,  the  double 
ratios  (P^,  Q^,  Q^,  §J,  (  Q^,  Q^,  Q[,  §;),  etc.,  may  be  chosen  arbitrarily, 
which  brings  into  evidence  the  arbitrary  function  involved  in  the  construction 
of  these  surfaces. 

The  construction  which  has  just  been  described  becomes  indeterminate  if  the 
given  curve  (7  is  a  straight  line.     For  then  Q^  coincides  with  P^,  etc.     In  fact. 
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the  most  general  ruled  surface  with  a  given  straight  line  directrix  depends  on 
two  arbitrary  functions. 

If  the  given  curve  (7  is  to  be  at  the  same  time  the  second  branch  of  the  flec- 
node  curve,  i.  e.,  if  both  of  the  branches  of  the  flecnode  curve  of  S  coincide 
with  (7,  ff^  must  be  tangent  to  the  hyperboloid  determined  by  ffi^  g^^^  ffs'*  ffs 
must  be  tangent  to  the  hyperboloid  determined  by  ffz"*  9s^  ff*'*  ^^'  ^^^  condi- 
tion, therefore,  clearly  fixes  the  double  ratios  {Q^  Q^  Q^Q^)^  ®^-i  i*  ^'i  ^^^  *^rbi- 
trary  function.     Therefore  this  problem  has  in  general  oo*  solutions. 

Let  us  assume  that  C  is  not  a  straight  line.  Let  us  caU  the  developable 
surface  formed  by  the  tangents  of  C^  its  primary  developable.  There  exists 
another  important  developable  surface  containing  C^^  which  we  shall  speak  of 
as  its  secondary  developable,  as  indicated  in  the  following  theorem. 

1.  If  at  every  point  of  the  flecnode  curve  of  S  there  he  drawn  the  generator 
of  the  surface^  the  flecnode  tangent^  the  tangent  of  the  flecnode  curve^  and 
finally  the  line  which  is  the  harmonic  conjugate  of  the  latter  with  respect  to 
the  other  two^  the  locus  of  these  last  lines  is  a  developable  surface^  the  sec- 
ondary developable  of  the  flecnode  curve. 

2.  We  can  flfid  a  single  infinity  of  ruled  surfaces^  each  having  one  branch 
of  itsfiecnode  curve  in  common  with  that  of  S.  This  family  of  oo^  surfaces 
can  be  described  as  an  involution^  of  which  any  surface  of  the  family  and  its 
fiecnode  surface  form  a  pair.  The  primary  and  secondary  developables  of 
the  branch  of  the  fiecnode  surface  considered^  are  the  double  surfaces  of  this 
involution.  In  fact^  the  generators  of  these  surfaces^  at  every  point  of  their 
common  fiecnode  curve^form  an  involution  in  the  usual  sense. 

We  proceed  to  prove  these  theorems.  Since  G^  is  a  branch  of  the  flecnode 
curve,  we  may  assume  u^^  ^p^^^p^^Q,     System  (1)  assumes  the  form 

(14)      y"  +i>i,»'  +  q^y  +  J;>i2«  =-  0,         z"  +p^^y'  +  q^^y  +  q^z^O. 
The  flecnode  tangent  at  P^  is  the  line  joining  P^  to  P^ ,  where 

while  the  tangent  of  the  flecnode  curve  joins  P^  to  P^.  In  the  plane  pencil 
formed  by  these  lines,  the  harmonic  conjugate  of  PyP^  with  respect  to  P  P^ 
and  PyPf,  will  be  the  line  PyP^t  where 

But  from  the  first  equation  of  (14)  we  find 

(16)  T'  +  9.,y-^^-^*(T-y')  =  0, 

i.  e.,  P  P^  generates  a  developable  surface  as  asserted  in  the  first  theorem. 
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Put 

6  =  T+ Ay'  =  (l  +  k)y'  +  p^^z, 
(16) 

where  ^  is  a  constant.  Clearly  the  lines  -P^P,  ^^^  ^y^/  ^^"^  *  P*^^^  ^*  *^® 
involution  whose  double  lines  are  PyPy'  and  PyPr' 

One  finds  that  y  and  e  satisfy  the  following  system  of  differential  equations : 

y"  +  P,.y'  +  ^.2«'  +  Qny+  Q,^^  =  « > 

^  "^^  e"  +  P„y'  +  P«e'  +  Q„y  +  Q«e  =  0 , 

where 

l+^pj,  _      1  _      ?„       n    _  ^  ^« 

^"-~    2A    i?;,'     ^"-"A'     '»'"-"*'     '»^,2-2^-^^^. 

We  find 

c^»  =  2p;,  -  4(2,,  +  p„(p„  +  p^)  =  0, 

i.  e.,  the  curve  C^  is  flecnode  curve  on  the  ruled  surface  Sj^  generated  by  P^P^' 
The  flecnode  surface  of  S^^  is  obtained  by  joining  P^  to  the  point 

a  point  on  the  line  P  P^.  We  see  therefore  that  the  ruled  surfaces  S^^  and 
and  S_j^  are  flecnode  surfaces  of  each  other.  We  have  now  proved  our  second 
theorem,  and  we  may  speak  of  an  involution  of  ruled  surfaces  having  one  branch 
of  their  flecnode  curve  in  common.  The  double  surfaces  of  the  involution  are 
developables,  while  the  members  of  each  pair  of  the  involution  are  flecnode  sur- 
faces of  each  other. 

We  have  seen  that  PyP^  generates  a  developable.     If 

jr  =  ay  +  /3t 

represents  its  edge  of  regression,  it  must  be  possible  to  represent  g'  in  the  form 

g'  =  iy-¥  ^T, 

since  the  line  P  P^  must  then  be  tangent  to  the  curve  (7^. 
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We  find,  by  differentiation,  making  use  of  (15), 

g'^ay'  +  fi(  ^  ^'-»t  -  q,,y  -  ^  ^'^y' )  +  ay  +  /3't, 

\        /''l2  7^12         / 

SO  that  gr'  will  be  of  the  required  form  if,  and  only  if. 
Therefore 

If  we  express  r  in  terms  of  y ,  z  and  p ,  we  shall  find 

(i9«)  g^^PnP -^  p[2y + Pl2^ 

as  the  expression  for  the  edge  of  regression  of  the  secondary  devehtpable  of 
the  branch  C  of  the  flecnode  curve.     Similarly,  if  ^^  +  0 , 

(196)  h=p,,a+p',,z+p\,y 

will  represent  the  cuspidal  edge  of  the  secondary  developable  of  the  branch  C, 
of  the  flecnode  curve,  assuming,  of  course,  i^^^  =  0. 
One  easily  finds 

(20)  -  sAaS'  +  ;>i2S^'=^2/i         -  l/^^i^  +  7^21^'=  A^2j, 

where 

^  =2^12^2  +  IPu'^n  -p\iP2x  -  I  ^PnJ^ 
^  ^P2iPn  +  5/^21^22  -PnPi2  -  |(/>2l)'- 

The  system  of  differential  equations  of  which  g  and  h  are  the  solutions  has 
the  coe£Bcients 

^n  =  -  ^  [  V+  IP12P[2P2.]^  Pu  --l-^  Qn  =  -  ^fj"^ 

(22) 

^11  =   -  Xp~   [^^^^I'z  +  lPl2^n  -   IPI2P21)-  i/^;2(^'+   lP'2P[2P2l)]^ 

while  Pj,,  P221  ^22'  Q21  ^^®  obtained  from  these  same  equations  by  permuting 
the  indices  1  and  2,  and  consequently  also  the  letters  X  and  /lc. 

We  see  that  we  thus  obtain^  corresponding  uniquely  to  any  ruled  sur- 
face whose  flecnode  curve  intersects  every  generator  in  two  distinct  points^ 
another  ruled  surface  which  is  generated  by  the  lines  joiiiing  corresponding 
points  of  the  edges  of  regression  of  the  secondary  developables  of  the  two 
branches  of  the  flecnode  curve. 

Equations  (20)  show  that  one  of  the  secondary  developables  of  C  and  C^ 
degenerates  into  a  cone  if  X  or  /i  vanishes.  In  that  case  our  new  ruled  surface 
also  becomes  a  cone.     If  both  of  the  secondary  developables  are  cones,  this  ruled 

Trans.  Am.  Math.  Soc.  6 
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surface  degenerates  into  the  straight  line  joining  their  vertices.    If  X  s  Aj  ==  0 , 
the  secondary  developable  of  C^  is  a  plane  pencil. 

Equations  (22)  show  that  this  new  ruled  surface  cannot  be  developable  except 
if  \  or  /i  is  zero,  i.  e.,  unless  it  is  a  cone.  For  the  possibility  />j,  s=s  0  or  j},^  »  0 
is  to  be  excluded^  since  we  should  then  have  a  ruled  surface  aS"  with  a  straight 
line  directrix. 

§  3.    On  ruled  surfaces  one  of  the  branches  of  whose  complex  curve  is  given. 

There  exists  an  infinity  of  ruled  surfaces  each  of  which  contains  an  arbitrarily 
given  curve  as  one  branch  of  its  complex  curve.  Into  the  general  analytical 
expression  of  these  surfaces  there  enters  an  arbitrary  function.  The  analytical 
proof  of  this  statement  is  precisely  similar  to  that  of  the  corresponding 
theorem  of  §  2 .  We  shall  give  at  once  a  geometrical  construction  for  these 
surfaces. 

Let  us  consider  five  straight  lines  jr^ ,  •  •  • ,  5^5.  Let  f[ ,  f'^  be  the  two  trans- 
versals of  gfj,  ...,  g^,  and/;,/;' those  of  g^,  ..,  g^.  Clearly  g^,  -.g^ 
determine  a  linear  complex,  with  respect  to  which  f[ ,  /j'  and  /; ,  /;'  are  two 
pairs  of  reciprocal  polars.  Take  a  point  P  on  g^.  The  plane,  which  corre- 
sponds to  it  in  the  linear  complex,  passes  through  g^  and  the  line  h ,  which  passes 
through  P  and  intersects  both  /;  and  /;'.  If  5^2'  *  * '»  S's  *^  niade  to  approach 
each  other,  we  shall  have  in  the  limit  five  consecutive  generators  of  a  ruled  sur- 
face and  its  osculating  linear  complex.  The  plane  tangent  to  this  ruled  surface 
at  P  is  the  limit  of  the  plane  containing  g^  and  the  line  through  P  which  inter- 
sect g^  and  gr^,  i.  e.,  the  asymptotic  tangent  of  the  surface  at  P.  If  P  is  a 
point  on  the  complex  curve,  h^  must  be  in  the  plane  tangent  to  the  ruled  sur- 
face at  P. 

Now  let  an  arbitrary  curve  be  given,  and  let  us  choose  points  upon  it, 
P^,  Pj'  -f*3'  •  •  •»  according  to  any  law.  Through  Pj,  •  •  • ,  P^  draw  four  arbi- 
trary lines  jr^ ,  "1  9^'  Through  Pj  draw  A, ,  any  line  which  intersects  g^ . 
Let  Q  be  this  point  of  intersection.  The  line  ^^,  through  P^,  is  to  be  con- 
structed in  such  a  way  that  the  two  transversals  of  g^^  ' '  '^  ffs  shall  both  meet 
Aj .  Now  these  transversals  must  be  generators  of  the  second  set  on  the  hyper- 
boloid  determined  by  5^2'  5^3*  S'l*  They  must,  therefore,  be  those  two  generators 
of  the  second  set,  /;  and  /J,  which  pass  through  the  two  points  in  which  h^ 
intersects  the  hyperboloid.  One  of  these  points  is  Q .  There  exists  just  one 
line  through  P^  intersecting  both  /;  and  f!^.  It  is  the  line  g^.  In  the  same 
way,  starting  with  g^,  •  •  •,  jr^,  we  can  construct  g^^  etc.  Finally  we  pass  to  the 
limit.  There  enters  an  arbitmry  function,  fixing  the  position  of  the  successive 
lines  Aj,  Aj,  •  •  •  in  the  planes  in  which  they  must  He. 

That  a  corresponding  theorem  is  true  for  asymptotic  curves,  is  obvious. 

Nice,  February  25th y  1904. 
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THEORY  ON  PLANE  CURVES  IN  NON-METRICAL  ANALYSIS  SITUS* 

BY 

OSWALD  VEBLEN 

§  1.  Introduction. 

Jordan's  f  explicit  formulation  of  the  fundamental  theorem  that  a  simple 
closed  curve  lying  wholly  in  a  plane  decomposes  the  plane  into  an  inside  and  an 
outside  region  is  justly  regarded  as  a  most  important  step  in  the  direction  of  a 
perfectly  rigorous  mathematics.  This  may  be  confidently  asserted  whether  we 
believe  that  perfect  rigor  is  attainable  or  not.  His  proof,  however,  is  unsatis- 
factory to  many  mathematicians.  It  assumes  the  theorem  without  proof  in  the 
important  special  case  of  a  simple  polygon  j:  and  of  the  argument  from  that 
point  on,  one  must  admit  at  least  that  all  details  are  not  given. 

The  work  of  SchO£NFLIES,§  especially  in  formulating  a  converse  theorem  has 
thrown  much  light  on  its  relation  to  the  theory  of  point  sets  and  Analysis  Situs 
in  general,  and  elegant  proofs  under  restrictive  hypotheses  have  been  given  by 
Ames  ||  and  Bliss.**  All  these  discussions  make  more  or  less  use  of  the  ideas  of 
analysis,  thus  implying  either  an  axiom  to  the  effect  that  a  plane  is  a  doubly 
extended  number-manifold  or  a  set  of  congruence  axioms.  Either  of  these 
hypotheses  imposes  a  restriction  upon  the  formal  generality  of  Analysis  Situs 
as  a  science  independent  of  the  magnitude  of  the  figures  treated. 


*  Presented  to  the  Society  at  the  St.  Louis  meeting,  September  17,  1904,  under  the  title,  The 
fundamental  theorem  of  Analysis  Situs,    Received  for  publication  August  22,  1904. 

tC.  Jordan,  Cours  d^ Analyse,  Paris,  1893,  2d  ed.,  p.  92. 

X  This  case  was  under  discussion  at  the  University  of  Chicago  in  1901-02  in  connection  with 
Professor  Moore's  seminar  on  Foundations  of  Geometry.  Mr.  N.  J.  Lennbs  gave  a  proof  in  his 
master's  thesis  (1903),  Hieorems  on  the  simple  polygon  and  polyhedron.  Another  proof  appears  as 
theorem  28  in  the  writer's  dissertation  (for  reference,  see  footnote  below).  The  present  paper 
owes  much  to  the  discussions  of  the  subject  that  have  taken  place  under  the  leadership  of  Pro- 
fessor MOOBB. 

§A.  SCHOBNFLIES,  Ueber  einen  grundlegenden  Sate  der  Analysis  Situs,  Nachrichten  der 
Gottinger  Gesellschaft  der  Wissenschaften,  1902,  p.  185;  Beitrdge  zur  Theorie  der 
Punktmengen,  Mathematische  Annalen,  Vol.  58  (1903),  p.  195. 

II L.  D.  Ames,  On  the  theorem  of  Analysis  Situs  relating  to  the  division  of  the  plane  or  of  space  by 
a  closed  curve  or  surface,  Bulletin  of  the  American  Mathematical  Society  (2),  vol.  10 
(1904),  p.  301. 

**G.  A.  Bliss,  The  exterior  and  interior  of  a  plane  curve.  Bulletin  of  the  American 
Mathematical  Society  (2),  vol.  10  (1904),  p.  398. 
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In  the  following  pages  an  attempt  is  made  to  discuss  the  theorem  of  Jordan 
and  a  number  of  related  questions  under  considerably  more  general  hypotheses 
than  are  employed  in  any  of  the  works  referred  to  above.  This  undertaking 
practically  results  in  a  statement  in  logical  terms  of  a  body  of  information  that 
formerly  was  used  without  explicit  formulation  and  recently  has  been  ci*amped 
by  unnecessary  restrictions.  In  other  words  we  are  inquiring  how  wide  may 
be  the  application  of  our  intuitive  notion  of  a  plane  curve.* 

The  arguments  and  definitions  are  based  upon  axioms  I-VIII,  XI  of  the 
system  adopted  in  the  writer's  dissertation  f  to  which  refer  all  the  citations  not 
otherwise  indicated.  These  axioms  are  sufficient  to  determine  the  intersectional 
properties  of  straight  lines,  the  ordinal  relations  ^  of  points  on  a  straight  line, 
and  continuity.  We  accordingly  assume  nothing  about  analytic  geometry,  the 
parallel  axiom,  congruence  relations,  nor  the  existence  of  points  outside  a  plane. 
For  example,  the  theory  is  as  valid  in  the  non-desarguesian  geometries  of  Hilbert 
and  MouLTON  §  as  in  the  geometries  of  Euclid  and  Lobatohewsky,  and  is  of 
course  as  applicable  in  pure  analysis  as  in  geometry.  || 

The  reader  who  prefers  the  Jordan  definition  of  a  simple  curve  (which 
according  to  §  4  is  equivalent  to  ours  for  purposes  of  analysis)  and  does  not  care 
about  the  question  of  non-metrical  hypotheses,  may  conveniently  begin  with  §  5. 
A  relatively  simple  proof  of  the  theorem  of  Jordan  about  the  decomposition  of 
the  plane  which  applies  to  any  simple  closed  curve  having  a  straight  line  inter- 


*The  geneial  problem  of  the  **matbematic8  of  preoisioD  "  may  be  stated  in  similar  t«rms. 

to.  Yeblbn,  a  System  of  Axioms  for  Geometry,  Transactions  of  tbe  American  Mathe- 
matical Society,  vol.  6  (1904),  pp.  343-384. 

{The  line  is  open,  i.  e.,  between  every  two  points  there  is  a  third,  and  the  order  ABC 
excludes  BAC  and  ACB.  Single  elliptic  geometry  and  projective  geometry  are  therefore 
ezcladed  anless  a  properly  chosen  cat  is  introduced. 

§F.  R.  MoULTON,  A  Simple  non'desarguesian  Geometry^  these  Transactions,  vol.  3  (1902), 
p.  192. 

II  As  to  the  applicability  of  onr  results  in  analysis,  it  seems  desirable  to  add  a  remark  which, 
though  obvious  from  the  point  of  view  of  **  foundations  of  mathematics,"  may  be  of  service  to 
some  readers  who  are  not  directly  interested  in  this  point  of  view.  Numerical  analysis  is  ordi- 
narily thought  of  as  founded  on  the  concept  of  the  positive  integers.  In  terms  of  these  a  proof  of 
existence  can  be  given  of  a  set  of  elements,  or  quantities,  satisfying  the  postulates  of  the  system 
of  rational  numbers,  positive  and  negative.  In  terms  of  the  rational  numbers,  in  turn,  can  be 
given  a  proof  of  the  existence  of  elements  satisfying  the  postulates  of  the  continuous  real  number 
system.  Finally,  the  processes  of  analysis  have  to  do  with  pairs  of  real  numbers  (x,  y).  The 
set  of  all  such  number-pairs  is  a  set  of  objects  about  which  ( with  proper  definition  of  the  term 
^*  order  ")  our  axioms  I- VIII,  XI  are  true  theorems.  From  the  axioms  of  analysis,  the  line  of 
deduction  of  our  theorems  is  therefore  clear  and  simple.  Not  only  that,  but  we  may  add  that 
any  theorem  or  any  definition  rigorously  based  on  the  assumptions  of  geometry  is  ipso  facto  a 
theorem  or  definition  of  analysis.  Such  considerations  as  these  justify  the  assertion  that  while 
much  may  be  lost  in  elegance  and  simplicity,  nothing  is  gained  in  rigor  by  the  banishment  of 
geometrical  language  and  geometrical  styles  of  exact  reasoning  from  pure  analysis.  (Of  course, 
under  sufficiently  strong  geometrical  axioms,  these  remarks  may  be  reversed  and  applied  to  the 
r61e  of  analysis  in  geometry. ) 
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val  ia  to  be  obtained  by  considering  theorem  8  applied  to  a  triangular  region, 
theorem  9  applied  to  a  simple  polygon,  corollary  2  of  theorem  9,  lemma  B^  the- 
orem 10  and  lemma  C.  This  '*  reduced  proof"  could  in  turn  be  slightly  mod- 
ified so  as  to  apply  to  any  curve  having  at  least  one  non-cuspidal  tangent. 

§  2.  Non-metHcal  definition  of  limit  point. 

For  the  definition  of  the  terms,  triangle,  polygon,  broken  line,  triangular 
region,  separate,  decompose,  the  reader  is  referred  to  §  4,  chapter  II.  Of  the 
theorems  there  proved  we  assume  for  the  present  purpose  only  that  a  triangle 
decomposes  a  plane  in  which  it  lies  into  two  regions,  an  interior  and  an  exterior. 

Definition  1.  A  triangular  region  is  the  interior  of  a  triangle.  A  geo- 
metrical limit  2)oint  of  a  set  of  points,  [wiY'],  *  in  a  plane  is  a  point  P  such  that 
every  triangular  region  including  P  includes  a  point  ^,  distinct  from  JP .  A 
triangular  region  including  a  point  is  called  a  neighborhood  of  the  point. 

The  continuity  axiom  was  assumed  for  only  one  segment  of  a  straight  line 
and  proved  by  projection  for  all  lines.  In  like  manner  by  projection  it  can  be 
proved  that  for  every  point,  P,  of  any  line  there  exists  a  numerably  infinite 
set  of  segments  [<r^](i/=l,2,---)  such  that  cr^  contains  cr^^^  and  such  that 
P  is  the  only  point  that  lies  on  every  a^ .  It  is  an  easy  consequence  of  this 
that  for  every  point  in  a  plane  there  exists  a  set  of  triangular  regions  [^^]  with 
a  similar  property.  We  also  prove  without  difficulty  the  theorem  that  a  limit 
point  of  a  set  of  limit  points  of  a  set  of  points,  [  A''  ] ,  is  itself  a  limit  point  of 

Definition  2.  A  region  is  a  set  of  points,  any  two  of  which  are  points  of 
at  least  one  broken  line  composed  entirely  of  points  of  the  set.  An  interior 
point  of  a  region,  i?,  is  one  that  can  be  surrounded  by  a  triangle  containing 
only  points  of  H.  Consequently,  an  interior  point  of  i?  is  a  geometrical  limit 
point  of  no  set  of  points  that  does  not  contain  points  oi  R.  A  frontier  point 
of  a  region  7?  is  a  point  or  geometrical  limit  point  of  H  not  an  interior  point, 
i.  e.,  it  is  a  limit  point  both  of  H  points  and  of  not  P  points.  An  exterior 
point  of  i?  or  a  point  exterior  to  7?  is  any  point  neither  an  interior  nor  a 
frontier  point  of  P.  The  frontier  or  boundary  of  a  region  is  a  set  of  all  fron- 
tier points.  An  oj^en  region  contains  no  frontier  points.  A  closed  region  con- 
tains all  its  frontier  points. 

One  of  the  most  familiar  examples  of  an  open  region  is  obtained  by  letting 
[C]  stand  for  a  closed  set  of  points  and  [P]  for  the  set  of  all  points  that  can 
be  joined  with  a  point  P^  not  of  [C]  by  broken  lines  not  meeting  [C7];  [P] 
is  an  open  region. — It  is  to  be  noted  that  the  points  exterior  to  a  region  [P], 
if  such  exist,  need  not  constitute  only  a  single  region. 

*The  notation  f  X  J  denotes  a  set  of  elements  any  one  of  which  is  denoted  by  X  alone  or  with 
saffixes.    If  we  wish  to  indicate  that  the  set  is  ordered  we  nse  { X }  instead  of  [  X  ] . 
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§  8.  Definition  of  simple  curve. 

Simple  curves,  closed  and  unclosed,  are  composed  of  sets  of  points  subject  to 
certain  conditions  which  we  arrange  in  the  following  groups : 

A.  Linear  order.  Among  the  points  of  a  set  of  points  { P }  there  exists  a 
relation,  C) ,  which  we  may  read  precedes^  such  that : 

1.  {  P }  contains  at  least  two  points. 

2.  If  P^  and  P^  are  any  two  distinct  points  q/*  {  P } ,  then  either  Pj  ©  P,  or 

p,©p;. 

3.*  ^f'  Pi  ©  Pj ,  then  not  P,  ©  P, . 

4.  I/F^qF^  and  F^oFj^,  then  F^oP^. 

B.  Ordinal  coNxiNunr. 

1.  If  Pj  and  Pj  are  any  two  points  q/*  { P },  such  that  P^  ©P^,  then  there  is 
a  point  Pj  q/*  {  P }  such  that  Pj  ©  P,  and  P,©  P^. 

2.  If  every  point  of  {F}  belongs  to  [Pi]  or  [Pjji  two  infinite  subsets  of 
{  P  }  such  that  for  every  Pj  and  P^,  P,  ©Pj,  then  there  is  a  point  P'  such  that 
for  every  Pj  and  P,  distinct  from  P',  Pi©P'  and  P'  ©Pj. 

C.  Geometrical  Continuitt. 

1.  Let  Pp  be  any  point  of  {F}  for  which  there  is  an  infinity  of  points  P' 
such  that  F'  ©  Pq.  Denote  the  set  of  all  such  points  by  [P'];  then  for  every 
triangular  region^  t^  including  F^^  there  is  a  point  of  [P'],  P,'  stich  that  t 
includes  all  points  of  [P']  for  which  F\  ©  P'. 

2.  Let  Fq  be  any  point  of  {F]  for  which  there  is  an  infinity  of  points 
P"  such  that  Pq  ©  P".  Denote  the  set  of  all  such  points  by  [P"]  /  then 
for  every  triangular  region,  t^  including  F^  there  is  a  point  of  [P"],  P^'  such 
that  t  includes  all  points  of  [P"]  for  which  P"  ©  P'^' . 

Definition  3.  By  the  term  arc  or  arc  of  curve  is  meant  a  set  of  points 
{P}  satisfying  conditions  A^  B^  (7 and  including  two  points  Pj,  P,  such  that 
every  point  P,  distinct  from  Pj  and  Pj,  satisfies  the  further  conditions  that 
Pj  ©  P  and  P  ©  Pg .  The  arc  is  said  to  join  Pj  and  P^  which  are  called  its 
end-points. 

Definition  4.  A  simple  closed  curve^j^  is  a  set  of  points,  { «/} ,  consisting 
of  two  arcs  joining  two  points  J^  and  J^  but  having  in  common  no  points  other 
than  t/j,  J^. 

Theorem  1.  Any  two  points  ofj  may  be  taken  as  the  points^  J^ ,  J^  in  the 
above  definition. 

The  proof  of  this  theorem  is  here  omitted  as  it  involves  no  di£Bculty.  The 
existence  of  sets  of  points  satisfying  the  conditions  of  our  definitionis  proved  by 
the  examples  of  an  interval  of  a  straight  line,  which  is  an  arc,  and  the  boundary 
of  a  simple  polygon,  which  is  a  simple  closed  curve.     We  shall  use  the  letter  j , 

*  From  this  it  follows  that  if  Pj  ©  Pj,  then  Pi  +  Pj . 
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to  denote  a  simple  closed  curve,  in  honor  of  Camille  Jordan.  The  term  arc 
of  course  does  not  cover  the  most  general  case  of  an  unclosed  curve.  On  the 
other  hand  the  conditions  A^  B^  C are  too  general  to  define  an  unclosed  curve 
since  they  are  satisfied,  for  example,  by  the  boundary  of  a  triangle  exclusive  of 
one  vertex.  We  therefore  set  down  the  following  condition  which  is  evidently 
satisfied  by  an  arc. 

Definition  6.  A  simple  unclosed  curve  is  a  set  of  points  { (7}  =  c  that 
satisfies  conditions  A^  B^  O and  also  the  following : 

D.  If  C  is  any  point  of  the  curve^  no  point  except  C  is  a  limit  point  (in  the 
geometrical  sense  of  definition  1)  hoth  of  the  set  of  all  2>oints  C  such  that 
(7'  ©  (7  and  of  the  set  of  all  points  C"  such  that  C  ©  C". 

Any  simple  closed  or  simple  unclosed  curve  is  called  a  simple  curve.  For  a 
set  of  points  satisfying  conditions  A ,  B  and  (7,  it  is  evident  that  there  hold  all 
the  propositions  usually  proved  in  the  theory  of  linear  point-sets  with  the  excep- 
tion of  those  that  involve  the  length  of  intervals.  We  may  mention  particularly 
the  propositions  of  section  5,  chapter  II,  including  the  Heine-Borel  theorem 
and  the  definition  of  ordinal  limit  point,  the  properties  of  point-free  intervals 
in  connection  with  closed  sets,  and  the  proposition  that  a  line  cannot  be  sepa- 
rated into  two  subsets  each  of  which  includes  all  its  limit  points.  We  do  not 
stop  here  to  prove  these  propositions  though  we  make  use  of  the  last  one  in  the 
following  theorem. 

Definition  6.  A  relation  satisfying  conditions  A^  B^  (7  is  called  a  sense. 
A  sense  in  which  Pj  ©  P,  is  said  to  beyrcw?  Pj  to  P,. 

Theorem  2.  From  07ie  point  to  another  upon  a  simj)le  unclosed  curve  there 
is  one  and  but  one  sense^  while  upon  a  simjjle  closed  curve  there  are  two  and 
but  two  senses. 

Proof  We  have  to  show  that  if  p  is  any  relation  satisfying  the  conditions 
A^  B^C  and  D  imposed  on  © ,  then  if  P, pP^  implies  for  one  pair  Pj P^  of  {  P } 
that  Pi  ©  Pj,  Pi/aPj  implies  that  P,  ©  P,  for  every  pair  Pj/aP,  of  {  P } . 

If  P,  is  any  point  of  {  P },  let  [P']  be  the  set  of  all  points  such  that  simul- 
taneously Pi/oP'  and  Pj  ©  P'.  Every  limit  point  P  (P  +  PJ  of  [P']  with 
respect  to  the  sense  p  must  by  conditions  Ay  B  and  C  be  such  that  P^/oP'. 
Moreover  P,  by  condition  (7,  is  a  geometrical  limit  point  of  [P'].  But  in  view 
of  condition  D ,  P  being  a  point  of  { P }  and  a  geometrical  limit  point  of  points 
P'  such  that  Pj  ©  P'  must  be  such  that  V^o  P;  otherwise  P  (P  +  Pj  would 
be  a  geometrical  limit  point  both  of  points  P  such  that  P  ©  P^  and  of  points  P' 
such  that  Pj  ©  P'. 

Therefore  the  set  [P'],  if  existent,  contains  all  its  limit  points  with  respect  to 
the  sense  /»,  except  the  point  P^.  Similarly  the  set  of  all  points  P",  such 
that  simultaneously  PipP"  and  P"©  Pj  must,  if  existent,  contain  all  its  limit 
points  with  respect  to  the  sense  p .     Therefore,  since  the  set  of  points  { P, } 
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such  that  Pj  <  P^  canoot  coasist  of  two  subsets,  each  closed  with  the  exception 
of  Pj ,  every  point  P^  must  either  be  such  that  P^  C)  Pg  or  every  point  P^  must 
be  such  that  P2  O  P^ .  From  this  result  the  conclusion  of  our  theorem  follows 
at  once. 

Definition  7.  If  with  respect  to  any  sense  on  a  curve,  Pj  ©  Pj  and  P^  ©  Pj,, 
Pg  is  between  Pj  and  P3  in  that  sense.  The  set  of  all  points  between  P^  and  P3 
in  the  given  sense  is  called  a  segment  P^PgPj  whose  end-points  are  P^,  P3. 
The  segment  and  its  end-points  together  constitute  an  arc  or  interval  of  the 
curve.  On  a  simple  unclosed  curve,  if  Pj  ©  Pj  ©  P3,  Pg  is  said  to  separate  Pj 
and  P3.  On  any  simple  curve  if  P^  ©  P^  ©  P3  ©  P^,  P^  and  P,  are  said  to  sep- 
arate and  be  separated  by  P^^  and  P^.  If  a  set  [  P^ ]  ( 1/  =  1 ,  2 ,  3 ,  •  • . )  is  such 
that  P^  ©  P„^i ,  the  points  P^  are  said  to  be  in  the  order  along  the  curve^ 
F^P^T^ . . .  P,P,+i  •  •  •.  A  point  P^,  is  the  first  of  a  set  [P]  if  P,  ©  P  for 
every  P  +  Pq ;  Pj  is  the  last  of  the  set  [P]  if  P  ©  Pj  for  every  P  +  Pi. 

Either  of  the  relations  of  " betweenness "  or  "separation"  which  are  here 
defined  in  terms  of  "  precedence  "  could  have  been  used  as  fundamental  *  and  a 
definition  of  a  simple  curve  equivalent  to  the  above  would  have  resulted.  The 
deduction  of  the  properties  of  these  relations  will  be  omitted. 

§  4.  Hemarks  on  the  definition  of  a  siinj)le  closed  cu7*ve» 

While  the  definitions  of  the  preceding  section  are  stated  so  as  to  apply  only 
to  plane  curves,  it  is  obvious  that  if  one  replaces  triangles  by  tetrahedrons  or 
the  corresponding  figures  in  space  of  more  dimensions,  the  conditions  -4,5,  (7, 
etc.,  give  a  definition  of  a  simple  curve  in  space  of  any  number  of  dimensions. 

It  may  be  of  interest  to  note  that  when  one  passes  from  the  realm  of  plane 
geometry,  the  distinction  between  metric  and  non-metric  theory  loses  much  of 
its  importance.  For  if  we  add  to  our  assumptions  (axioms  I- VIII,  XI)  the 
assumption  (axiom  IX)  that  there  exists  a  point  outside  a  plane,  then  it  is  pos- 
sible to  define  the  ideal  elements  of  projective  geometry  (cf.  chapter  III)  and 
by  choosing  among  these  ideal  elements  an  "absolute"  plane f  and  polar  sys- 
tem to  establish  a  projective  theory  of  congruence.  We  are  thus  enabled  to 
operate  in  the  most  general  case  by  ordinary  analytic  geometry  as  if  dealing 
with  the  whole  or  a  limited  region  of  euclidean  space. 

As  to  the  relation  of  the  above  definition  to  the  current  definition  ^  in  terms 
of  a  numerical  parameter,  it  has  not  yet  been  determined  whether,  in  the  pres- 
ence of  axioms  I-YIII,  XI  alone,  the  two  definitions  are  or  are  not  equivalent. 

*  Cf.  B.  Russell,  The  Principles  of  Mathematics,  Cambridge,  1903,  chapters  24,  25.  On  the 
definition  by  poetnlate  of  ** separation,"  see  6.  Vailati,  Sidle  relazioni  di  posizione  tra  punii 
d^una  linea  chiusa,  Rivista  di  Matematica,  vol.  5  (1695),  p.  75;  and  also  ibid.,  p.  183. 

t  That  there  always  is  an  ideal  plane  depends  in  particular  on  axioms  III  and  XI  which  de- 
termine that  straight  lines  shall  be  open. 

X  See  Jordan,  loc.  cit.  p.  90. 
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If  however  we  introduce  axiom  IX  as  indicated  above  or  bring  in  a  set  of  con- 
gruence axioms  like  Hilbert's  group  IV,  then  the  two  definitions  can  be  shown 
to  be  equivalent  by  reference  to  a  theorem  of  Cantor.* 

Let  a  be  any  arc  of  a  simple  closed  curve  j .  The  points  of  a ,  excluding  the 
end  points,  evidently  constitute  what  Cantor  calls  a  perfect  set,  i.  e.,  with 
respect  to  the  sense  o  •  Let  { t^ }  denote  a  set  of  equilateral  triangles  con- 
centric and  similarly  placed  such  that  the  lengths  of  the  side  of  t^  is  1/n.  For 
every  point  J  oi  a  there  is  such  a  set  of  triangles  {t^]j^  having  Jsls  sl  common 
center.  Each  triangle  t^  determines  an  arc  i^  of  j  which  lies  wholly  within  t^ 
(cf.  condition  C)  and  includes  the  central  point  e/ of  t^.  Among  the  arcs  i^, 
there  is  by  the  Heine-Borel  theorem  applied  to  a,  a  finite  subset  such  that 
every  point  of  a  is  interior  to  one  of  the  arcs  i^ .  The  end  points  of  these  arcs 
that  lie  on  a,  excluding  the  end  points  of  a,  we  denote  by 

The  set  of  points  {A^}  is  evidently  numerable,  is  ordered  according  to  one 
of  the  senses  of  a,  and  moreover  is  everywhere  dense  on  a.  For  if  it  were  not 
everywhere  dense  on  a  there  would  be  some  interval  i  of  a  which  for  every  n 
lies  wholly  within  some  \  and  therefore  within  some  t^ ;  whereas  two  of  its  points 
are  a  certain  distance  apart  greater  than  1/n  for  n  sufficiently  great. 

Now  by  the  theorem  of  Cantor  cited  above,  any  perfect  set  which  possesses  a 
numerable  subset  everywhere  dense  can  be  set  in  one-to-one  reciprocal  continu- 
ous correspondence,  with  the  real  numbers  between  0  and  1.  Thus  we  have  a 
continuous  one-to-one  correspondence  of  the  points  of  any  arc,  and  hence  of  any 
simple  closed  curve,  with  a  numerical  parameter,  t.  If  a  system  of  coordinates 
(x,  y)  has  been  introduced,  the  simple  closed  curve  may  be  expressed  in  para- 
meter form  by  defining  a;(^)  as  the  abscissa  of  the  point  of  ^'  that  corresponds  to 
t  and  y{t)  Bs  the  ordinate  of  the  same  point.  The  continuity  oi  x(t)  and  y{t) 
is  evident. 

Regarding  the  conditions  of  definition  4  as  a  set  of  postulates  for  the  deter- 
mination of  the  notion,  simple  curve,  the  proposition  just  proved  is  in  efiPect  that 
in  the  presence  of  axioms  I-VIII,  XI,  together  with  IX  or  a  set  of  congruence 
axioms,  the  system  of  postulates  is  "  categorical."  f  The  conditions  are  also 
independent ;  i.  e.,  each  item  of  the  definition  is  indispensable  to  the  full  defini- 
tion. To  prove  this  we  give  a  list  of  point-sets  each  of  which  satisfies  all  the 
conditions  except  one.  Our  independence  proofs  apply  to  conditions  .4,  5,  (7, 
D  since  the  closed  simple  curve  is  defined  in  terms  of  the  unclosed  arc. 

A^.   {  P  }  consists  of  one  point. 

*G.  Cantor  Zur  Begriindung  der  iranaflniten  Mengenlehre  I,  Mathematische  AnDalen, 
vol.  46  (1805),  p.  510. 

fSee  vol.  5,  p.  346,  of  these  TransactioDS. 
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A^.  {P}  consists  of  a  straight  segment  PjPj  and  a  point  P,  not  on  the 
straight  line  P^P,,  the  relation  ©  referring  to  a  fixed  sense  on  the  straight 
line  P,P,. 

A^.   {  P  }  consists  of  two  points  P^ ,  Pg  with  the  conventions  P^  ©  P,,  Pj  ©  Pj , 

A^.  {  P }  consists  of  seven  points  Pj  • .  •  P^,  the  relation  ©  being  defined  by 
the  following  table 

©ll      2'3'4'5'6'7| 
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• 

•i"   \ 

• 

1  • 

1  • 
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3 

•  1       1 

1    '• 

• 

4 
5 
6 
7 

1  •  1  •  1        i       !  • 

•        • !  •       . 

•      •  ;        1           •  > 

1  •  -  •      • 

5j .   {  P  }  consists  of  two  points  P^  and  P^  with  the  convention  Pj  ©  Pj. 

B^.  { P  }  consists  of  all  the  points  of  a  straight  line  with  one  exception,  © 
being  one  of  the  two  senses  along  the  line. 

C^.  {  P }  consists  of  all  the  points  of  a  straight  line  P^  P^  with  the  exception 
of  the  point  Pj  and  the  segment  P^Pa*  ©  being  the  sense  from  Pj  to  P^. 

C^.  {  P }  consists  of  all  the  points  of  a  straight  line  P^  Pj  with  the  exception 
of  the  point  P,  and  the  segment  Pi  Pji  ©  being  the  sense  from  P^  to  P2. 

D.  P  consists  of  the  points  of  a  broken  line  PjP^P^P^,  where  P^  is  a  point 
of  the  segment  P^Pj,  ©  being  the  sense  P^Pj?  and  P^  being  counted  as  a  point 
of  P^P,.  This  case  shows  the  necessity  of  condition  D  in  theorem  2  since  © 
may  also  be  the  sense  along  the  broken  line  PjP^PjP^. 

§5.  A  simple  curve  as  a  planar  point  set. 

Definition  8.  A  geometrically  closed  set  of  points  is  a  set  that  includes  all 
its  geometrical  limit  points. 

Theorem  3.  If  \_P'\  is  any  geometrically  closed  set  of  jyoints  and  a  any 
arc  that  does  not  have  any  point  in  common  with  [P] ,  then  (1)  there  exists  a 
finite  set  of  triangles  {t^}  such  that  every  point  of  a,is  interior  to  at  least  one 
t^  and  every  point  0/  [P]  is  exterior  to  every  t^^  and  (2)  the  ttco  end  points 
A^A^of  a  can  he  joined  by  a  broken  line  not  meeting  [P]. 

Proof  (1)  If  .4  is  any  point  of  a  there  must  be  a  triangle,  t^  including  A 
and  not  including  any  point  of  [  P]  ;  otherwise  A  would  be  a  limit  point  of 
[P].  By  condition  c,  each  of  these  triangles,  ^,  determines  an  arc,  i,  of  a 
which  lies  entirely  within  t  and  includes  the  point  A  to  which  t  belongs.     By 
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the  Heine-Borel  theorem  applied  to  the  arc  a ,  there  is  a  finite  subset  [  f^  ]  of 
the  arcs  i  such  that  every  point  of  a  belongs  to  one  arc  i^ .  The  finite  set  of 
triangles,  t^ ,  that  determined  these  arcs  i^  is  the  set  required  by  conclusion  (1) 
of  the  theorem. 

(2)  The  end  points  of  the  arcs  i^  constitute  a  finite  set  of  points  which  we 
take  as  ordered  by  the  sense  of  a  from  A^  to  A^,  The  broken  line*  joining 
these  points  taken  in  order  is  such  that  each  side  lies  within  a  triangle  t  and 
therefore  cannot  meet  [P]. 

Corollary.  If  [P]  is  any  geometrically  closed  set  of  points  and  Q^  a 
point  not  of  [P]  ,  then  Q^  and  the  set  of  points,  Q,  that  can  be  joined  to  Q^ 
by  arcs  not  meeting  [P]  constitute  an  open  region. 

The  following  theorem  is  a  direct  consequence  of  definitions  4  and  5  and  its 
proof  as  well  as  that  of  theorem  5  is  omitted. 

Theorem  4.  About  any  point  of  a  segment  of  a  simple  curve  there  is  a 
triangle  which  includes  no  points  of  the  curve  not  on  the  segment 

In  the  sense  of  definition  8,  a  straight  line  is  a  geometrically  closed  set.  A 
straight  line,  however,  lacks  a  property  possessed  by  any  one  of  its  intervals, 
namely  that  every  infinite  subset  has  a  limit  point.  For  this  kind  of  set  we 
introduce  the  phrase  "  finitely  closed  "  because  any  such  set  can  be  enclosed  by 
a  finite  set  of  triangles.  This  property,  however,  is  not  used  and  not  proved  in 
the  present  paper. 

Definition  9.  A  finitely  closed  set  of  points  is  a  geometrically  closed  set 
of  which  every  infinite  subset  possesses  a  geometrical  limit  point.  A  finitely 
closed  set,  every  point  of  which  is  a  geometrical  limit  point,  is  a  finitely  perfect 
set.  A  finitely  perfect  set  of  points  which  cannot  consist  entirely  of  two  closed 
subsets  is  called  a  coherent  set  of  points.f 

Theorem  5.  A  closed  curve  or  an  arc  of  curve  is  a  finitely  perfect  set  of 
points  which  cannot  consist  entirely  of  two  subsets ^  each  of  which  includes 
all  its  limit  points.  In  other  words  a  closed  curve  or  an  arc  of  curve  is  a 
coherent  set  of  points. 

Theorem  6.  If  every  point  of  a  coherent  set  of  points  [-4]  is  on  a  simple 
curve  c ,  closed  or  unclosed^  then  [  -4  ]  is  an  interval  of  c . 

Proof  If  [  ^  ]  were  not  an  arc  of  c  there  must  in  case  c  is  unclosed  be 
one,  and  in  case  c  is  closed,  two  points,  (7j ,  (7, ,  of  (7  not  on  a  which  separate 
the  points  of  c  into  two  sets,  c\  c  each  containing  points  of  [^].  Let 
[^']  denote  the  points  common  to  [^]  and  c  and  [^'']  denote  the  points 
common  to  [  -4  ]  and  c".     Every  geometrical  limit  point  of  [  -4 '  ]  would  be  a 


*  This  broken  line  of  course  need  not  be  simple.  A  broken  line  with  multiple  points  hns  a 
sense  independent  of  the  definition  of  sense  on  a  simple  curve.     See  chapter  II,  §  4. 

tThis  is  the  '*Begriff  des  Zusammenhangs''  of  Jordan  and  ^Scuoenflies.  Cf.  Schoen- 
FLIES,  Mathematisohe  Annalen,  vol.58  (1903),  p.  208. 
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geometrical  limit  point  of  [  ^  ] ,  therefore  a  point  of  [  -^  ]  i  and  henoe  a  point 
of  c.  Being  a  point  of  c  and  a  geometrical  limit  point  of  c\  by  theorem  4,  it 
would  be  a  point  of  c'  and  hence  a  point  of  [-4'].  [^'  ]  would  therefore  be 
a  closed  set  and  by  parity  of  reasoning  [^"]  also  would  be  closed  and  thus 
the  definition  of  [  ^  ]  would  be  contradicted. 

Corollary.  If  every  point  of  an  arc,  a ,  is  on  a  simple  curve,  c ,  then  a  is  an 
interval  of  c . 

Theorem  7.  If  c  is  any  simple  curve^  any  triangle^  t ,  of  the  plane  includes 
points  not  on  c. 

Proof,  Let  a  be  a  straight  line  interval  lying  wholly  within  t.  By  theorem 
6,  a  either  contains  points  not  on  c,  in  which  case  our  conclusion  holds,  or  a  is 
an  arc  of  c.  In  the  latter  case,  by  theorem  4,  a  triangle,  t\  exists  about  any 
interior  point  of  a  including  no  points  of  c  not  on  a .  Points  of  the  boundary 
of  this  triangle  within  t  and  not  on  a  are  not  on  c . 

§  6.   The  approach  to  and  crossing  of  a  boundary. 

Definition  10.  Let  P  be  an  interior  point  of  a  region,  i?,  and  B  a  point 
of  the  boundary  b  oi  S.  An  arc  of  a  curve,  a,  whose  end  points  are  P  and 
B  ap2)roaches  B  from  P  through  H  if  every  interval  of  o,  one  of  whose  end 
points  is  B^  contains  interior  points  of  JR.  The  approach  is  one-sided  if, 
besides  the  above  condition,  the  arc,  a ,  contains  no  points  exterior  to  H .  The 
approach  is  simple  if  all  the  points  of  a,  except  J5,  are  interior  points  of  R. 

An  arc  a  departs  from  a  point  B'  oib  to  k  point  Q  exterior  to  ^  if  every 
interval  of  a  with  B'  rs  an  end  point  contains  points  exterior  to  M.  The 
departure  is  one-sided  if,  besides  the  above  condition,  the  arc  a  contains  no 
points  interior  to  JR.  The  departure  is  simple  if  all  the  points  of  a  except  B' 
are  exterior  to  JR. 

A  curve  c  crosses  the  boundary  in  a  point  B  if,  with  respect  to  a  fixed  sense, 
B  is  between  two  points  (7j,  Cj  of  c,  C^  interior  and  Cj  exterior  to  ^,  in  such 
a  way  that  the  arc  C^  B  approaches  B  through  H  and  B  C^  departs  from  B 
to  (7,. 

A  curve  c  crosses  the  boundary  b  in  a  pair  of  points  BB'  if,  with  respect  to 
a  certain  sense,  one  arc  BB'  of  c  is  composed  entirely  of  boundary  points  and 
if  there  are  two  points  C^  C^  of  c  such  that  C^  is  interior  to  i?  and  an  arc  (7,  B 
of  c  approaches  B  from  Cj  while  C^  is  exterior  to  JR  and  an  arc  B'  Cj  departs 
from  5'  to  Cg. 

The  crossing  of  a  boundary  is  simple  if  both  the  approach  and  departure  at 
the  point  B  or  point  pair  BB'  are  simple. 

The  crossing  of  a  straight  line  by  a  curve  is  a  special  case  of  the  definition 
just  given.  A  curve  is  said  to  cross  a  segment  AB  \i  the  curve  crosses  the  line 
AB  \\i2i  point  or  a  pair  of  points. 


Digitized  by 


Google 


1905]  IN   NON-METRICAL   ANALYSIS   SITUS  93 

Theorem  8.  Any  simple  curve  joining  an  interior  point  of  a  region  to  an 
exterior  point  crosses  the  boundary  in  a  point  or  a  pair  of  points. 

Proof  Let  /  be  the  interior  point,  O  the  exterior  point,  and  a  any  arc  of 
the  curve  from  Ito  O.  Let  {  ^  }  be  the  set  of  all  points,  A ,  of  th^  arc  a  such 
that  every  point  following  /  and  preceding  ^  is  an  interior  or  boundary  point 
of  the  region.  There  are  such  points  because  of  condition  C  of  the  definition 
in  §  3.  By  the  ordinal  continuity  of  a,  the  set  {A}  has  a  first  forward  bound 
jB,  i.  e.,  a  first  point  in  the  sense  from  I  to  O  that  follows  every  point  of  {A} 
except  possibly  B  itself. 

The  arc  BO  oi  a  departs  from  B  to  O  2a  otherwise  every  arc  BH'  oi  BO 
would  contain  only  interior  or  boundary  points  of  the  region  and  thus  B  would 
not  be  a  bound  of  {A} .  Two  cases  can  now  occur.  Either  B  is  approached 
from  /  by  the  arc  IB  of  a  in  which  case  our  conclusion  follows,  or  there  are 
points  A'  oi  {A}  such  that  the  arcs  A'B  include  only  boundary  points.  In 
the  last  case  the  set  of  all  points,  A\  must  have  a  first  forward  bound  B'  in 
the  sense  from  B  to  I.  The  point  B'  is  evidently  a  boundary  point  and  is 
approached  from  /  by  the  arc  of  a,  IB\  Thus  in  the  second  case,  the  boundary 
is  crossed  in  the  pair  of  points  B'B. 

Theorem  9.  If  a  simple  closed  curve  crosses  a  side  of  a  polygon  (^simple 
or  not)  in  one  point  07*  point-pair^  it  must  pass  through  a  vertex  or  cross  the 
same  or  another  side  in  another  point  or  point-pair. 

Proof.  Let  the  polygon  be  PjPj  •  •  •  P^  and  let  the  curve,  J,  cross  it  in  a 
point  of  PjPj.  If  there  is  another  crossing  on  the  segment  P^Pj  or  if  j  passes 
through  a  vertex,  P^  •  •  -P^,  the  theorem  is  verified.  These  cases  disposed  of, 
PjPjPg  may  either  be  coUinear  or  non-collinear.  In  the  first  case  the  original 
crossing  may  have  been  on  P2P3  in  which  case  the  theorem  is  verified  or  it  may 
have  been  on  P^P,  in  which  case  we  pass  to  the  paragraph  below.  In  case 
PjPjPj,  are  non-collinear  there  must  be  a  point  J^  of  j  and  a  point  O^  common 
toj  and  Pj  Pj  such  that  in  a  certain  sense  on  j  the  arc  J^  O^  of  j  approaches  O^ 
through  the  region  on  one  side  of  P^  Pj ;  likewise  there  must  be  a  point  J^  of  j 
on  the  opposite  side  of  P^Pg  from  J^  and  a  point  O^  common  to  Pj«/j  and  J  such 
that  in  the  same  sense  the  arc  O^J^  departs  from  Oj  to  e/j*  Moreover  the 
points  e/j  and  J^  may  be  so  chosen  that  one  and  only  one  of  them  lies  within  the 
triangle  PjP2P3.  Since  j  crosses  Y^'P^  only  once,  O^  and  O^  are  on  the  same 
arc  oij  with  end  points  e/i^/g'  T^®  other  arc,  a^oij  with  end  points  J^J^  must, 
by  theorem  8,  cross  the  boundary  of  the  triangle  P^P^Pg  and  since  it  does  not 
pass  through  a  vertex,  must  either  cross  PgPg  verifying  the  theorem  or  cross 
P^Pj.  In  the  latter  case,  let  0[  be  the  first  point  in  the  sense  from  J^  to  J^  in 
which  a  meets  P^  P3  and  O'^  the  last  such  point.  Upon  the  arcs  J^  0[  and 
0[^J^  there  must  be  two  points  of  a,  «/|  and  J'^  on  opposite  sides  of  PjPg  such 
that  in  opposite  senses  along  j  the  arcs  J[  0[  and  J'^  O'^  approach  0[  and  O^ 
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from  opposite  sides  of  P1P3.  In  case  PjPjP^  are  non-collinear  J\  and  J\  may 
be  so  chosen  that  one  is  interior  and  the  other  exterior  to  the  triangle  P^P^P^. 

Thus  whether  P^P^P^  are  or  are  not  oollinear  we  proceed  as  with  PjP,Pj, 
either  verifying  the  theorem  or  arriving  at  the  case  PjP^Pj.  Continuing  this 
process,  by  a  finite  number  of  steps  we  come  to  PjP^_,P^  and  verify  the  the- 
orem if  it  is  not  fulfilled  at  one  of  the  intermediate  steps. 

Corollary  1.  If  j^  is  a  simple  closed  curve  having  an  arc  which  is  a  linear 
interval  J^J^-^  and  if  the  segment  J^J^  is  crossed  by  a  simple  closed  curve  j^  in 
one  point  or  point  pair,  then  either  J^J^  is  crossed  in  another  point  or  point 
pair  or  the  non-linear  arc  J^J^  of  ^',  has  a  point  in  common  with  J,. 

Proof.  In  case  J^  J^  were  not  crossed  more  than  once  and  the  other  arc 
e/je/j  ^^  J\  ^^^  ^^*  "^^^  Jt'*  ^y  theorem  8  J^  and  J^  could  be  joined  by  a  broken 
line  not  meeting  j^  and  we  should  thus  have  a  contradiction  with  theorem  9. 

Corollary  2.  Any  simple  closed  curve  j^  having  a  linear  arc  J^J^  decom- 
poses  its  plane  into  at  least  two  regions. 

Proof.  Let  PQ  be  a  linear  segment  crossing  e/jc^  in  a  point  O.  The 
region  composed  of  all  points  that  can  be  joined  to  P  by  broken  lines  not  meet- 
ing j^  is  by  theorem  9  separated  from  the  region  similarly  connected  with  Q. 

Lemma  A.  Any  simple  closed  curve  j  decom2)ose8  the  ^;Za;ie  in  which  it 
lies  into  at  least  two  regions. 

Proof.  Let  J^  and  J^  be  two  points  of  j'  such  that  the  linear  segment  J^J^ 
has  no  point  in  common  with  j.  Such  points  J^J^  exist,  for  if  a  is  any  line 
joining  two  points  of  J,  it  either  has  an  interval  free  of  j  points  and  whose  end- 
points  are  the  required  points  J^J^ov  its  points  in  common  with  j  constitute  a 
single  arc  of  j  (theorem  6,  corollary).  In  the  latter  case  any  line  a'  joining  a 
point  of  J  on  a  to  a  point  of  j  not  on  a  evidently  has  the  required  points  e/jc/j* 

Let  ^  be  a  triangle  about  J^  such  that  one  of  its  sides  meets  the  linear  seg- 
ment e/^e/2  in  a  point  O.  Let  Q'  and  Q"  be  two  points  of  this  side  separated 
by  O  and  such  that  the  linear  interval  Q'  Q"  contains  no  point  of  j.  The  exis- 
tence of  these  points  depends  on  the  theorem  that  J  is  a  geometrically  perfect  set. 

«/j  and  J^  decompose  j  into  two  segments  which  with  the  linear  interval «/,  Jj 
constitute  two  closed  curves  f  and  /' .  Assign  the  notation  so  that  the  first 
point,  J[,  after  Q"  in  the  sense  Q'  OQ"  in  which  the  boundary  of  t  meets  j 
shall  be  a  point  of  j.  It  follows  that  the  first  point «/'/  after  Q'  in  the  sense 
Q'OQ'  in  which  the  boundary  of  t  meets  j  is  a  point  of  /'.  For  if  it  were  a 
point  of  f ,  the  closed  curve  composed  of  the  boundary  of  t  from  e/j'  to  J[  in 
the  sense  Q'  O  Q"  and  the  arc  common  to  j  and  j  between  J[  and  J'l  would 
cross  the  linear  segment «/,  J^  of  /'  simply  in  O  and  would  meet  /'  in  no  other 
point.     This  would  contradict  corollary  1,  theorem  9. 

Thus  J'[  is  a  point  of  /'.  Let  J"^  be  the  first  point  after  J[  in  the  sense 
Q'  OQ"  in  which  the  boundary  of  t  meets  /'.     By  the  continuity  of  j",  there 
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exists  a  segment  of  the  boundary  of  t  just  preceding  e/'J  in  the  sense  Q'  OQ" 
and  containing  no  point  oi  f  or  /'.  Let  X  be  any  point  of  this  segment. 
The  broken  line  6"  composed  of  the  boundary  of  t  in  the  sense  Q'  OQ'  from  Q" 
to  Xdoes  not  meet  /'.  Likewise  X\a  joined  to  Q'  by  a  simple  curve  c  com- 
posed of  the  linear  segment  XJ'^^  the  common  part  of  /'  and  j  from  J"^  to  J'[* 
and  the  part  of  the  boundary  of  t  from  J'[  to  Q'  in  the  sense  Q'  OQ".  Thus 
c'  cannot  meet  f  and,  applying  theorem  3 ,  c  can  be  replaced  by  a  broken  line 
6'  joining  Xto  Q'  without  meeting  J'.  We  are  now  ready  to  complete  the 
proof  of  our  lemma  by  showing  that  X  cannot  be  joined  to  O  by  a  broken  line 
not  meeting  j . 

In  the  sense  from  X  to  O  any  such  broken  line  would  meet  the  linear  seg- 
ments J^J,^  and  Q'  Of'  in  some  first  point  O^.  If  O,  were  on  JjeTJ,,  some  point 
S  preceding  O^  in  the  sense  from  X  to  O  could  be  joined  to  a  point  B  of 
Q  Of'  ^y  *  segment  not  meeting  J'  or  /'.  Call  b  the  resulting  broken  line  from 
Xto  B.  In  case  O^  were  not  on  J^J^  ^*  would  be  on  Q'  Q'  and  different  from 
O,  and  b  would  be  the  broken  line  from  JT  to  0^==  B. 

If  B  were  on  the  same  side  of  the  line  e/j  J^  with  Q"  then  the  polygon  com- 
posed of  b  and  6'  and  BQ'  would  be  crossed  by  f  in  O  and  would  meet  f  in 
no  other  point,  contradicting  theorem  9.  If  B  were  on  the  opposite  side  of  the 
line  e/jc/j  from  Qf'  the  polygon  composed  of  b  and  V  and  BQ'  yfould  be  crossed 
by/'  in  O  and  would  meet/'  in  no  other  point.  X  and  O  are  therefore  two 
points  that  cannot  be  joined  by  a  broken  line  not  meeting  ; . 

§  7.  Finite  accessibility. 

Definition  11.  A  point  (7  of  a  curve  c  is  finitely  accessible  from  a  point 
P  not  on  c  if  there  is  a  broken  line  from  C  to  P  not  meeting  c  except  in  C. 

Lemma  B.  If  P  is  a  point  not  on  a  simple  closed  curve  j ,  and  «/,  and  J^ 
are  any  two  points  of  j  finitely  accessible  from  P  or  limit  points '\  of  the 
points  finitely  accessible  from  P,  then  there  exists  a  pair  of  points  J^  and  J^ 
finitely  accessible  from  P  that  separate  J^  and  J^ . 

Proof  Let  t^  be  a  triangle  about  J^  not  including  J^ ,  and  t^  a  triangle 
about  J^  not  including  any  point  of  ^,,  By  condition  C  of  the  definition  of  j^ 
there  is  a  segment  of  j  including  J^  and  lying  wholly  within  t^ ;  by  theorem  4 
there  is  a  triangle  t[  about  J^  within  t^  and  including  no  point  of  j  not  on  this 
segment.  Thus  every  segment  of  j  with  end  points  on  t^  which  meet  t[  must 
include  J^ .  Similarly  there  is  within  t^  a  triangle  t'^  such  that  every  segment  of 
j  with  end  points  on  ^3  which  meets  t'^  must  include  J^, 


*Oi  oonrse  it  may  happen  that  J^^J^.    In  this  oase  c'  is  a  broken  line. 
fOn  a  simple  oloeed  onrve  the  notions  of  ordinal  and  geometrical  limit  points  are  interobang- 
able  :  therefore  we  drop  the  distinction. 
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<\.  in  »}/.'rh  rlj^  Ix/uL^iarj  of  f   L*  f'io^**r«l  l-y  a  r»^'i:K-ed  bnAt-a  line  h^  fn>iii  -/ 
t// -/'   irj  a  p^int  P^  or  a  p^ii*t  pair  P^P._,.     Tl.e  eL«l  p»;i;ts  of  the /-pii-r 
fr*^  iu\^,r\'A  i^  of  the  lx>aL<birT  of  f,  are  now  to  W  ^b•»wll  to  be  the  require*! 
-/,  and  J^. 

We  prove  fir*»t  tliat  J^  and  ^/^  j^fiarate  */i  and  -/  .  If  thL^  were  not  so,  let 
tfje  *i\iu\»\h  i^h/*ied  curre  formed  by  b^  and  the  are  */  */j  of  J  not  ineladiog  J.  anii 
J^  \fh  denote/l  by  J^.  Also  let  j^  denote  the  Mmple  clo>ed  curve  formed  by  i^ 
and  tli^  are  J^J^  ^d  j  not  including  e/j  and  J\ .  The  simple  closed  curve  j, 
would  er*/*>H  tlie  arc  i^  (jfj^  in  the  p^int  P^  or  point  pair  P^P^^i  *nd  would  metrt 
;^  in  no  other  p>int,  contrary  to  corf>llaiT  1,  theorem  9. 

Hence  */j  and  J'^  are  on  different  arcs  of  j  with  end  points  J^  and  J^.  But 
by  the  crniKtruction  of  the  triangle  t[ ,  J^  must  be  on  the  same  arc  with  J[  and 
by  the  conntruction  of  f^,  J^  must  be  on  the  &ame  arc  with  J'^.  Hence  J^J^ 
•e|>arate  '/j'/^- 

TiiK4}HKH  10,  77i4g  «^<  of  2}oint$  of  a  simple  curve  j  finitely  accessible  from 
a  jpf/int  P  rujt  (m  j  is  everywhere  dense  on  j. 

Proof,  Denote  by  [  J^]  the  set  of  points  oi  j  which  are  either  finitely  acces- 
sible from  P  or  are  limit  points  of  the  set  of  finitely  accessible  points.  The 
ther>rem  amounts  to  showing  that  [«/'  ]  is  identical  with  j.  But  if  any  point 
'^tt  of  j  should  not  belong  to  [r/']  it  would  lie  on  an  arc  of  j  free  of  points  J' 
and  having  two  points  of  [•/']  as  end  points.    This  would  contradict  lemma  B, 
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§  8.  Decomposition  of  a  plane  by  a  simple  closed  curve. 

Lemma  (7.  Any  simple  closed  curve  of  which  one  arc  is  a  linear  interval 
decomposes  its  plane  into  two  open  regions. 

Proof,  It  has  been  shown  (corollary  2,  theorem  9)  that  j  decomposes  the 
plane  into  at  least  two  regions.  The  regions  are  open  because  a  supposed  fron- 
tier point  of  the  set  of  points  [P]  that  can  be  joined  to  a  point  P^  not  on  j 
could,  if  not  itself  a  point  of  J ,  be  surrounded  by  a  triangle  not  meeting  j  and 
containing  points  of  [P];  it  would  therefore  be  an  interior  point  of  [P]»  con- 
trary to  hypothesis. 

By  theorem  10  every  point  O  of  the  straight  arc  of  j  is  finitely  accessible 
from  any  point  of  the  plane.  Thus  if  there  were  three  distinct  regions  there 
would  be  three  segments  meeting  in  O  and  one  lying  in  each  of  the  three 
regions.  But  as  two  of  these  must  lie  on  the  same  side  of  the  straight  segment 
of  j  they  could  be  joined  by  a  straight  segment  not  meeting  j,  contrary  to  the 
hypothesis  that  the  three  regions  are  separated  from  one  another  by  J.  Hence  j 
decomposes  the  plane  into  two  and  only  two  open  regions. 

Theorem  11.  Every  simple  closed  curve^  J,  decomposes  its  plane  into  two 
open  regions. 

Proof  By  lemma  A  the  curve  decomposes  the  plane  into  at  least  two 
regions  which  by  the  reasoning  of  the  first  paragraph  of  the  proof  of  lemma  C 
are  open  regions.  Let  P  be  any  point  not  on  j  and  let  P«/|  and  P«7^  be  two 
linear  intervals  meeting  jj  only  in  J^  and  J^.  J^  and  J^  exist  because  ^  is  a 
perfect  set  of  points.  Let  Q  be  any  point  not  on  j  and  not  in  the  same  region 
with  P  and  let  J^  be  a  point  on  j  such  that  the  linear  segment  QeT^  does  not 
meet^'  and  such  that  J^  is  distinct  from  J^  and  J^.  Then  QeT^  does  not  meet 
P«/j  or  Pe/j  and  §  can  by  theorem  10  be  joined  by  a  broken  line  not  meeting 
P«/j ,  P«^,  §J^,  or^"  except  in  J^  to  a  point  J^  otj  in  the  order  J^J^J^J^^  The 
broken  line  J^J^^  the  points  between  J^  and  e7^  in  the  sense  J^J^J^^  the 
broken  line  J^  QJ^  and  the  points  between  J^  and  J^  in  the  sense  e/jc^e/,  consti- 
tute a  simple  closed  curve  J'  of  the  type  which  we  have  proved  to  decompose  the 
plane  into  two  and  only  two  regions.  The  points  of  the  segments  J^J^  ^nd  J^J^ 
in  the  sense  J^J^J^^  ^^  i^^^  points  of  j  and  must  lie  both  in  the  same  region 
or  in  opposite  regions  with  respect  to  j  .  If  they  were  in  the  same  region  a 
point  in  the  region  not  containing  the  segments  J^J^  and  J^J^  could  by  theorem 
10  be  joined  by  broken  lines  not  meeting  j  to  P  and  Q ,  thus  contradicting  the 
hypothesis  that  P  and  Q  are  in  different  regions. 

Having  shown  that  the  arcs  J^J^  and  J^J^  (in  the  fixed  sense  JiJ^J^  are  in 
opposite  regions  with  respect  to  /  we  are  ready  to  complete  the  proof  that  j 
does  not  decompose  the  plane  into  more  than  two  regions.     A  point  ^  in  a  sup- 
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posed  third  region  could  be  joined  because  of  theorem  10  by  a  broken  line  not 
meeting  j  except  in  its  end-point  to  a  point  J^  of  J^J^  and  by  a  similar  broken 
line  to  a  point  J^oi  J^J^,  Since  R  would  not  be  in  the  same  region  with  P  or 
Q  these  broken  lines  would  not  meet  the  broken  line  part  of  j'.  Thus  we 
should  have  two  points  J^  and  J^  in  opposite  regions  with  respect  to  j  joined 
by  a  broken  line  not  meeting  j  contrary  to  lemma  (7.  Hence  j  decomposes 
the  plane  into  not  more  than  two,  and  therefore  into  exactly  two,  open  regions* 
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GENERAL  PROJECTIVE  THEORY  OF  SPACE  CURVES* 

BY 

E.  J.  WILCZYNSKIf 

The  theory  of  the  invariants  of  a  linear  differential  equation  is  not  new. 
Laguerre,  Brioschi,  Halphen,  Forsyth,  Bouton,  Fano  and  others  have 
written  important  papers  on  the  subject.  But  in  almost  all  of  these  papers  the 
point  of  view  is  essentially  analytical.  It  is  only  in  the  brilliant  contributions 
of  Halphen  that  one  finds  the  idea  of  founding  a  geometry  of  curves  upon  this 
theory.  But  even  Halphen' s  papers  do  not  give  the  ground  work  for  a 
thorough  comprehension  of  the  subject.  This  is  to  be  found  in  the  geometric 
interpretation  of  the  semi-oovariants  which  we  shall  discuss  in  this  paper.  With 
this  as  a  basis,  the  whole  theory  becomes  clear  and  transparent,  and  Halphen's 
results  can  easily  be  connected  with  it. 

I  have  myself  shown  in  recent  years,  how  the  general  projective  theory  of 
ruled  surfaces  depends  upon  the  theory  of  the  invariants  and  covariants  of  a 
system  of  two  linear  differential  equations  of  the  second  order.  The  present 
paper  is  governed  by  similar  ideas,  and  to  some  extent  depends  upon  this  other 
theory.  It  is  the  main  purpose  of  this  paper  to  bring  up  the  general  projective 
theory  of  curves,  based  upon  the  theory  of  invariants,  to  the  same  level  of  per- 
fection as  the  corresponding  theory  of  ruled  surfaces.  Some  of  the  theorems 
which  we  shall  find,  have  of  course  been  known  for  a  long  time.  But  even  for 
most  of  these  our  proofs  will  be  new. 

§  1.   The  invariants  and  covariants. 
We  shall  confine  our  attention  to  the  linear  differential  equation  of  the  fourth 
order 

(1)  y^*^  +  4/>i2/'^  +  QPiV  +  ip^y  +p^y  =  0, 

where 

,      dy  „     d^y       . 

y  -dx^    y  -M^  "^"- 

If  we  make  the  transformations 

____  y=-Mx)y,         f=f(a;). 
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where  \  and  ft  are  arbitrary  functions,  we  obtain  another  equation  of  the  same 
form  as  (1).  The  functions  of  the  coefficients  of  (1),  which  remain  invariant 
under  these  transformations,  are  the  invariants.  If  they  involve  also  the  func- 
tions y,  y\  y\  i/^\  they  are  called  covariants. 

To  determine  these  invariant  functions,  it  is  best  according  to  Lie's  theory 
to  make  use  of  infinitesimal  transformations.  But  this  has  been  done  in  a  num- 
ber of  papers  by  other  authors  and  need  not  therefore  be  repeated.  We  shall, 
however,  need  the  finite  transformations  for  the  later  parts  of  this  paper,  and 
shall,  therefore,  write  them  down. 

Consider  first  the  simpler  transformation 

y^\{x)y, 

of  the  dependent  variable  alone.  We  shall  speak  of  the  corresponding  invariant 
functions  as  seminvariants  and  semi-covariants.     Let 

2/*>  +  47rj^*'  +  67r,y"  +  iir^y  +  Tr^y  =  0 

be  the  transformed  equation.     Then 


(2) 


^,=    -    -     ^         — , 

whence  one  may  deduce  the  absolute  seminrariants 

(3)  -P,  =  /',-K-3/',;>,+  2/,f, 

P.-P,-  ^PiP, -  ^Pl  +  12/)?i),  -  6;,{  -pf\ 

and  the  relative  semi-covariants,  besides  y  which  is  obviously  itself    a   semi- 
covariant, 

(4)  p  =  y'  +  ^Piy  +P2y^ 

a-  =  2/(3)  +  Spy  +  Sp^  +p^y^ 

The  absolute  semi-covariants  are  zjy^  pjy^  cr/y.     All  other  semi-covariants  and 
seminvariants  are  functions  of  these  and  of  the  derivatives  of  P^^  P3,  P^, 
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From  (4)  we  deduce  the  following  equations,  which  we  shall  use  later : 

a-^-{P,-P',)y-%{P,-P;)z-%P,p-p,<r, 
and  also 

y"  =  {'^p\-Pi)y  -  2;'i»  +  p. 

(6) 

y(.)  =  (  _ ^^  +  Hp^p^  _  86;,;;,,  +  6;,*  +  24pJ )y 

+  (-■*/>,+  Si/J.p,  -  24;,t)z  +  (  -  6;,,  +  12;,;)/>  -  ^P^''- 

We  now   proceed  to  make  a  transformation  of  the  independent  variable 
{  a  { (  X  ) .     We  find,  denoting  the  coefficients  of  the  transformed  equation  by  p^  ^ 

Px^-^'-^Px  +  h)^ 

P.  -  -(-^J  iPi  +  2'Wi  +  j  (  4m  +  S'?*) ]  , 

Pi  =  (17  iP»  +  i^'P*  +  ('*  +  ^I'^P^  +  iCA*'  +  *'?'»  +  8,»)]  , 
_  _     1 

where  we  have  put 

(8)  V^fS        M-V-i*?'. 
We  find  further 

^  =  1'  (*  +  |w)i 

(9)  p  =  -^-^j[p  +  2vz  +  i{^,^+9v*)y-\, 

oogredient  with  (7). 


(7) 
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Making  use  of  these  equations,  we  find 

(10)  ^3-(f^).[^,-3'?i',-|M'+V'/>*]. 

P,  =  ^^y  [P,  -  6vP,  -  ^V'  P,  +  1 WP,  +  ^Vt^'  -  W* 

-f/'  +  JsV], 
whence 

J'l'llylP'^  -  ^V  {P',  +  P,)  -  3mP,  +  W-P.  -  Jm" 
We  find  therefore  the  following  invariants  and  covariants : 

(12)  C,  =  10z'-15yp-12Py, 

(7,  -  102»  -  3 G,z  -  9 (5<r  +  6P,z  +  P,y )y', 

c,^2d,z  +  e-^,. 

where  the  index  indicates  the  weight.  In  denoting  one  invariant  of  weight  8 
by  ^31  we  follow  a  notation  due  to  Forsyth.  An  invariant  may  be  regarded 
as  a  covariant  of  degree  zero.  With  this  understanding,  it  suffices  to  say  that 
the  effect  of  the  complete  transformation 

2/=X(cc)y,         f  =  f(aj), 

upon  a  covariant  of  degree  d  and  of  weight  t& ,  is  to  transform  it  into  (7,  where 

Lie's  theory  shows  that  all  other  invariants  and  covariants  may  be  deduced 
from  these  by  algebraic  and  differentiation  processes. 
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§  2.   Canonical  forms. 
Equations  (2)  show  that  if  we  make  the  transformation 

the  coefficients  of  the  resulting  equation  for  y  will  be 

7r,  =  0,  '"■2  =  P,,  '^s  =  ^s^  7r,  =  P,+  8P^ 

We  shall  say  that  the  equation  has  been  put  into  the  semi-canonical  form. 
From  (10)  we  see  that  if  |(a?)  be  chosen  so  that 

(13)  V-K  =  A*  =  fi'„ 

in  the  resulting  equation  P^  will  be  zero.  Since  P^  is  a  semin  variant,  any  trans- 
formation of  the  form  y  =  Xy  will  not  disturb  the  equation  P^  =  0 ,  and  we  may 
again  choose  X  so  as  to  make  the  coefficient  of  (Py/d^  vanish.  It  is  therefore 
always  possible  to  reduce  the  equation  to  the  form 

d*y       .      dy  -       r. 

which  we  shall  call  the  Laguerre-Forsyth  canonical  form.  This  is  equivar 
lent  to  assuming  p^^p^^Q  m  the  original  equation. 

If  ^3  =f=  0 »  ^®  ™*y  transform  the  independent  variable  so  as  to  make  ^^  =  1 . 
In  fact  we  have  for  an  arbitrary  transformation 

If,  therefore,  we  put   ^ 

(14)  f  =  /|/^rfx, 

^3  will  be  equal  to  unity.  We  may  again  by  a  transformation  of  the  form 
y  ^\y  make  p^  vanish.  The  canonical  form  which  is  characterized  by  the  con- 
ditions 

we  may  properly  denote  as  the  Halphen  canonical  form. 
In  our  geometrical  discussions  only  the  quantity 

r 

not  f  itself  will  be  of  any  importance.  X  also  is  an  unimportant  factor  which 
has  no  geometrical  significance.  Equation  (13)  shows,  therefore,  that  the  reduc- 
to  the  Laguerre-Forsyth  form  can  always  be  accomplished  in  oo^  essentially 
different  ways.  It  is  important  to  remark  that  (13)  is  an  equation  of  the  Ric- 
CATI  form,  so  that  the  cross-ratio  of  any  four  solutions  is  constant. 
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The  Halphen  form  on  the  other  hand  can  be  obtained  in  just  one  way,  if  it 
exists  at  all,  i.  e.,  if  ^3  +  0 .  If  0^  vanishes,  0^  may  be  reduced  to  unity  unless 
it  also  is  equal  to  zero.  The  case  when  both  0^  and  0^  vanish,  is  especially 
simple.     The  Laguerre-Forstth  form  reduces  to 


=  0. 


If  two  equations  of  the  form  (1)  can  be  transformed  into  each  other  by  a 
transformation  of  the  kind  here  considered,  we  shall  call  them  equivalent. 
Clearly,  for  equivalent  equations,  the  corresponding  absolute  invariants  are 
equal. 

If  equation  (1)  is  given,  the  invariants  ^3,  ^^,  ^3.^,  etc.,  are  known  functions 
of  05.  Conversely,  equations  (12)  show  that  if  ^3,  ^^,  ^3.  j  are  given  as  arbitrary 
functions  of  a,  provided  that  ^3  4=  0,  Pg^  ^3  ^^^  ^a  *^  determined  uniquely. 
If  ^3  =  0,  then  ^3^  =  0  also,  and  we  must  assign  a  further  condition.  The 
function 

(15)  ^..x  =  8^,^;-.9(^:)».  ®® 


F  0^ 
3      2^* 


is  also  an  invariant.  If  ^3=0,  and  ^^,  0^.^^  are  given,  P,,  P3,  P^  are  deter- 
mined uniquely.  If  both  0^  and  0^  vanish,  all  invariants  are  zero,  and  the  equa- 
tion may  be  reduced  to  the  form 

di'" 


0. 


As  we  may  always  assume  that  j?^  ==  0 ,  we  see  that  the  differetitial  equation  (1) 
is  essentially  determined  when  its  invariants  are  given  as  Junctions  ofx. 
The  Lagrange  adjoint  of  (1)  is 


,,(4) 


(16) 


^^py''  +  Q{p,^2p[)u"^4(p,^Sp',  +  Sp;)u' 


+  (P.-^P',  +  Qp2-^P?')^-0. 


If  ^, ,  •■•,y^  constitute  a  fundamental  system  of  (1),  the  minors  of  x, , 
the  determinant 


y'l 
y'i 


-2 

y'i 
y'i 


y'i 


y* 
y\ 

ft 


multiplied  by  a  common  factor,  which  does  not  interest  us,  form  a  fundamental 
system  of  (16). 
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If  we  denote  the  semin variants  of  (16)  by  Tig,  IIj,  11^,  we  have 

(17)     n,  =  p„      n3=-p,  +  3p;,      n,  =  p,-4p;  +  6p;', 

whence  follows  reciprocally 

p,  =  n„      P3=-n,  +  3n;,      p,  =  n,  -  4n;  +  en;' . 

The  invariants  of  (16)  differ  from  the  invariants  of  (1)  only  in  this  that  the 
sign  of  ^3  is  changed. 

§  3.    Geometrical  interpretation. 

If  the  functions  y^,  •  •  • ,  y^  constitute  a  fundamental  system  of  (1)  we  may 
intei-pret  them  as  the  homogeneous  coordinates  of  a  point  P^  of  a  curve  C^  in 
ordinary  space.  The  coefficients  p^^p^'i  Pz^Pi  o^  (1)  ^-re  invariants  of  the  gene- 
ral projective  group.  The  transformation  y  =  Xy  does  not  change  the  ratios 
Vi  •  1/2 '1/3' 1/4^  ^^^  therefore  leaves  the  curve  C^  invariant.  The  transformation 
1=^(2*)  merely  changes  the  parameter  in  terms  of  which  the  coordinates  are 
expressed.  It  is  clear  therefore  that  any  system  of  equations  invariant  under 
these  transformations  expresses  a  projective  property  of  the  curve  C^  in  the 
vicinity  of  the  point  P, 

The  Lagrange  adjoint  of  (1)  may  be  taken  to  represent  the  same  curve  in 
tangential  coordinates,  or  else  a  reciprocal  curve  in  point  coordinates. 

We  may  therefore  state  the  results  of  §  2  as  follows :  If  the  invariants  of 
a  curve  are  given  as  functions  ofx^  the  curve  is  determined  except  for  projecr 
tive  transformations.  If  the  invariants  of  two  curves^  except  those  of  weight 
three^  are  respectively  equal  to  each  other^  while  the  invaHants  of  weight  three 
differ  only  in  sign^  the  two  curves  are  dualistic  to  each  other.  Those  curves 
are  self  dual  for  which  0^=0. 

Moreover  these  latter  curves  are  the  only  curves  which  are  self-dual  in  the 
restricted  sense  that  a  dualistic  transformation  exists  which  converts  every  point 
of  the  curve  into  the  tangent  plane  of  that  point,  and  vice  versa,  while  every 
tangent  is  converted  into  itself. 

If  we  put  2/  =  y^(A;=l,  2,  3,  4)  into  the  expressions  for  z,  p,  o-  we  obtain 
three  other  points  P^,  P^,  P^,  which  describe  curves  (7^,  C^,  C7^  as  cc  varies, 
curves  which  are  closely  connected  with  C^ .  P^  is  clearly  a  point  on  the  tan- 
gent of  Cy  constructed  at  P^ ;  P^  is  in  the  plane  osculating  (7^  at  P  ,  while 
P^  is  outside  of  this  plane.  These  four  points  are  never  coplanar  except  at 
those  exceptional  points  of  C^  whose  osculating  planes  are  stationary,  i.  e.,  have 
more  than  three  consecutive  points  in  common  with  the  curve. 

In  order  to  study  the  curve  C^  in  the  vicinity  of  P^,  it  will  therefore  be  con- 
venient to  introduce  the  tetrahedron  P  P  P^P„  as  tetrahedron  of  reference, 
with  the  further  convention  that  if  any  expressions  of  the  form 

^k  =  «iy*  +  ^2h  +  ^zPk  +  «4<^/.  ( fc - 1 ,  2,  3,  4 ) 
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offer  themselves  the  coordinates  of  the  corresponding  point  P^  shall  be 
In  writing  i/^  the  index  k  may  be  suppressed,  so  that  a  single  expression 

represents  the  point  (oc^  a^,  a^,  a^)  in  this  special  system  of  coordinates. 

As  the  independent  variable  x  is  changed,  the  tetrahedron  of  reference  is 
changed  in  accordance  with  equations  (9).  P^  of  course  remains  the  same ; 
P^  is  changed  into  P-^ ,  which  may  obviously  be  any  point  on  the  tangent :  etc. 
Thus  while  an  arbitrary  transformation  of  the  parameter  x  does  not  affect  the 
curve  C  itself,  it  does  very  materially  affect  the  semi-covariant  curves  C7,,  C^ 
and  C^,  It  is  clear  however  that  two  transformations  f  =f(a:),  for  which 
7;  =  f"/l'  ^*^  ^^  same  value,  are  geometrically  equivalent.  We  may  also, 
without  affecting  the  position  of  the  points  -P^,  -P^,  -P^,  assume  that  (1)  is  writ- 
ten in  the  semi-canonical  form,  so  that  ^^  =  0 .  For,  in  order  to  put  (1)  into  the 
semi-canonical  form,  we  need  only  multiply  ^  by  a  certain  factors  X,  which  will 
then  also  ap{)ear  multiplied  into  the  semi-covariants  z ,  p  and  a . 

Let  us  then  assume  p^  =  0 .  We  shall  have  z^^y' .  If  we  differentiate  (1) 
and  eliminate  y  between  the  resulting  equation  and  (1),  we  shall  find 

{P,+  zpi)z^'^  -  (p;  -f  6P,p;)^^^>  +  6P,(P,  +  zpi)z 

(18)  -f  [(6P;+4P3)(P,+  3P^)-6P,(P:  +  6P,P;)]^' 

+  [(4P;  +  P,  +  3P,^)(P,  +  3PO-4P3(P;  +  6P,P;)]^  =  0, 
if  P,  +  ZPl  =1=  0.     If  P,  +  3P^  =  0  we  find 

(19)  z'^^  +  &P^z  +^P^z^i). 

Equation  (18)  determines  the  curve  C^  in  the  same  way  as  (1)  determines 
C^ .  But  if  P^  +  3P^  =  0,  »  satisfies  (19)  showing  that  the  curve  C^  is  in 
this  case  a  plane  curve.  Therefore,  if  the  variable  f  be  so  chosen  as  to  make 
P^  -f  3Pj  =  0 ,  the  corresponding  curve  C^  is  a  plane  section  of  the  developable 
surface  whose  cuspidal  edge  is  (7  .  In  harmony  with  this,  equations  (10)  show 
that  the  most  general  value  of  r) ,  which  satisfies  the  condition  P^  +  3P2  =  0 , 
contains  three  arbitrary  constants,  as  it  should  since  there  are  00'  planes  in  space. 

We  shall  need  to  consider  the  ruled  surfaces  generated  by  those  edges  of  our 
tetrahedron  which  meet  in  P^.  Of  these  we  know  one  immediately,  namely 
the  developable  which  has  C^  as  its  edge  of  regression,  and  of  which  P^P,  is  a 
generator.  The  ruled  surface  generated  by  PyPp  clearly  has  C^  as  an  asymp- 
totic curve;  for,  the  plane  P  P^P^  is  both  osculating  plane  of  C^  at  P^,  and 
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tangent  plane  of  the  surface  at  P^.     If  we  assume  ^^  »  0,  this  ruled  surface 
may  be  studied  by  means  of  the  equations 

^^  ^  p'  +  (4P3-2P;)y +(P,-P;'-2P^)y  +  5P^  =  0, 

in  accordance  with  the  general  theory  of  ruled  surfaces  as  developed  in  former 
papers  of  the  author.     To  prove  (20)  we  need  only  differentiate  twice  the  expres- 
sion for  p,  express  i/^^  and  y^*^  in  terms  of  y,  »,  p,  cr,  and  eliminate  z  and  a. 
The  ruled  surface  generated  by  PyP„  is  especially  important.     We  have, 

(21)  <r  =  2/'^  +  %p,f'  +  ^P^y+P.y. 
whence 

(22)  <r"  =  y<»>  +  3j,,2/(«  +  8(2X+/>,)y'" 

+  (V;  +  ^p'.  +Pz)y"  +  {hh  +  2/>;  )y'  +p'iy- 

From  (21)  we  find 

y(»)  =  <r  -  3;j,y"  -  3;)jy'  -p^y, 

(23)  y<^'  =  <.'-3;,^<r-3(;,;+/,,-3p?)y" 

-  (^i^;  +/>,  -  S/j,^,)/  -  (/'i  -  ^PiPi)y' 

If  we  substitute  these  values  in  (1)  we  obtain  the  equation 

...,x  ^{Pt-p'i-p\)y"  +  ^iPi-Pi-PxPt)y'  +  '^' 

(24) 

+  {Pi-PiP3~p'i)y+Pi<'  =  ^^ 

where  the  coefficient  of  y"  is  3Pj . 

Let  us  differentiate  both  members  of  this  equation,  and  eliminate  y"  and  y'^' 
by  means  of  (23)  and  (24).     We  shall  find 

ZPy  =  (y,r,  +  ZP,q,)y'  +  (3P,j.  -  yj<r' 
(26) 

+  {r,q,+  ZP,q,)y  +  {^P,q,-p,q,)<T, 

where 

?i=-Pp        ?.  =  2/>;-3i>,  +  3^,?,        y,=  -3P3  +  3j7,P„ 

?4  =  -  2/^;  +  3//;  +  Zpy^  -  6^;;),  -2^,  +p^p,-\-  9p\  -  ^p\p^, 

(26)      9,  =  -  (;^;  -K  -^^iR;  -i^li^j)  +  3/),(;Jj  -  />;  -  />0' 

'•3=-3(P3-P2-i^P2), 


Digitized  by 


Google 


108  WILCZYN8KI:    PROJECTIVE  THEORY   OF   SPACE   CURVES  [April 

Equations  (24)  and  (25)  define  the  ruled  surface  generated  by  P^P^^     If 
we  assume  j^j  =  0 ,  we  find 

where 

_  P3  -  p;  _  1  _  p,  +  3Pj  -p;  _ 

-Pii  ~"       p       9        -Pi2~3p  »         ?ii  "*  3p  »         ?u  — ^» 

■^    2 

(28)     „    __^. 

-^    2 


y„-8P, 


2" 


If  (1)  is  written  in  the  Laguerre-Forstth  form,  P,  =  0 .     In  that  case 
the  two  equations  (27)  reduce  to  the  single  equation 

(29)  py  +  J^'  +  ^(P^_p;)y„0, 

which  proves  that  in  this  case  the  surface  generated  by  P  P^  is  developable. 
For  in  this  case  the  tangents  constructed  respectively  to  C^  at  P^  and  to  C^  at 
P^  are  coplanar.     Moreover,  only   if  Pg  =s  0  will  the  surface  generated  by 
Py  P^  be  a  developable. 
Let 

represent  the  point  at  which  PyP^  intersects  the  edge  of  regression  of  the 
developable.  Then,  since  P  P^  must  be  tangent  to  the  edge  of  regression,  we 
shall  have  t'  =  ay  +  /So- ,  or 

(V  -  a)y  -h  (Ai'  -^)<7+  \y   +  yia'  =  0. 

But  according  to  (29) 

SO  that 

(\'-a)y+(/-/3)<r+Xj,'_/t[(P,-P;)y+3P3y']=0, 

where  for  y'  we  could  also  write  z.  Such  a  relation  between  P^j  P^^  P^  would, 
however,  make  these  three  points  coUinear,  and,  therefore,  P^,  P^j  P^^  P^  co- 
planar,  unless  all  of  the  coefficients  are  zero.     We  have  seen,  however,  that  this 
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can  happen  only  for  such  points  P^  at  which  the  osculating  plane  is  stationary. 
We  must  have,  therefore, 

whence 

We  5C6,  therefore^  that 

(30)  T^ZP^  +  a 

represents  the  edge  of  regression  of  the  developable  to  which  the  ruled  surface 
generated  by  PyP^  reduces  when  P^  =  0 . 

If  Pj  ==  0  and  Pj  =  0,  equations  (2)  and  (10)  show  that  the  most  general 
transformations  of  the  variables,  which  do  not  disturb  these  conditions,  satisfy 
the  equations 

which  give  on  integration 

T.--9-  -2c 

^-(f)i'       ''-i  +  cx' 

If  we  transform  t  under  this  assumption,  we  find  that  it  is  converted  into 

(80a)  f  =  ^-^^3^  [«r  +  l^p  +  In'^  +  (|,,»  +  SP,)^ ] , 

where  i;  may  have  any  numerical  value. 

Let  us  recapitulate.  The  ruled  surfaces  generated  by  PyP^  ^^^  infinite  in 
number.  Their  general  expression  involves  an  arbitrary  function  t).  Among 
these  surfaces  there  exists  a  single  infinity  of  developables.  If  P^^Q^the 
surface  generated  by  P^P^  is  one  ofthese^  and  the  locus  of  P^  is  its  edge  of 
regression^  where 
(80)  T^SP^y+a, 

P^  being  the  point  where  PyP„  intersects  the  edge  of  regression.  If  we  con- 
struct all  the  00*  lines  PyP-  through  P^,  which  are  generators  of  the  above 
mentioned  family  of  developables^  and  mark  upon  each  of  them  the  point  P- 
where  it  intersects  the  cuspidal  edge  of  the  developable  to  which  it  belongs^  the 
locus  of  these  points  is  a  twisted  cubic  curve.  The  equations  of  this  curve 
referred  to  a  parameter  rj  and  to  the  fundamental  tetrahedron  PyP^P^P^  are 

(31)  X,  =  3P3  +  |i?S  X,  =  1-17%  3^3  =  |i7 ,  x,^l. 

We  shall  see  lafcer  that  this  cubic  has  five  consecutive  points  in  common  with 
the  curve  C^  at  P^,  i.  e.,  that  it  has  at  this  point  with  C^  a  contact  of  the  fourth 
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order.  We  shall  speak  of  it  as  the  torsal  cubic  of  P^^  on  acoount  of  its  con- 
nection with  the  developables  which  we  have  just  been  considering. 

Equations  (81)  give  the  parametric  equations  of  the  torsal  cubic  referred  to 
a  special  tetrahedron  of  reference  for  which  P^  =  0 .  We  shall  need  its  equa- 
tions in  a  more  general  form.  These  may  be  easily  obtained.  Consider  the 
expression 

(32)         \  =  (3^3  +  ^P;  +  iP,t  +  if)y  +  {  |P,  +  i^z  +  ^tp  +  a 

in  which  t  may  for  the  moment  be  regarded  as  a  parameter  independent  of  x . 
Denote  by  \  the  corresponding  expi*ession  formed  from  the  quantities  P^^  Pj, 
etc.,  y,  5,  p,  a-  after  the  general  transformation  f  =  ^{x).  We  shall  find  that 
(f')*\  is  equal  to  X  after  t  has  been  replaced  by  t^'  +  rj  =^  t^.  But  of  course 
this  transformation  may  be  chosen  so  as  to  make  P^  ==  0 ,  which  would  make  \ 
identical  with  t  except  for  the  notation. 

We  566,  therefore^  that  the  expression  X,  or  the  equations 


«3 


(33)  «'i  =  H  +  A^;  +  fP.i;+K 

represent  the  torsal  cubic  referred  to  the  fundamental  tetrahedron  P^P^P^P^ 
when  this  is  chosen  in  as  general  a  way  as  is  compatible  with  its  definition. 

If  in  (32)  t  is  chosen  as  a  function  of  £c,  as  sc  varies  we  obtain  a  curve  on  the 
surface  formed  by  the  totality  of  torsal  cubics.  If  in  particular  t  satisfies  as 
function  of  x  the  differential  equation 

we  obtain  the  cuspidal  edge  of  one  of  the  developables. 

§  4.    TTie  osculating  cubic^  conic  and  linear  complex. 

A  space  cubic  is  determined  by  six  of  its  points  provided  that  no  four  of  these 
points  are  coplanar.  If,  therefore,  we  take  upon  C^ ,  besides  P^ ,  five  other  points, 
we  shall  in  general  obtain  a  perfectly  definite  space  cubic  determined  by  these  six 
points.  As  these  points  approach  coincidence  with  P^,  this  cubic  will  in  gen- 
eral approach  a  limit,  which  shall  be  called  the  osculating  cubic.  We  proceed 
to  find  its  equations. 

Let  P  correspond  to  the  value  of  x  =  a ,  which  we  shall  suppose  is  an  ordi- 
nary point  for  our  differential  equation.  Then  y  may  be  developed  by  Taylor's 
theorem  into  a  series  proceeding  according  to  powers  of  a;  — a.  By  putting 
x  —  a  =  x'  the  development  will  be  in  powers  of  x.  We  may  therefore  assume 
in  the  first  place  that  a  =  0 .  Let  us  assume,  further,  that  j^i  =  0  aud  Pg  =  0  . 
Then  we  shall  have  from  (5)  and  (6), 
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(84) 

y<»'=-P:y-(P,  +  4P;).-4P,p. 

In  accordance  with  the  definition  of  our  coordinates,  we  denote  the  coefficients 
of  y,  «,  p,  (T  in  this  expansion  carried  as  far  as  or^,  by  y,,  y^,  y^,  y^.  We  may 
of  coarse  multiply  these  quantities  by  a  common  factor  since  the  coordinates  are 
homogeneous.  We  shall  multiply  by  120  so  as  to  clear  of  fractions.  This 
gives 

y^  «  120  -  20P3a^  -  5P,aj^  -  P>*  +  •  • ., 

y,  =  120aj  -  20P,a;*  -  (\P'  +  PJar'  +  . . . , 
(35) 

y3  =  60a:2-4P3a^+..., 

y,  =  20x^+.... 

We  see  at  once  that  the  following  equations  are  exact  up  to  terms  no  higher 
than  the  fifth  order : 

(36)  3y,y,-2yJ  =  0,         b{1y,y^- y\)-%P^y^y,^^. 

These  equations  must  be  satisfied  by  the  coordinates  of  any  point  of  the  oscu- 
lating cubic,  since  this  mtist  have  contact  of  the  fifth  order  with  (7  at  P  . 
They  are  therefore  its  equations^  refei^red  to  this  special  tetrahedron  of  refer- 
ence.    In  terms  of  a  parameter  t  we  may  write 

(37)  a;^  =  15  +  12P3^,         0^2=30^         x^=ZQt\         a;,=  20^. 

The  equation 

Sx^x^-- 2x1=0 

is  that  of  a  cone  whose  vertex  is  P^  and  which  contains  the  osculating  cubic. 
It  may  also  be  obtained  by  determining  that  cone  of  the  second  order  with  its 
vertex  at  P^  which  has  the  closest  possible  contact  with  (7^ ,  viz.  contact  of  the 
fifth  order.  We  shall  speak  of  it  as  the  osculating  cone.  We  notice  at  once 
that  the  torsal  cubic  also  lies  upon  the  osculating  cone.  This  is  shown  by 
equations  (31)  which  are  referred  to  the  same  system  of  coordinates  as  that 
employed  here.  If  we  put  t)  =  1/t  in  (31)  and  if  we  multiply  by  20^^  (31) 
becomes 

(31a)     «,  =  15  +  eOPj^,         x^  =  30^         x^  =  30^,         x^  =  20^, 

which  differs  from  (37)  only  in  having  5P3  in  place  of  P3. 

By  a  method  of  reasoning  precisely  similar  to  that  of  the  last  paragraph,  we 
find  that  the  expression 

(38)  (I2P3 -  12P;  +  24P,T  +  15T«)y  +  20 (f P^  +  ^t^)z  +  30tp  +  20d- 
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represents  an  arbitrary  point  of  the  oscillating  cubic  when  the  tetrahedron  of 
reference  is  not  restricted  to  the  condition  P^  =  0 .  For  this  expression  remains 
invariant  under  the  general  transformation  f  =  f  (as),  and  reduces  to  (37)  for 
P^^Cif  T=l/^ 

The  equation  of  the  plane,  which  osculates  the  osculating  cubic  at  the  point 
whose  parameter  is  t,  turns  out  to  be 

where 

t^,  =  -20,         w,=«30t,         t^,  =  16P,-30T^, 
(39) 
^     ^  w,=  12P3-12P;-36P,t+15t3. 

For  every  value  of  r  this  intersects  the  osculating  plane,  a;^  =s  0 ,  in  a  straight 
line 

-  20aji  +  3OTO2  +  (16P,  -  80T«)a53  =  0. 

The  envelope  of  these  lines  will  be  obtained  by  eliminating  r  between  this  equa- 
tion and  that  obtained  from  it  by  partial  differentiation  with  respect  to  r;  the 
latter  equation  is 

30x2  -  eOraj,  =  0 . 
We  thus  find 
(40)  -  40ajjaj,  +  lbx\  +  Z2P^x\  =  0, 

the  equation  of  the  osculating  conic^  which  may  be  defined  as  a  part  of  the 
intersection  of  the  developable  of  the  osculating  <mbic  with  the  osculating  plane. 
The  other  part  of  this  intersection  is  the  tangent,  which  must  be  counted  twice. 
It  is  not  without  interest  to  verify  that  (37)  represents  the  osculating  cubic 
by  another  method.  We  have  from  (35)  as  non-homogeneous  coordinates  of  the 
points  of  G^  in  the  vicinity  of  P^ 

(41)  '■  '■ 

From  (37)  we  find  for  the  points  of  the  osculating  cubic 

If  we  put 

these  two  expansions  coincide  up  to  terms  of  the  fifth  order.  For  the  torsal 
cubic  we  have  according  to  (31a), 

-^=2e-8P,«*...,         ^=:2e^-8P,^+...,  -*=i^  +  .... 

x^  '  a3j  *  x^      ^ 


i^=2<-|p,««+...,     j»-2««-|p,<»  +  ...,     ^;-K  + 


Digitized  by 


Google 


1905]  WILCZYN8KI:     PROJECTIVE   THEORY   OF   SPACE   CURVES  113 

If  we  put  into  these  equations 

we  find  that  these  expansions  will  agree  with  (41)  up  to  terms  of  the  fourth 
order  for 

a=0,         6  =  0,         c^lF^. 

but  that  it  is  impossible  to  make  them  agree  with  (41)  any  farther  unless 
Pj  =  0.  In  general^  therefore^  the  tor  sal  cubic  has  with  G^  a  contact  of  the 
fourth  order.  Only  i/*  ^^  =  0  may  the  order  of  contact  be  higher.  In  that 
case  the  torsal  and  osculating  cubics  coincide. 

We  proceed  to  deduce  the  equation  of  the  osculating  linear  complex^  i.  e.,  of 
that  linear  complex  determined  by  five  consecutive  tangents  of  the  curve.  We 
assume  again  J^i  »  0  and  P^  =  ^  *  Denote  by  Y  and  Z  the  expansions  of  y 
and  z  in  the  vicinity  of  P^.     Then  we  have  up  to  terms  of  the  fourth  order 

If  we  denote  the  coefficients  of  y,  s,  /»,  o-  in  these  two  expressions  by  y^,  •  •  •,  ^4 
and  2p  •  •  *  9  s;^ ,  respectively,  the  Pliickerian  line-coordi  nates  of  the  tangent  will  be 

whence 

®2S  =  K  +'  •  •  •'  ®M  =  i«^  +  •  •  •»  ®M  =  tV^'  +   •  •  •• 

Therefore,  the  equation  of  the  osculating  linear  complex^  referred  to  the  special 

tetrahedron  of  reference^  is 

(42)  «.,_  0,^  =  0. 

We  might  have  obtained  this  complex  in  another  way.  For,  it  is  clear  that  the 
null-system  of  the  osculating  cubic  will  be  the  same  as  that  determined  by  the 
osculating  linear  complex.  We  shall,  instead,  set  up  the'  null-system  of  the 
torsal  cubic  in  its  general  form.  We  shall  see  that  the  linear  complex  deter- 
mined by  the  torsal  cubic  coincides  with  the  osculating  linear  complex. 
We  have  the  equations  of  the  torsal  cubic 


(43) 


X,  =  60^,  +  6P;  +  24P,,  +  \5f^, 

aj,  =  24P,  +  30»;S         »,  =  30); ,         sc^  =  20 . 
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The  coordinates  of  the  plane,  which  osculates  the  torsal  cubic  at  the  point  whose 
parameter  is  tj ,  are 

w,  «  --  180 ,         w, «  270i? ,         w,  =  144P,  -  270l7^ 

(44)  2.32 

If  we  put  in  (43)  ?;  =  7;^(  ^  =  1 ,  2 ,  3  )  we  obtain  three  points  on  the  cubic. 
The  coordinates  of  their  plane  must  be  proportional  to 

t;,=  -180,         v,^90{v,  +  v,-^V,). 

(45)  ^3  =  144P2  -  ^{V^V,  +  V,V,  +  V,V,). 

V,  =  540^3  +  54P;  -  108P,(i7,  +  v,+  V,)  +  l^5v,V2V,. 

for  each  of  these  expressions  must  be  a  symmetric  function  of  17^,  ?/,,  i;,  of  order 
not  higher  than  the  third,  and  for  97^  =  i;^  9  173  =  1;  we  must  have  v^  propor- 
tional to  t/^.  Similarly,  the  point  in  which  the  three  osculating  planes  at 
i/j ,  1/2 1  Vi  intersect,  must  have  its  coordinates  proportional  to 

a>x,  =  60^3  +  6P;  +  SP,{v,  +  V2  +  V,)  +  l^v.V^Vs^ 

(46)  a>x,  =  24P,  +  10(17,7/3  +  173I7,  +  17,17,), 

0)^3=  10  (17,  +  172+  ^s),  a)aj,=:20. 

If  we  eliminate  17^,  173,  v^  between  (45)  and  (46)  and  change  slightly  the  factor 
of  proportionality,  we  find 

cov^  =  —  a!,,  a)?'3  =  —  ic  +  2F^x^y 

(47a) 

a>v^  =  -f-  CC3,  a)v^  «  4.  ajj  —  2P2a;3, 

or 

(476) 

a)'aj2=  -2P2'y^-r3,  a)'cc,=:  -  v,, 

as  the  equations  of  the  null-system  defined  by  the  torsal  cubic. 

A  point  2/,,  ^2,  ^3,  y^  lies  in  the  plane  corresponding  to  ic,,  oSj,  CC3,  x^  if 


4 

I 


Z"*y*  =  o, 


Therefore,  the  lines  which  pass  through  the  point  a?j,  a?,?  ^3»  ^a  and  lie  in  the 
plane  corresponding  to  it  in  the  null-system,  satisfy  the  equation 

(48)  «„-2P,a,„- 0,^=0. 

If  the^ tetrahedron  of  reference  be  so  chosen  as  to  make  P2  =^  ^  9  ^^^^  equation 
is  identical  with  (42).     Tfierefore  (48)  represents  the  osculating  linear  complex 
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when  the  tetrahedron  of  reference  is  general.  Hie  osculating  and  torsal 
cubics  are  curves  of  this  complex. 

If  Pj  is  finite  the  complex  (48)  is  not  special.  We  see  therefore  that  only 
those  values  of  x  for  which  P^^  oc  can  give  points  of  the  curve  at  which  five 
consecutive  tangents  have  a  straight  line  intersector. 

Let  us  proceed  to  deduce  the  equation  of  the  osculating  linear  complex  belong- 
ing to  a  point  of  C^  infinitesimally  close  to  P^ .  If  we  change  a;  by  an  infinitesi- 
mal amount  &c,  we  find  for  the  coordinates  of  the  vertices  of  the  new  tetrahe- 
dron of  reference 

*y  =  y +  y'&5=  (1  — ^i&b)^ +  280?, 

i  =  z  -f.  zhx=i  -^  P^hoii'y  +  {\^p^hx)z  +  pSx^ 

p  =  p  +  p'Bx^  --(P^^P'^)Bx-y--2P^Bx-z+{l-p,Sx)p  +  aBx, 

a  ^  a  +  a'&x  ^  ^  {P,^  P',)Sx'y  ^^{P^-^  P'^)Bx-z 

Therefore,  if  a  point  has  the  coordinates  x^y  -  •  • ,  £^  in  the  new  system  of  coordi- 
nates, and  x^y  •  •  •,  a;^  in  the  old,  we  shall  have 


x,^il-^p,8x)x,-^P,&c^x,^{P,^P',)8x'X,^{P,-^P',)Sx 


aJ. 


'4» 


Therefore  the  infinitesimal  changes  in  the  coordinates  in  the  sense  new  minus 
old,  will  be 

Sx,^[-x,+p,x,+  2F,x,  +  S{F,-Pl)x,]Sx, 
(49) 

Referred  to  the  new  tetrahedron  of  reference,  the  equation  of  the  complex  oscu- 
lating Cy  at  the  point  corresponding  tox  +  8x  will  be 

0, 


(50) 

«u-2P,«w-"a 

where 

p,=p,-i-p;&B,      S^  = 

x.^x^  +  Sx.,  y,-yj  +  ^y.-, 

if  SBj  and  y^  denote  the  coordinates  of  two  points  on  a  line  of  the  complex 
referred  to  the  new  tetrahedron  of  reference.     Making  the  calculations  we  find 

««-««+ [2/'i««-3P,a.«-«.,-3(P3-p;)»3,]  ax. 

Tnins.  An.  Math.  Soc.  9 
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If  we  substitute  in  (50),  we  find  as  the  equation  of  the  linear  complex  osculat- 
ing C  at  a  point  infinitesimally  close  to  P^ , 

(51)  («„  -  2P,a,„  -  «»«)(1  +  2i>.Sx)  +  4^,«„&B  =  0. 

This  coincides  with  the  linear  complex  osculating  C^  at  P^ ,  if,  and  only  if,  ^^  =  0 . 
Therefore,  if  the  invariant  0^  vanishes  identically^  the  tangents  of  the  curve 
C^  belong  to  a  linear  complex.  If  it  does  not  vanish  identically,  those  values 
of  X  for  which  it  does  vanish  correspond  to  points  of  the  curve  at  which  the 
osculating  linear  complex  hyperosculates  the  curve. 

This  result,  which  has  been  known  a  long  time,  is  here  derived  in  a  novel 
manner,  which  has  above  all  the  advantages  of  clearness.  It  may  also  be 
obtained  by  setting  up  the  linear  differential  equation  of  the  sixth  order  satis- 
fied by  the  six  line  coordinates 

of  the  tangent,  and  noting  that  this  reduces  to  the  fifth  order  if,  and  only  if, 
^3  =  0.     This  is  the  method  of  Halphen. 

A  former  result  may  now  be  stated  as  follows :  The  osculating  and  torsal 
cubics  of  all  j^oints  of  a  curve  coincide^  if  and  only  if  the  curve  belongs  to  a 
linear  complex. 

§  5.   Geometrical  definition  of  tlie  fundamental  tetrahedron  of  reference. 

We  have  seen  that  there  exists  for  every  point  of  the  curve  C^  a  tetrahedron 
whose  vertices  P^ ,  P. ,  P^,  P„  are  determined  by  the  choice  of  the  independent 
variables  x.  In  order  that  we  may  be  able  to  obtain  a  clear  insight  into  the 
geometry  of  the  curve,  it  is  necessary  that  we  may  be  able  to  define  this  tetra- 
hedron by  purely  geometrical  considerations.  As  a  consequence  of  our  preced- 
ing results  we  are  now  able  to  do  this. 

We  have  already  noticed  that  P^  is  a  point  on  the  tangent,  and  by  a  properly 
chosen  transformation  |  =  f  (a;)  it  may  be  transformed  into  any  other  point  of 
the  tangent.  When  the  independent  variable  has  been  definitely  chosen  to  be 
a?,  we  obtain,  therefore,  a  point  P^  on  the  tangent  which  is  not,  in  general,  dis- 
tinguished by  any  geometrical  property  from  any  other  point  of  the  tangent.  Its 
position  may  serve  as  a  geometric  image  of  the  independent  variable. 

Consider  the  osculating  conic 

£c,  =  0 ,         ^^x^x^  -  32P2»J  -  lbx\  =  0 . 

The  polar  of  any  point  (a?J ,  x'^,  ajg,  0 )  of  the  osculating  plane  with  respect  to  it, 
is  the  straight  line 

x,  =  0,         ^^x^x,  -  Ibx'^x^  -h  (20x;  -  Z2P^xl)x^  ==  0 . 
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Therefore,  the  polar  of  P^,  whose  coordinates  are  (0,1,0,0),  is  the  Kne 
jCj  =s  0,  a;^  ==  0.     In  other  words: 

The  line  PyPf,  is  the  polar  of  P^  with  respect  to  the  osculating  conic. 
We  shall  speak  of  the  curves  C7,,  C^,  C7^  as  the  derivative  curves  of  C^  with 
respect  to  a?,  of  the  first,  second  and  third  kind  respectively.  The  ruled  sur- 
faces which  are  obtained  by  joining  the  points  of  C^  to  the  corresponding  points 
of  C^,  Cp,  G^  shall  be  called  derivative  ruled  surfaces  of  the  first,  second  and 
third  kind  respectively.  Then,  the  derivative  ruled  surface  of  the  first  kind  is 
unique.  It  is  simply  the  developable  whose  cuspidal  edge  is  C^ .  Let  us  con- 
sider the  derivative  ruled  sui*face  S  of  the  second  kind  generated  by  P^Pf,* 
The  curve  G^  is,  of  course,  an  asymptotic  curve  upon  it.  This  surface  is  char- 
acterized by  the  equations  (20),  where  p^  has  been  assumed  equal  to  zero. 

According  to  the  general  theory  of  ruled  surfaces,  *  the  asymptotic  tangents 
to  aS^  at  the  points  P^  and  P^  are  obtained  by  joining  these  points  to  2z  and 

2(r  -  4tP^z  -h  2Pj^y 

respectively.  Therefore  the  asymptotic  tangent  to  /S'at  any  point  (a^,  0,  o^,  0) 
of  P^  P^  joins  this  point  to 

Hence,  the  equation  of  the  plane  tangent  to  aS"  at  (a^,  0,  oc^,  0)  is 

To  the  same  point  of  P^  P^  there  corresponds  a  plane  in  the  osculating  linear 
complex.     According  to  (47  a)  this  is  the  plane 

Therefore,  if  at  any  point  of  the  generator  of  the  derived  ruled  surface  of  the 
second  kind  we  construct  the  tangent  plane  as  well  as  the  plane  which  corre- 
sponds to  it  in  the  osculating  linear  complex,  these  planes  form  an  involution. 
The  double  planes  of  this  involution  are  the  osculating  plane  (o?^  =s  0),  and  a 
plane  (aj^  =  0  )  which  contains  P^ ,  the  point  of  the  derivative  curve  of  the  third 
kind  which  corresponds  to  P^^. 

The  point  which  corresponds  to  this  latter  plane,  is 

(62)  ^=2P^y  +  p. 

According  to  (47  a)  we  have  further,  corresponding  to  the  point  P^  or 
(0,  1,  0,  0),  the  plane  ajj  =  0 ,  which  also  contains  P^ .  The  line  P  P^  is  now 
oompletely  determined,  as  follows : 

*WiLCZYNSKi,  OovariafU8f  etc.  Transaotlons  of  the  American  Mathematical 
Society,  yoI.  3  (1902),  p.  434. 
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The  generator  of  the  derived  ruled  surface  of  the  third  kind  is  the  intersec- 
tion of  the  following  two  plants :  Ist,  the  plane  corresponding  to  P^  in  the 
osculating  linear  complex;  2d^  that  plane  which  is  tangent  to  the  derived 
ruled  surface  of  the  second  kind  at  the  same  point  tohich  corresponds  to  it  in 
the  osculating  linear  complex. 

It  still  remains  to  determine  the  position  of  P^  and  P^  on  the  lines  PyPp 
^nd  P^P^. 

The  osculating  conic  intersects  PyPf,  in  P^  and  in  P^  where 

(63)  a^iP^y+bp. 

The  cross-ratio  of  the  four  points  P^^  P^,  P^,  P^ ,  is 

If  upon  the  generator  of  the  derived  ruled  surface  of  the  second  kind^  there 
he  marked  its  intersections  with  the  osculating  conic^  and  the  point  P^  whose 
tangent  plane  coincides  with  the  plane  corresponding  to  it  in  the  osculating 
linear  complex^  the  point  P^  is  determined  hy  the  condition  that  the  cross-ratio 
of  these  four  points  shall  be  equal  to  |-. 

If  Pj  =  0  this  definition  of  P^  breaks  down.  In  that  case,  however,  P^  and 
P^  coincide  with  P^ .  Therefore,  if  the  derived  ruled  surface  of  the  third  kind 
is  a  developable^  P^  is  that  point  on  the  generator  of  the  derived  surface  of 
the  second  kind  where  this  generator  intersects  the  osculating  conic  the  second 
time.  At  this  point  the  plane^  tangent  to  the  ruled  surface^  and  the  plane^ 
corresponding  to  it  in  the  osculating  linear  complex^  coincide. 

If  we  use  the  notations  of  the  theory  of  ruled  surfaces,*  we  find  from  (20), 

^12  «  4  »  ^21  =  8^;  -  4P4  +  »Pl ,  ^U  -  ^^22  =  16P„ 

(^n  -  ^22)^  +  ^^.2^n  «  -  64(P,  -  2P;  -  6P»). 

But  i^jj  ^  u^ss  0  is  the  condition  that  C^  and  C^  shall  be  harmonically 
divided  by  the  branches  of  the  flecnode  curves  of  the  ruled  surface,  while 
(i^ji  —  1^22)*  +  ^i^ijWjj  =  0  is  the  condition  under  which  the  two  branches  of  the 
flecnode  curve  coincide,  f     Therefore,  we  obtain  the  following  theorem. 

If  the  derived  ruled  surface  of  the  third  kind  is  a  developable^  the  intersec- 
tions of  the  generator  of  the  derived  ruled  surface  of  the  second  kind  with  the 
osculating  conic  give  rise  to  two  curves  upon  this  surface  harmonically  conjw- 
gate  with  respect  to  the  two  branches  of  its  flecnode  curve. 

If  6^^Q^  the  second  intersection  of  the  generator  of  this  surface  with  the 
osculating  conic  is  a  point  of  its  flecnode  curve.  Moreover^  the  two  branches 
of  the  flecnode  curve  must  then  coincide, 

^WiLCZYNSKi,  Covariawt$j  eta,  loo.  oit,  p.  445.     InvariaiU$j  etc.,  TraDBaotions  of  the 
American  Mathematioal  Society,  vol.  2  (1901),  p.  6. 
fLoo.  cit.,  p.  444. 
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It  is  to  be  noted  that  we  have  here  a  geometrical  interpretation  for  the 
invariant  equation  ^^  =s  0 .  We  shall  find  two  other,  quite  different  interpreta- 
tions for  this  condition  later  on.  By  the  method  of  Halphen  still  another 
meaning  can  b^  attached  to  this  equation,  not  however  so  purely  geometrical. 

We  may,  if  we  wish,  make  use  of  the  torsal  cubic  in  our  further  constructions. 
For,  it  is  now  defined  entirely  by  geometrical  considerations.  If,  in  fact,  we 
trace  upon  the  developable,  whose  edge  of  regression  is  C^  an  arbitrary  curve 
(7;,  we  now  know  how  the  corresponding  ruled  surfaces  of  the  second  and  third 
kind  may  be  constructed.  They  depend  upon  an  arbitrary  function  of  a;,  as 
does  the  curve  C^.  Among  the  surfaces  of  the  third  kind  there  exists  a  single 
one-parameter  family  of  developables.  Upon  that  generator  of  each  of  these 
developables  which  passes  through  P^  we  mark  the  point  where  it  intersects  the 
cuspidal  edge  of  the  developable  to  which  it  belongs.  The  locus  of  these  points 
is  the  torsal  cubic. 

We  notice  incidentally  that  tfie  reduction  of  equation  (1)  to  the  Laguerre^ 
Forsyth  canonical  form  is  equivalent  to  the  determination  of  one  of  the  devel- 
opables of  the  third  kind.  Since  this  reduction  is  made  by  solving  an  equation 
of  the  RicCATi  form  we  notice  further  the  following  theorem.  The  four  curves 
on  the  developable  of  C^  which  correspond  to  any  four  of  the  developables  of 
the  third  kind,  intersect  all  of  the  tangents  of  C^  in  point-rows  of  the  same 
cross-ratio. 

Let  us  consider  the  developable  surface  of  the  torsal  cubic,  which  is  given  by 
equations  (44).  We  are  going  to  find  its  intersection  with  the  plane  P^P^P^, 
or  5Cj  =  0.  The  intersection  of  the  plane  Wj,  •  •  • ,  w^,  which  osculates  the  cubic 
at  the  point  whose  parameter  is  ry,  with  the  plane  ajj  =  0  is  the  line 

-  ISOaj^  +  2707;aj2  +  (540^3  +  54P;  -  S2iF^v  +  1357;»)x,  =  0 

of  this  plane.  As  77  changes  this  line  envelops  a  curve,  the  required  intersection. 
Its  equation  will  be  found  by  eliminating  17  between  the  above  equation  and 
this  other  one 

210x,  +  (  -  324P2  +  40577^)^5, «  0 

obtained  from  it  by  differentiation  with  respect  to  77 .  This  elimination  may  be 
easily  performed.     The  result  is 

(54)  P=  8(5x,  -  ex,){5x,  -  6xJ  +  Ux,  { lOx,  -  (30^3  -f  SP',)x,  }^  =  0. 

This  plane  cubic  together  with  the  tangent  P^  P^  gives  the  complete  intersec- 
tion of  the  plane  P^P^P^  with  the  developable  of  the  torsal  cubic.  It  has  a 
cusp  at  P,,  and  the  equation  of  its  cusp  tangent  is 

5ajj  —  6a;^  =s  0 , 
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as  one  may  find  by  the  general  theory  of  plane  curves.  It  intersects  PyP^  in 
the  point 

(55)  /ic=:24y+20o-. 

The  tangent  to  the  plane  cubic  at  P^  is 

10aj2  +  3x,  =  0. 

It  intersects  the  cubic  again  in  the  point 

(12  +  30^3  +  3P;)y  -  6z  +  20<r. 

If  this  point  be  joined  to  P^  by  a  straight  line,  the  latter  will  intersect  PyP^ 
in  the  point 

(56)  X  =  (12  +  30^3  +  3P;)y  +  20<r, 

The  plane  P^P^P^  is  tangent  to  the  torsal  cubic.  It  intersects  it  once  more  in 
the  point  corresponding  to  17  =  0,  viz.,  (60^^  +  6P2)y  +  24Pj2  +  20<r.  A 
line  joining  this  point  to  P^  intersects  P  P^  in 

(57)  M=(6053  +  6P;)y  +  20<r. 
Consider  the  four  points  P,,  P;^,  P„  and  P^.     We  have 

X  =  ^+-*,  (30^,+  3P;-12)y  =  ^; 

SO  that  P^  is  the  harmonic  conjugate  of  P^  with  respect  to  P^  and  P^ . 

The  osculating  cubic  differs  from  the  torsal  cubic  only  in  having  2  (P3  —  P, ) 
in  place  of  lOtf,  +  Pj  •  Consequently  the  plane  cubic  in  which  its  developable 
intersects  the  plane  P^P^P^  is 

(58)  P=  8(5^2  -  6xJ(5xi  -  6xJ^+  16aj,{  \Qx,  -6(P^^P'^)x, }*  =  0. 

If  we  denote  by  P-,  Pj^,  P-  the  points  constructed  with  respect  to  this  curve 
in  the  same  way  as  P^,  and  P^  and  P^  were  with  respect  to  P=  0,  we  find 

(59)  K=K,  X=(l2  +  6P3-6P;)2/  +  20cr,  ,1  =  (12P3-12P;)y  +  20(r, 

the  cusp  and  its  tangent  being  common  to  the  two  curves,  as  well  as  the  tangent 
at  P  .  I  refrain  from  formulating  explicitly  the  various  theorems  which  may 
be  obtained  from  these  equations. 

In  order  to  obtain  a  simple  construction  for  P^,  we  shall  consider  finally  the 
developable  generated  by  the  motion  of  the  plane  P^P^P^,  The  equation  of 
this  plane  is  x^  =0.  As  a;  changes  into  x  +  &c,  y,  2,  p  change  into  y  +  y'&c, 
p  +  p'hx^  c  +  cr'&B  respectively,  where  y\  p\  c'  are  given  by  equations  (5). 
The  equation  of  the  plane  of  these  points,  referred  to  the  tetrahedron 
P,,P„P,,P,,  is 
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=  0. 


which  becomes,  when  developed, 

x,Bx  -  x^{l  -  Sp.Bx)  -  2x^P^Bx  -  8x^{F^  -  P;)&c  =  0. 

Therefore  the  equations  of  the  generator  of  the  developable,  generated  by  the 
motion  of  the  plane  P^  P^  P^ ,  are 

(60)  x,  =  0,         x,-2P,;r,-3(P,-P;)x,  =  0. 

It  intersects  the  generator  PyP^(a;j  ==  a?^  =  0)  of  the  derived  ruled  surface  of 

the  second  kind  in  that  point 

(52)  0=2P,y  +  p 

whose  tangent  plane  coincides  with  the  plane  corresponding  to  it  in  the  osculat- 
ing linear  complex.  Its  intersection  with  P^  P^ ,  the  generator  of  the  derived 
ruled  surface  of  the  third  kind,  is 

(61)  7=3(P,-P;)y+<r. 

The  generator  of  the  developable  joins  P^  to  P^ .  We  wish  to  determine  it» 
edge  of  regression.     If 

S  =  ll3  +  my 

is  the  point  where  P^  P^  meets  the  edge  of  regression,  we  must  have 

8'  =  r/8  -f  «7,         or         //8'  +  my'  ^r/3  +  sy. 
We  proceed  to  determine  the  ratio  of  Z  to  m.     We  find 
ff'  =  (3P;  -  2/,.P,  -  P,)y  -p^p  +  a, 

7'  =  -[P,-4P;  +  3P;'  +  3;,,(P3-P;)]y-3iV-2,,<r. 
We  may  eliminate  p  and  a  by  (52)  and  (61).     This  gives 
^'=^-i0,y-p,0  +  y, 

7'=-(P,-4P;  +  3P;-6P^)y-3P,^-;,,7. 
We  may  therefore  put 

Z  =  P,-4P;  +  3P;-6P^         m  =  -i0,; 
80  that 

(62)  «  =  ( P,  -  4P;  +  3P;'  -  6P^)/9-  4^,7 

gives  the  edge  of  regression.     This  gives  the  following  theorem : 
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The  developable,  generated  hy  the  plane  of  the  generators  of  the  derived 
ruled  surfaces  of  the  second  and  third  kind^  has  its  edge  of  regression  upon 
the  derived  ruled  surface  of  the  second  kind,  if  and  only  if  the  cwve  C^ 
belongs  to  a  linear  complex. 

We  may  write  in  place  of  (51) 

7  =  60(P,-P;)y  +  20<r. 
We  have  from  (59) 

M  =  12(P,-P;)y+20«r. 

Therefore,  the  cross-ratio  of  the  four  points  P^,  Py,  P-  and  P^  is 

(7»  y.  f^^  <r)  =  5. 

We  have  found  finally  a  geometrical  definition  for  P^ ,  which  we  may  recap- 
itulate as  follows.  The  plane  of  the  tangent  and  the  generator  of  the  third 
derived  ruled  surface  intersects  the  osculating  cubic  in  P^  counted  twice  and 
one  other  point  If  the  latter  point  be  joined  to  P,  by  a  straight  line  we 
obtain  a  certain  point  P-  as  the  intersection  of  this  line  with  P^P^.  The 
generator  of  the  developable^  generated  by  the  plarte  of  the  generators  of  the 
derived  ruled  surfaces  of  the  second  and  third  kind^  intersects  PyPa^  i^ 
another  point  P^ .  P^  may  now  be  found  as  that  point  of  P  P^  which 
makes  the  cross-ratio 

(P,,P,,P-,PJ  =  6. 

We  have  shown  how  to  construct  the  fundamental  tetrahedron  when  P^  is 
given.  If  P^  is  given,  P^  can  be  found  at  once  as  the  pole  of  PyPp  with 
respect  to  the  osculating  conic.  If  P^  is  given  we  may  find  first  its  polar  plane 
with  respect  to  the  osculating  linear  complex  which  is 

^x,  +  2P^x,^0, 

and  therefore  passes  through  P^,  but  not  through  P^.     P^  can  therefore  be 
found  at  once  at  the  intersection  of  this  plane  with  the  tangent  to  C^  at  P  . 

We  see  therefore,  that  any  one  of  the  three  points  P^,  P^,  P^  determines 
uniquely  the  others. 

§  6.   Some  farther  properties  of  the  derived  ruled  siirfaces  of 
the  secoJid  and  third  kind. 

Let  us  suppose  jr>j  =  P^  =  0 ,  so  that  the  derived  ruled  surface  of  the  third 
kind  is  a  developable,  and  let  us  consider  the  derived  ruled  surface  of  the  second 
kind  which  corresponds  to  it.  We  proceed  to  deduce  the  equation  of  its  oscu- 
lating linear  complex. 

Let  J^and  R  denote  the  developments  of  y  and  p  in  the  vicinity  of  the  ordi- 
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nary  point  x  =&  a,  and  replace  again  a?  —  a  by  a;  in  the  developments.  Then  we 
shall  find 

^=  VxV  +  Vz^  +  ViP  +  Va^^         ^^^PiV  +  Pi^-^  PsP  +  P4<^  » 
where 

/,.  =  -  P,x  -  JP.x*  -  JP;a!'  +  ^\{4Fl  -  P:)x*  +  . . ., 

^,  =  i-fp,x»-5>,(8P;  +  pj»«  +  ..., 

while  y,  1  •  •  • ,  2^4  liave  been  computed  before.     Denote  by 

»**  =  ViPk  -  VkPi 
the  Pliickerian  coordinates  of  the  line  joining  the  two  points.     We  find 

a.„=-P,a^-H2P;-PJx'-,V(2P;'-P:K+"., 
a..,=.l-iP,a^-H2P;-PJx^+-., 

Let 

be  the  equation  of  the  osculating  linear  complex  of  the  surface  in  question. 
Then,  the  coefficients  of  all  powers  of  x  up  to  and  including  x*  must  be  zero,  if 
we  substitute  the  above  developments  of  0).^^  into  the  left  member.  This  gives 
us  the  following  equations  : 

6  =  0,         c  +  <Z=0,         — P3a  +  e=0, 

-i(2P;-PJa-JP,6  +  J/=0, 

-^j(2P;'-P:)a--J(2P;-P,)6-^P,c  +  ^P,(?=0, 

whence  the  ratios  of  the  coefficients  may  be  easily  deduced. 

We  find  thus  the  equation  of  the  linear  complex  osculating  the  derived 
ruled  surface  of  the  second  kind  which  corresponds  to  a  developable  of  the 
third  kind;   it  is 

(64)   -  4P,a,.,  -  (P;  -  2P';)(a,,  -0,^)  -  4P>,,  +  4(P,- 2P;)P.a>^=  0. 

It  coincides  with  the  osculating  linear  complex  of  C^  if  and  only  if  P3  =  0 ,  i.  e., 
if  Cy  belongs  to  a  linear  complex.  This  result  is  also  obvious  for  geometrical 
reasons. 
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The  coordinates  r^.  of  the  plane,  which  corresponds  to  a  point  ajj,  cBj,  Xj,  x^ 
in  the  linear  complex  (64),  are  given  by 

o,«,  =  -  ip,x,  -  (p;  -  2p;)x,  +  4Pix„ 

<ov,  =  {P:-2P^)x,-4P,(P,-2P',)x,, 

<ov,=  -(P:-2P;)x,-4PIx,  +  4P,{P,-2P',)x,, 


(66) 


where  ©  is  a  proportionality  factor. 

Let  us  consider  at  the  same  time  the  osculating  linear  complex  of  C^ .  The 
lines  common  to  the  two  complexes  form  a  congruence  whose  directrices  we 
propose  to  find.  This  we  can  do  quite  easily  by  writing  down  the  equations 
which  express  that,  for  a  point  on  one  of  the  directrices,  the  two  planes  corre- 
sponding to  it  in  the  two  complexes  must  coincide.  The  right  members  of  (65) 
must,  for  such  a  point  be  equal  to 

respectively,  where  a>  is  a  proportionality  factor. 

The  four  equations  obtained  in  this  way  can  be  satisfied  only  if  their  deter- 
minant vanishes,  which  gives 


(66)  2p;'  -  p;  -  0,  =  ±  4P3  i/2p;  -  p„ 

whence  the  following  equations  for  the  two  directrices 


±  V  2P;  -  p,x,  -  p,x,  -  (2p;  -  pjx,  =  0, 

(67)  -a-,±v'2P;^P>,=  0, 

-x,±:v2rl-i\x,  +  p,x,  =  o, 

of  which  three  equations  only  two  are  independent,  and  where  we  have  assumed 
Pj  =4=  0 .  In  fact,  if  jP^  were  zero  the  two  complexes  would  coincide  and  the 
congruence  would  be  indeterminate. 

Since  we  have  assumed  P^  ==  0 ,  the  quantity  under  the  square  root  is  —  ^4  • 
We  find  a  second  interpretation  for  the  condition  6^=  0,  If  0^=^  0,  the  con- 
gruence has  coincident  directrices.  We  may  combine  this  with  our  former 
result  to  the  following  theorem. 

Choose  as  derived  ruled  surface  of  the  third  hind  one  of  the  devdopables 
of  the  single  family  which  exists.  Consider  the  osculating  linear  complex  of 
the  corresponding  ruled  surface  S  of  the  second  hind.  Let  the  directrices  of 
the  congruence^  which  this  complex  has  in  common  with  the  osculating  linear 
complex  of  the  fundamental  curve  (7  ,  coincide.     Then  th^  two  branches  of  the 
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jlecnode  curve  of  S  coincide  and  the  generator  of  S  which  passes  through  P^ 
will  intersect  the  osculating  conic  of  C^  in  P^,  and  a  second  point  whose  locus 
is  the  jlecnode  curve  of  the  surface  S. 

I  refrain  from  formulating  the  converse.  The  above  conditions  are  fulfilled 
if  and  only  if  tf^  =  0 . 

Let  us  consider  one  of  the  directrices  (67),  for  example  that  one  which  corre- 
sponds to  the  plus  sign  of  the  square  root.     Then  we  see  that 


are  two  points  on  the  directrix.  We  have  multiplied  each  expression  by  a 
factor  so  as  to  have  a  and  /8  of  the  same  weight.  If  now  we  change  the  inde- 
pendent variable,  but  in  such  a  way  as  not  to  disturb  the  condition  P^  =  0 ,  we 
shall  get  in  (64)  a  single  infinity  of  complexes,  and  in  (67)  two  families  of  lines, 
the  directrices  of  the  single  infinity  of  congruences  which  thus  result.  We  are 
going  to  study  to  some  extent  the  two  ruled  surfaces  thus  generated. 

Put  

(69)  k^vTF^P,. 

Making  the  transformations  which  preserve  P^  =  ®  >  ^'^^  which  we  must  have 
we  find  that  a  and  /8  are  transformed  into  9  and  /8,  where 

The  point  nia  +  nB  will  be  an  arbitrary  point  on  the  line  joining  P-Pj> 
We  find  therefore,  the  equations  of  our  surface  referred  to  two  parameters  rj 
and  m/w, 

^1  =  i^^sV'  +{m  +  7i)P,k  +  71(177^2  +  fi/U-), 

x,^2mvP,+  n{L^  +  lv'i^). 
(70) 


X, 


=  TWP,  +  ^kjlT], 


aj^==  nk. 

The  nature  of  this  surface  may  be  easily  determined.     We  have,  returning  to 
the  two  curves  C^  and  Cp  upon  it,  for  C^ 

a^  =  ^-ff7;^  a^-^-irj,  ^3=1,  «4  =  0, 

if  we  put  n  =  0 ,  m  =  I/P3  in  (70).     If  we  put  m  =  0 ,  n  =  1/Aj  we  find  for  C^ 
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But  (a^,  fij^)  are  simultaneous  solutions  of  the  equation 

dv  =  t^' 

which  proves  that  the  ruled  surface  which  we  are  considering  is  a  developable 
whose  edge  of  regression  is  the  twisted  cubic  C^  . 

The  curve  O^  is  a  conic,  the  intersection  of  the  developable  of  the  cubic  with 
the  osculating  plane  of  O^ .     Its  equations  are 

aj^ «  0,         —^x\  +  %x^x^  —  %hx\  =  0 . 

We  notice  that  for  tf^  =  0  i^  coincides  with  the  osculating  conic^  a  further  inter- 
pretation of  this  condition.  In  general^  the  two  conies  have  a  contact  of  third 
order  at  P^. 

If,  in  these  equations,  we  change  k  into  —  A:  we  obtain  the  developable,  cubic 
and  conic  associated  with  the  second  directrix  of  our  congruence.  A  consider- 
able number  of  other  configurations  are  suggested  by  the  combinations  of  these 
various  curves  and  surfaces.  I  will  refrain,  however,  from  any  further  study  in 
this  direction. 

The  curve  Cy  is  an  asymptotic  curve  upon  every  derived  ruled  surface  of  the 
second  kind.  Moreover,  the  most  general  derived  ruled  surface  of  the  second 
kind  depends  upon  one  arbitrary  function,  as  does  also  the  most  general 
ruled  surface  containing  C^  as  an  asymptotic  curve.  It  is  easy  to  see  that  the 
derived  ruled  surface  of  the  second  kind  may  be  made  to  coincide  with  any 
ruled  surface  upon  which  C  is  an  asymptotic  curve  if  the  independent  variable 
be  properly  chosen. 

Upon  the  derived  ruled  surface  of  the  third  kind,  C^  can  never  be  an  asymp- 
totic curve.  It  may,  however,  be  one  branch  of  the  flecnode  curve.  In  fact,  if 
we  form  the  quantities  w^  of  the  theory  of  ruled  surfaces  for  system  (27),  we  find 

P' 

'^  2 

But  Uj2  =  0  is  the  condition  that  C^  may  be  a  branch  of  the  flecnode  curve  on 
the  surface  generated  by  PyP^*  Suppose  that  the  variable  has  been  so  chosen 
as  to  make  P'^s^O.  The  most  general  transformation  which  is  possible,  leav- 
ing this  relation  invariant,  must,  according  to  (11)  satisfy  the  condition 

or 

(71)  -  5  V  -  12r)P^  +  Uvv'  -  Si;'  =  0 , 

a  differential  equation  of  the  second  order  for  r) .  Moreover  two  different  solu- 
tions of  this  equation  always  give  rise  to  two  distinct  ruled  surfaces.     For,  let 
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i7j  and  17,  be  two  such  solutions,  and  let  0*^  (t^  be  the  corresponding  values  of  a. 
Then,  according  to  (9), 

But  if  the  same  ruled  surface  corresponds  to  r;^  and  t/^,  the  three  points  y,  <r^ 
and  (Tj  must  be  coUinear.     We  must  therefore  be  able  to  reduce 

(f;)'<^.-(f;)''^,-f('?.-'?>+"- 

to  a  multiple  of  y.     But  this  is  clearly  only  possible  if  t/^  »»  17^. 

We  see,  therefore,  that  there  are  00'  derived  ruled  surfaces  of  the  third  kind 
upon  which  C^  is  one  branch  of  the  Jlecnode  curve. 

If  Pj  ^8  ^^^  ^"^^  ^^^  problem  leads  to  the  differential  equation 

(^2)  ^t  iv'  -  IV')  -  f  P;  -  h^P.V  +  2ri{v'  -  W), 

which  is  of  the  second  order  and  third  degree. 

I  have  shown  in  a  former  paper  that  the  most  general  ruled  surface  which  has 
C^  as  one  branch  of  its  flecnode  curve  contains  an  arbitrary  function  in  its  gene- 
ral expression.*  I  have  also  shown  that  together  with  any  such  surface,  its  flec- 
node surface  and  each  member  of  a  single  infinity  of  surfaces  determined  by 
these  two,  also  contains  C^  as  one  branch  of  its  flecnode  curve.  One  might 
imagine  that  there  could  be  based  upon  these  theorems  a  transformation  theory 
of  equation  (72).  This  is  not  the  case  however.  For,  if  one  of  the  surfaces  con- 
taining C7y  as  a  branch  of  its  flecnode  curve  is  a  derived  ruled  surface  of  the 
third  kind,  its  flecnode  surface  is  not,  nor  is  any  member  of  the  family  of  ruled 
surfaces  just  mentioned. 

Corresponding  to  the  00^  solutions  of  (72)  or  of 

we  find  00*  positions  for  P- ,  viz. : 

4(r)*^  =  (|P;-.ij*P,i7  +  6i;/i+37;^)y+(4/i  +  6i72);5+6i7^  +  4<r. 

The  locus  of  these  points  is  a  cubic  surface 

(78)  27P;ajJ  -  SQP^x^xl  +  90x^x^x,  -  OOajjjcJ  _  ^^q^s  ^  q ^ 

which  contains  PyP^y  the  tangent  of  C^  as  a  double  line.     It  is  therefore  a  ruled 
surface.     It  is  in  fact  a  Cayley's  cubic  scroll. 

If  one  derived  surface  of  the  third  kind  is  known  upon  which  C^  is  a  branch 

*  General  theory  of  curves  an  ruled  surfaces^  TraDsaotioDB  of  the  Amerioan  Mathe- 
matical Society,  vol.  6  (1905),  p.  78. 
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of  the  flecnode  curve^  two  others  may  he  found  by  merely  solving  a  quadratic 
equation. 

In  fact,  suppose  that  a  solution  rj  of  (72)  be  known.     We  may  make  a  trans- 
formation of  the  independent  variables,  {  =:  f  (x)  such  that 

r 

In  the  resulting  equation  P^  =  0 .     If  we  again  denote  the  independent  variable 
by  sc,  (72)  becomes 

where  P,  is  a  constant,  since  P,  =  0 .     But  we  may  satisfy  this  equation  by 
putting  rf  =  const.,  which  gives  the  equation 

whence 


The  root  ?;  =  0  gives  the  original  solution.     The  other  two  are  new. 

§  7.   The  principal  tangent  plane  of  two  space  curves.     The  covariants. 
Transition  to  Halphen's  investigations, 

Halphen  has  introduced  a  very  important  notion,  which  we  shall  now  pro- 
ceed to  explain. 

Let  there  be  given  two  space  curves  having  at  a  point  P  a  contact  of  the  nth 
order.  If  these  curves  be  projected  from  any  center  Q  upon  a  plane,  the  pro- 
jections will  also  have,  in  general,  a  contact  of  the  nth  order  at  the  point  corre- 
sponding to  P.  Halphen  Ahows  that  there  exists  a  plane  passing  through  the 
common  tangent  of  the  two  curves  such  that  if  the  center  of  projection  be  taken 
anywhere  within  it,  the  contact  of  the  projections  will  be  of  an  order  higher  than 
n.     This  plane  he  calls  the  principal  tangent  plane  of  the  two  curves.  * 

We  shall  follow  Halphen  in  determining  the  principal  tangent  plane  at  P^ 
of  the  curve  C^  and  its  osculating  cubic.  This  will  lead  us  to  an  especially 
simple  form  for  the  development  of  the  equations  of  the  curve,  which  is  also  due 
to  Halphen  and  on  the  basis  of  which  he  draws  his  further  conclusions.  It 
will  also  enable  us  to  substitute  for  our  system  of  covariants  Cj,  C^,  C^  another 
system  whose  geometrical  significance  will  be  apparent,  and  in  terms  of  which 
Cj,  Cj,  C^  may  be  expressed. 


*  Halphen,  Sur  lea  invarianU  diff^rentiels  des  courbes  gauehes,  Journal  de  TEoole  Poly- 
teohniqne,  vol.  47  (1880),  p.  25. 
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Assuming  P^^  0^  the  equations  of  the  osculating  cubic,  referred  to  the  tetra- 
hedron P^P^P^P^y  are 

Let  us  put 

(74)         x,^x^,         «2=K»         \^h^A^         x,  =  5x,^SP^x^, 

and 

(75)  x=!^,     2/=!%     «=!^ 

Then  the  equations  of  the  cubic  reduce  to 

(76)  y=^x\        2  =  x'. 

The  relation  of  the  new  tetrahedron  of  reference  to  the  cubic  is  quite  simple. 
The  plane  ^3  ==  0  is  the  osculating  plane  at  P;  ^2  =  ^  ^^  some  other  plane 
through  the  tangent ;  this  plane  intersects  the  cubic  in  another  point  Q ;  the 
plane  tangent  to  the  cubic  at  Q  and  passing  through  P  is  x^  =  0 ;  the  osculat- 
ing plane  at  §  is  ^^  =  0 . 

Since  ^2=0  ™^7  ^^  chosen  in  an  infinity  of  ways  we  see  that  the  reduction 
of  the  equations  of  a  space  cubic  to  the  form  (76)  may  be  accomplished  in  an 
infinity  of  ways. 

For  the  curve  C  we  have 


P  P  P'         P'  —  4P- 

3!  4!  5!  6! 


yi-^        3!^        4!^        ^\^  6!         ^ 


PC3)^5P3P,^12P3P; 

—  7"!  "^  ■•        ' 

p,  ,    P,  +  4P;  ,    2p;  +  4p;-  , 

y,  —  X       3|»'—         5j        ^  g;         »' 

(77) 

+ '- ^7-, ^  »'+•••, 

If  we  refer  it  to  the  same  tetrahedron  to  which  we  have  just  referred  the 
osculating  cubic,  and  if  we  put 

^'f:    '=yr    ^^v: 
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we  shall  find 

125  62^ 

(78) 

25  12*1 

If  we  put 

(79)  i^eX,         i;  =  €^r,         ?=e»Z,         e'^--^^^-, 
assuming,  therefore,  that  P^  is  not  zero,  this  becomes 

r^x'  +  \x»  +  \x'+..., 

(80) 

Z  =  X'  +  ^i,X'+^^,X'+..^, 

where 
(81) 

But  we  can  make  a  further  change  of  coordinates  without  disturbing  the  form 

(80)  of  the  development.  For  the  plane  Xj  =  0  may  be  taken  to  be  any  plane 
through  the  tangent.  It  may  be  taken  in  such  a  way  as  to  make  \  vanish,  as 
we  shall  presently  see.  The  plane  thus  obtained  will  obviously  be  the  principal 
tangent  plane  of  the  curve  C^  and  its  osculating  cubic. 

Instead  of  working  out  the  transformation  geometrically  we  shall  put 
Halphen 

(82a)  X=^',         r=''',         Z=^', 

^      '  ft),  «,  ft», 

where 
(826) 

i,  =  x+2pr+p'z, 

the  quantity  p  being  arbitrary.     We  shall  find  with  him 

r=J^'+A,X'  +  A,X'+.-., 
(88)  _       _ 

^  Z=.X^  +  M,X*+M,X'+..; 

as  the  result  of  applying  this  transformation  to  any  system  of  equations  of  the 
form  (80).     The  coefficients  of  (83)  are 

-5/; = At«.  M,  =  fij  +  8pfi^, 


(84) 
For 
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this  reduces  to  the  canonical  form  required,  in  which  we  may  also  assume 
/ij  =  1  if  the  curve  does  not  belong  to  a  linear  complex. 

If  we  combine  the  various  transformations  which  we  have  made  successively 
we  get  the  following  result :  If  we  Introduce  non-homogeiieous  coordinates  byr 
jnitting 

(85a)  X^l\         r=l^,         Z  =  b, 

^     ^  y,  Vi  y^ 

where 


(85i) 


y2=10€y3+6/>y,, 

y,  =  125€^y^  +  np€^y^  +  30/6^3  +  (6;?^  -  '^^P,^)y,. 


and  where 

(86c)  ^=-mp^     p=-h\H^p^-^PM^ 


3 


the  development  of  the  equations  of  the  curve  C^  may  be  written  in  the  canoni- 
cal form 

(86)  T     7        -T-       ' 

where  A-,  M^^  •  •  •  are  given  by  (84)  together  with  (81).      This  transformation 
ih  \.%lid  if  Cy  does  not  belong  to  a  linear  complex. 

The  coefficients  of  (86)  are  absolute  invariants.     We  find,  in  fact, 

62/i^  62*^^^ 

(^^)  A,  =  ^32:3p-(26^f  + 205,-4^,.,),  M.^-^^e,, 

where 

(88)  0,  =  i0J',-S0,0',. 

From  (86)  and  (76)  it  is  clear  that  the  plane  1^=  0  or  y^  =  0  is  the  principal 
plane  of  the  curve  Cy  and  its  osculating  cubic.  Id  the  original  system  of  coor- 
dinates its  equation  will,  therefore,  be 

(89)  4P,x,  +  (8P;-5PJx,  =  0. 

If  Cy  belongs  to  a  linear  complex,  it  coincides  with  the  osculating  plane. 
The  point  which  corresponds  to  (89)  in  the  osculating  linear  complex  is 

(90)  (bP,-SP',)y  +  ^P,z, 
or  in  invariant  form 

(91)  (^;  +  f^Jy  +  2d,=', 

Trans.  Am.  Matb.  .^oc.  10 
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an  expression  whose  covariance  may  be  verified  directly.     We  shall  call  this 
point  the  principal  point  of  the  tangent.     We  thus  obtain  a  curve  on  the 
developable  of  C^  which  may  be  called  its  principal  curve. 
If  we  make  a  transformation  such  that 

(92)  3,  =  ^;  +  f^„ 

the  point  P-  describes  the  principal  curve  on  the  developable  of  C  .  The 
points  P-  and  P-  also  describe  perfectly  definite  curves,  whose  expressions  may 
be  obtained  from  (9)  by  substituting  for  17  the  expression  (92).  Any  covariant 
may  be  expressed  in  terms  of  y  and  the  three  which  we  have  just  determined^ 
which  mayy  therefore^  serve  to  replace  the  covariants  C^^  C^  and  C^. 

If  (7y  belongs  to  a  linear  complex  these  four  curves  all  coincide,  so  that  a 
different  set  of  fundamental  covariants  must  then  be  selected. 

In  this  exceptional  case  our  fundamental  tetrahedron  PyP^P^P^  gives  rise 
to  a  most  remarkable  configuration.  If  we  put  again  P^  =  0 ,  we  have  in  this 
case  also  P^  =  0.  PyP^  generates  one  of  the  developables  of  the  third  kind 
of  which  C„  is  the  cuspidal  edge,  while  Py  P^  of  course  generates  the  develop- 
able of  which  C  is  the  cuspidal  edge.  The  surface  generated  by  PyPp  is  not 
developable.     Its  equations  become 

p"+P^y^O,         y"-^p=0. 

It  belongs  to  the  same  linear  complex  as  (7^,  and  Cy  and  C^  are  the  two 
branches  of  its  complex  curve  which  is  at  the  same  time  an  asymptotic  curve. 
P,P^  generates  a  developable,  since  »'  =  /?,  of  which  (7,  is  the  cuspidal  edge. 
P^P^  generates  a  developable,  since  /o'  =  <r,  of  which  G^  is  the  cuspidal  edge. 
Finally  P,  P^  generates  a  ruled  surface  whose  equations  are 

a-"- Jv  +  P,2  =  0,         /'-(r=0. 


1 


upon  which  (7,  and  C„  are  asymptotic  lines. 

We  find,  therefore,  the  following  theorem. 

If  the  curve  belongs  to  a  linear  complex^  we  may^  in  an  infinity  of  waysj 
choose  the  fundamental  tetrahedron  so  that  four  of  its  edges  give  rise  to 
developables  whose  cuspidal  edges  are  described  by  the  four  vertices.  The 
other  two  edges  of  the  tetrahedron  will  then  give  rise  to  ruled  surfaces  upon 
each  of  which  the  vertices  of  the  tetrahedron  trace  a  pair  of  asymptotic  curves. 
The  latter  coincide  with  the  two  branches  of  the  complex  curve  for  the  derived 
sufface  of  the  second  kind. 

It  does  not  seem  convenient  to  develop  the  geometrical  theory  of  the  covari- 
ants for  this  case  at  the  present  moment,  as  it  will  appear  naturally  in  oonnec- 
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tion  with  some  further  investigations  which  I  have  not  yet  completed,  and  which 
I  hope  to  present  on  some  future  occasion. 

Those  results  which  Halphen  has  deduced  for  the  general  case,  and  which 
have  not  been  mentioned  in  this  paper  might  now  be  directly  transcribed  from 
his  memoir.  For  we  have  connected  our  own  theory  with  his  by  obtaining  the 
canonical  form  (86)  for  the  development  of  the  equations  of  the  curve.  In  the 
case  d,  =  0 ,  a  different  canonical  form  must  be  used,  which  has  also  been  indi- 
cated by  Halphen,  but  not  extensively  employed.  The  discussion  of  this  we 
shall,  leave  for  a  later  occasion  together  with  the  investigations  mentioned  above. 

Cahbkidgb,  England, 
JuM  20,  1904. 
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SUR  LES  OPERATIONS  LINEAIRES* 
(DEUXIEME   NOTE+) 

PAR 

MAtRICE  FRtCHET      . 

Nouvelles  representaiio7is  d'une  operation  lineaire. 
Remarque  sur  le  theoreme  de  M,  Hadamard.     D'apres  ce  thfereme,  toute 
operation  Kn&ire  Uy  portant  sur  une  fonction  f{x)  coDtinue  entre  a  et  6  peut 
se  mettre  sous  la  forme 


U,=  \\mCKSy)f{y)dy, 

nsao  *Ja 


ou  les  K^ (y)  sont  des  f onctions  continues  entre  a  et  & .  II  nous  sera  utile  d'ob- 
server  qu'on  peut  meme  supposer  que  les  fonctions  IT^  soient  nulles  en  a  et  b. 
II  suffit  de  remplacer  ^^(y)  par  K^{y)  +  T^{y)  en  appelant  T^{y)  une  fonc- 
tion continue  nuUe  de  a  +  €^  ll  6  —  €^  et  cgale  k 

n  n 

dans  les  intervalles  respectifs  (a,  a  +  €^),  (5  —  6^,6).  En  prenant,  par 
exemple 


on  Yoit  que  Ton  a 


1/ 


Par  suite,  Tint^grale 

r   Tn{y)dy 

tend  vers  0  avec  1/n  et  il  en  est  de  meme  de 


r 


l'Ay)dy- 


*  Presented  to  the  Society  December  29,  1904.     Reoeived  for  publication  December  2,  1904. 
fVoir  Transactions  of  the  American  Mathematical  Society,  vol.  5  (1905),  pp. 
493-499.    None  oonservons  id  les  mdmes  notations. 
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On  pent  aussi  suppoaer  que  les  t^^{y)  soient  des  polynomea.  En  effet 
puisque  ce  sont  des  fonctions  continues,  on  pent  trouver  pour  chaque  valeur  de 
n  un  polynome  JP^{y)  tel  que  Ton  ait,  entre  a  et  6, 


\PAy)-K(y)\<l' 


Et  Ton  aura 


liin   rP.(y)/(y)rfy  =  Hm    C KSy)f{y)dy  ^  U,. 

Mais  on  ne  pourra  pas  toujours  supposer  en  meme  temps  que  P„{y)  soit  nul  en 
a  et  6. 

La  remarque  pr&edente  nous  foumit  un  nouveau  d^veloppement  de  I'op^ra- 
tion  lineaire  la  plus  generate  portant  sur  une  fonction  continue.  En  effet, 
posons 

^n(y)  =  «;  +  «?y+---  +  «ly"-- 

On  aura 

(21)  C^-  Urn  [a;U^p  +  a\U'p  +  •  •  •  +  a^U^/^^-]  , 

avec 

(22)  U<p^£rf(y)dy. 

On  pent  obtenir  un  autre  d^veloppement  en  s'appuyant  sur  ce  que  toute  fonc- 
tion continue  entre  0  et  1  pent  etre  representee  par  le  d^veloppement  uniform6- 
ment  convergent 

/(y)-lim[i?,,,(y)/(0)+...i?,..(y)/(^)  +  ...  +  i?,.,(y)/(j)], 

oil  les  It^^(y)  sont  certains  polynomes  determines  ind^pendamment  de  la  fonc- 
tion /.  *  De  sorte  qu'en  appliquant  Toperation  U  terme  a  terme  dans  le  cas 
oil  a  =  0 ,  6  =s  1 ,  Ton  aura 

(23)  i7;  =  lim[&J/(0)  +  ...  +  6;/(^)  +  ...  +  6:/(^)], 
les  nombres 

K=fAy)KMdy 

restant  ind^pendants  de  la  fonction  f{y)' 

Cette  representation  de  Toperation  Uy,  est  interessante  en  ce  qu'elle  donne  un 
precede  pour  calculer  effect!  vement  17^  connaissant  seulement  les  valeurs  de  /(y) 
en  tons  les   points  de   I'ensemble  JS  des   points   d'abscisses  commensurables. 

*  Voir  E.  BoBBL,  Legon8  8ur  les  fonctionx  de  variables  rSelles,  p.  80,  Gauthier-Vi liars,  Paris, 
1904. 
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On  pourrait  d'ailleurs  T^tendre  au  cas  ou  JE^  est  un  ensemble  denombrable 
partout  dense  entre  0  et  1 . 

Mais  les  deux  d^veloppements  (21)  et  (23)  ont  rinoonv^nient  de  ne  pas  etre 
chacun  seal  de  son  espece:  autrement  dit,  les  coefficients  a^j  b^  ne  sont  pas 
determines  d'une  fa^on  unique  par  reparation  C7^.  Ainsi,  par  exemple,  la  for- 
mule  (23)  subsisterait  en  remplagant  les  6;  par  les  quantites  6;  +  d*^/n^  pourvu 
que  les  nombres  arbitraires  d^  soient  bom^s  dans  leur  ensemble. 

Au  contraire,  le  devdoppement  (4')*  en  serie  indeterminee  finest  valahle  que 
pour  une  suite  de  valeurs  w^,  Wj,  •••  bien  determinees  par  V operation  C^, 
comme  on  s'en  assure  facilement. 

Decomposition  d^une  operation  lineaire^  correspondant  a  une 
decomposition  de  Vintervalle. 

Soit  c  un  nombre  quelconque  compris  entre  a  et  6  et  soient  <f>^  et  <f>^  deux 
fonctions  continues  definies  de  la  fa^on  suivante:  f{x)  ^tant  une  fonction  con- 
tinue de  a  a  6  qui  coVncide  avec  f^{x)  de  a  a  c  et  avec  ^(a?)  de  c  a  6,  nous 
prendrons 

4>i{^)^A^)  -  J/(c)  de  a  a  c,         4>^{x)  =  \f{c)  de c  a  6, 
puis 

Alors,  on  aura 

Or  la  fonction  continue  ^^  est  d^terminee  connaissant  seulement  la  fonction 
f^{x)  entre  a  et  c.  Done  U^^  pent  etre  consid^rfe  comme  une  operation  fonc- 
tionnelle  T^^portant  sur  la  fonction  continue  y*j  (a?)  d^finie  entre  a  et  c.  De 
plus,  on  voit  facilement  que  cette  operation  T^  est  distributive  et  continue,  c'est 
k  dire  lin^re.      On  pourra  ainsi  ecrire 

(24)  u,^r,^  +  w,„ 

V  et  W  etant  deux  operations  lineaires  definies  respectivement  dans  les  inter- 
voiles  (a^c)^  (  c,b  ). 

£tant  donnee  une  telle  d^omposition,  on  pent  en  trouver  inunediatement 
une  infinite  d'autres:   il  suffit  de   remplacer  respectivement   Vy^  et    W)^  par 

T^j  +  4/i(c)  et  Wj^  —  Af2(c)^  A  etant  une  constante  arbitraire.  II  n'y  a 
pas  d'autres  decompositions.  Autrement  dit,  si  ly^ ,  Vf^  et  Wj^^  Wj^  sont  des 
operations  lineaires  definies  respectivement  dans  les  intervalles  (a^c)  et{c^b) 
et  telles  que  Von  ait 

on  a  necessairement 

«/.^T^/.  +  4/"(c),        w^,=  W,,-Af{c), 

^Transactions,  loo.  cit.,  p.  496. 
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A  Hant  une  constante  arbitraire.  En  effet,  les  deux  membres  de  I'identit^ 
evidente 

representent  une  meme  operation  qui  ne  varie  pas  quand  onremplace/j  etf^  par 
deux  fonctions  continues  queloonques  ayant  en  c  la  valeur /*(c).  Par  conse- 
quent, cette  operation  est  une  fonction  de  f{c)y  au  sens  ordinaire:  soit, 
G  [f{  c )  ] .     Et  oomme  on  doit  avoir 

G[f(c)-\-i-G[F{c)]  =  G[f{c)  +  F{c)], 

G  est  necessairement  de  la  forme  Af{  c ) . 
Comme  on  a 


C7;.=  lim  I   Kj^y)f{y)dy, 


on  serait  tent^  de  dire  que  Tune  des  decompositions  pr^cedentes  est  fournie  par 
les  formules, 

(25)  v„  =  lim   f^J.dy        t/,,.  =  lim   f^^J.dy. 

Mais  cette  conclusion  serait  pr^maturee,  car  il  n'est  pas  certain  que  les  seconds 
membres  de  (  25  )  soient  convergents.  Cependant,  nous  allons  montrer  qu'on  peut 
tou  jours  choisir  les  fonctions  IT^  continues  de  aah  de  fa^on  a  ce  qu'il  en  soit 
ainsi.     En  effet ;  soit 

Tune  des  decompositions  possibles  de  C/^.  D'apres  notre  premiere  remarque,  on 
peut  trouver  des  fonctions  -JT  (y),  L^{y)  respectivement  continues  dans  {a^  c) 
et  (c,  b)  mais  nuUes  en  c^  de  fa^on  que  Ton  ait 

F^,  =  lim  ('nj.dy,         W,._  =  lira  fLJ.dy. 

Or  la  fonction  K^  (y)  qui  co'incide  avec  H^^  de  a  a  c  et  avec  X^  de  c  a  i  est  con- 
tinue  de  a  a  b  et  telle  que  Ton  ait 


17^=  lim   I   KJdy, 

n=30   ft/a 


— ce  qui  demontre  la  proposition. 

On  generalise  immediatement  ce  qui  precede  au  cas  ou  Ton  diviserait  T  inter- 
valle  (a,  6)  en  un  nombre  fini  quelconque  d'intervalles  contigus. 

Etant  donnee  une  operation  fonctionnelle  continue  U^  quelconque  portant  sur 
la  fonction  f{x^  continue  entre  a  et  6,  on  ne  peut  pas  tou  jours  la  mettre  sous  la 
forme  d'une  somme  de  deux  operations  continues  Vf^ ,  Wj„ ,  deternnnees  quand 
on  connait  les  valeursy*j(x)  etf^{x)  de/'(cc)  dans  les  intervalles  (a,c),(c,6). 
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Mais  il  ne  faudrait  pas  croire  cependant  que  les  operations  lineaires  sont  les 
seules  operations  continues  qui  jouissent  de  cette  importante  propriety.  Soit 
par  exemple,  Toperation  continue  U^==  [./(^)]^  ^^  ^  ®^*  ^^  nombre  fixe  entre 
a  et  6.  Appelons  T^^  reparation  continue  egale  "^  f\{<^)  si  a  ^  c,  nuUe  si 
a  >  c  et  Wj^  Toperation  continue  ^gale  a  0  dans  le  premier  cas,  a  ./'gC^)  ^^^^  ^® 
second.     On  a  C^  =  T^^  +  Wj^  et  cependant  Toperation  C^  n'est  pas  lineaire, 

Importance  du  chamj)  Jbnctionnel  dans  lequel  on  definit  une  operation  lineaire. 

Nous  avons  suppose  jusqu'  ici  que  les  operations  lineaires  sur  lesquelles  nous 
raisonnions  faisaient  correspondre  un  nombre  Uj  a  toute  fonction/(x)  con- 
tinue entre  a  et  6  et  cela  sans  savoir  si  Uj.  ^tait  definie  pour  d'autres  fonc- 
tions.  Cette  hypothese  est  essentielle,  comme  nous  aliens  le  voir.  Tout 
d'abord,  observons  que  Ton  pent  construire  des  operations  lineaires  definies  pour 
toute  fonction  f{x)  uniforme  entre  a  et  6.     II  suffit  de  prendre  par  exemple 

Pour  donner  un  exemple  plus  general,  considerons  un  ensemble  denombrable 
E  de  points  entre  a  et  5:  q,  Cg,  Cg,  •  •  •  et  soit 

une  serie  absolument  convergente.     L'opcration 

sera  definie  et  lineaire  pour  toute  fonction ^(cc)  uniforme  et  bornee  entre  a  et  6. 
Or,  on  ne  petit  etendre  a  de  telles  operations  le  theoreme  de  M.  Hadamard. 
En  effet  son  cnoncc  mcme  suppose  qu'on  pent  calculer  Tintegrale 


f. 


Kfdy, 


il  faut  pour  cela  que/ soit  integrable.  Par  consequent,  il  ne  peut  avoir  de  sens 
que  dans  le  champ  des  fonctions  integrables.  Mais  cette  restriction  n'est  pas 
encore  suffisante.  itant  donnee  une  operation  lineaire  Uj  definie  pour  toute 
fonction  sommable  "^  fi{x)  entre  a  et  b^  on  ne  peut  pas  toujours  trouver  une 
stiite  de  fonctions  mesurables  et  bornees  ^(«)  telles  que  Von  ait 

(26)  U,=  \\mfK„{y)f{y)dy. 

(On  voit  que  nous  n'imposons  meme  plus  aux  K^  la  condition  d'etre  continues)^ 
II  suffit  pour  le  voir  de  prendre  par  exemple  Uj—f{a).  Si  I'on  applique  la 
formule  (26)  h  la  fonction  sommable  f{x)  qui  est  cgale  a  1  pour  x  =  a  et  nuUe 
par  tout  ailleurs,  on  arrive  k  une  impossibilite. 

*  Voir  Lebesgue,  Legons  sur  V integration^  p.  115. 
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D'ailleurs,  il  faut  observer,  inversement,  que  le  th^oreme  de  M.  Hadamard 
n'est  pas  uniqueinent  applicable  dans  le  champ  des  fonctions  continues;  sa 
demonstration  meme  est  valable  lorsque  f{x)  n'a  qu'un  nombre  fini  de  disoon- 
tinuites  de  premiere  .espece,  et  c'est  dans  ce  cas  general  qu'il  avait  ^te  enonce  par 
son  auteur. 

Un  autre  genre  de  difBcultes  se  presente  quand  on  considere  des  operations 
lin^ires  qui  ne  sont  pas  definies  dans  tout  le  champ  des  fonctions  continues, 
comme  I'op^ration  C^  =  /".  On  peut  etre  ainsi  amen^  a  consid^rer  ce  que 
nous  appellerons  des  operatioua  Uneaires  d'ordre  n,  c'est  a  dire  des  operations 
distributives  portant  seulement  sur  les  fonctions  arrant  leurs  n  premieres  d^rivees 
continues  et  telles  que  t^.  ait  pour  liuiite  U^  lorsque  /  et  ses  n  premieres 
derivees  tendent  uniformcraent  vers  (f)  et  ses  7i  premieres  ddriv&s. 

Si  U^  est  une  telle  operation,  le  theoreme  de  M .  Hadamard  lui  est  applicable 
et  on  peut  meme  mettre  U^.  sous  la  forme  suivaute 

U',=  AA^)  +  A, /:  +  ...  +  .4._,/(-'  +  Hm  CK^r'^'dy, 

les  A,  d^signant  certaines  constantes  et  les  K^  certaines  fonctions  continues  de 
a  a  6.  II  suffit  pour  le  voir,  d'appliquer  Toperation  Uj  k  chaque  terme  de 
I'identite 

f{x)^f{a)  +  {x^a)f:+^^-+^~-~^^^^^^ 

Au  contraire,  si  Ton  decompose  [a^  h)  en  deux  intervalles,  le  raisonnement  qui 
nous  a  conduit  h  etablir  la  formule  (24)  n'est  plus  valable,  car  les  fonctions 
^j  et  ^2  ^^  ^^^^  P^  derivables  jusqu'a  Tordre  n.  Mais  le  resultat  est  encore 
exact,  si  nous  prenons  de  a  &  c 


et  de  c  a  & 


4>.{^)  =/(«=)  -  i  [/(e)  +  {x-c)f:+.:+  ^---;^/i"'] 

M^) = ^  [fie)  +  {x-  c)/:  + .  •  • + ^-"  ;;j'^->;^] ; 


Seulement,  si  Ton  a,  entre  des  operations  lineaires  d'ordre  n ,  la  relation 

on  n'aura  plus  n^cessairement 
mais 

^r,  -  Vf.  =  Ajv)  +  ^./:  +  •  •  •  +  ^nf:\ 

A^^  A^^  '  "^  A^  designant  certaines  constantes. 
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Equations  fonctionnelles,  II  peut  arriver  que  Ton  ait  a  chercher  les  fonctions 
0{x)  telles  que  U^  prenne  une  valeur  donn^e  A.  La  solution  est  bien  simple. 
Si  nous  supposons  en  effet,  Foperation  U  non  identiquement  nuUe  dans  le 
champ  Ifde&  fonctions  auxquelles  elle  s'applique,  il  existe  au  moins  une  fonc- 
tion  '^(a;)  de  ce  champ,  non  identiquement  nuUe  entre  a  et  6  et  telle  que  U^  soit 
different  de  zero.  II  y  a  au  moins  une  abscisse  c  de  Tinteryalle  (a,  &)  qui 
n'annule  pas  '^(x) .  Ceci  dtant,  il  est  extremement  facile  de  voir  qu'on  obtien- 
dra  toutes  les  radnes  0(x)  de  V  equation  U^^A^  ckacune  une  fois  et  une 
seule^  par  la  fonnule 

ou  f(x)  est  remplacee  successivement  par  toutes  les  fonctions  distinctes^  nulles 
en  c,  du  champ  H.  Le  raisonnement  s'applique  aussi  bien  quand  le  champ  H 
est  celui  des  fonctions  continues  entre  a  et  &  qu'aux  operations  lin^res  d'ordre 
quelconque. 

Paris,  Nwmhrt^  1904. 
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SURFACES  WHOSE  GEODESICS  MAY   BE  REPRESENTED 
IN   THE  PLANE   BY   PARABOLAS* 

BY 

EDWARD  KASNER 

The  general  problem  of  geodesic  representation,  whose  preliminary  discussion 
was  given  by  the  author  in  the  Transactions  for  1903,t  is  essentially  the 
the  same  as  what  may  be  termed  the  inverse  problem  of  geodesies^  proposed  by 
Li£^  as  follows:  Given  the  equation  of  the  geodesies  in  the  form 
-F(^»  ^»  ^1  m)  =  0 ,  determine  the  corresponding  surfaces. 

For  the  existence  of  such  a  surface,  it  is  necessary  that  the  differential  equa- 
tion of  given  system  should  be  of  the  form 

(1)  y"==Ay*+By'^+Oy'  +  D, 

where  the  coefficients  are  functions  of  «,  y.  We  shall  refer  to  any  equation  of 
this  form  as  one  of  cubic  type.  Such  equations  are  of  interest  independently  of 
their  connection  with  geodesies :  the  type  is  invariant  with  respect  to  arbitrary 
point  transformation. 

In  order  that  (1)  shall  represent  a  system  of  possible  geodesies,  it  is  further 
necessary  that  the  functions  ^,  jB,  C,  i)  satisfy  certain  relations  expressed  by 
the  consistency  of  a  system  of  partial  differential  equations.  §  For  our  purpose, 
it  is  not  necessary  to  have  these  relations  explicitly.  We  note  merely  that  the 
equations  of  geodesic  type  constitute  only  a  subclass  of  the  general  cubic  class 
(1) — a  subclass  which  is  itself  invariant  under  the  group  of  all  point  transfor- 
mations. 

A  more  special  subclass  is  formed  by  those  equations  of  the  second  order 
which  are  equivalent,  under  point  transformation,  to  y"  ^Q,  Such  an  equation 
may  be  characterized  by  the  fact  that  its  complete  integral  can  be  put  into  the 
form 

/i(^»  y)  +  const. /^(aj,  y)  +  const. /3(a;,  y)  =  0, 


*  Presented  to  the  Society  December  30,  1902.    Received  for  publication  Febrnary  25,  1905. 

t  The  generalized  Beltrami  problem  concerning  geodesic  represfnlaiion^  vol.  4,  pp.  149-152. 

X  Uniersuehungen  iiber  geodetisehen  Curven,  Mathematische  Annalen,  vol.  20  (1882),  in 
partionlar  p.  445. 

get.  R.  LlonviLLE,  Sur  la  characUre  auquel  se  reconnait  V^quation  differeniielle  d^un  sysUme 
geod&nqucy  Comptes  Rendus,  vol.  108  (1889),  p.  495. 

141 


Digitized  by 


Google 


142  E.    KASNER:     surfaces   whose   6EODE6ICS  [April 

of  the  first  degree  in  the  two  parameters.  This  subclass  includes  then  all  linear 
systems,  in  the  general  sense  of  the  term.  It  is  a  part  of  th^  geodesic  class, 
corresponding,  by  Beltrami's  theorem,  to  the  surfaces  of  constant  curvature.  * 
The  necessary  and  sufficient  conditions  on  the  coefficients  of  (1),  for  such  a  sys- 
tem, are  f 

^D{AC+AJ^O, 

-A{BD^D^)=0. 

In  the  present  paper  we  consider  problems  of  this  kind  :  Given  a  system  of 
plane  curves  involving  three  or  more  parameters,  determine  the  two-parameter 
systems  capable  of  representing  the  geodesies  of  a  surface,  and  investigate  the 
corresponding  surfaces.  A  more  general  problem  is  the  determination  of  all 
the  integrals  of  form  (1)  satisfying  a  given  differential  equation  of  the  third 
or  higher  order.^  The  only  case  that  has  received  treatment  is  the  case  of 
circles ;  here  the  only  systems  of  geodesic  type  are  linear,  so  that  the  corre- ' 
sponding  surfaces  are  merely  those  of  constant  curvature.  § 

The  main  part  of  the  paper,  §§  1-7,  is  devoted  to  what  seems  to  be  the 
simplest  case  of  our  problem,  namely,  the  three-parameter  system  of  vertical 
parabolas 

(2)  y  =  Xi^  +  fix-^  V, 

or  the  corresponding  differential  equation 

(3)  y"'  =  0. 

We  shall  find  that  this  leads  to  interesting  and  important  results  ;  in  particular, 
it  is  the  first  case  which  leads  to  surfaces  other  than  those  of  constant  curvature. 
In  §  1,  we  find  all  the  doubly  infinite  systems  of  parabolas  whose  differential 
equation  is  of  the  cubic  form  (1).  In  addition  to  linear  systems,  certain  quad- 
ratic systems  satisfy  the  conditions  of  the  problem  (§  2).  The  systems  are  fur- 
ther classified  and  characterized  geometrically  (§  3,  §  4).     In  §  5  the  existence 

*Cf.  TrannaotioDB,  vol.  4  (1903),  p.  119. 

fR.  LiouviLLE,  Joarnal  de  PEoole  Poly  technique,  vol.  57  (1887),  p.  219.  For  an 
application  of  these  equations  of.  £.  Kasn£B,  A  characteristic  property  of  isothermal  aysUmSj  Mathe- 
matische  Annalen,  vol.  59  (1904),  p.  352. 

t  In  general  no  solution  exists,  since  the  functions  A,  B,  Cf  D  must  satisfy  i^n  infinite  num- 
ber of  conditions.  An  example  where  the  inconsistency  of  the  conditions  may  be  verified  very 
simply  is  y"'  =  y'*.    The  same  holds  for  equations  of  higher  order. 

§Cf.  BussB,  Berliner  Sitzungsberichte,  1896.  It  may  be  shown,  by  an  investigation 
similar  to  that  in  §  1  of  the  present  paper,  that  the  only  systems  of  circles  of  the  cubic  type  (1) 
are  the  linear  systems. 
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of  oorresponding  surfaces  is  verified,  namely,  those  of  constant  curvature,  and 
those  which  are  geodesically  representable  on  surfaces  with  the  linear  element 

In  §  7  the  group  of  the  geodesies  is  determined  in  order  to  obtain  the  most 
general  representation  in  which  geodesies  are  pictured  by  parabolas.  In  §  6  the 
problem  is  specialized  by  adding  the  requirement  that  the  representation  shall  be 
conformal ;  the  surfaces  are  then  either  developables  or  applicable  on  a  certain 
surface  of  revolution.  Finally,  in  §  8,  certain  more  general  problems  in  con- 
formal  representation  are  treated ;  in  this  section  the  discussion  is  merely  out- 
lined since  no  new  classes  of  surfaces  are  brought  to  light. 

The  surfaces  of  variable  curvature  which  satisfy  the  conditions  of  our  problem 
present  themselves,  in  whole  or  in  part,  in  many  important  investigations.  We 
mention  here  the  following,  detailed  references  being  given  later:  (1)  Systems  of 
geodesies  admitting  infinitesimal  transformations  (Lie,  Koenigs).  (2)  Systems 
of  geodesic  circles  admitting  contact  transformations  (Lie).  (3)  Surfaces  for 
which  the  partial  differential  equation  AO  =sl  admits  integrals  of  the  first  and 
second  degree  in  the  first  derivative's  (Darboux).  (4)  Surfaces  whose  element 
is  reducible  to  the  Liouyille  form  in  an  infinite  number  of  ways  (Raffy, 
Koenigs). 

§  1.  Differential  equations  of  the  problem. 

We  first  obtain  the  conditions  that  an  equation  of  cubic  type  (1)  shall  repre- 
sent a  double  infinity  of  parabolas  (2).  For  this  purpose  we  differentiate  (1) 
and  find  that 

(4)  y"  =  ^ly'  +  cc,y*  +  a^y''  +  a^y'  +  a^y'  +  a^, 

where 

(6)        a^^bAB  +  A^,  a^^2BD-\-  C^  +  C^  + D^, 

a,  =  4^C+  2jB^  +  A^  +  £  ,         a,  =  CD  +  D^. 

Since  for  our  parabolas  equation  (3)  must  be  satisfied,  we  have  then  the  condi- 
tions 

a,  =  0,  ^2=0,  ^3=0,  a^=0,  a5=0,  a.^O. 

The  first  of  these  shows  that 

(6)  ^=0; 

the  second  is  then  satisfied  identically  ;  and  the  others  give  the  following  four 
equations  for  the  determination  of  j5,  C,  />: 
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It  will  be  convenient  to  divide  the  discussion  of  this  system  with  reference  to 
the  vanishing  or  non- vanishing  of  B . 

Discussion  for  ^  =  0 . 

Putting  j5  =  0  into  (Tj),  we  find  that  C  is  a  function  of  x  alone,  say  the 
function  X.     The  remaining  equations  of  the  system  then  give 

(8)  D^+  X'  +  X^^Q,        D^  +  XD^Q. 

Eliminating  D,  we  obtain 

X"  +  ZXX'  +  X»  =  0, 
whose  solution  is 

a^  +  263c  -\-  c ' 
The  value  of  D  is  now  found,  from  (7 J,  to  be 

^^    ^2ay+2d 


a^  -f  26*  +  c 

These  values  of  C  and  D,  together  with  ^  s  0,  jS  s  0,  satisfy  all'  our  con- 
ditions.    The  corresponding  equation  (1)  is 

(9)  (aaj'  +  26aj  +  c)y  «  2(aa;  +  6)y'  -  2(ay  -  d). 

Discussion  for  B  ^  0. 
The  integration  of  (7  J  gives 

(10)  5  =  (2y  +  jr)->, 

where  X  is  an  arbitrary  function  of  x.     We  now  simplify  the  remaining  equa- 
tions of  the  set  (7)  by  introducing  new  variables  t^,  t;  as  follows : 

(11)  u  =  x,         v  =  {2y+XYK 

The  result  of  the  transformation,  noting  that  j5  =s  i;^,  is  found  to  be 

(12)  ^,^D^  +  2v'D+  C^-\-  C;.-i?7VCi  =  0, 
where  U  denotes  the  result  of  substituting  u  for  as  in  the  function  X. 
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The  solution  of  the  first  of  these  equations  is 

(18)  C+  f7V+  Jjy, 

where  U^  is  an  arbitrary  function  of  u.     The  other  equations  may  now   be 
written 

(14) 

where  R  is  defined  by 

(14')  i2  =  z7"+  u[v  +  \u'u,i^  +  uy. 

Equating  the  two  values  of  D^^  found  from  (14),  we  have 

(15)  3L^ji)  +  «==0, 

where 

(15')  S^U.R^^U'R^  +  v-'R^.    . 

We  now  proceed  to  show  that  if  U^  does  not  vanish,  the  equations  (14)  are 
inconsistent.     For,  under  the  assumption  that  ^^  4=  0 ,  (15)  may  be  written 

....       ''—^- 

Substituting  this  in  (14^),  we  find 

This  must  be  satisfied  identically  if  equations  (14)  are  to  be  consistent.  Substi- 
tuting the  values  of  R  and  S  given  in  (14')  and  (15'),  the  coe£Kcient  of  every 
power  of  V  must  vanish.  For  our  purpose  it  is  sufficient  to  select  the  coefficient 
of  v',  which  is  found  to  be  5  C/"! .  This,  however,  cannot  vanish,  in  virtue  of  the 
assumption  made  at  the  outset. 
We  may  therefore  assume  that 

(16)  c/;  =  o, 

Then  equation  (15)  gives  S=  0.     From  (14'),  R  reduces  to  IT";  and  thereby, 
from  (15'),  S  reduces  to  v^U"".     Equating  the  two  values  of  S  thus  obtained, 
we  have  (/'"  =  0 ,  or 
(17)  U=au'  +  2bu  +  c, 

where  a^  by  c  are  arbitrary  constants. 

Substituting  the  values  of  Uasid  U^  in  (14),  we  find 

D^  ^  2av\au  +  6),         D.  =  2b-\D  +  a). 

From  the  derivation  these  equations  must  be  consistent ;  their  common  solution, 
containing  a  new  arbitrary  constant  d\  is  in  fact 
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(18)  D  =  av^{au''  +  26u  +  d')  -  a. 

The  value  of  C  given  in  (18)  reduces,  in  virtue  of  (16)  and  (17),  to 

(19)  C=2i^(au  +  6). 

This  completes  the  discussion  of  the  set  (7)  for  J5  4=  0.  The  solution  found, 
given  in  (10),  (19),  (18),  may  be  reduced  by  means  of  the  substitution  formulas 
(11)  and  the  value 

Jr=aaj2 +26x  +  c, 
to  the  form 

S 1 

2^-f  ax'+  2bx  +  c' 

/19^  r 2j:ajK  +  6)_ 

J. :i2(r/.y-rf)    _ 

2^4-«.T2-f  "26a-  +  c' 

where  d  takes  the  place  of  a{d'  —  c). 

The  differential  equation  (1),  thus  found,  is 

(20)  (2y  +  ax"  -h  26x  +  c)y'  =  y'"  +  2{ax  +  b)y  -  2(ay  -  d)- 

We  may  state  the  result  obtained  at  this  stage  as  follows  : 

The  only  equations  of  cubic  type  (1)  xchich  represent  a  doubly  infinite  system  of 

parabolas  (2)  are  those  of  the  forms  (9)  and  (20).     Both  these  forms  are  included 

in  the  compile  solution 

(21)  {2ty  +ax''+  2bx  +  c)y'  =  //  +  2(ax  +  b)y'  ^2(ay^  d) 
containing  four  constants  a:b:c  :d  :t. 

§  2.   General  character  of  the  systems  of  parabolas. 

There  is  no  difficulty  in  integrating  (21);  for  it  is  known,  from  the  deriva- 
tion, that  the  integral  is  of  the  form  (2).  We  find  that  our  systems  of  para- 
bolas are  represented  by 

where  \^  fi^  v  are  connected  by  a  relation  of  the  form 

(21')  t{ii^  -  4X1/)  -  2cX  +  26/i  -  2ai;  +  2d  =  0. 

The  character  of  the  system,  we  shall  see,  depends  essentially  upon  the  dis- 
criminant of  this  quadratic  in  X,  fi,  1/,  namely, 

(22)  8==  4^2(^2  _^^_2<d). 
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We  show  first  that,  if  8  =  0,  the  equation  (21)  is  equivalent,  under  the  group 
of  point  transformations,  to  y '  =  0 .  This  requires  the  discussion  of  the  cases 
^  =  Oandfc^^ac-  2^d  =  0. 

If  ^  =s  0 ,  that  is,  if  equation  (21)  is  of  the  form  (9),  the  corresponding  rela- 
tion (21')  reduces  to  the  form 

(9')  —  2cX  +  Ufi  —  2av  +  2(Z  =  0 . 

This  system  of  parabolas  being  linear,  is  evidently  reducible  to  y"  =  0 . 

If  i  is  not  0,  we  may  assume  it  to  be  unity,  so  that  our  equation  is  of  form 
(20).     The  vanishing  of  S  requires  6^  —  oc  —  2d  =  0 .     The  transformation 

(28)  x^^x,         2y,  =  2y -I- aar^ -h  2&C  +  c 

then  converts  (20)  into 

(24)  2y.y>y;', 

For  this  normal  form  the  relation  (21')  becomes 

/A«-4Xl/=:0. 

We  may  therefore  put 

so  that  the  solution  of  (24)  may  be  written 

(24')  y  =  (^  +  fiy. 

This  represents  the  vertical  parabolas  touching  the  axis  of  x.  In  the  theory  of 
algebraic  curves  this  would  be  termed  a  quadratic  system  since  the  parameters 
are  involved  to  the  second  degree.  But  in  the  general  (infinitesimal)  theory  * 
of  systems  of  curves  the  system  (24')  is  linear  since  it  may  be  written 

ac  -f-  /8—  l/y  =  0, 

which  involves  the  parameters  lineai'ly.  Hence  the  equation  (24)  is  equivalent 
to  y"  =B  0 .     This  completes  the  prooof  of  the  result  stated  above. 

We  pass  now  to  the  case  8  4=  ^  •     ^^^  take,  as  before,  <  =  1 ,  and  put 

(25)  /c2  =  ac~62  +  d. 

so  that  /e,  by  assumption,  does  not  vanish.     The  transformation  f 

(26)  »!  =  aj ,         2/cyj  ==  2y  +  ax'  -\-2bx  +  c 
converts  (20)  into 

(27)  2y,y['^y';  +  l. 

*Bee  Bulletin  of  the  AmericaD  Mathematioal  Society,  vol.  12  (1905),  p.  307. 

t  If  reality  considerations  are  taken-  into  account,  it  is  necessary  to  separate  the  cases  ^  <  0, 
aod  d  >- 0.     In  the  latter  case,  k  is  imaginary;  hut  another  transformation  gives  the  normal 
form  2py^^  =  y^^  —  1.    This  represents  the  vertical  parabolas  whose  foci  are  on  the  axis  of  x. 
Trans.  Am.  Matb.  Soc.  11 
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The  solutioQ  for  this  normal  form  is 

which  represents  the  parabolas  having  the  axis  of  x  for  directrix. 

This  is  an  essentially  distinct  case ;  the  equation  (27)  is  not  equivalent  to 
y"  =  0 ,  since  it  does  not  satisfy  the  conditions  of  Liouville  given  in  the  in- 
troduction.    We  have  then  this  result : 

Wiih  reaped  to  the  group  of  all  point  transformation^  the  systems  of  parabolas 
possessing  a  cubic  differential  equation  (1),  that  is,  the  systems  (21),  divide  into  two 
distinct  types.  In  the  first  type,  the  discriminant  S  of  the  relation  (21')  vanishes, 
and  the  system  is  linear,  i.  e.,  equivalent  to  y"  =  0 .  In  the  second  type,  S  does  not 
vanish,  the  system  is  essentially  quadratic,  and  equivalent  to  (27). 

§  3.  Detailed  classifications. 

The  preceding  paragraph  contains  the  classification  of  our  systems  (21)  with 
respect  to  the  group  of  all  point  transformations.  We  can  obtain  a  closer  geo- 
metric survey  of  the  systems  by  means  of  classifications  based  on  certain  finite 
(continuous)  groups  which  suggest  themselves  in  connection  with  our  problem. 

The  totality  of  vertical  parabolas  (2)  evidently  admits  the  projective  transform- 
ations of  the  form 

G,:         x^  =  e^x  +  6^,         y^  =  e^y  +  e^x  +  e^ 

which  constitute  a  five-parameter  group.    It  may  be  shown  that  it  admits  a  more 
extensive  group 

G^:         x^  =  e^x+e^,         ^i  =  ^o^^  +  ^s^  +  «4«  +  «5- 
This  group  6^  contains  (r^  as  a  subgroup,  the  latter  arising  by  putting  ^^  =  0 . 

Since  any  point  transformation  converts  an  equation  of  cubic  form  (1)  into 
an  equation  of  the  same  form,  and  since  the  particular  transformations  G^  also 
convert  vertical  parabolas  into  vertical  parabolas,  it  follows  that  the  transform- 
ations G^  convert  any  solution  of  our  problem,  that  is,  any  system  (21),  into  a 
solution  or  system  (21).  The  effect  of  a  transformation  G^  upon  the  equation 
(21)  containing  the  constants  tia:  b  :c:d,  is  to  convert  it  into  an  equation  of 
the  same  form  with  new  constants  t^:  a^ib^ic^:  d^. 

The  induced  transformation  of  the  constants  is  found  to  be 

c,  =  2f,es<  +  e^ela  +  2f,ej6  +  e,c, 
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The  induced  group  G'^^  corresponding  to  the  projective  transformations  6r^,  is 
obtained  by  simply  patting  ^^  =  0  in  the  above.  The  modulus  of  the  linear 
transformation  is  e^e^;  this  cannot  vanish,  since  otherwise  the  original  trans- 
formation O^  would  have  a  vanishing  jaoobian  and  thus  degenerate.  We  may 
therefore  assume  that  neither  e^  nor  e^  vanishes. 

We  are  now  in  position  to  discuss  the  equivalence  of  our  systems  of  parabolas, 
or  the  corresponding  differential  equations  (21),  with  respect  to  the  group  G^. 
From  the  importance  of  the  quantity  S  in  the  general  discussion  of  §  2,  one  is  led 
to  expect  its  invariant  character  in  the  present  connection.  In  fact,  the  factors 
of  S  give  rise  to  two  (relative)  invariants  i  and  6*  —  ac  —  2td ;  for 

b\  -  a,c^  -  2f,di  =  eleKb^  ^  ao -^  2td). 

This  shows  that  the  systems  for  which  ^  =  0  must  be  distinguished  from  those 
for  which  t^O;  and,  similarly,  the  cases  b^  —  ac-^  2td  =  0  and  6^  —  oo  —  2td  4=  0 
are  essentially  distinct.  It  is  also  observed,  from  the  form  of  6r^  above,  that 
when  t  vanishes,  a^=s  e^ela^  90  that  it  is  necessary  then  to  distinguish  further 
according  to  the  vanishing  or  non-vanishing  of  a .  We  are  thus  led  to  the  fol^ 
lowing  dasBification  of  the  systems  (21)  wUh  respect  to  G^: 

I:  f  =  0,  fe^-oo- 2^  =  0,  a  =  0; 

II:  <  =  0,  6^- oc- 2^  =  0,  a  4=0; 

III:  f  =  0,  6^  — ac- 2<d4=  0,  a  =  0; 

IV:  <  =  0,  6*  -  ac  -  2<d  4=0,  a  4=0; 

V:  <4=0,  6-*  — ac  — 2<d=  0; 

VI:  <4=0,  6^^-00-2^  +  0. 

No  member  of  one  of  these  dosses  can  be  transformed  into  a  member  of  another 
doss  ;  while  systems  belonging  to  the  same  doss  are  equivalent. 

The  last  statement  may  be  proved  by  showing  that  for  each  class  it  is  possible 
to  set  up  a  canonical  form  to  which  all  the  members  of  that  class  are  equivalent. 
We  omit  detailed  discussion  and  merely  state  the  canonical  equations  with  their 
solutions :  * 

I:  y"  =  2,  y  =  x^  +  ax  +  fii 

II:  x'y"  =  2xy-2y,  y  ^  ax"  +  fix; 

III :  a?y"  =  y',  y  ^  oa?  +  /3; 

IV:         {^-l)f  =  2xy'  -  2y,  y  ^  ax" -\^  fix  +  a; 

V:  ^yf^y'\  y^{ax  +  fif; 

VI:  2yy"  =  y''  +  l,  4/3y  =  (a;  -  a)^  +  4/3«. 

*The  diaooflBlon  for  the  oases  where  t  +  0  w  really  oontaiaed  in  {  2.  The  transformatioiui 
«here  employed,  namely  (23)  and  (26),  belong  to  G^,  Henoe  (24)  and  (27)  may  be  osed  as  the 
oaaonioal  eqaations  for  V  and  VI  respeotiyely. 
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By  a  transformation  of  the  type  G^  any  system  (21)  can  be  reduced  to  one  of 
these  forms. 

In  classes  I-IV,  the  relation  (21')  between  X,  /i,  v  is  of  the  first  degree,  while 
in  classes  V,  VI  the  relation  is  of  the  second  degree.  Furthermore,  classes  I-V 
all  belong  to  the  first  type  described  in  the  final  theorem  of  §  2,  while  VI  is 
identical  with  the  second  type. 

We  pass  now  to  the  projective  group  G^,  In  the  formulas  for  G'^^  we  put 
then  6q  =  0 ,  so  that  a  is  a  (relative)  invariant  as  well  as  t  and  V  —  ae-^  2td. 
The  six  classes  considered  above  are  of  course  distinct  with  respect  to  the  smaller 
group  now  being  considered ;  but  V  and  VI  each  subdivide  according  to  the 
vanishing  or  non- vanishing  of  a .  A  detailed  discussion  shows  that  the  only 
other  subdivision  takes  place  in  I ;  here  d  »  0  must  be  separated  from  d  ^  0. 

We  then  have  the  following  complete  classification  of  the  equations  (21)  vnth  refet'- 
ence  to  the  projective  group  G^ : 

I^:  this  is  I  with  d  «  0 ,  canonical  form  y"  s  0 ; 

Ij :  this  is  I  with  d  ^  0; 

II,  III,  IV :  same  as  in  the  G^  classification ; 

V^ :  this  is  V  with  a  =  0 ; 

Vj:  this  is  V  with  a  +  0,  canonical  form  (2y  +  ar^)y"  =  y'  +  2xy'  —  2y; 

VIj :  this  is  VI  with  a  =  0; 

VIj!  this  is  VI  with  a  4=  0 ,  canonical  form  ( 2y  +  x^)y'^  y'"  +  2xy'^  2y  +  1. 

As  canonical  forms  for  I^,  II,  III,  IV,  Vj,  VIj,  we  may  take  the  forms  for  I, 
II,  III,  IV,  V,  VI  given  in  the  G^  classification  above.  The  case  I^  might  be 
omitted  as  trivial  since  the  system  does  not  consist  of  proper  parabolas  but  of 
straight  lines.  These  enter  into  the  discussion  since  straight  lines,  as  well  as 
vertical  parabolas,  satisfy  the  equation  y'"  =  0 . 

In  the  first  five  of  the  nine  classes  the  relation  between  X,  /i,  1/  is  linear. 
Hence :  Of  the  two  parameter  systems  of  cm'ves  y  =  Xx'  +  fjix+  v  defined  by  linear 
relations 

cX  —  6/i  +  ai/  —  cZ  ass  0 , 

there  are  five  projectively  distinct  cases: 


I.: 

a=0,  6  =  0,  d  =  0; 

\-- 

0  =  0,  6  =  0,  ^4=0; 

II: 

a  4=0,  6«  — ac  =  0; 

III: 

a  =  0,  6*-ac  +  0; 

IV: 

a  +  0,  6'  — ac=|=  0. 

The  first  consists  merely  of  straight  lines,  the  others  of  jy^'ojyer  parabolas.     Systems 
belonging  to  th^  same  doss  are  equivalent  under  the  projective  transfonnations  G^, 


Digitized  by 


Google 


1905]  MAT   BE   REPRESENTED   BY    PARABOLAS.  161 

§  4.   Geovietric  determnaiioyis. 

In  this  section  we  characterize  geometrically  the  systems  (21)  and  the  various 
classes  discussed  in  the  preceding  section.  The  discussion  is  merely  outlined, 
but  the  results  are  complete. 

Consider  first  the  systems  where  ^  »=  0 ,  i.  e.,  the  systems  where  the  relation 
(21')  takes  the  linear  form  (9).  Such  a  linear  relation  is  obtained  by  taking  a 
fixed  parabola*  y  =  X^oi?  +  ti^x  +  v^  and  a  variable  parabola  y  =  Xo;^  +  H^  +  v\ 
the  straight  line  through  their  two  points  of  intersection  is 

(>-  -  \)y  +  (\/*  -  Mo^)«^  +  \^  -  ''o^  =  0  ; 
and  the  condition  that  this  line  passes  through  a  fixed  point  (rr^,  ^q)  is 

(yo  -  /*o^o  -  ''o)^  +  \2?o/i  +  \v  -  \y^  =  0  ; 

which  is  of  the  required  form.     Hence 

Any  system  defined  by  a  linear  relation  between  \,  fiyV  may  be  charaMerized  as 
consisting  of  the  oo^  parabolas  intersecting  a  fixed  parabola  ir^  in  pairs  of  points 
cdlinear  with  a  fixed  point  P^. 

The  classes  described  at  the  close  of  §  3  (omitting  I^)  are  distinguished  as  fol- 
lows :  In  cases  II  and  IV  the  point  P^  is  finite,  while  in  I  and  III  it  is  at 
infinity.  In  I  and  II  the  point  P^  is  on  the  parabola  tt^j,  while  in  III  and  IV 
it  is  not  so  situated. 

We  pass  now  to  the  systems  for  which  t  ^  0^\,  e,^  the  systems  for  which  the 
relation  (21')  is  really  quadratic.  To  characterize  these  we  make  use  of  the 
canonical  forms  V  and  VI  in  §  3,  and  the  transformations  G^  and  O^ . 

For  V,  the  canonical  equation  represents  the  parabolas  tangent  to  the  axis  of 
X.  The  transformation  Gj.  converts  the  axis  into  some  straight  line;  and  a 
quadratic  transformation  G^  converts  the  axis  into  some  parabola.     Therefore 

Any  system  defined  by  a  quadratic  relation  (21')  with  vanishing  discriminant 
consists  of  the  oo^  parabolas  tangent  to  either  a  fixed  straight  line  {ca^^e  Y^)  or  a 
fixed  parabola  {case  Vj ) . 

For  VI,  the  canonical  equation  represents  the  parabolas  having  the  axis  of  x 
for  directrix.  If  a  point  is  taken  on  this  axis,  the  pairs  of  tangents  drawn  to 
the  members  of  the  system  constitute  an  involution.  Applying  a  transformation 
&^,  the  axis  of  x  is  converted  into  some  line  and  the  involution  property  still 
holds  for  any  point  of  this  line.  The  eflfect  of  a  transformation  (xg,  on  the  other 
hand,  is  to  replace  the  axis  of  x  by  a  parabola,  and  the  pencil  of  lines  through 
the  point  on  the  axis  by  a  pencil  of  congruent  parabolas  through  the  correspond- 
ing point.     The  result  is : 

Any  system  defined  by  a  quadratic  relation  (21')  mth  non-vanishing  discrimi- 
nant may  be  obtained  as  follows :   Take  a  pencil  of  straight  lin£s  (mse  VIj),  or  a 

*The  term  parabola  is  used  throughout  in  the  sense  of  vertical  parabola. 
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pencil  of  congruent  parabolas  (case  VI^),  and  establish  an  involution  therein. 
The  00^  parabolas  touching  the  pairs  (of  straight  lines  or  parabolas)  belonging 
to  the  involution  constitute  the  required  system. 

§  6.   The  corresponding  surfaces. 

As  was  remarked  in  the  introduction,  the  fact  that  an  equation  is  of  the  cubic 
form  (1)  does  not  of  itself  show  that  it  represents  the  geodesies  of  a  surface. 
But  for  the  systems  of  parabolas  obtained  we  shall  find  that  corresponding  sur- 
faces do  exist. 

At  the  close  of  §  2,  it  was  seen  that  with  respect  to  point  transformation  the 
systems  are  of  two  distinct  types.  In  the  first  type,  the  equation  is  equivalent 
to  ^''  =  0 ;  so  that,  by  the  familiar  Beltrami  theorem,  the  surfaces  are  merely 
those  of  constant  curvature. 

It  remains  then  to  discuss  only  the  second  type,  whose  canonical  form  is 

(27)  2y/  =  y'^  +  l. 

To  find  a  corresponding  surface,  it  is  sufficient  to  note  that,  when  the  element  of 
length  of  a  surface  is  written  in  the  isothermal  form 

(28)  d^  =  E(du'  +  dv'), 
the  differential  equation  of  the  geodesies  is 

(29)  v'  =  -  Ly^  +  i,t;'2  ^  L^v'  +  i,, 
where 

L^\\ogE. 

This  becomes  of  the  same  form  as  (27)  if  X  is  ^  log  v.  The  corresponding  ele- 
ment is  then 

(30)  d!?=^v(du'  +  dv'). 

Hence  if  the  element  of  length  of  a  surface  can  be  reduced  to  the  form  (SO), 
and  the  point  (u^v)  oi  the  surface  be  represented  by  the  point  a;  ==  w,  y  =  r  in 
the  plane,  then  the  geodesies  of  the  surface  are  pictured  by  the  parabolas  (27) 
having  the  axis  of  x  for  directrix. 

If  two  surfaces  8  and  S^  can  be  repi*esented  upon  a  plane  so  that  the  geodesies 
are  pictured  by  the  same  curves,  it  follows  that  it  is  possible  to  establish  a  point- 
to-point  correspondence  between  8  and  8^  so  that  the  geodesies  correspond.  When 
this  is  true  we  may  say  that  8  and  8^  are  geodesicaUy  equivalent.  The  problem  of 
finding  all  pairs  of  geodesically  equivalent  surfaces  was  solved  by  DiNi  and  Lie. 
The  only  cases  where  8^  is  not  applicable  on  (isometric  to)  /S,  or  a  surface  homo- 
thetic  to  8^  arise  for  the  Liouyille  surfaces,  whose  elements  are  reducible  ta 
the  form 

d82=  {U(u)  +  V(v)](du^  +  dv'). 
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The  element  (30),  obtained  above,  is  of  this  type,  hence  there  exist  essentially 
distinct  classes  of  surfaces  with  the  same  geodesic  representation.  It  happens 
that  Lie,  in  illustration  of  the  general  theory  due  to  Dini  and  himself,  has 
given  the  discussion  of  a  particular  case  equivalent  to  (30).  Through  an  over- 
sight, however.  Lie  overlooked  one  form  of  solution.* 

The  resulting  surfaces  coincide,  as  Koenigs  has  shown,  with  those  surfaces 
whose  geodesic  equation^  Ad  =  1 ,  admits  precisely  three  homogeneous  integrals 
of  the  second  degree.  Another  equivalent  problem  is  the  determination  of  sur- 
faces applicable  on  surfaces  of  revolution  and  having  an  element  reducible  to  the 
LiouviLLE  form  in  an  infinite  number  of  ways.  We  may  therefore  make  use 
of  the  forms  obtained  by  Eaffy  in  his  discussion  of  this  question.f 

If  a  surface  can  be  represented  geodesically  upon  a  surface  with  the  element 
(30),  then  its  element  is  reducible  to  (30),  or  to  one  of  the  forms 

(31)  tfe^=(^-+§)(du«  +  c?t;^), 

(32)  d8=  =  (Pe'  +  Q^'){du^  +  df*), 

(33)  ds^  =  ^^1-^^)P  (d«=  +  dv^); 

so  that  (30),  (31),  (32),  (33)  together  define  a  complete  class  of  geodesically 
equivalent  surfaces. 

Applying  this  to  our  problem,  we  have  the  final  result : 

The  only  surfaces  which  can  be  represented  point  by  point  upon  a  plane  so  that 
the  geodesies  are  pictured  by  parabolas  y  =  7u^  +  /xx  •{•  v  are : 

1°.  Surfaces  of  constant  curvature.  The  system  of  parabolas  is  then  linear  (in 
the  general  sense)^  defined  by  a  relation  (21')  vnth  vanishing  discriminant  S . 

2°.  Surf  aces  of  variable  curvature  whose  linear  element  is  reducible  to  one  of  the 
forms  (30),  (31),  (32),  (33).  These  are  all  geodesically  equivalent;  and  are 
applicable  on  surfaces  of  revolution.  The  corresponding  sysiein  of  paraholas  is 
essentially  quadratic,  defined  by  a  relation  (21')  ichose  discriminant  does  not  vanish. 

There  is  no  difficulty  in  finding  the  explicit  equations  of  the  surfaces  of  revolu- 
tion whose  elements  are  of  the  above  form.  We  give  the  result  for  the  simplest 
case.  The  class  represented  by  (30)  is  applicable  on  any  one  of  the  surfaces  of 
revolution 

—       u  —       u  r    14^^ h^ 

(34)  x^h Vv  cos  j,  ,         y  =  A  Vv  sin  T- 1         2=1  a! — -. dv , 

*KoBNlG8,  Mhnoire  sur  lea  ligves  giodisiqucSf  M^moires  des  SavaDts  EtraDgeres,  vol. 
31  (1894),  p.  22. 

t  Raffy,  Comptea  RendaB,  vol.  108  (1889),  p.  493  ;  Dasboux,  ThSories  des  surfaces,  vol. 
3  (1894),  p.  39. 
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where  A  is  an  arbitrary  constant.     The  equation  of  the  meridian  curve  is 
(34')  z  =  h^fv'-lx*  ^^dx. 

Another  geometric  characterization  of  our  surfaces  may  be  obtained  by  mak- 
ing use  of  Weingarten's  theorem :  any  surface  applicable  on  a  surface  of  revo- 
lution (exclusive  of  the  catenoid)  is  a  nappe  of  the  evolute  surface  of  a  H-sur- 
face.  The  following  simple  result  is  obtained  without  difficulty.  Take  a  surface 
whose  principal  radii  are  connected  by  the  relation 

and  construct  the  nappe  of  its  evolute  corresponding  to  the  radius  Ry^ .  *     This 
gives  surface  with  the  element  (30).  f 

§  6.  Conformal  represeiiiaJtion, 

Having  investigated  all  cases  where  a  surface  is  capable  of  representation 
upon  a  plane  so  that  the  geodesies  correspond  to  parabolas,  we  now  determine 
those  cases  where  the  representation  is  conformal. 

For  this  purpose,  we  recall  that  the  most  general  conformal  representation  of 
any  surface  on  a  plane  is  obtained  by  putting  d^  into  the  isothermal  form  (28) 
and  setting  x  =  u^  y  =v.  The  plane  curves  corresponding  to  the  geodesies 
are  then  defined  by  an  equation  of  the  form 

(85)  y"  =  -  Lj'  +  L/'  -  Ly  +  L^. 

Comparing  this  with  (1),  we  may  state  the  useful 

Lemma.  In  order  that  a  system  of  plane  curves  shall  correspond  by  confoi^mal 
repi^esentation  to  the  geodesies  of  a  surface,  it  ?i  necessary  and  sufficient  that  the 
equxition  of  the  system  he  of  the  cubic  form 

(1)  y"=.Ay'+By''+Cy'  +  D, 

and  thai  the  coeffi-qients  satisfy  the  relations 

(86)  A^C,         B  =  D,         ^^+£,  =  0. 

The  only  equations  (21)  which  satisfy  these  conditions  are  found  to  be 

(87)  i2ty+c)y"==t{y"+l). 

If  ^  =s  0 ,  this  equatiou  reduces  to  y"  =  0 ,  so  that  the  system  consists  of 
straight  lines.  The  only  surfaces  whose  geodesies  can  be  represented  confor- 
mally  by  straight  lines  are,  it  is  known,  the  developable  surfaces. 

*  The  other  nappe  has  an  element  of  the  form  ds'  =  v*(  du*  +  dt;* ) . 

t  A  more  general  theorem  is  given  by  Lib,  Mathematisohe  Annalen,  vol.  20  (1882),  p. 
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If  f  =fi  0 ,  the  equation,  by  a  translation  of  the  x  axis,  may  be  reduced  to  (27). 
The  corresponding  surfaces  are  then  represented  by  (30).  Our  result  is  there- 
fore: 

If  a  surface  is  capable  of  being  represented  conformaUy  upon  a  plane  in  such 
a  manner  that  its  geodesies  are  pictured  by  parabolas  y  =  Xa?  +  Awc  +  ''i  then 
other  (case  1°)  the  surface  is  developable,  and  the  representing  curves  are  straight 
lines;  or  {case  2°)  Hie  surface  belongs  to  the  dass  (30)  of  surfaces  applicable  on 
the  surface  of  revolution  (34),  and  the  representing  curves  are  parabolas  with  a 
common  directrix. 

§  7.   Groups  and  representations. 

We  have  obtained  all  the  systems  of  parabolas  and  all  the  surfaces  connected 
with  our  problem.    It  remains  now  to  determine  all  the  possible  representations. 

Consider  first  the  case  of  surfaces  of  constant  curvature.  The  geodesies  of 
such  a  surface,  being  equivalent  to  straight  lines  y"  =  0 ,  admit  an  eight-para- 
meter group,  isomorphic  to  the  projective  group  of  the  plane.  Hence,  for  a 
given  surfaoe  and  a  given  system  of  parabolas  belonging  to  the  first  type  de- 
scribed at  the  close  of  §  2,  there  are  oo®  possible  representations.  The  total 
number  of  systems  of  this  type  is,  however,  oo*.     Therefore : 

A  surface  of  constant  cwvature  may  be  represented  upon  the  plane  so  that  its 
geodesies  are  pictured  by  parabolas  (2)  in  oo "  ways.  None  of  these  representa- 
tions is  conform^  except  when  the  curvature  is  zero  ;  then  there  are  oo*  conformal 
representations. 

The  corresponding  discussion  for  the  second  type  of  surfaces  obtained  (those 
of  variable  curvature)  is  not  so  simple.  We  have  seen  that  the  system  of  para- 
bolas may  then  be  put  into  the  canonical  form  (27).  Our  first  step  is  to 
examine  the  group  of  point  transformations  which  this  equation  admits. 

If  the  equation  (27)  is  invariant  under  an  infinitesimal  transformation  with 
the  symbol 

^dt  dt 

^dx  +  '^dy 

the  general  theory  of  groups  gives  the  condition  * 

{V  +  y{v,  -  2t  -  3f,y')}  (1  +  y'")  -  2y/{,,  +  (,,  -  f  Jy'  -  f^y'*} 

+  2/{-  ^,y  +  (v  -  ^Uv"  +  (2'?xv  -  Uy'  +  V„}^0. 

Equating  the  coefficients  of  the  various  powers  of  ^'  to  zero,  we  find  the  follow- 
ing system  of  equations  for  the  determination  of  the  unknown  functions  f ,  97 : 

2yf«  +  ^,  =  0,       v-yv,+  ^fv„-'h'^^  =  ^^ 

3f,  +  2^,  +  2y(f„  -  2vJ  =  0,         v  +  y{v,-  2^)  +  2y«,„  =  0. 
*Ll£-8CHEFFSBS,  DifferefUialgleieJiungen^  p.  363. 
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We  shall  omit  the  somewhat  long  but  not  particularly  difficult  discussion  of  these 
equations  and  simply  state  the  solution 

(38)  ^  ^  a^x^  +  a^x  +  a^,         17  =  2a^.ry -f- a^y. 

Hence  the  equation  (24)  admits  three  independent  infinitesimal  transforma- 
tions with  the  symbols 

df  df  df  df  df 

The  finite  equations  of  the  continuous  group  generated  by  these  infinitesimal 
transformations  may  be  found  by  the  integration  of  the  simultaneous  system 

with  the  initial  conditions  t  =s  0,  ajj  =  aj,  y,  =  y. 
When  a^  vanishes,  it  is  found  that 

(40)  x^^ax+h\         y^^ay. 

When  a^  does  not  vanish,  it  may  be  taken  equal  to  unity,  and  the  integrals, 
after  putting  r  =  log  ^,  take  the  form 

(41)     ^1  +  ^'  3^  ^^_±r,     (^i  +  ^){^i  +  ^)  ^  (^±^){^±j) 

^     ^        ajj  +  «         jc  +  « '  yj  y 

or,  explicitly, 

ar^     ^         (8t--r)x  +  r8{t-^l) t{s-rfy 

(41)  x,  =  —^ -—--_—----,       yi  =  - 


2' 


(1  ^t)x  +  s^rt  ^1"  {(1  -f)a;-f  8-r<} 

Hence,  equation  (27),  or  the  system  of  parabolas  vnth  a  common  di7'edrix,  admits 
the  three-parameter  continuous  groups  H^  represented  by  (40)  and  (41).  The 
transformations  (40)  constitute  a  two-parametei*  conformal  subgroup. 

Consider  now  the  possible  representations  of  a  surface  S  defined  by 

d8^=v(du^-\-dv''). 

We  have  already  seen  that,  by  the  representation 

R:  a;  =  u,         y  =  v, 

the  geodesies  are  pictured  by  the  system  (27), 

a :  2yy"  =  y''  +  1 . 

Since  a  is  transformed  into  itself  by  the  group  J/,,  it  follows  that  if  12  is 
combined  with  one  of  these  plane  transformations,  the  resulting  representation 
will  still  picture  the  geodesies  of  S  by  the  system  a.     We  thus  obtain  00^  repre- 
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sentatious  RH^^  corresponding  to  the  one  system  <r.  Of  these,  a  double  infinity, 
namely  RG^y  are  oonformal. 

But  there  are  oo*  systems  of  the  second  type  described  in  §  2,  any  one  of 
¥rhich  may  be  used  instead  of  the  system  a-.  All  these  are  equivalent  to  a  with 
respect  to  the  group  G^  of  §  3.  To  obtain  all  the  systems  fi*om  a-  it  is  in  fact 
sufficient  to  employ  the  four-parameter  subgroup 

G,:  x^  =  jc,         y,^  e^7?  +  e^y  +  e^x  +  e^. 

The  most  general  representation  of  S  is  therefore  obtained  by  combining  G^ 
with  the  representations  already  found.  The  result  may  be  indicated  by  RH^G^^ 
and  involves  seven  arbitrary  constants.  This  yields  no  new  conformal  representa- 
tions since  G^  contains  no  conformal  transformations  except  identity. 

If  a  surface  belongs  to  the  class  defined  by  (30)  it  may  be  represented  upon  the 
plane  so  that  its  geodesies  are  pictured  by  parabolas  in  oo^  ways ,  of  which  oo^ 
are  confomiaL  The  general  representation  is  of  the  form  RHfi^y  while  the  con- 
formal is  RG^. 

Let  us  pass  now  to  the  other  surfaces  belonging  to  the  second  type  of  §  5. 
Such  a  surface  is  geodesically  equivalent  to  those  just  discussed.  The  geodesies 
will  still  admit  a  three-parameter  group,  so  that  there  are  oo^  representations 
for  the  one  system  a.    From  §  6,  none  of  these  will  be  conformal.    Our  result  is : 

If  a  surface  belongs  to  the  classes  defined  by  (31),  (32),  or  (33),  it  is  possible  to 
represent  it  in  oo^  ways  upon  a  plane  so  that  its  geodesies  are  pictured  by  para- 
bolas.    None  of  these  representations  is  conformal. 

§  8.  Additional  results. 
We  may  extend  the  results  obtained  by  making  use  of  the  following 
Lemma:     If  an  equation  of  cubic  type  (1)  is  an  integral  of  an  equation  of  the 
form 

(42)  y<-'  +  P,2/"-"  +  . . .  +  P,_,y'  +  P.  =  0 , 

where  the  coefficients  are  functions  of  a;,  y,  then  j4  =  0,  that  is,  (1)  reduces  to 
a  quadratic. 

To  prove  this,  it  is  sufficient  to  observe  that,  when  the  values  of  y\  y",  •  •  • ,  y^"^ 
obtained  from  (1)  in  terms  of  y'  are  substituted  in  (42),  the  coefficient  of  the 
highest  power  of  y'  is  a  numerical  multiple  of  J.""^ , 

In  particular,  if  the  cubic  equation  is  of  the  form  (35),  arising  in  connection 
with  conformal  representation,  it  follows  that  X^  =  0 ,  so  that  X  is  a  function  of 
y  alone.  The  corresponding  linear  element  (28)  then  belongs  to  surfaces  appli- 
cable on  surfaces  of  revolution. 

If  a  surface  can  be  represented  conformally  on  a  plane  so  that  the  curves  depict- 
ing its  geodesies  satisfy  an  equation  of  the  form  (42)  {of  any  oi'der  but  linear  in 
the  derivatives)^  then  its  element  is  necessarily  of  the  form 
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(43)  (fe2=/(t?)(da'  +  dr»), 

80  that  the  surfdce  is  applicable  on  a  surface  of  revolution. 

The  equation  y"  =  0,  which  has  been  discussed,  is  of  the  form  (42).  We  have 
seen  (§  6)  that  the  corresponding  surfaces  are  the  developables  and  those  with 
the  element  (30).  We  shall  now  show  that  no  new  surfaces  arise  in  connection 
with  any  equation  (42)  of  the  third  order. 

The  equation  of  the  geodesies  of  (43)  is 

(44)  y"=Cl  +  y")F, 
where  Fis  a  function  of  y,  namely, 

^    ^  my) 

By  successive  differentiation,  we  find 

yi"  =  y'(  1  +  y'')Y, ,  where  F,  =  2  F*  +  F'; 

(46)      f^  =  {l+y")iY,y"  +  r,),    where  F,  =  3 FF^  +  Fj ,     Y,=  YY,; 

yv  =y'(i+y")(Fy  +  FJ,  where  F,  =  4FF,+  F;, 

F,  =  2F(F,+  F,)  +  F;;etc. 

Taking  the  equation  (42)  for  7i  =  3 ,  and  substituting  the  values  of  y  and 
y'\  we  have 

y'il  +  y")Y,  +  (1  +  y")YP,  +  y'P,  +  P,  =  0. 

Equating  the  coefficients  of  powers  of  y\  we  obtain  a  simple  set  of  conditions, 
with  the  solution 

P,  =  0,         P,  =  0,         P3  =  0,         F,  =  0. 

The  first  three  values  show  that  (42)  reduces  to  y'"  =  0 ;  and  the  last  shows 
that  Y  is  either  a  constant  or  of  the  form  (2y  +  c)"^  This  leads,  of  course, 
to  the  surfaces  considered  in  §  6. 

The  only  ca^e  in  which  an  equation  of  the  third  order  of  the  form  (42)  can  be 
satisfied  by  a  system  of  curves  corresponding  to  the  geodesies  of  a  surface  in  con- 
formed  representation,  is  the  case  y"  =  0 ;  the  surfaces  are  then  the  devdopables 
and  the  class  (30)  described  i?i  §  6. 

The  examination  of  the  equations  y^^  =  0 ,  y^  =  0 ,  y^^  =  0  leads  to  the 
same  conclusion :  no  new  surfaces  are  obtained.  The  same  is  probably  true  of 
all  equations  of  the  form  y "^  =  0 .  There  are,  however,  equations  of  the  fourth 
order  of  the  form  (42)  which  lead  to  new  solutions.  We  shall  discuss  these  on 
another  occasion. 

Ck)LUMBIA  UNIVKRSITY. 
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THE  DOUBLY  PERIODIC  SOLUTIONS  OF  POISSON'S  EQUATION 
IN  TWO  INDEPENDENT  VARIABLES* 

BY 

MAX   MASON 
The  only  doubly  periodic  solution  f  of  Laplace's  equation 

is  t£  ss  c,  where  c  is  a  constant.  For  if  u  be  such  a  solution,  and  n  the  conju- 
gate potential  to  u ,  then  u  +  vo  would  be  a  complex  analytic  function  which  has 
a  value  under  a  fixed  finite  limit  for  all  values  oix^y.  But,  as  is  well  known, 
such  a  function  is  necessarily  a  constant. 

It  is  the  object  of  this  paper  to  investigate,  by  the  use  of  methods  analogous 
to  those  of  the  potential  theory,  the  doubly  periodic  solutions  of  PoissoN*s  equa- 
tion, 

(1)  a.^+a2^=/(^'y)' 

where  ^(sc,  y)  is  continuous  and  periodic  in  x  and  in  y  with  the  periods  a  and 
6  respectively.  J  A  "  doubly  periodic  Green's  function,"  G ,  will  be  formed 
from  known  functions,  and  the  desired  solution  of  (1)  found  by  quadrature  from 
G  and/. 

*  Presented  to  the  Society  December  29, 1904.     Keceiyed  for  publication  November  26,  1904. 

t  A  function  u  will  be  called  a  solution  of  the  differential  equation  within  a  region  12,  provided 
that  u  aatisfies  the  differential  equation  at  every  point  within  Q .  This  definition  requires  the 
existence  of  the  second  derivatives  of  u  at  every  point  in  12 ,  and  therefore  the  continuity  of  the 
first  derivatives.  By  a  doubly 'periodic  solution  we  shall  mean  a  doubly  periodic  function  which 
is  a  solution  of  the  equation  in  the  period  rectangle,  and  therefore  in  the  entire  plane.  Such  a 
function,  in  particular,  has  a  value  less  than  a  fixed  finite  number  for  all  values  of  z,  y. 

tin  a  recent  article  (Journal  de  Math^matiques,  ser.  5,  vol.  10  (1904),  p.  445)  I 
have  considered  by  a  different  method  the  existence  of  periodic  solutions  of  the  equation 

where  A  is  a  parameter. 
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§1.-4  doubly  periodic  Green's  function  and  its  law  of  reciprocity. 
Let  9{  denote  the  real  part  of  the  term  before  which  it  is  written,  and  con- 
sider the  function 

"  V»  —  y) 

where  a  (z)  is  the  Sigma  function  of  Weierstrass,  formed  with  the  periods 
a^ib;  and  ^,  y  are  two  points  in  the  interior  of  the  period  rectangle  £t  bounded 
by  the  lines  x=0^yssa^x^0^y^b.  This  function  is  a  solution  of 
Laplace's  equation  within  A,  except  at  the  points  (f  i  17)  and  (a,  /8),  and  has 
the  form 

j^ 1 j^  1 

where  ^  is  a  solution  of  Laplace's  equation  throughout  O. 
Since  for  any  integers  m,  n,  the  function  a  obeys  the  law 

cr(z  +  r?ja  -f-  mfi)  =  (  —  l)»»'»+«+V"''^+"''>^^^+"^+*'**V(2), 

where  17^ ,  rj^  are  certain  complex  constants,  *  we  have 

(2)        m  log  -(!_+_-« +4^1^)      9^  log^J^- 1;  =  «.9t2,,(?_  y) 

-n9l2.,,(r-7). 
Define  a  real  function  V  by  the  equation 

F(=r,y,^,,a,/3)  =  9tlog^|'^  +  |5«2,,,(?-7)  +  |9t2,,,(r-7). 
Since  the  last  two  terms  are  linear  in  x  and  y,  Fhas  the  form 

F(a?,y,^iy,a,y3)«log— =^=^    ^^=^-     ~log-^^^    -  

-f-  S{x,y,  f,i7,  a, /3), 
where  S  iss,  known  solution  of 

within  fl.  Furthermore  V  is  doubly  periodic  in  x^  y  with  the  periods  a,  i, 
since  from  ( 2  )  the  equation  results  : 

*See  e.  p.,  Burkhardt,  ElUptiache  Ftmctvoneuj  p.  53. 
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=  V{x,y,  f,  i;,  a,  /3)*. 

TFie  «AaZZ  co/Z  <Ae  function 

G{x,y,  ?,  i7,a,/3)  =  F(«,y,  |,  ?;,  a,fi)^S{a,  /3,  f,  17,  a,  ^) 

tfie  doubly  periodic  Green^ 8  function  for  the  periods  a,  6.      This  function  has 
the  following  characteristics : 

1**.  Except  at  (f ,  17)  and  (a,  yS),  G  is,  within  fl,  a  solution  of  the  equation 


2°.   G^  has  the  form 


d^G      S'G 


where  jS  is  a  known  function,  which,  with  respect  to  the  variables  sc,  y,  is  a 
solution  of  Laplace's  equation  within  £t,  and  which  satisfies  for  all  values  of 
^,  17  in  A,  the  equation 

3**.   G  is  doubly  periodic  in  a; ,  y  with  the  periods  a,  6 . 

The  functions  G  and  R  obey  the  following  laws  of  reciprocity  : 

1 


+  log- 


r~  / i3  \3 ' 


*  Id  the  same  manner  may  be  formed  a  doablj  periodic  fanction 


with  any  number  of  logarithmic  singnlarities,  where  Sis  a  solution  of  Laplacb'b  equation  in  Q 
with  respect  to  the  variables  a:,  y,  provided  that  Ci  +  ^a  +  •  •  •  4-  c»  =  0. 
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To  prove  these  laws  apply  Green's  theorem, 

J J(fA«  -  nLv)dxdy  =  J  ( v'^^  -  u  ',^)  rf», 

where  n  is  the  outward  drawn  normal,  to  the  region  ii*  formed  by  excluding 
from  ft  the  circles  c(f ,  17),  c(|',  17'),  e(a,  yS)  of  radius  r  about  the  points 
{^iV)'i{^\v')'»{^ifi)  respectively,  and  choose 

u^  G(x,y,  f,  17,  ajfi),         v=  G{x,y,  f ',  17',  a,  /3). 

Since  u  and  v  are,  within  ft',  solutions  of  Laplace's  equation  the  double  inte- 
gral over  ft'  is  zero.  Furthermore,  since  u  and  v  are  doubly  periodic  in  x,  y, 
each  assumes  equal  values  at  opposite  points  of  the  bounding  lines  of  the  rect- 
angle ft ,  while  at  these  points  the  normal  derivative  of  each  assumes  values 
numerically  equal  but  opposite  in  sign.  Therefore  the  line  integral  over  the 
sides  of  the  rectangle  ft  is  zero,  and  we  have,  replacing  ds  by  rdff^ 

+  (       \  {^{^^  y^  f'  V.  «,  y3)  -  G{x,  y,  ?\  v\  a,fi}rd0  +  h^O, 

where 

lim  A  =  0 . 

But 

G{x,  y,  f,  17,  a,  /3)-  G{x,  y,  f ',17',  a,  ^)  = 

1  1  

-j-  R{x,  y,  f ,  77,  a,  0)  -  ^(x,  y,  f ',  17',  a,  ^), 
and 

i?(«,  /3,  I,  »;,  «,  /8)  =  0,         Ii{a,  /3,  f ',  77',  a,  ;3)  =  0. 

We  obtain  therefore  in  the  limit  r  =  0 ,  by  well  known  methods, 

G{i,  V,  r,  v\ «,  /3)  -Gil',  v\  ^ »?, «,  /s) 

1  1 

or  writing  a;,  y  for  f ',  17', 

Gix,  y,  f ,  ,,  a,  /3)  +  log^(-^-_^^.  ^  (^— ^^, 
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which  is  the  law  of  reciprocity  for  G.     If  we  replace  G  in  this  equation  by  its 
expression  from  2^  we  have  immediately, 

^(aj,  y,  f ,  v>  «»  fi)  =  ^(f  1  v^ «» y»  «5  ^)- 

Thus  H  is  symmetrical  with  respect  to  x^  y  and  |,  i;  and  is  therefore  a  solution 
of 


within  ft. 


d^e^-^dyf 


§  2.  7%e  doubly  periodic  solutions  o/ 


(1)  a^-  +  -ap=/("''y)- 

Suppose  a  doubly  periodic  solution  u  of  equation  (1)  exists,  for  the  periods 
a,  &,  where  /  is  continuous  and  doubly  periodic  with  the  same  periods.  If  a 
second  solution  of  the  same  nature  existed,  the  difference  of  the  two  would  be  a 
doubly  periodic  solution  of  Laplace's  equation,  and  therefore  a  constant.  It 
follows  that  a  doubly  periodic  solution  of  (1)  for  the  periods  a,  6  is  uniquely 
determined  if  its  value  at  a  fixed  point  is  given. 

Apply  Green's  theorem  to  the  period  rectangle  11,  choosing  for  u  a  doubly 
periodic  solution  of  ( 1 )  and  taking  v  =  1 .  Since  the  integral  over  the  boun> 
dary  vanishes,  the  following  equation  results: 

I     I    AudxdysB  \     |   f{x^y)dxdy^O, 
Jo  Jo  Jo  Jo 

This  equation  is  a  necessary  condition  for  the  existence  of  a  doubly  periodic 
solution  of  (1).  We  shall  now  show  that  it  is  also  sufficient.  Consider  the 
function 

«*(fi^)=-2^J  J    G{x,y,i,'n,a,P)f{x,y)dxdy 


Since 
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we  see  at  once,  from  the  potential  theory,  that  u(|,  17)  is  a  solution  of 

Furthermore,  putting  |  =s  a,  1;  s  /3  we  have 

since 

Ii{x,y,  a,  /9,  a,fi)=^R{a,  ff,x,y,  a,  ^)  =  0. 

From  the  law  of  reciprocity  for  G  we  have 

G{^^  y ,  f  +  ^a»  V  +  nb)  —  G{x,  y,  f ,  17,  a,  ff) 

and  therefore 

w(f  +  ^«,  1;  4.  nft)  —  w(f ,  1;) 

Therefore,  if 

I      I    f(x^y)dxdy  =r:0, 

the  function  u  possesses  the  periods  a,  &.     We  have  therefore  proved  the 
theorems : 

The  necessary  and  sufficient  condition  for  the  existence  of  a  doubly  periodic 
solution  {periods  a^b)  of  the  equation 

S^u      d^u 

where  f  is  a  continuous  doiibly  periodic  function  with  the  periods  a,  &,  t«  that 
f  satisfy  the  equation 

I     j  f{x,y)dxdy=:0. 

If  this  condition  is  satisfied^  then  the  doubly  periodic  solution  of  (1),  with 
periods  a,  6,  which  assumes  the  value  C  at  x=  a^  y  ss  fi  is  uniquely  deter- 
mined^ and  is  given  by  the  formula  :  j 

^(f»'7)=-2^J   J     G{x,y,i,'n,a,  P)f{x,y)dxdy+  C, 

where  G  is  a  known  function^  expressible  in  terms  of  Sigma  functions. 
Sheffield  Scientific  School  of  Yale  University. 
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Multiplication  of  complexes.*  When  JS^  and  E^  are  defined  as  above,  the 
product  jS^  E^  is  defined  as  the  complex  of  all  numbers  linearly  dependent  on 
X  X'  (p=l,--,m;  yssl,.--,;?*').  It  is  easily  shown  from  the  definition  of 
multiplication  of  complexes  that  the  process  is  associative.  Thus  if  we  consider 
the  system 


«1 

«» 

«l 

«1 

«» 

«x 

«« 

0 

and  let  ^^  s  e^,  ^j  s  e^,  then  E^E^  =  e^e,  =  e^.  It  can  easily  be  seen  that  if 
the  main  system  E  contains  a  modulus  (say  ej  then  EE{^  E^)  =  E\  for,  the 
modulus  (unit)  e^  multiplied  by  Cj  •  •  •  e^  on  the  right  gives  6j  •  •  •  e^  and  therefore 
E^  contains  all  the  units  of  E.  If  E  does  not  contain  a  modulus  it  may  hap- 
pen that  in  E^  some  of  the  units  e^ ,  •  •  • ,  e^  do  not  appear  and  therefore  E^  <  E. 
The  condition  that  ^  be  a  system,  closed  under  multiplication,  is  E^  ^  E. 


Semireducibility.     The  algebra  E  is  said  to  be  semi  reducible  f  when  by  a 
proper  choice  of  units  the  following  conditions  are  fulfilled : 

(4)  X-,X=,X' 

(5)  ^•^=,^".' 
the  general  number  of  E  being 


for  every  X,  ^X^ 


It  follows  at  once  that  the  complex  E^  =  e^^j .  •  •  e^  is  closed  under  multiplica- 
tion.    The  conditions  (4)  and  (5)  may  be  written 

(4')  EE^^E^, 

(5')  E^E^E^, 

and,  therefore,  of  course,  ^£2^2  =  -^2  <  -^2-     Under  these  conditions  the  sub- 
algebra  E^  is  said  to  be  invariant  in  E.\ 

Theorem.  E^  cannot  contain  the  modulus  of  E  among  its  numbers.  For, 
from  (4)  and  (5)  it  is  impossible  that  any  number  ^loi  E^  shall  have  the  prop- 
erty that  ^I'X=  X-  j/=  X  for  every  number  Xof  E. 

Accompanying  system^^  complementary  system.     If 


*Fbobbniu8,  Berliner  SitznngBberiohte,  1695,  p.  164. 

fTransaotioDB,  vol.  4  (1903),  p.  440. 

tCABTAN,  Annales  de  Tonlonse,  vol.  12  (1898). 

gMOLiEN's  Btgleitefndes  System,  Mathematisohe  Annalen,  vol.  41  (1893),  p.  93. 
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we  may  write,  in  well  known  notation,  E^  E^(inxA  JF,),  E  =  ^^(mod  E^)\ 
similarly,  if  X^^X+jX,  where  X belongs  to  E^  ^X  to  E^^  ^X  to  E^^ 
we  may  write  X^s  jX(mod  E^)  or  X^  jX(mod  E^).  Regarding  as  equal* 
any  two  numbers  of  E  which  are  equal,  modulo  E^^  we  get,  when  E^  is 
an  invariant  subsystem,  a  hypercomplex  number  system  X  which  is  said  to 
accompany  E  and  to  be  complementary  to  the  invariant  Bubaystem  E^  with 
respect  to  E.  It  is  evidently  sufficient  to  show  that  the  system  so  defined 
is  associative.     If  ^X^,  (X^,  ^X^  are  three  numbers  of  Ey  and  if 

then 

\iE.^Eyi^E^.     Similarly 

Now  by  the  atisociative  law  and  the  linear  independence  of  the  units  we  have 

and  therefore 

(.A\-.X,).,X,s,jr.-(,X3..X,)(mod^,). 

The  above  may  also  be  deduced  from  a  consideration  of .  the  7,.j,„j,'8.     Using 
(3)  it  is  seen  that 

n 

Now  if 

TP    ip    —   ZJT  Z7^    !?▼    —     IT' 

-^2-^1   < -^3'  -^l-^2<^2  9 

or, 

gX- jX=  2^  1         jX'jXssjA  , 

that  is  to  say,  if  every  y^jj  =  0  and  every  jj^j  =  0 ,  we  may  write  (8^.)  in  the 
form 

§2. 
By  E^  ^  E.^\%  meant  the  common  complex  of  E^  and  E.^,     Thus  if  in  (1), 
^^  =  6^...«^...c^,^,=e^^j...e,...e„,then^^^^,=e^^,...6^.    E.^E^^O 
states  that  ^^  and  E^  have  no  numbers  in  common. 


*  Feobenius,  1.  0.,  p.  634. 

t  Aooording  to  Molien,  loc.  oit.,  p.  92,  it  is  neoesaarj  that  EE^  '<zE^,  E^E<.E^,  Evidently, 
f  r  im  the  text,  we  oan  have  an  aooompanjing  system  with  the  milder  oonditions  E^E^'^E^^ 
A|  E^  ^^  E^  • 

It  mi^y  be  remarked  at  this  point  that  the  ysn  are  the  straotnre  oonstanta  of  K. 
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Reducibility.  According  to  Peirce*  an  algebra  E  is  said  to  be  mixed 
(or  redacible)  if  new  units  can  be  introduced  such  that  E  ^E^+  E^^  where 
E\  <  Ey ,  E\  <  E^^  ^i^t  ^  E^^^  E^y  ^%^\  <  -^'^ -^2't 

Theorem  I.  If  E^^  is  a  maximal  invariant  subalgebra  of  E  and  if  there 
exists  a  second  invariant  svbalgebra  E[  of  JF,  then  either  E  is  reducible  or 
else  E[  is  a  subalgebra  E^  • 

Since  E^  and  E[  are  invariant  we  have  (a)  EE^  <  E^,  (6)  E^E[  <  i7,, 
(c)EE[:^E[,  (d)  E[E^  E[.  We  have  now  that  ^j+j&j  is  an  invariant  subalgebra 
of  E  for  E{E^  +  E[)  ^E^  +  E[,  (E^  +  E[)E:^E^  +  E[  and  since  E^  is 
is  maximal  by  hypothesis  E^  +  E{^E  or  else  E^  +  E[^E^.  If  E^+  E\^  E 
the  algebra  is  easily  seen  to  be  reducible.  First,  E\  <  E^  by  (a),  E^  <  E\  by 
(c),  E^E\  <  E^  by  (6)  and  E^E\  <  ^;  by  (c)  and  therefore  ^^^j  <  E^^E[. 
Similarly  by  (6)  and  (rf),  jFJ E^^  E^^E[.  In  the  second  case,  where 
JFj  +  JFI  =  -E\,  it  is  evident  that  E[  is  a  subalgebra  of  E^. 

Theorem  IL  If  E^  and  E\  are  maximal  invariant  subalgebras  of  E^ 
and  if  E^  ^  E[=sF  ^  0  y  then  F  is  a  maximal  invariant  subalgebra  of  both  E^ 
and  E[  • 

By  theorem  1,E^E^  +  E[.     Let 

E^E^  +  E^  {Eo-E,  =  ()). 

^E',  +  E[  {e1^e[  =  o). 

Evidently  then  E^E^  +  E'^  +  F.     Because  the  products  E^  F,  FE^ ,  E\  F, 
FE\  must  be  contained  in  Ey^  and  in  E\  it  follows  that 

tP    TP  —    IP  TP  TP    —    TP  TP*   TP  —     TP  TP  IP'  —    TP 

and  therefore  that  F  is  invariant  in  both  E^  and  E[ . 

Suppose  now  that  F  is  not  maximal  in  E^  and  let  G  +  jP  (where  G^  F  ^0) 
be  a  maximal  invariant  subsystem  of  E^^  i.  e., 

E,{G  +  F)::^G+F,        {G+F)E,:^G+F. 

Consider  the  complex  G  +  E[.     Clearly  G^E[=^0  and 

GE[^F,        E[G^F, 

since  the  products  must  both  lie  in  E^  and  E[ .     Therefore,  since 

TP  /y  —  /^    I      TP  TP    TP'  —   TP  TP'  r^  -^   IP  TP'*  —   TP' 

j3/^ijr '<  %jr -T  I^  ^  £^^J2i^'<z  J?  ^  Jitylr  <,  J7  ^  IL^    < /S  p 

we  have 

E{G  +  E[)^{E,  +  E[){G  +  E[):^G^E[. 

It  is  shown  in  a  similar  manner  that  {G  +  E[)E:^  G  +  E[.  Thus, if  F is 
not  a  maximal  invariant  subalgebra  of  E^ ,  E[  wiU  not  be  a  maximal  invariant 

*  American  Joarnal,  toI.  4  (1981),  p.  100. 

tin  ScHEFFSBS's definition, M a thematische  AnnaIen,vol.39  (1891),p.  317,  £i^JE'2  =  0. 
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(6) 

Let  E.-^E'^^F^,  then 

E 

(T) 

E, 

and  it  is  evident  that 

E\ 

(8) 

E=. 
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subalgebra  of  E  (since  G  +  E[  has  been  proved  invariant  and  G^E[=siO)y 
which  is  contrary  to  the  hypothesis.  It  is  shown  in  exactly  the  same  way  that 
F  is  maximal  in  E[ . 

Theorem  III.  Let  E,  E^^  E^^  '•-  be  a  normal  series  of  subalgebras  of  E 
(t.  e.,  E^  is  a  maximal  invariant  subalgebra  of  E^_^ ,  E^  =  JF)  and  let 
K^^  K^^  "  '  be  a  series  of  complementary  algebras^  such  that  K^  accompanies 
-E'^-i  and  is  complementary  to  E^.  Under  these  assumptions  the  series 
Ky^^  K^^  -  "  is^  apart  from  the  order ^  independent  of  the  choice  of  the  senes 
E^  E^n  -Ej'  ■*•'  ^^  other  wordSy  if  E,  E\^  E'^^  •••  is  any  other  normal 
series^  the  compleme^itary  series  of  algebras  K[ ,  K'^ ,  •  •  •  which  it  defines  is  the 
same  as  the  series  -ff^,  A'^,  •  •  -,  apart  from  the  sequence. 

According  to  the  demonstration  of  theorem  1,  we  have  (if  E^^  E[) 

E,  +  E[. 

-E,+  D[  (F,-^D[  =  0), 


By  theorem  2,  E^^  is  a  maximal  invariant  subalgebra  of  E^  and  E[ . 

If  2^j,  E^y  F^  is  a  normal  series  of  2^,,  then  E^  E^^  F^^  F^^  .••  and 
Ey  E[y  F^y  F^y  "  •  are  two  new  normal  series  of  E.  We  will  now  have  to  prove 
that  the  proposition  is  true  for  these  two  series.  For  this  purpose  it  is  merely 
necessary  to  prove  that  the  complementary  algebras  defined  hj  E^  E^^  F^  and 
E^  E[ ,  F^  are  the  same.     If 

Ei^  Ci*  "  e^j  ^di+i  •  •  •  ^M 
then 

Ei^E[:=^  F^S   «dl  +  l  •  •  •  «M 

Now  the  complementary  algebra  of  E^=^  F^+  D^  with  respect  to  JE'  is  defined 
by  the  (ti  —  ^)'  characteristic  constants  Tpj^..^,  where 

W  E(7p,p,p3  7p3Pm  -  %^P.P.^MP.P.)  =  0    (p  =  <  +  l,  <  +  2,  ■ . .,  n). 

Furthermore,  the  complementary  algebra  of  F^  with  I'espect  to  E^  {E^  ^F^  +  D^) 
is  defined  by  the  d^  characteristic  constants  Jq^^^^  where 
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Now  it  is  seen  in  the  same  manner  that  the  complementary  algebra  of  E[ 
with  respect  to  ^  is  defined  by  (10)  and  the  complementary  algebra  of  F^  with 
repect  to  ^|  is  defined  by  (9),  and  therefore  the  normal  complementary  series 
defined  by  E^  E^^  F^  is  identical,  apart  from  the  sequence,  with  the  normal 
complementary  series  defined  by  E^  E\^  F^. 

It  is  now  necessary  to  show  that  the  normal  series  E^  E^^  E^"  -^  E^  E^^ 
F^^  F^^  '"  define  the  same  complementary  series,  and  similarly  for  E^  E[^  E'^^ 
•  •  • ,  JE',  jFj ,  -Fj ,  -Fj,  •  •  •  •  This  amounts  to  proving  the  theorem  for  the  algebras 
E^  and  E[^  which  involves  a  finite  number  of  repetitions  of  the  above  proof. 

§3. 

Let  E^  E^^  E^^  '*'h&  B.  normal  series  of  E^  let  a^  be  the  order  (number  of 
units)  of  E^  and  let  l^  be  the  difference  between  a^__j  and  the  maximal  order  of 
a  subalgebra *  of  E^_y^  which  contains  EJ^E^^  E) . 

Theorem  IV.  The  numbers  /^ ,  Z,,  •  •  • ,  apart  from  their  sequence^  are  inde- 
pendent of  the  choice  of  the  normal  series. 

This  theorem  is  an  immediate  consequence  of  theorem  3,  the  integer  l^  being 
regarded  as  the  difference  between  the  order  of  the  complementary  algebra 
K^  of  E^  with  respect  to  ^^_j  and  the  order  of  a  maximal  subalgebra  of 

Similarly  it  follows  also  thxit  the  series  of  integers  h^  =  a^_j  —  a^  is  indepen- 
dent  of  the  choice  of  the  normal  series. 

Simple  algebras.  An  algebra  which  contains  no  invariant  subalgebra  is  said 
to  be  simple. 

Theorem  V.  T%e  complementary  algebras  K^^K^^  •  •  •  defined  by  the  normxil 
series  E^  E^^  E^-"  are  all  simple. \ 

In  order  to  prove  this,  consider  the  algebra  A  ^  B  +  A^{  where  B^A^^sO) 
wherein  ^^  is  a  maximal  invariant  subalgebra,  and  let  IT  be  the  complementary 
system  of  A^  with  respect  to  A .  Suppose  now  that  E  has  an  invariant  sub- 
algebra K^,K=:^Er+K^  (where  JST'  -  ^^  =  0 ) .     This  says  that 

(11)  KK.^K,,        K.K^K,. 

From  the  correspondence  between  IT  and  ^f  it  is  seen  that  we  can  write 
B  =  B+B^  (where  5'  -  5j  =  0 )  where,  by  means  of  (11), 

(12)  BB,  ^B^  +  A,,         B^B^B^  +  A^. 

Consider  now  the  complex  By  +  A^.     We  have,  since  A^  is  invariant  in  A^ 
and  by  means  of  (12), 

*  i.  e.,  the  order  of  the  sabalgebra  oontainiDg  the  largest  namber  of  independent  nnits. 
fThis  theorem  is  implioitlj  contained  in  Molten 's  paper,  loo.  cii,  p.  96. 
t  The  yjji  of  K  are  obtained  by  writing  every  yjjk  =  0  in  the  yjfi  of  B. 
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A{B,  +  A,)  =  (B  +  A,){B,  +A,)^B,  +  A,; 

and  similarly 

{B,  +  A,)A^B  +  A,. 

Thus  B^  +  A^\%2jx  invariant  subalgebra  of  A  and  since  By^^A^^Q^ii  f<»l- 
lows  that  B^  +  -4j  >  Ay  which  is  impossible  since  A^  is  maximal  by  hypothe^is. 
Therefore  Ki&  simple. 

The  chief  series  of  an  algebra.  The  series  E^  P^^  P^y  • .  •  is  said  to  be  a 
chief  or  principal  series  (chief  composition  series)  when  P^  is  a  maximal  sab- 
algebra  of  P^_y  which  is  invariant  \n  E{P^  =  E).  For  the  chief  series  it  is 
shown  in  exactly  the  same  manner  as  for  the  normal  series  that  the  system  of 
complementary  algebras  Cp  C^^  C^^  "-  is  invariant^  apart  from  the  sequence 
(C,  being  complementary  to  P^  with  respect  to  -P,_i). 

We  can  now  define  a  series  of  chief  indices  of  composition  analogous  to  the 

indices  of  composition  above,  and  show  that  for  a  given  algebra  Ey  the  system 

of  chief  indices  of  composition  is  independent  of  the  choice  of  the  chief  series, 

apart  from  the  sequence. 

The  University  op  Chicago, 
December,  1904. 
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ON  A  DEFINITION  OF  ABSTRACT  GROUPS* 

BY 

ELIAKIM   HASTINGS  MOORE 

In  a  paper  entitled  A  definition  of  abstract  groups  (Transactions,  vol.  3, 
pp.  485-492,  October,  1902),  my  second  definition  (1.  c,  p.  490) 

(Jf")  =  (l,2,8',8%3;,4';) 

involves  postulates  not  mutually  independent.  I  shall  prove  here  (ab  stated  in 
October,  1904,  Transactions,  vol.  5,  p.  549)  that  (3")  is  redundant,  that  in 
the  new  definition 

{M-y.  (1,2, 3",  8';,  4';) 

the  postulates  are  mutually  independent,  and  that  this  mutual  independence 
remains  even  for  the  system 

(J!f;):  (l,2,3",3';,4';,^) 

defining  an  abelian  group,  obtained  by  adding  to  those  of  {M")  the  postulate  {A) 
that  the  multiplication  or  composition  of  two  elements  is  commutative. 

We  have  for  consideration  a  set  f  or  class  ( A"^)  of  elements  and  a  multiplica- 
tion-table or  rule  of  combination  (o)  whereby  to  every  two  elements  a,  b  taken  in 
the  definite  order  a,  b  there  corresponds  a  definite  so-called  product,  in  notation 
a  o  & ,  or,  when  without  confusion,  more  simply,  ab ;  this  product  may  or  may 
not  be  an  element  of  the  class.    The  postulates  in  question  are  then  the  following: 
(  1  )  If  a  and  b  are  elements,  then  ab  is  an  element  of  the  class. 
(^)  If  a  and  b  are  elements  such  that  ab  and  ba  are  elements,  then 
ab  ==  ba , 

(  2  )  If  a,  6,  c  are  elements  such  that  a6,  6c,  (a6)c,  a(6c)  are  elements, 
then  {ab)o  ==  a{bc), 

(3")  There  exists  an  element  a  such  that  aa^  a. 
{%'[)  If  a  and  b  are  elements  and  aa  =s  a,  then  ab  ==b. 
(Z")  If  a  and  b  are  elements  and  aa  =  a^  then  ba=^  b. 
(4'/)  If  a  and  b  are  elements  and  aa^  a^  then  there  exists  an  element 
&7>such  that  U'^^b^a. 


♦  Presented  to  the  Society  December  30,  1904.     Received  for  pablication  March  17,  1905. 

t  In  the  first  definition  {M)  there  was  the  nnderlying  understanding  (1.  c,  p.  485,  footnote  %  ) 
or  postulate  ( 0 )  that  the  class  contain  at  least  one  element,  and  this  carried  over  by  implicaticm 
to  ( M^^ ) ,  where  however  in  view  of  ( 3'^ )  it  was  not  needed ;  it  is  now  omitted. 

179 
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If  a  is  an  element  such  that  aa  =  a  we  designate  those  parts  of  (3'^),  {i")^ 
(  4'; )  which  refer  to  the  element  a  by  (  S';** ) ,  (  3';« ) ,  (  4'/"  )  respectively.  Then  we 
prove  that  (3';)  is  deducible  from  (1,  2,  3",  3^,  4'/)  in  that  we  prove  that  (3';-) 
is  deducible  from  (1,2,  3'/" ,  4'/*  ) .  This  fact  is  proved  by  a  suitable  modifica- 
tion of  the  method  used  p.  486,  7^  loc.  cit.  If  a  and  b  are  elements  and  aa  =  a^ 
then  we  designate  by  6',  6"  elements,  which  by  (4'/*)  surely  exist,  such  that 
J'  6  =  a,  6" 6'  =  a  and  have  in  virtue  of  ( 1 ,  2 ,  3J")  the  continued  equality, 

ha  =  hh'h  =  ahh'b  =  Vb'hh'h  =  h"ah'h  =  h"b'h  =  ab  ^b^ 

that  is,  ba=ib^  which  was  to  be  proved.  * 

The  proof  that  the  postulates  of  {M"^)  are  independent  covers  the  indepen- 
dence of  the  postulates  of  {M")  and  appears  from  the  following  proof  systems 
(^,o): 

For  ( 1 ) ,     A'^=  all  integers  0 ,  zfc  1 ,  zh  2 ,  .  • .  except  zh  1 .     o  =  + . 

For  (2).  IC^SLii  element  a  and  any  class  of  (at  least  three)  elements  x 
distinct  from  a.  aoa  =  a.  aox  =  xoa  ^x.  x^ox^s^a  if  «,  +  ^j5 
ajj  o  oTj  =  ajj  where,  for  every  x^ ,  x^  is  any  x  except  x^ . 

For  (3").     K=si  all  positive  integers,     o  =  + . 

For  (3',').  K^z,  class  of  (at  least  two)  elements  x,  ic^  oaj^  =  a,  where  a 
is  a  definite  element,  the  same  for  all  pairs  x^^x^. 

For  (4',').     K^  all  positive  integers  and  0 .     o  =  +  . 

For  (-4).     (  A%  o)  =  any  non-abelian  group. 

Thb  University  of  Chicauo. 


*  [A  second  coDt'Daed  equality 

haz=.aha  =  l/'h'ha  =  V'aa  =  h"a  =  V'Uh  =  ab  =  h 
shoald  be  noticed.] 
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Introduction. 

The  theory  of  groups  f  was  first  studied  in  connection  with  the  algebraic  solu- 
tion of  equations,  the  leaders  in  the  early  development  being  Lagrange  (1770), 
RuFFiNi  (1799),  Caucht  (1814),  Abel  (1824),  and  especially  Galois  (1831). 
The  first  discussion  of  the  theory  from  an  abstract  point  of  view  was  by  Caylet  | 
in  1854,  and  the  earliest  explicit  sets  of  postulates  for  abstract  groups  were 


*  Presented  to  the  Society,  under  a  slightly  different  title,  Deoember  30,  1904.  Received  for 
publication  February  9,  1905. 

t  The  most  recent  bibliography  is  given  by  B.  S.  E astok,  The  eonstruetive  development  of  groujH 
theory f  Philadelphia,  1902  ;  and  the  most  recent  text-book  is  the  itUmenJtB  de  la  theorie  des  groupea 
abamUSf  by  J.  A.  DE  Sbouisb,  Paris,  1904. 

Cf.  also  G.  A.  Miller's  two  reports  on  recent  progress  in  group-theory,  Bulletin  of  the 
American  Mathematical  Society,  vol.  5  (1898-1899),  pp.  227-251,  and  vol.  7  (1900- 
1901),  pp.  121-130. 

tA.  Catlby,  Philosophical  Mag'azine,  vol.  7  (1854),  p.  40;  see  also  Proceedings 
of  the  London  Mathematical  Society,  vol.  9  (1878),  p.  126,  or  American  Journal 
of  Mathematics,  vol.  1  (1878),  p.  51.  [Collected  Papers,  vol.  2,  p.  123 ;  vol.  10,  p.  324,  or 
p.  401.]    Cf.  W.  Dyck,  Mathematische  Annalen,  vol.  20  (1882),  p.  1. 
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given  by  Kronecker  ♦  in  1870  and  Weber  f  in  1882.     Weber's  definition,  as 
finally  formulated,  |  is  substantially  as  follows  : 

A.  There  is  a  rule  of  combination  among  the  elements  of  the  given  set,  such 
that  every  two  elements,  a  and  6,  determine  uniquely  a  third  element  c,  called 
the  result  of  the  composition  ;  in  symbols :  ah  =^c. 

B.  The  associative  law  holds  throughout  the  set;  that  is,  (a&)c »  a (&c). 
a  1)  If  ah  =  ab\  then  b  ==  h'. 

2)  If  ab  =  a'6,  then  a^a\ 

D>  1)  Given  a  and  c,  there  is  an  element  b  such  that  ah^c. 
2)  Given  b  and  c,  there  is  an  element  a  such  that  ab=^c. 

E.  In  the  case  of  abelian  groups,  the  commutative  law  also  holds ;  that  is 
ab  =sba. 

Weber  notes  that  if  the  group  is  finite,  Z>  is  a  consequence  of  A^  By  and  C7. 

This  definition  was  somewhat  simplified  by  Burn8ide§  in  1897,  and,  more 
explicitly,  by  Professor  Pierpont  ||  in  1 900.  Pierpont  replaced  conditions 
C  and  D  by  the  following : 

C\  There  exists  a  unique  element  1 ,  called  the  identity,  such  that  al  s  la  =  a 
for  every  element  a . 

D\  For  every  element  a  there  exists  an  element  a""\  called  the  inverse  of  a, 
such  that  aa^^  =  a"*  a  =  1 . 

The  equivalence  of  the  two  definitions  is  readily  established.  Pierpont's 
definition,  like  most  of  the  earlier  definitions,  was  stated  only  for  the  case  of 
finite  groups ;  but  essentially  the  same  definition  had  been  used  for  groups  in 
general  by  Professor  Moore  in  lectures^  in  1897. 

The  earliest  discussion  of  the  independence  of  the  postulates  for  abstract 
groups  was,  as  far  as  I  know,  that  contained  in  a  paper  of  my  own  **  in  1902. 
I  noticed  in  the  first  place  that  Weber's  postulate  C  was  deducible  from  his  A , 
By  and  2), ft  and  further,  that  by  a  peculiar  wording  of  the  associative  law, 

*L.  Kboneckbb,  Monatsberiohte  der  koniglioh  pieassisohen  Akademie  der 
Wissensohaften  zn  Berlin  (1870),  p.  882. 

t  H.  Websb,  Mathamatisohe  Annalen,  vol.  20  (1882),  p.  302.  Cf.  also  O.  Fbobenius 
in  Crelle*B  Jonrnal  fiir  die  reine  and  angewandte  Mathematik,  vol.  100  (1887), 
p.  179,  and  in  the  SitzangBberiohte  der  koniglioh  preassisohen  Akademie  der 
Wissensohaften  za  Berlin  (1895),  p.  163. 

{H.  Webbb,  Mathematische  Annalen,  vol.  43  (1893),  p.  521 ;  or  Algebra,  second  edi- 
tion, vol.  2  (1899),  p.  3. 

i  W.  BUBNSIDE,  Theory  of  groups  of  finite  order,  1897,  p.  11. 

II  J.  PlEBFONT,  Annals  of  Mathematics,  ser.  2,  vol.  2  (1900-^1),  p.  47.  (Fromaoonrse 
of  leotnres  delivered  in  1896  at  the  Buffalo  Ck)lloqninm  of  the  American  Mathematical  Society.) 

1[Cf.  E.  H.  MooBE,  Transactions,  vol.  3  (1902),  p.  488,  footnote. 

**£.  V.  Huntington,  Bulletin  of  the  American  Mathematical  Society,  vol.  8 
(1901-02),  pp.  296-300,  revised  in  Transaction?,  vol.  4  (1903),  p.  30.  See  also  a  second  defi- 
nition, in  Bulletin,  loc.  cit.,  pp.  388-391,  and  two  corresponding  definitions  for  abelian 
groups,  in  Transactions,  loc.  cit.,  pp.  27-29. 

tt  For  the  case  of  Abelian  gronpH,  cf.  i  4,  l)eIo\v. 
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postulate  A  also  could  be  made  redundant.  Since  postulate  A  is  the  fundamental 
postulate  of  the  whole  theory^  the  resulting  definition  (comprising  only  D  and  a 
modified  form  of  ^  )  had  obvious  disadvantages.  Revised  forms  of  this  definition, 
however,  in  which  the  rule  of  combination  is  replaced  by  a  relation,  as  suggested 
by  Professor  Bocher*  in  his  address  at  the  St.  Louis  Congress  of  1904,  have 
considerable  logical  interest,  and  will  be  presented  in  §§  5-6  of  this  note. 

More  convenient  definitions  by  sets  of  independent  postulates  were  given  in 
the  same  year  (1902)  by  Professor  MooRE.f  The  first  of  these  definitions  is 
of  the  type  published  by  Pierpont,  differing  from  Weber's  definition  in  the 
use  which  it  makes  of  the  identity  and  the  inverse  elements.  A  second  defini- 
nition  given  at  the  end  of  the  paper  is  a  modification  of  the  first,  embodying  a 
further  analysis  of  the  identical  element,  and  demanding,  in  particular,  the  exis- 
tence of  an  ^' idempotent "  element  i  such  that  ii^i.  A  note  by  Moore  on 
this  second  definition  appears  in  the  present  number  of  the  Transactions. 

Another  modification  of  Moore's  first  definition,  reverting  more  nearly  to 
Pierpont's  original  form,  has  been  recently  given  by  Professor  Dickson,  and 
will  also  be  found  in  this  number  of  the  Transactions. 

In  §  1  of  the  present  note  I  propose  a  further  modification  of  the  Pierpont- 
Moore  type  of  definition,  in  the  direction  indicated  by  the  latter  part  of  Moore's 
paper.  Although  the  points  of  difference  are  so  slight  as  to  seem  almost  trivial, 
yet  the  introduction  of  postulate  4,  demanding  explicitly  the  uniqueness  of  the 
identical  element,  and  the  ^^  weakened  "  forms  in  which  postulates  5  and  6  are 
now  stated,  will  be  found  very  convenient  when  one  has  to  test  a  given  system 
for  the  group  property.  J 

Closely  connected  with  the  theory  of  groups  is  the  theory  of  fields,  §  suggested 
by  Galois,  and  due,  in  concrete  form,  to  Dedekind  ||  in  1871.  The  vrorA  field 
is  the  English  equivalent  for  Dedekind's  term  Korper  \  Kronecker's  term 
Rationalitdtshereich^^  which  is  often  used  as  a  synonym,  had  originally  a  some- 

*M.  66CHSB,  Balletin  of  the  American  Mathematical  Society,  vol.  11  (1904-05), 
p.  126,  footnote. 

fE.  H.  MooBV,  Transactions,  toI.  3  (1902),  pp.  485-492,  i:evi8ed  in  the  present  nnniber 
of  the  Transactions,  p.  179. 

t Further  analysis  of  the  postnlates,  snch  as  I  have  attempted  in  Transactions,  vol.  6 
(1905),  pp.  34-36,  does  not  seem  likely  to  lead  to  practical  advantage,  except  possibly  in  the 
case  of  the  associative  law. 

{See  parts  of  Linear  Qroups^  with  an  exposition  of  the  Oaloia  Field  theory^  by  L.  £. 
Dickson,  in  the  Tecbnbb  series  of  mathematical  text-books,  1901 ;  and  parts  of  the  Elements 
de  la  theorie  des  groups  absiraits,  by  J.  A.  de  Sequirb,  Paris,  1904.  [See  review  by  Dickson  in 
the  Balletin  of  the  American  Mathematical  Society,  vol.  9  (1904-05),  pp.  159-162.] 

II  P.  G.  L.  DiBiCHLBT,  Vorlesungen  Ober  Zahlentheorie,  edited,  with  snpplementary  material,  by 
R.  Dbdbkind  ;  2d  edition  (1871),  p.  424 ;  4th  edition  (1894),  p.  452. 

^L.  Kboneckbb,  QrundzUge  einer  arithmelischen  Theorie  der  algebraischen  Orossen^  1882, 
Crelle,  vol.  92  (1882),  p.  1 ;  Werke,  vol.  2,  p.  237.  Cf.  J.  KSnig,  Einleitung  in  die  allgemeine 
Theorie  der  algebraischen  Qrbszen^  1903,  p.  183. 
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what  difiFerent  meaning.  The  earliest  expositions  of  the  theory  from  the  general 
or  abstract  point  of  view  were  given  independently  by  Weber  ♦  and  by  Moore,  f 
in  1898,  Weber's  definition  of  an  abstract  field  being  substantially  as  follows: 

I.  There  are  two  rules  of  combination  among  the  elements  of  the  given  set, 
the  one  called  addition,  and  the  other  multiplication. 

II.  The  set  forms  a  group  with  respect  to  addition  (see  conditions  ^ ,  J?,  C, 
2>,  above).  The  result  of  the  composition  of  two  elements  is  here  called  their 
sum  (a  +  &),  the  identity  of  the  group  being  called  zero  (0),  and  the  inverse 
operation  subtraction. 

III.  If  the  identity  of  the  additive  group  is  excluded,  the  remaining  elements 
form  a  group  with  respect  to  multiplication.  The  result  of  the  composition  of 
two  elements  is  here  called  their  product  (ax  6,  or  a&,  or  a&),  the  identity 
being  called  unity  (1),  and  the  inverse  operation  division  (the  divisor  being  dif* 
ferent  from  zero). 

lY.  Addition  and  multiplication  are  both  commutative. 

y.  Addition  is  distributive  with  respect  to  multiplication  ;  that  is, 
a{b  +  c)=s(ab)  +  (ac). 

VI.  a(~6)=-(a6). 

As  consequences  of  this  definition,  |  Weber  proves  that  ax  0=0x  a^O 
for  every  a ,  and  that  a  product  cannot  be  zero  unless  at  least  one  of  its  factors  is 
zero ;  but  he  makes  no  attempt  to  free  the  definition  from  redundant  statements. 

The  earliest  sets  of  independent  postulates  for  abstract  fields  were  given  in 
1903  by  Professor  Dickson  §  and  myself ;  ||  all  these  sets  were  natural  ex- 
tensions of  the  sets  of  independent  postulates  that  had  already  been  given  for 
groups. 

In  §  2  of  the  pi'esent  note  I  propose  another  set  of  postulates  for  fields,  based 
on  the  postulates  for  groups  given  in  §  1,  and  possessing  similar  advantages. 

Still  other  sets  will  be  found  in  §  4,  and  in  the  paper  by  Professor  Dickson 
(already  referred  to)  in  the  present  number  of  the  Transactions. 


*H.  Websb,  Mathematische  Annaleo,  toI.  43  (1893),  p.  526. 

t£.  H.  Moore,  Mathematical  Papers  read  at  the  Internationa]  Mathemat- 
ical Congress  at  Chicago  in  1893  (published  in  1896),  p.  210;  abstract  in  the  Bulletin 
of  the  New  York  Mathematical  Society,  vol.  3  (1893-94),  p.  75.  Moore's  theorem 
that  every  existent  finite  field  is  the  abstract  form  of  some  Galois  Field  is  established  in  thia 
paper  ;  bat  the  term  Galois  Field  as  here  used  must  not  be  oonfnsed  with  the  term  QaUns^dcher 
Korper,  introduced  by  Dedekind  (loc.  cit.,  2d  edition,  p.  455). 

X  The  most  familiar  and  important  example  of  an  infinite  field  is  furnished  by  the  rational 
numbers,  under  the  operations  of  ordinary  addition  and  multiplication.  In  fiict,  a  field  may  be 
briefiy  described  as  a  system  in  which  the  rational  operations  of  algebra  may  all  be  performed 
(excluding  division  by  zero).  A  field  may  be  finite,  provided  the  number  of  elements  (called 
the  order  of  the  field)  is  a  prime  or  a  power  of  a  prime. 

§L.  E.  DicKBON,  Transactions,  vol.  4  (1903),  pp.  13-20. 

II  £.  V.  HUNTJKGTON,  Transactions  vol.  4  (1903),  pp.  31-37. 
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§  1.     A  definition  of  groups  and  abelian  groups. 

As  already  stated,  the  definition  of  abstract  groups  contained  in  this  section 
is  a  modification  of  the  definition  given  by  Professor  Mooke  in  1902. 

We  consider  a  class  K^  and  a  rule  of  combination,  subject  to  the  following 
conditions  (the  result  of  combining  a  and  b  being  denoted  hy  ab)  : 

Postulate  1.  If  a  and  b  are  elements  of  the  class,  then  there  is  an  element 
c  in  the  class  such  that  a&  =  c ;  and  this  element  c  is  uniquely  determined  by  a. 
and  b.* 

Postulate  2.  The  associative  law  holds  throughout  IT;  that  is, 

(ab)c=  a{bc)^ 

whenever  a^  b^  c^  ab^  &c,  {ab)c^  and  a{bc)  are  elements  of  IC, 

Postulate  3.  There  is  at  least  one  element  i  such  that  ii » i. 

Postulate  4.  There  is  not  more  than  one  element  i  such  that  ii  ^  i ;  that^ . 
is,  if  X  and  y  are  elements  such  that  arx  =  sc  and  yy  ^  y^  then  x  =  y. 

Postulate  5.  If  there  is  a  unique  element  i  such  that  ii  =  i,  then  either 
ia  =  a  for  every  element  a,  or  else  ai^a  for  every  element  a. 

Postulate  6,  If  there  is  a  unique  element  i  such  that  ii  =  i,  then  for  every 
element  a  there  is  either  an  element  a^  such  that  aa^  =  i,  or  else  an  element  a, 
such  that  afl  =  i . 

From  these  postulates  1-6  the  following  theorems  can  be  deduced,  the  proofs 
for  which  will  be  given  in  §  7 : 

Theorem  I.  If  i  is  the  unique  element  described  in  postulates  3  and  4 ,  then 
ia  =i  ai  ^  a  for  every  element  a. 

Theorem  II.     If  ab  =  ab\  then  6  =  b';  if  ab  =  a'6,  then  a  =  a. 

From  these  theorems  we  have  at  once  two  further  theorems,  by  the  aid  of 
postulate  6 : 

Theorem  III.  Every  element  a  determines  uniquely  an  element  a~^  such  that 
aa"^  =  a~^a  =  i,  where  i  is  the  element  described  in  postulates  3  and  4. 

Theorem  IV,     Every  two  elements  a  and  b  determine  uniquely  an  element  x , 

*  If  c  were  not  ntiiquely  determined  by  a  and  6,  then  the  ezpreaeion  ab  woald  have  to  be  re- 
garded as  a  mal tip] e- valued  fanction  of  a  and  b^  and  the  assertion  :  ab  =  c,  woald  mean  merely 
that  atie  of  the  valves  of  ab  is  equal  to  e.  Similarly,  {ab)c  would  mean  the  multiple-valned 
function  obtained  by  combining  (a6),  itself  multiple  valued,  with  the  element  c;  and  the 
equation  {ab)c  =  a{be)  wonld  assert  merely  that  one  of  the  values  of  ( o6  ) c  is  equal  to  otic  of 
the  value  of  a  (6c). 

With  this  understanding  of  the  notation,  a  system  which  satisfies  all  the  postulates  except  the 
last  half  of  (1)  may^  be  constructed  as  follows  :  Let  K=  any  finite  or  infinite  class  which  con- 
tains a  special  element  Xand  at  least  one  other  element ;  and  define  the  mle  of  combination  so 
that  if  a  +  b^  ab  may  have  any  valne  within  the  class  ;  while  it  a=bj  aa=X. 

Hence  the  second  part  of  postulate  1  is  essential  to  the  definition.  In  fact,  it  is  only  the 
uniqueness  of  the  symbol  ab  which  gives  this  notation  any  advantage  over  the  relational  notatioB 
employed  in  §  §  5-6. 
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namely  x  =  a~^h^  such  that  ax=ih\  and  also  an  element  y ,  namely  y  =  &a~'\ 

such  that  ya  ^  b. 

Thus  we  see  that  any  system  which  satisfies  the  postulates  1-6  will  be  a  group 

with  respect  to  the  given  rule  of  combination.     The  element  i  is  the  identity  of 

the  group,  and  the  element  a~^  is  the  inverse  of  a . 

If  we  wish  to  make  the  group  ahelian^  we  must  add  another  postulate,  namely: 
Postulate  7  (for  abelian  groups).    The  commutative  law  holds  throughout  K\ 

that  is, 

ab  =  ha^ 

whenever  a,  6,  a6,  and  ba  are  elements  of  K. 

These  seven  postulates  are  independent,  as  will  be  shown  by  the  examples 
constructed  in  §  3 ;  so  that  no  one  of  them  can  be  deduced  from  the  remain- 
ing six. 

If  we  wish  to  make  the  group  ^nt'^e,  we  must  add  the  following  postulate : 

Postulate  N  (for  finite  groups).  The  number  of  elements  in  the  class  is 
some  positive  integer,  n. 

After  the  introduction  of  this  postulate  iV,  postulates  8  and  6  become  redun- 
dant (see  §  7),  so  that  the  five  postulates 

1,  2,  4,  6,  and  N 

are  sufficient  for  finite  groups.     The  independence  of  these  postulates,  when 
w  >  2 ,  is  established  in  §  3. 

§2.  A  definition  of  fields. 

The  following  set  of  postulates  for  abstract  fields  is  suggested  immediately  by 
the  postulates  given  in  §  1  for  groups. 

We  consider  a  class  K^  and  two  rules  of  combination,  called  addition  and 
multiplication,  subject  to  the  following  conditions  (  A\  —  -46,  MV  —  -3ft,  -3f6, 
J!/7,  and  Z)):* 

Postulate  A1.  If  a  and  b  are  elements  of  the  class,  then  their  "sum" 
a  +  & ,  is  an  element  of  the  class,  and  is  uniquely  determined  by  a  and  b. 

Postulate  A2.  The  associative  law  for  addition  holds  throughout  the  class : 

{a  +  b)  +  c^a+{b  +  c). 

Postulate  ^3.  There  is  at  least  one  element  z  such  that  z  +  z^=^z. 
Postulate  -44.  There  is  not  more  than  one  element  z  such  that  z  +  2  =  25 . 
Postulate  Ab.  If  there  is  a  unique  element  z  such  that  z  +  z^^Zy  then 
either  »  -f  a  =  a  for  every  element  a,  or  else  a  -\-  z  =  a  for  every  element  a . 

*The  letters  A  and  Min  the  designation  of  the  poetalates  are  intended  to  suggest  addition 
and  mnlti plication  respectively,  while  D  indicates  the  distributive  law  for  addition  with  respect 
to  multiplication. 
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Postulate  A6.  If  there  is  a  unique  element  z  such  that  z  +  z=sz^  then  for 
every  element  a  there  is  either  an  element  a^  such  that  a  +  a^ »  ^  ^  or  else 
an  element  a^  such  that  a'l  +  a=:z. 

From  these  postulates  A1-A6  we  have  at  once,  by  §  1,  the  following  theorem : 

Theorem  1.   Hie  class  Kia  a  group  with  respect  to  addition. 

The  identity,  «,  of  this  group,  is  called  the  zero-element  of  the  field,  and  is 
denoted  by  0 ;  while  the  inverse  of  an  element  a  is  here  called  the  negative  of 
a,  and  is  denoted  by  —  a . 

Postulate  Ml.  If  a  and  b  are  elements  of  the  class,  then  their  "  product," 
ax  &  (or  a&,  or  a&),  is  an  element  of  the  class,  and  is  uniquely  determined 
by  a  and  b . 

Postulate  M2.  The  associative  law  for  multiplication  holds  throughout  the 
class: 

(a  x.b)  X  c^  ax  {b  x  c). 

Postulate  J/ 3.  There  is  at  least  one  element  u  such  that  u  x  u^  u  and 
u  +  u  ^  u. 

Postulate  Jf 4.  There  is  not  more  than  one  element  u  such  that  u  x  u=i  u 
and  w  +  t/ 4=  w . 

Lemma  Mb.  If  there  is  a  unique  element  u  such  that  u  x  u^=^u  and 
u  +  u  ^  Uy  then  either  u  x  a^=  a  for  every  element  a ,  or  else  a  x  u  ^=i  a  for 
every  element  a . 

This  lemma  Mb  is  not  included  in  the  list  of  postulates,  since  it  will  prove 
to  be  deducible   from  ^1-^6,  M1-M4:,  M6,  Ml,  and  D  (see  §7);  it  is 
assumed  for  the  moment,  however,  as  are  also  lemmas  MT  and  D\  below,  in 
order  to  show  exactly  how  much  of  the  postulates  Ml  and  D  is  required  for  the  . 
proof  of  theorem  3. 

Postulate  MQ.  If  there  is  a  unique  element  u  such  that  ux  u^u  and 
u  +  u  ^  Uy  then  for  every  element  a,  provided  a  +  a  ^  a,  there  is  either  an 
element  a'l  such  that  a  x  a'l^u,  or  else  an  element  a[  such  that  a[  x  a  =  u. 

Lemma  MT.  If  0  is  the  zero-element  of  the  system  (theorem  1),  and  u  the 
element  in  postulates  MS-Mi,  then  0  x  w  =  w  x  0 . 

This  lemma  will  appear  as  a  special  case  of  postulate  Ml . 

Lemma  U .  If  0  is  the  zero-element  of  the  system  (theorem  1),  then  either 
Ox  a  =  0  for  every  element  a,  or  else  ax  0  =  0  for  every  element  a . 

This  lemma  will  prove  to  be  an  immediate  consequence  of  postulate  2>,  in 
view  of  AS-A^,  taking  6  =  c  =  0 . 

The  propositions  -41-^6,  M1-M6,  Ml\  and  D'  are  now  sufficient  (see  §  7) 
to  establish  theorems  2--3,  without  requiring  the  more  general  postulates  Ml 
and  D;  and  until  these  postulates  Ml  and  D  are  introduced,  the  fourteen  pro- 
positions just  mentioned  are  all  independent  (see  §  3). 
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The  theorems  in  question  concern  the  group-property  of  the  field  with  regard 
to  multiplication,  as  follows : 

Theorem  2.     axOa=Oxa  =  O^for  every  element  a. 

Theorem,  8.  If  the  zero-element  is  excluded^  the  remaining  elements  form  a 
group  with  respect  to  multiplication. 

The  identity,  m,  of  this  group  is  called  the  unit-element  of  the  field  and  is 
denoted  by  1 ;  while  the  inverse  of  any  element  a  in  this  group  is  called  the  recij)- 
rocal  of  a  and  is  denoted  by  1/a. 

The  remaining  postulates  for  a  field  are  the  following: 
Postulate  Ml.     The  commutative  law  for  multiplication  holds  throughout 
the  class ;  that  is, 

a  X  b  =  b  X  a. 

Postulate  D.  Either  the  left-hand  or  else  the  right-hand  distributive  law 
for  multiplication  with  respect  to  addition  holds  throughout  the  class;  that  is, 
either 

ax  (i  +  c)  =  (ax  b)  +  (a  x  c), 
or  else 

(i  +  c)xa  =  (6xa)  +  (cxa). 

From  Ml  and  Z>,  in  view  of  -41  and  Ml ,  we  have  at  once : 

Theorem  4.     Multiplication  is  commutative  and  distributive. 

To  show  that  ax  (— 6)=  —  (ax  6),  we  have  only  to  put  6  +  c  =  0  in 
postulate  Z),  using  Ml  and  theorem  2. 

Finally,  by  a  method  due  to  Hilbert  (see  §  7),  we  can  deduce  the  commuta- 
tive law  for  addition  : 

Theorem  AT.     Throughout  the  class^  a  -f  i  =  i  -f  « . 

Thus  we  see  that  any  system  ( IC^  +9  x )  which  satisfies  the  postulates 
-41- -4  6,  Mi—Mi  ^  M6^  J[/7,  and  Z),  will  be  a  field  with  respect  to  the  rules 
of  combination  +  and  x . 

All  these  postulates  are  independent,  as  will  be  shown  by  the  examples  con- 
structed in  §  3. 

§  8.    Proof  of  the  independence  of  the  postulates  of  §§1—2. 

In»  this  section,  the  symbols  + ,  X ,  0 ,  and  1  are  used  only  in  their  ordinary 
arithmetical  meanings,  the  general  operations  of  ^^  addition  "  and  ^^  multiplica- 
tion "  being  denoted  by  e  and  0 ,  and  the  ''  zero- "  and  ''  unit- "  elements  by  z 
and  u  respectively.  * 

The  independence  of  the  thirteen   postulates  of  §  2,  for  abstract  fields,  is 

*The  symbols  0  and  0  were  first  used  in  this  connection  in  Transactions,  vol.  4  (1903), 
p.  31  ;  cf.  vol.  5  (1904),  p.  292,  and  vol.  6  (1905).  pp.  19  and  22. 
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established  by  the  existence  of  the  following  systems  (^K^  e,  o),  each  of  which 
satisfies  all  the  other  postulates,  bat  not  the  one  for  which  it  is  numbered. 

The  first  six  of  these  systems,  together  with  any  non-abelian  group,  serve  also 
to  show  the  independence  of  the  seven  postulates  of  §  1  for  abstract  groups. 


For  A\,  K=  all  real  numbers ;  a  e  6  =  a  +  i  when  a  or  6  or  a  +  &  is 
zero,  otherwise  a  e  &  not  in  the  class ;  a  o  &  »  a  x  & . 

For  A2,  jr=  all  real  numbers;  a  ^  b'^  a  +  b  except  that  a  e  a  =  0 ; 
aobss  a  X  6. 

For  AS.     ITss  all  positive  real  numbers ;  a®b^a-\-b;  a  o  b  =b  a  x  b. 

For  A^.  K=.  all  real  numbers,  together  with  an  extra  element  oo  ; 
a  ®b^  a+b  and  a  o  &  »  a  x  & ,  understanding  that  oo  e  oo  =  oo  , 
oceaB=aeoo»oo,  and  aoooasoo,  oo0a=aooo3=oo.  Here 
2  s:  0  or  00  and  w  =  1 . 

For  Ab.     JE"  =  all  real  numbers ;  ae&=:0;  a  Q)  b^  a  xb. 

For  A6.     K^sst  all  positive  real  numbers  with  0 ;  a  e  &  s  a  +  2»y  ao  6=sax  i. 

For  Ml.  JE"  =  all  real  numbers ;  a  ®  b  =  a  +  b;  a  o  b  ^  a  x  b  when  a  or 
&  is  1  or  when  a  x  &  is  1  or  0,  otherwise  a  eb  not  in  the  class. 

For  J/2.*  A^=  all  complex  numbersof  the  form  (a,  y8,  7)  =  a  +  ySi  +  ^^ 
where  a,  y8,  and  7,  are  real  numbers;  ©  =  +  ;  o  =  x ,  the  multiplication- 
table  for  the  three  principal  units  being  the  following : 


1         ^  __  •^' 

i"'T     j 
i    -1      1 

;         1     -2 


Here  »=(0,  0,  0)andw  =  (l,  0,  0).  To  find  the  reciprocal,  ( X,  Y,  Z) 
of  (a,  )8,  7),  take  X=^a/A,  l^=-)8/A,  Z=-7/A,  where  A  =  a^ 
+  (  )8  —  7  )^  -f  7*.     The  associative  law  fails,  since  ( i* )  i  +  K  y  )  • 

For  MZ.  A'"=  all  even  integers  (positive,  negative,  and  zero);  ©  =  +  ; 
0  =  X  . 

jFor  M4i.  K^  all  complex  numbers  (^a^  fi)^  where  a  and  y8  are  real;  ©  =  +; 

Here2  =  (0,0),andt*  =  (l,0)or  (0, 1)  or  (1,- 1). 
For  M6.  Jr=  all  integers ;  ©  =  +;  0  =  x  .    The  following  system  may  also 
be  used :   ^=  all  complex  numbers  (a,  y8),  where  a  and  y8  are  real;  ©  =  +; 

(^lj_^)0j«2»  ^2)  =  («l«2»  ^lS+  «A). 

*  This  system  was  suggested  to  me  by  Professor  Dickson. 
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F(yr  Ml,  -ff"=  all  quaternions,  a  +  fii  +  ^  +  Si,  where  a,  )8,  7,  and  S  are 
real  numbers ;   e  =  +  ;   0  =  x  . 

F(yr  D.  K^  all  integers ;  ae&=ff  +  6;  O0a  =  aoOaBaO;  when  a  4=  0 
and  6  r^  0,  ao &  is  defined  as  follows :  let  ^  ==  a  or  a  +  1,  according  as  a  is 
positive  or  negative,  and  let  5  =  6  or  6  -f  1 ,  according  as  &  is  positive  or  n^a- 
ti ve  ;  then  a 0 6  =  -4  +  J5  when  -4  +  -ff  is  positive,  and  006  =  ^.4  -B— 1 
when  A  -{-  B\%  negative  or  zero. 

The  independence  of  the  postulates  is  thus  established.  Since  each  of  the 
systems  is  infinite,  the  postulates  will  remain  independent  even  when  we  add  the 
demand  that  the  group  or  field  shall  be  infinite. 


In  regard  to  the  lemmas  Jf5,  and  Ml\  and  D\  we  notice  that  all  the  sys- 
tems just  given  satisfy  them ;  further,  the  following  systems  show  that  they 
cannot  be  proved  without  the  aid  of  Ml  or  Z). 

For  J/5  and  D.  Let  ^  =  all  real  numbers ;  e  =  +  ;  006=!,  except 
that  a0O  =  O0a  =  O. 

For  Ml'  and  Ml.  ^=  a  class  of  two  elements,  0  and  1,  with 
aeOssOeaasa,  lel  =  0,  and  a  0  &  =  a ;  or  the  same  system,  with 
a  Q  b=s  b.     No  system  of  this  kind  exists  that  has  more  than  two  elements. 

For  D'  and  D.     Let  ^  =  all  real  numbers ;   e=B+;a06  =  a-f6  —  1. 


It  remains  to  prove  the  independence  of  the  postulates  1,2,4,5,  iV^,  for 
finite  groups*  of  order  n  >  2  (§1).  f  To  show  the  independence  for  the  first 
four  cases,  let  IT^z  the  class  of  n  integers  from  0  to  n  —  1  inclusive,  and  define 
the  rule  of  combination  as  follows : 

For  1.  a  e  6  =  0  when  a  +  6  =  n,  and  aeO  =  Oea=a;  otherwise 
a  e  &  not  in  the  class. 

For  2.     a  e  i  =  0  except  that  aeO  =  Oea  =  a. 

For  4.     a  e  6  =  0  except  that  a  ®  a^  a. 

For  5.     a  e  i  =  0 . 

To  show  the  independence  of  postulate  iV,  consider  any  infinite  group,  or  an 
empty  class  K. 

*  I  have  not  attempted  to  get  a  set  of  independent  poBtnlates  for  finite  fields.  All  that  baa 
been  done  in  this  direction  will  be  found  in  Professor  Dickson's  paper  in  the  present  number  of 
theTransaotions. 

flf  n  =  l,  postulate  1  in  sufficient ;  if  n  =  2,  postulates  1,  2,  4,  5  are  independent,  the  non- 
group  systems  for  1  and  2  being  the  following  : 


0     1  0    1 

IX       and       Ojl    1 
X    0  111    0 
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In  regard  to  the  independence  of  the  commutative  law  in  the  case  of  finite 
groups  of  order  n,  Professor  Dickson  has  just  proved  the  following  interesting 
theorem :  Let  n  =  J.  •  5-  C-  •  •,  where  -4  =  a«,  5  »  i^,  (7=  c*^,  •  •  •,  the  a,  6, 
c,  •  •  •,  being  distinct  primes ;  then 

(1)  if  any  one  of  the  exponents  a,  )9,  7,  •  •  •  is  greater  than  2,  there  is  a  non- 
abelian  group  of  order  n ;  and 

(2)  if  any  one  of  the  expressions  -4  —  1,-ff  —  1,  (7— l,---is  divisible  by 
any  one  of  the  primes  a,  6,  c,  •  •  *,  there  is  a  non-abelian  gi-oup  of  order  n. 

If  neither  of  these  conditions  is  satisfied,  every  group  of  order  n  is  abelian. 

§  4.  ^  shorter  definition  of  a  field. 

This  section  contains  a  shorter  definition  of  a  field,  by  means  of  ten  postulates, 
the  independence  of  which,  however,  is  not  completely  established.  * 

Postulates  1-7.    The  same  as  ^1 ,  ^2 ,  ^4  7 ;  Jf  1 ,  J!f  2 ,  Jf  7 ;  2) .   (See  §  2.) 

Postulate  8.     Given  a  and  6,  there  is  an  x  such  that  a  +  a;  =  6.  • 

Postulate  9.     Given  a  and  &,  and  a+a^a^  there  is  a  y  such  that  axy=i. 

Postulate  10.     There  are  at  least  two  elements  in  the  class. 

Five  of  these  postulates,  namely  1,  2,  8,  8,  and  10,  constitute  a  definition  of 
abelian  groups ;  but  for  the  purpose  of  testing  a  given  system,  neither  of  these 
shorter  definitions  is  so  convenient  as  those  given  in  §  1. 

The  following  theorems,  proved  in  §  7,  show  that  any  system  which  satisfies 
the  postulates  1-10  is  a  field  with  respect  to  +  and  x  : 

Theorem  I.  There  is  a  unique  element  0  such  that  0  +  a  =  a+0  =  afor 
every  element  a.     (From  1,  2,  3,  8,  10.) 

Theorem  II.     If  a  +  6  =  a  +  5',  then  6  =  6'.     (From  1,  2,  3,  8,  10.) 

Theorem  III.  There  is  a  unique  element  1,  different  from  0,  such  that 
la  =  al  s=  a  for  every  element  a. 

Theorem  IV.     If  a  x  6  =  a  x  i',  and  a  4"  0,  then  h  =  h\ 

Theorem  V.     If  a  +  0  and  &  +  0 ,  then  a  x  i  +  0 . 

The  independence  of  all  the  postulates,  except  1  and  4,  is  established  by  the 
following  systems: 

\^For  1  and  8.  K^  all  real  numbers  \a®h=ia  +  h  when  a  and  h  are  inte- 
gers, otherwise  a  e  &  not  in  the  class ;   0  =»  x  .] 

For  2.     K^  all  real  numbers ;  ae6==2(a  +  6);   o  =  x. 

For  3.     K^  all  real  numbers  \  a  ®b  =  h;   o  =  x. 

[For  4  and  9.  K^  all  real  numbers ;  e  =  +;aoia=ax6  when  a  and 
h  are  rational,  otherwise  a  oh  not  in  the  class.] 

For  5.     K^  all  complex  numbers  (a,  y3),  where  a  and  y3  are  real;  e s-f.  ; 

*  Compare  a  similar  set  of  thirteen  postalates,  all  independent,  in  a  paper  of  mine  on  complex 
algebra,  in  the  present  number  of  the  Transactions. 
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In  the  geometrical  representation  of  this  system,  o  is  the  ordinary  multipli- 
cation followed  by  reflection  in  the  axis  of  reals. 

For  6.     JTaa  all  real  numbers ;   e=+;a06s=6. 

F(yr  7.     jK"=  all  real  numbers ;   e  =  +  ;   ©  =  + . 

For  8.     K^  all  positive  real  numbers;   e  =  +  ;   ©  =  x . 

For  9.     K^  all  integers ;   e  =  + ;   ©  =  x . 

For  10.  jE^ss  an  empty  class ;  or  jE^a  a  class  containing  a  single  element  a, 
with  a^  a^=^a  and  a  ©  a  =  a. 

The  independence  of  postulates  1  and  4  is  still  an  open  question*  unless  postu- 
lates 8  and  9  are  artificially  ^'  weakened". 

§§  5-6.  Definitions  of  groups  in  terms  of  a  triadic  relation^  R . 

The  sets  of  postulates  for  abstract  groups  given  in  §§  5-6  are  modifications 
of  the  winter's  first  definition  of  1902  (loc.  cit.),  expressed  in  terms  of  the  triadic 
relation  suggested  by  Professor  Bocher  (loc.  cit.). 

The  fundamental  concepts  are  here  a  class^  K^  and  a  relation^  R\  instead 
of  writing  ^^ah  =i  c ,"  which  means  ^^  the  combination  of  a  and  h  equals  c ,"  we 
write  ^^  Ii(abcy^  which  means  ^^  the  three  elements  a,  6,  and  c  satisfy  the  given 
relation  jff." 

The  use  of  this  notation  suggested  the  more  explicit  division  of  the  first  pos- 
tulate of  §  1  into  its  two  component  statements,  namely  postulates  IV  in  §  5, 
and  postulate  IV  in  §  6. 

§5. 

One  set  of  postulates  for  which,  however,  the  proofs  of  independence  are  not 
complete,  is  the  following  (a,  &,  c,  etc.  denoting  elements  of  IT): 
Postulate  I.     The  class  JST  is  not  an  empty  class. 
Postulate  II.     Given  b  and  c  there  is  an  a  such  that  R{ahc). 
Postulate  III.     Given  a  and  c  there  is  a  6  such  that  R(abc). 
Postulate  IV.     Given  a  and  6  there  is  a  c  such  that  R(abc), 
Postulate  V.     If    R(abp),   R(pcM)^    R{bcq)^   and    R{aqN\   then 

From  these  postulates  I~V  the  following  theorems  are  deduced  (see  §  7) : 

Theorem  1.     If  R(abc)  and  R(a'bc)^  then  a  =  a. 

Theorem  2.     If  Rlabc)  and  R(ab'c),  then  6  =  6'. 

Theorem  3.     If  R{abc)  and  R(abc')^  then  c  =  c'. 

If  now  we  write  a6  =  c  in  place  of  R{abc)^  postulate  V  gives  us  the  associa- 
tive law :  (ab)c  =  {p)c  =  Jf;  a(bc)  =  «(?)  =  ^l  and  all  the  conditions  in 
Weber*s  definition  of  a  group  are  clearly  satisfied. 

The  independence  of  all  the  postulates  except  IV  is  established  by  the  systems 
used  in  §  6  ;  but  the  question  of  the  independence  or  deducibility  of  postulate 
IV  is  undecided. 
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§6. 

Another  set  of  postulates,  less  symmetrical  than  that  given  in  §  5,  but  admit- 
ting complete  proofs  of  independence,  is  the  following : 

Postulates  I-III.     The  same  as  in  §  5. 

Postulate  IV'.     If  ^(oic)  and  R^ahc  ) ,  then  c  «  c'. 

Postulate  V.  Either  (1):  If  jR(abp),  Ii{bcq),  and  R{pcM),  then 
Ii[aqM)\  or  else  (2):  If  R{abp),  R{hcq),  and  R{aqN),theu  R{pcN).     . 

From  these  postulates  we  can  prove  (see  §  7)  the  theorems  1-2  of  §  5,  and 
also 

Iheorem  8'.     Given  a  and  6  there  is  a  c  such  that  R(abc) . 

Hence  the  two  definitions  are  clearly  equivalent. 

The  proofs  of  independence  are  as  follows : 

For  I.     ^=  an  empty  class. 

JFor  II-III.  Kssi  any  class  of  more  than  two  elements ;  for  II,  let  R{abc) 
mean  6  =  c ;  for  III,  let  R(abc)  mean  a  =  c. 

J^or  IV'.  jK"=b  any  class  of  more  than  two  elements,  with  R(abc)  true  for 
all  values  of  a,  &,  and  c. 

For  v.  JTs  all  real  (or  all  rational)  numbers,  with  R(abc)  signifying 
a  +  6=  2c ;  or  again,  Jl^  the  n  positive  integers  (n  >  2)  from  0  to  w  —  1 
inclusive,  with  R(abc)  holding  whenever  c  s  n  ~  «,  where  s  is  congruent  to 
a  +  b  modulo  n.     In  this  last  system,  (11)2  4"  1(1^)* 

It  may  be  noticed  that  the  postulates  I-III,  IV,  and  V  are  independent,* 
but  not  sufficient  to  define  a  group,  as  witness  the  systems  in  which  R{abc)  is 
always  true. 

The  postulates  I-III,  IV',  and  V  are  likewise  independent,  but  their  suffici- 
ency is  still  an  open  question. 

§  7.  Proofs  of  theorems  in  the  preceding  sections. 

To  avoid  interruption  in  reading,  a  number  of  theorems  in  the  preceding  sec- 
tions have  been  stated  without  proof ;  the  requisite  demonstrations  are  here  sup- 
plied. 

//I  §  1 :  Proof  of  theorem  I.  If  i  is  the  element  described  in  postulates  8 
and  4 ,  we  have  the  following  lemmas : 

Lemma  1.  If  a&=:t,  then  ba^i.  (By  1-5.)  For,  if  a&~i,  then 
(ba){ba)  =  b(ab)a  =  bia  ==  ba;  whence  6a  =  i,  by  4. 

Lemma  2.  For  every  element  a  there  is  at  least  one  element  a  such  that 
aa^  aa:=:i.     (By  postulate  6  and  lemma  1.) 

The  proof  of  the  main  theorem  is  then  as  follows :  Suppose  ia  =s  a  for  every 
element  a,  and  take  a  so  that  aa^  aa  ^  i;  then 

ai  =  i(ai)  =  i  [«(««)]  =  i  [(«^)«]  =  i{ia)  =  (^ii)a=:  ia  =  a. 
*To  show  the  indepcndeDoe  of  IV  in  this  set,  let  B(abe)  signify  a  =  b. 
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Similarly,  if  we  suppose  ai  ^  a  for  ev^ry  element  a,  then 

ia  =  (ia)i  =  [(««)«]  i  =  [a(aa)]i  »  (a/)i=  a{ii)  s=  ai:si  a. 

//I  §  1 :  Proof  of  theorem  IL  By  lemma  2,  take  a  so  that  oui  »>  ^,  and  /9 
so  that  bfi^  i.     Then  if  ab  »  a&\ 

b^ib^  (^aa)b^  a(a6)  =  a(a6')  a=  (aa)i'  =  ib'  sss  6'; 

and  similarly,  if  a&  =  a'  &, 

a  =  ai«a(6S)  =  (o6))8  =  (a'5))8=:a'(6)8)  =  a'i«a'. 

//I  §  1 :  Proof  of  postulates  3  a/wZ  6  for  finite  groups,     (The  proof  of  3 
depends  merely  on  1,  2,  and  iV;  that  for  6  requires  1,  2,  4,  6,  and  iV. ) 
Let  a  be  any  element,  and  form  the  sequence  of  elements 

a^^aa^  a^^a^a^y  a^^a^a^^     ••,  «*+i  =  «Aa*« 

Since  the  class  is  finite,  this  sequence  must  eventually  contain  repetitions ; 
that  is,  there  must  be  indices  p  and  p  +  q  such  that  a^  =»  %+q'     "^^^  element 

will  then  be  such  that  xx^x^  which  establishes  postulate  3.  * 

Now  this  element  x  is  simply  the  combination  of  a  certain  number,  say  m,  f 
of  the  a's : 

aaa  --  -  a  =  i; 

hence  the  combination  of  m  —  1  of  the  a's  will  be  an  element  a  such  that 
aa'  =1,  which  establishes  postulate  6. 

/w  §  2 :  Proof  X  qflenima  Mb, 

a)  a  X  0  =  0 .     (From  ^1,  ^3-^4,  3/1,  Ml,  D.)     For, 

axO  =  ax(0  +  0)==(axO)  +  (axO), 

whence  a  x  0  =  0 ,  by  -44. 

6)  If  w  X  X  =  0 ,  then  a;  =  0 .  (From  ^1,  A2-'Ai,  Ml-M^,  MS-MT,  I).) 
For  suppose  «  ^s  0,  and  take  a"  by  J/6  so  that  x"x  a;  =  w.  Then  by  a), 
i^3Bswxw  =  wx(a5Xx")=s(wxaj)xa;"  =  0xic"=0,  which  is  impossible. 

c)  ax(6-c)  =  (ax6)-(axc).  (From^l-^6,  Jlfl-Jlf4,  Jlf6-Jf7,2).) 
For,  ax(  —  c)  +  axc  =  ax(  —  c-fc)=:axO  =  0,  whence 

axi  —  c)^  —  {axe). 


*  This  proof  for  3,  which  snggested  the  proof  for  6,  is  taken  from  the  paper  by  £.  H.  Moobe, 
loc.oit(1902),  p.  490. 
tHerem  =  2i'(2«  — 1). 
1 1  am  indebted  to  Mr.  6.  D.  Bibkhoff  for  this  demonstration. 
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d)  If  u  X  a  s  X,  then  ux  x  ^  x,     (From  Mi-Mi.)     For, 

uxxssux{uxa)ss(^uxu)xa=siUXa^x. 

From  c)  and  d)  we  can  now  prove  the  lemma,  as  follows:  Let  uX  a^x; 
then  uX  (a  —  as)  =  (w  X  a)  —  (w  X  «)  =  a  — aja=  0,  whence  a  —  xas  0,  or 
x  =  a. 

//»  §  2 :  Proof  of  theorem  2,  (The  proof  depends  on  AZ-Ai ,  Jf  1-Jf 5 , 
Ml'  and  D\  but  not  on  Jf 6 .) 

If  the  first  part  of  D'  is  true,  0  x  a==:0  for  every  element  a.  Then 
(axO)x(axO)s=ax  (Oxa)xO==axOxO  =  axO,  whence,  by  J/^ , 
a  X  0  =s  either  0  or  w . 

But  the  second  alternative,  ax  0  =  m,  must  be  rejected,  in  view  of  Ml\ 
For,  suppose  a  x  0  =  ?«  for  any  particular  value  of  a .  Then  uxc^{axO)xc 
=  ax(0xc)=3ax0a=w,  for  every  element  c,  so  that  first  half  of  Jf5 
cannot  be  true.  Therefore,  by  the  second  half  of  Mb ,  c  x  w  =  c  for  every 
element  c.  Then,  for  every  c^cx  c^  {ex  u)  x  c^c  x  (u  x  c)sssc  x  w  =  c, 
whence,  by  Jf  4 ,  every  c  must  be  either  0  or  u.  But  if  0  and  u  are  the  only 
elements  in  the  class,  then  u  x  0  =  0x  w,by  M7\  or  u  x  0  =  0. 

Therefore  ax  0  =  0  for  all  values  of  a . 

If  the  second  part  of  Z)'  is  true,  instead  of  the  first  part,  the  theorem  is 
proved  in  a  similar  way. 

//I  §  2:  Proof  of  theorem  3. 

(1°)  If  ax  b  ^  u^  then  b  x  a  zs^u.  For,  if  a  x  &  =  w,  then  (5  x  a) 
x{bxa)=^bx(axb)xa=^bxuxa^bx  a,  whence,  by  Jf 4,  6  x  a 
is  either  t^  or  0 .  But  it  cannot  be  0 ,  since  if  it  were  we  should  have  u  x  u 
=  (ax6)x(axi)  =  ax(6xa)x6  =  ax0xi  =  0(by  theorem  2), 
which  is  impossible  by  MS . 

(2^)  For  every  element  a,  provided  a  ^  0^  there  is  at  least  one  element  a 
such  that  ax  a^^  a  x  a^  u  [by  (1°)  and  Jf6];  and  any  such  element  a 
will  be  =|s  0  when  a  ^  0  [by  theorem  2,  since  0  4=^]- 

(3°)  If  a  +  0,  then  u  x  a  ^  a  x  u==  a.  [This  follows  from  (1®)  and 
(2°  ) ,  as  in  the  proof  of  theorem  I  in  §  1.] 

(4°)  If  a  +  0  and  i  +  0»  ^^^^  «  X  6  +  0-  For,  suppose  a  x  6  =  0  and 
a  4=  0 ;  then  taking  a  so  that  ax  a^su  we  have 

b^u  X  i  =  (ax  a)  X  b^  ax  (ax  i)=ax  0  =  0. 

Thus  all  the  conditions  for  a  group  (see  §  1)  are  satisfied. 

//I  §  2 :  Proof*  of  theorem  Al.    (The  proof  depends  on  ^1-^6 ,  M 1-J/B , 


*D,  HiLBKAT,  Vber  den  Zahlbegriff,  Jahresberioht  der  Deutsohen  Mathematiker- 
Vereinigang,  vol.  8  (1899-1900),  p.  183. 
Trans.  Am.  Math.  Soc.   14 
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and  both  parts  of  2> ) .  Since  the  system  is  a  group  with  respect  to  addition, 
we  know  that  from  a  +  b  ^  a  +  h'  foUows  6  =  b\  and  from  a  +  b  ^  a  +h 
follows  a  =:  a   (theorem  2,  §  1).     By  2),  in  view  of  Jf7,  we  have 

(a  +  6)x(l  +  l)==ax(l  +  l)  +  6x(l  +  l)  =  a  +  a  +  6  +  6> 
=  (a  +  6)xl  +  (a+6)xl«a  +  6  +  a  +  6. 
Therefore  a+a  +  6  =  a+i  +  a,  and  hence  a  +  b  =  b  +  a. 

In  §  4 :  Proof  of  theorems  I-V. 

I.  Let  c  be  any  fixed  element  and  a  any  other  element.  Take  z  so  that 
c  +  2  =  c,  and  a:  so  that  x+  c^  a.  Then  a+2j  =  (a;-fc)  +  2;  =  a;4-(c  +  z)=a. 
Further,  if  a  +  z^^a  for  every  a,  and  also  a  +  z^^a  for  every  a,  then 
z^  +  z^  =  z^  and  z^  +  z^=z^^  whence  by  postulate  8,  2j  =  Zj  =  0 . 

II.  Takea;sothata5+a=0;  then  6=0+5=a;+a+i=a5+a+6'=0+6'=6'. 

III.  Let  c  be  any  fixed  element  not  0 ,  and  a  any  element  not  0 .  Take  u  so 
that  ct*  =  c  and  y  so  that  yc^a.     Then  au  «  (yc)w  =  y(ct^)  =  yc  =  a. 

IV.  Take  y  so  that  ya  =  w ;  then  6  =  wi  =  ya6  =  yob'  =  y6'  =»  6' . 

y.  Suppose  a&  =s  0  and  a  4=  0 ,  and  take  y  so  that  ya »  1.  Then 
6  =  16  =  ya6  =  yO  =  0. 

/ti  §  6  :  Proof  of  theorem  1.     Given  Ji(abc)  and  li(abc). 

Take  «  and  a;  so  that  Ii{zaa)  and  iB(2ca;);  and  y  so  that5(cya').  Then 
from  ^(za'a),  li(abc)^  li(abc)^  jff(zca;),  follows  c  =  a;  and  from  jB(2jcc), 
R{cya)^  It(^cya)^  ^(za'a),  follows  a'  =  a. 

/ti  §  5  :  Proof  of  theorem  2.     Given  It(abc)  and  li(ab'c). 

Take  2  and  aj  so  that  R{b'zb)  and  R(^czx) ;  and  y  so  that  R{ycV).  Then 
from  Il(ab'c)^  Il{czx),  5(6'26),jB(a6c),  follows  c  =  a;;  and  from  R{ycb')^ 
R{b'zb),  R(czc),  R(ycb'),{onovrsb  =  b\ 

/n  §  6  :  Proofs  of  theorem  3.     Given  R(abc)  and  R(abc'). 

First  proof  (using  only  II,  IV,  and  V):  Take  a;,')8,  and  y  so  that  R{xab)^ 
R{axfi),  and  R{fiay).  Then  from  R{axl3),  R{/3ay),  R{xab),  {f^^]}y 
follows  {J^^}. 

Second  proof  (using  only  III,  IV,  and  V):  Take  sc,  a,  and  y  so  that 
R{bxa),  R(xba),  and  i?(6ay).  Then  from  R(bxa),  {f^^},  i?(a56a), 
R{bay)  ,  follows  {  Jz^  }  .     In  either  case,  c  =  c'. 

/n  §  6  :  Proof  of  theorems  1-2.  In  order  to  show  that  either  half  of  pos- 
tulate V  is  sufficient,  the,  proof  is  divided  into  four  steps,  (a-d) : 

a)  Proof  of  theorem  1,  using  V\l):  Given  R{abc)  and  R{abc)\  to  prove, 
a^a\     Take  »  so  that  5 (za'a)  and  y  so  that  R(cya).     From  ^(aa'a). 
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R{abc)^  li(abc)^  follows  li(zcc);  and  from  li(zcc)^  R{cya)^  R(^cya)r 
follows  Jt{za'  a).     Hence,  from  It{zaa)  and  li(za'a')^  we  have  a  =  a'. 

6)  Proof  of  F'(2)  from  V\\)  and  theorem  1:  Given,  Ii{abp),  JR{bcq)r 
and  R{aqN).  Take  P  so  that  R{PcN)  and  A  so  that  R{AbP).  Then 
from  R{AbP),  R{bcq),  R{PcN),  foUows  R{AqN).  From  R(AqN) 
and  ^(a^riNr),  wehave-4  =  a;  and  from  R (abP)  Bxtd  R (^abp)  we  h^ve  P  =^ p , 
Hence  R{pcN). 

c)  Proof  of  theorem  2,  using  F'(2):  Given,  ^(a6c)and  ii?(ai'c);  to  prove 
bssb'.  Take  «  so  that  R{bzb')  and  a  so  that  R{xcb).  From  R(abc)^ 
R{bzb')^  R{ab'c)^  follows  R{czc)\  and  from  R{xcb)^  R{czc)^  R{xcb)^ 
follows  R{bzb).     Hence,  from  R(bzb)  and  R{bzb')^  we  have  b  =  6'. 

d)  Proof  of  F'(l)from  V\2)  and  theorem  2:  Given,  R{abp),  R{bcq), 
and  R{pcM).  Take  Q  so  that  R{aQM),  and  C  so  that  R(bCQ).  Then 
from  R{abp),  R{bCQ),  R(aQM),  follows  R{pCM).  Fi-om  R{pCM) 
and  5 (j)cJf)  we  have  C=c;  and  from  ^(5cQ)  and  5(icy)  we  have  §  =  y. 
Hence  R(aqM). 

Thus  from  either  half  of  postulate  F'  we  can  prove  the  other  half,  and  hence 
both  the  theorems  1-2. 

/»  §  6  :  Proof  of  theorem  8'.  Given  a  and  6 ;  take  z  so  that  R(^<na)^  b' 
so  that  R{bb'z)^  and  c  so  that  R(cb'a).  Then  c  is  the  required  element  such 
that  R{abc).  For,  take  /3  so  that  R{a^c)  and  /J'  so  that  R{l3fi'z).  Then 
from  R{afic),  R(/3fi'z),  R{aza),  follows  R(e/3'a),  by  F'(2).  Fi-om 
R{cfi'a)  and  R{cb'a)  we  have  )8'  =  5',  by  theorem  2;  and  from  R{^b'z) 
and  R(bb'z)  we  have  yS  =  6,  by  theorem  1.     Hence  R(abc). 

Habvabd  Umtvebsity, 
Cambridge,  Mass. 
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DEFINITIONS  OF  A  GROUP  AND  A  FIELD   BY  INDEPENDENT 

POSTULATES* 


BY 


LEONARD  EUGENE  DICKSON  f 

Introduction. 

1.  The  simple  definition  hei'e  given  for  a  general  abstract  group  relates  as  to 
origin  and  character  to  Professor  Moore's  two  definitions,  Transactions, 
vol.  8  (1902),  pp.  485-492.  A  few  days  before  the  appearance  of  the  addition, 
Transactions,  vol.  5  (1904), p.  549,  to  his  paper.  Professor  Moore  remarked 
to  me  that  one  of  his  postulates  relating  to  an  inverse  was  redundant,  meaning 
postulate  (3'^')  of  his  second  definition.  I  thought  the  reference  was  to  his  first 
definition  and  attempted  to  reconstruct  the  proof  of  a  redundancy,  there  absent. 
This  attempt  led  me  to  alter  his  postulate  (4^)  to  read  aa^^i^  instead  of 
a\a^\  and  to  note  that  postulate  (3^)  becomes  redundant  in  the  altered  set, 
thus  obtaining  the  present  definition.  Subsequently  I  learned  that  Professor 
Moore,  in  his  proof  of  the  redundancy  of  (3'^')  in  his  second  definition,  had 
obtained  relations  |  sufficient  to  establish  the  present  definition  but  had  not 
applied  them  to  set  up  the  definition  itself. 

The  present  postulates  for  a  general  group  possess  the  desirable  property  that 
they  remain  independent  within  sets  of  postulates  for  special  classes  of  groups, 
the  specialization  being  either  in  the  direction  of  the  number  ( ;i  >  1 )  of  ele- 
ments or  their  commutativity  (§§  3-5). 

The  definition  of  a  field  (§  6),  based  on  the  present  definition  of  a  group,  has 
evident  advantages  over  the  earlier  definitions.  § 

The  postulates  for  a  field  remain  independent  under  an  assumption  that 
the  set  is  finite,  or  forms  an  enumerable  infinitude,  or  a  non-enumerable 
infinitude. 


*  Presented  to  the  Society  (Chicago)  Deoemher  30,  1904»  under  the  title  "A  definition  of  a 
group  by  Independent  postulates.''  Received  for  publication  November  19, 1904.  The  definition 
of  a  field  was  added  January  14, 1905. 

t  Research  AsBistant  to  the  Carnegie  Institution  of  Washington. 

X  MooBE,  this  number  of  Transactions,  p.  179. 

§  Huntington  and  Dickson,  Transactions,  vol.  4  (1903),  p.  31,  p.  13.  For  the  new 
definitions  by  Huntington,  with  a  bibliography,  see  this  number  of  Transactions,  p.  181. 

198 


Digitized  by 


Google 


L.   E.    DICKSON:     DEFINITIONS   OF  A   GROUP   AND   A   FIELD  199 

Definition  of  a  groups  §§  2-5. 

2.  Given  a  function  a  o  6  of  two  arguments  and  a  set  of  elements,  we  will 
say  tbat  the  elements  form  a  group  with  respect  to  o  when  the  following  postu- 
lates hold : ''^ 

(li)  For  every  twof  equal  or  distinct  elements  a  and  h  of  the  set»  there  is 
a  determination  of  a  oh. 

(Ij)  For  a  and  h  in  the  set,  there  is  at  most  one  determination  of  a  o  6. 

(I3)  If,  for  a  and  h  in  the  set,  there  is  at  least  one  determination  of  a  o  6, 
one  determination  is  an  element  of  the  set. 

(2)  (ao6)oc  =  oo(ioc)  whenever  a,6,c,  and  all  the  determinations 
of  ao6,6oc,(aoi)oc,  and  ao  (i  oc)  occur  in  the  set, 

( 8  )  There  occurs  in  the  set  an  element  i  such  that,  for  every  element  a  of 
the  set,  aoi  has  the  determination  a. 

(4)  If  such  elements  i  occur,  then  for  a  particular  f,  and  for  every  |  a  in  the 
set  there  occurs  in  the  set  an  element  a'  such  that  aoa  has  the  determination  i . 

Postulates  ( IJ,  ( l,))  ( I3)  may  be  combined  into  the  triple  statement : 

(1 )  For  every  two  equal  or  distinct  elements  a  and  b  of  the  set  a  oh  is 

uniquely  determined  as  an  element  of  the  set. 

In  view  of  (8)  and  (4),  to  any  element  a  there  correspond  elements  a  and 

a"  such  that  a  o  a'  =  i ,  a'  o  a"  =  i ,  where  i  is  a  fixed  element  such  that  e  o  i «  e 

for  every  element  e .     Applying  also  ( 1 )  and  (  2  ) ,  we  have 

a  =  a  o  i  =B  a  o  ( a'  o  a")  =  ( a  o  a')  o  a"  =  i  o  a", 

a'  o  a  ==  a'  o  ( i  o  a")  =  (a'  o  i)  o  a"  =  a'  o  a"  =  i. 

Hence  a  oa^  i.     By  this  theorem,  aoa'  =  i.     Hence 

ioa=s(toi)oaa=  [io(a"oa')]  oa  =  (£oa")o  (a'oa)sssaois=a. 

Since  a  o  1  ss  a  =s  i  o  a  f or  every  a ,  i  is  called  an  identity  element.  If  also  i^ 
is  an  identity  element,  then  i^  «  i^  o  i  »  i.  Hence  there  is  an  unique  identity 
element.  Since  a  o  a'  =  i  =  a'  o  a ,  a'  is  called  an  inverse  of  a .  If  also  a[  is 
an  inverse  of  a,  then 

aj  ass  a|  o  i  =s  a(  o  (a  o  a')  =  (a|  o  a)  o  o'  =  i  o  a'  =  a. 

Hence  there  is  an  unique  inverse  of  each  element. 


*ln  (2),  (6),  and  (7),  we  mean  by  A  =  £  that  one  of  the  determinatioDB  of  A  equals  one 
of  the  determinations  of  B, 

tThe  assamption  need  not  be  made  for  a  o  t  or  a  o  a^  in  view  of  (3),  (4). 
t  The  assamption  need  not  be  made  for  a  =  t ,  in  view  of  (3 ). 
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8.  We  prove  that  the  postulates  (1,),  (1^),  (I3),  (2),  (3),  (4),  (5J, 
A;  SB  1 ,  2 ,  or  3 ,  are  consistent  and  independent^  where 

(5j)  The  number  of  distinct  elements  is  a  fixed  integer  n,  n  >  1  ;* 
(5,)  The  distinct  elements  of  the  set  form  an  enumerable  infinitude ; 
(53)  The  distinct  elements  form  a  non-enumerable  infinitude. 

Their  consistency  follows  from  the  existence  of  the  group  of  the  elements 
0 ,  1 ,  •  •  •,  n  —  1  with  a  o  6  =s  a  +  6(mod  n) ,  and  the  group  of  all  rational 
(or  real)  numbers  with  a  o  6  =  a  -f  6 . 

Let  /,  be  a  set  containing  i  and  exactly  n  —  1  further  elements  6 ;  /^  or  I^ 
a  set  containing  i  and  further  elements  h  forming  an  enumerable  or  a  non-enum- 
erable infinitude,  respectively. 

To  prove  the  independence  of  a  postulate  [j)^  we  exhibit  a  set  [j]  in  which 
postulate  (J)  fails  while  each  of  the  remaining  postulates  hold.  In  the  sets, 
a  o  &  is  understood  to  have  a  unique  determination  unless  the  contrary  is  stated. 

[  1, ]  Set  /^,  i  o  i  =  i ,  6  o  6  =  i ,  6  o  i  =  6 ,  no  determination  of  i  o  6  or  of 
6o6'(6  +  6'). 

[Ig]  Set  I^  forming  a  group  under  0;  aoc  with  the  determinations  aec 
and  i. 

[I3]   Set  /^;  ioi=i,6oi=6,6o6'=i,io6  not  in  the  set. 

[2]   Set  /^;  ioi  =  i,6oi  =  6,6o6'=i,ioi  =  i. 

[3]    Set /^;  i  oi  =  i,  i  oi  =  i,  60  6' =  i,  io  6=  i. 

[4]   Set/^;  io  i  = /,  6oi  =  6,  I  oi  =  6,  io6' =:  6, ,  6j  a  fixed  i. 

4.  We  next  examine  the  effect  of  adding  the  commutative  law : 

(6)  aob^boa  whenever  a ,  & ,  and  all  the  determinations  of  a  o  6  and  boa 

occur  in  the  set. 

The  postulates  (IJ,  (l^),  (Is),  (2),  (3),  (4),  (6J,  (6), /or  fc  =  0,  2, 

or  3 ,  are  consistent  and  independent.     Here  the  new  postulate  is 
(5^)  The  number  of  distinct  elements  is  finite  but  undetermined. 
The  proof  follows  from  the  sets  [1,  ]  ,  [Ig]  ,  [I3]  ,  [3]  ,  [4]  above,  and 
[2]'  Set  /^,n>2;ioi  =  i,io6  =  6oi«i,6o6  =  i,6o6'=6i(6  4=6'). 
Then,  for  6  +  ij,  (6  oijoi,  =  ij  ofcj  =  i,  6  o(6,oij)  =  6oi  =  5. 
[  6  ]   There  exist  finite  and  infinite  non-commutative  groups,  f 
The  question  of  the  independence  of  the  postulates  for  k^\  is  answered 

by  §6  in  connection  with  the  sets  [IJ,  [1,],  [I3],  [2]',  [3],  [4]. 

5.  Theorem.  %  Let  n  =  p'\^p'^  •  *  '/C »  where  /?, ,  •  •  • ,  p,  are  distinct  primes^ 
and  each  a.  >  0 .     The  necessary  and  sufficient  conditions  that  all  existing 

*  For  n  =  1 ,  the  group  may  be  defined  by  the  independeDt  postulates  ( li ) ,  ( I2 )  1  ( Ij ) ;  also 
by  the  independent  postulates  ( I2 )  >  (  3 ) . 

t  E.  g.,  that  of  the  transformations  x/  =  ±.x  ■\-h,  where  h  ranges  over  all  integers,  or  all  real 
numbers,  or  the  residues  modulo  m,  m>  2. 

X  Addition  of  February  2,  1905. 
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gnmps  of  order  n  shall  be  abelian  are :  (i)  each  a^  ^  2;  (ii)  no  py  ^\  is 
divisible  by  one  of  the  primes  Pi^:",  p^' 

We  first  prove  that  the  oonditions  are  necessary.  If  a^  >  2 ,  a  non-abelian 
6^  18  given  by  the  direct  product  of  the  cyclic  groups  Cp^k(k  =  2 ,  •  •  • ,  v)  and 
a  non-abelian  Gp<^i ,  say  of  the  type  generated  by  JP  and  Q  where 

If  each  aj  =  2  and  p*^^  —  1  is  divisible  by  p^^  there  exists  a  non-abelian  group  of 
order  j9*>/?J«  and  hence,  as  before,  one  of  order  n.  Indeed,  if  a^  =  a^^  =  1,  we 
use  the  group  generated  by  Pj  and  P^  where 

where  ir  is  an  existing  primitive  root  of  a;*^  s  1  (mod  p^).  If  a^  =  1 ,  a^  =  2 , 
we  use  the  direct  product  of  the  preceding  group  by  a  cyclic  Cj^,  If  a^  =»  2 , 
a,  =  1 ,  the  case  in  which  p^  —  1  is  divisible  by  p^  is  disposed  of  as  before,  while 
for/},  +  1  divisible  by /^j?  J»2  ^  2,  we  use  the  group*  generated  by  S^  jT^,  jT^, 
with 

where  6  is  an  (existing)  integer  such  that  a;^  +  6a;  -|- 1  s  0  (mod  jpj  is  irre- 
ducible, viz.,  6  =  i  +  i'^S  1  a  mark  of  the  GF[^p\'\  belonging  to  the  exponent 
p^.  Finally,  if  a^  =  aj  =  2 ,  we  use  the  direct  product  of  one  of  the  preceding 
groups  by  (7^. 

It  remains  to  prove  that  the  conditions  {%)  and  (ii)  are  sufficient  to  make  every 
G^  abelian.  To  proceed  by  induction,  we  assume  that  this  statement  is  true  for 
every  n'  =^f* •  •  -/^J^i  /3j  =aj,  •  •  • ,  /3^  =  a^,  n'  <7i.  Hence  every  subgroup  of 
G^  is  abelian,  so  thatf  either  G^  is  abelian  or  else  n  is  divisible  by  at  most  two 
distinct  primes.  But  for  n^p^n^p^^ov  n  =^Pi^p^^  0<aj  =  2,0<aj  =  2, 
/>•>  ^  1  (mod  ^j),  p^  ^  1  (mod  /?j),  G^  is  immediately  seen  to  be  abelian. 
Hence  the  induction  is  complete. 

Definition  of  a  fields  §§  6-9. 

6.  We  employ  a  set  of  elements  and  two  functions  a  e  6  and  a  0  6.  For 
o  ==  e ,  postulate  {j)  of  §§  2,  4,  with  ^'  =  1,2,  3 ,  4 ,  or  6 ,  is  designated  J"*". 
An  element  i  satisfying  3^  is  designated  i^ .  For  o  =  <S)  i  (i)  is  designated  J^  ; 
bat  4"^  is  assumed  only  for  elements  a  distinct  from  each  i^.  An  element  i 
satisfying  S^  is  designated  i^ .     As  the  distributive  law  we  take| 

*UOldbb,  Mathematiflohe  Annalen,  vol.  43  (1893),  pp.  345-357.  We  may  aae  the 
form  by  Cole  and  Glover,  American  Joarnal  of  Mathematics,  vol.  15  (1893),  pp.  207-8. 

t  MiLLEBand  Mobeno,  Transactions,  vol.  4  (1903),  p.  398. 

X  If  we  alter  (7)  to  read  a(8)(&©c)  =  (a®c)©(a(8)6),we  deduce  6+  by  taking  a  —  t'x 
and  applying  Q^.    Then  also  (7)  follows. 
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(7)  a  ®  (6  ©  c)  =  (a  «)  6)  e  (a (g)  c)  whenever  a,  6,  c,  and  all  the  determina- 
tions of  the  functions  involved  occur  in  the  set. 

In  view  of  the  theorems  in  §§  7 ,  8 ,  we  make  the  definition :  *  A  set  of  ele- 
ments forms  a  field  with  respect  to  ©  and  ®  if  postulates  1+,  2+,  3+,  4+,  P, 
2^^,  3^,  4%  6>^,  and  7  hold. 

7.  Theorem.!    Frxm  1+,  2+,  8+,  4+,  l^  8^  6\  1 ,  follows  6+. 
We  substitute  /3  ©  7  for  o  in  (7),  apply  1+,  1^,  6^,  7  and  get 

(/8©7)  ®  (6©c)=  [(6  (g)  /3)©(6  <g)  7)]©[(c  (8)  /3)©(c  (8»  7)], 

for  every  /3,  7,  6,  c  in  the  set.     Interchanging  6  with  /3,  c  with  7,  and  noting 
that  the  first  member  is  unaltered  in  view  of  6^,  we  get  by  6^  and  2"'", 

(6(E))8)©(c(8)^)©(6(E)7)©(c  0  7)  =  (6  (8)  )8)©(6  (gi  7)©(c.(8»  /3)©(c  0  7), 
Since  l"*",  2+,  8"*",  4"*"  imply  an  inverse  under  ©,  we  get 

(c  0  /3)  ©  (6  (8»  7)  =  (6  ®  7)  ®  (c  ®  ^). 
Taking  ^  =  7  =  i^ »  we  get  c  ©  6  =  6  ©  c. 

8.  Theobem.  Let  i^,  be  cJiosen  so  that  4+,  as  well  as  S"*",  is  satisfied.  Then 
a  ®  i^  =  i^  ®  a  =  i^.  for  every  element  a.  If  a  (2^  b^i^  and  6  4=  ^+»  ^^^'^ 
a  =  i+ .     Hence  i^  has  the  ordinary  properties  of  zero  under  ©  and  ® . 

By  7  for  6  =  c  =  i^ ,  e  as  c  ©  c,  where  e  =  o  <8>  i+ .  Hence  ( §  2 ),  a  ®  i^=  *+ 
for  every  a.     By  1^,  6^,  i^  (g)  a  =  i+. 

By  2^,  from  a  (»  6  =  i+  follows  £^  =  a  (g  (6  o  c)  for  every  c.  Let  i\  be 
chosen  so  that  4^",  as  well  as  8"",  holds.  Taking  c  such  that  6  0  c  »=  i^t  we  get 
ij^mx  a  ^  i^^  a. 

9.  Theorem.  Postulates  1+,  2+,  3+,  4+,  1%  2\  8^  4^  6%  7,  6^,  {k  =  0, 
2 ,  or  3  )  are  independent 

For  yfc  =  0 ,  1.  e.,  for  a  finite  number  of  elements,  we  employ  the  sets : 
[1+]   Elements  0,1,— 1;  a©6  =  a-f6,a®6  =  ax6. 
[2+]   0,1,  -1;  0  ©  a=  a©  0  =  a,a©6  =  0(a  +  0,6  +  0),  0  =x. 
[3+]   0,l,...,n  —  l(7i>l);  a©6  =  6,a06  =  a+  6(modn). 


*  U  the  set  is  finite,  we  may  omit  3+  and  insert  6+.  Then  if  3+  fails,  all  the  elements  form  a 
group  with  respect  to  0  .  It  cannot  contain  an  element  a  of  period  a,  a>  1.  Indeed,  if  we 
Bet  y  =  t'x  ©  a  ©  a'  ©  •  •  •  ©  a«-i,  we  get  a  Si  y  =  y ,  whence  a  =  t'x.  The  single  element  in  the  sec 
necessarily  satisfies  3+. 

tSome  months  after  devising  this  proof  I  learned  that  a  similar  proof  had  been  giTen  by 
HiLBBBT,  Jahresberioht  der  Dentschen  Mathematiker-Vereinigung,  vol.  8  (1899- 
1900),  p.  183.  Bat  earlier  writers  have  noted  the  essential  point  in  the  proof;  viz.,  that  the 
aniqaenesB  of  the  expansion  ot  (^-{-y)  {b  -{-e)  depemls  upon  the  validity  of  the  commutative 
law  for  addition. 
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©  0    1         ®:o    1 


[4^] 


0     1  0|0     0 

11         ijo    1 


[1^]   0,1;  a©6  =  a+  6(mod  2),  0(g>a  =  0,  1^1  =  1,  1(8)0  not 
in  the  set. 

[2+]   Eight*  elements  (f ,  i;,  f),  f ,  17,  f  taken  modulo  2  ; 

(f,  ^,?)  ®(a5*y»  «)  =  (?  + «^»^  +  y»  f+«)^ 

The  latter  equals  i^  =  (0,  0,l)ifi)sf+f+K^  O(mod  2)  and 
X  s  f  (1  +  f)/A  y  =  (f  +  fi;  +  i?f)/A  ^  s  ?(1  +  f  )/i). 
But  i)  s  0  only  when  {  5  2^  s  0 ;  while  if{»2r»0,i75l,we  have 
(0,  1,  0)  (g)  (05,  y,  z)  =  (0,  aj  +  «,  ac)  =  i^  if  a  s  z  s  1. 

Finally,  2^  fails  for  a  =  (0,  1 ,  0),  6  =  (0,  1,  0),  c  =  (1,  1,  1). 

[3^]  0,1;  a®  b^a+  6(mod2),  a  ®  6  =  0. 

[4'']   0,l,...,n  —  1,71  composite;  a©6  =  a  +  6(mod  n),a®6  =  ax6 
(mod  n) 

[6*"]  Nine  elements  a  +  6;,  a,  6  s  0,  1,  —  l(mod  8); 

(a  +  6;)  ©  (c  +  ((;)  =  a  +  c  +  (6  +  d)j, 

(a  +  bj)  ®  (c.+  e(;)  =  ac-(-l)«*6d+{6c  +  (-irarf};, 

where  the  exponent  ab  is  taken  in  the  form  0,  1 ,  or  —  1 .     Then  J  0  /  =  —  1 , 

j  ®  (1  +j)  =  -  1  +i>         (1  +j)  ®i=  1  -ji 
so  that  6"*  and  the  right-hand  distributive  law  fail.     For  4'', 

(a  +  6;)  ®  ( ° "^"i^V'"*^)  °  ^  =  ^x' 

since  0^+6^0  only  when  a  s  6  »  0  (mod  8).     Computation  shows  that 
2^  holds. 

[  7  ]   Any  finite  group  of  order  >1;  a©6  =  a<8)6  =  ao6. 

[6^]   All  rational  numbers ;    ©  =  +  ,  ®  =  x  . 


*  A  mnoh  simpler  stntement  of  S^,  Transaotions,  vol.  4  (1903),  p.  20. 
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For  kss2{k=S)^  L  e.yioT  an  enumerable  (a  non-enumerable)  infinitude  of 
elements,  we  employ  the  following  sets  [i]  9  £  denoting  the  set  of  all  rational 
(real)  numbers,  JR^  that  of  all  positive  rational  (positive  real)  numbers : 

[1+]  It;  ®=x,aeO  =  Oea=sa,aea  =  0,ae  6  not  in  jS  if  a +  6, 
a  =t=  0  or  6  =(=  0 . 

[2+]   jB;   0  =  X  ,  ae  a  =  0,  a©  6=»  a  + 6(04=6). 

[8+]  JR+;   e  =  +,  (g)  =  X  . 

[  4+  ]   S^  and  zero ;   ©  =  +  ,  ^  =  x  . 

[1^*]  -B;©s-|-,a<g)6  =  o6(ifa  =  l,6asl,ora6asl),  otherwise  a  ®  6 
not  in  H. 

[2^  ]  Hypercomplex  numbers  a  +  /8i  +  'x;,  «i  ^1  7  arbitrary  in  It ; 


1 
i 
3 


I 
1 


1  i 
i  -1 
j         1     -2 

Then  (ii)i=  —j^  i{v)^i;  («  + ^i -h '»)(»+ y* +  ?;)  — 1  '^ 

x«a/A,     y^^PI^,     z=^y/A,     A  =  a^  +  7*  +  (^  -  7)^ 

[S""]  jB;ae6=a+6,a«)6  =  0. 

[4^^]  Positive  and  negative  integers  and  zero;  ©  =  +,  ig)  a=s  x.  (All 
a^e^  +  a^e^  with  a,  and  a,  real,  ej  =  0  ,  6^6^  =  e^e^  =  6^62=6,;  ©  =  +  , 
®  =  X  ;  then  ej  ®  y  =  i^  =  e^  is  impossible  since  Cj(yjCj  +  y^e,)  =^2^1.) 

[6^  ]   All  quaternions  at  +  bj  +  ck+  d,  a,  6,  c,  d  in  jB;   ©  =  +  ,  ®  =  x  . 

[7]   jB^;   ©  =  ®  «  X. 

[5^,  A;  =B  2  or  3  ]   Any  finite  field,  e,  ^.,  the  classes  of  residues  modulo  p . 

The  University  op  Chic  ago. 
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ON   SEMI-GROUPS  AND  THE  GENERAL   ISOMORPHISM 
BETWEEN  INFINITE  GROUPS* 

BY 
LEONARD  EUGENE  DICKSON  f 

1.  When  there  exists  a  oorrespondence  between  the  elements  of  two  finite 
groups  such  that  the  product  of  two  elements  of  one  corresponds  to  the  product 
of  the  corresponding  elements  of  the  other,  then  the  elements  of  either  which 
correspond  to  the  identity  of  the  other  group  form  themselves  a  group.  It  is 
somewhat  surprising  that  this  familiar  theorem  fails  in  general  for  infinite 
groups,  as  shown  by  definite  examples  in  §§  7-8.  Nevertheless,  de  Siguier  ^ 
has  attempted  to  establish  the  theorem  for  any  groups ;  the  error  §  in  his  argu- 
ment is  quite  subtile.  The  correct  theorem  involves  the  concept  ||  semi-group^ 
which  reduces  to  a  group  when  there  is  a  finite  number  of  elements,  but  not  in 
general  for  an  infinitude  of  elements. 

2.  Given  a  function  ao&  of  two  arguments  and  a  set  of  elements,  we  say  that 
the  elements  form  a  semi-group  with  respect  to  o  when  the  following  postulates 
hold: 

(1)  For  every  two  elements  a  and  b  of  the  set,  a  o  6  is  uniquely  determined  as 
an  element  of  the  set. 

(2)  {aob)oc  s  ao(&oc),  in  the  sense  of  Transactions,  p.  199. 

(8)  If  a,  a?,  X  occur  in  the  set,  and  if  there  are  equal  determinations  in  the 

set  of  aox^  aox\  then  x^x'. 

(4)  If  there  are  equal  determinations  of  a; o  a,  a;'  o a,  then  x  =  x\ 

We  may  replace  the  triple  statement  (1)  by  the  three  postulates  (1^),  (Ij), 

(I3)  of  Transactions,  p.  199. 

*  Presented  to  the  Society  (Chioago)  December  30,  1904.  Reoeived  for  publication  December 
9,  1904. 

I  Research  Assistant  to  the  Carnegie  Institution  of  Washington. 

X  tZemtnlB  d€  la  thSorie  des  groupes  abatraUs  (1904),  p.  66.  In  this  text  a  group  is  any  finite  or 
infinite  group  unless  a  limitation  is  explicitly  given.  The  theorem  in  question  is  expressly  ap- 
plied to  infinite  groups  in  J  66  ;  cf .  top  of  p.  68. 

{ Ibid.f  p.  66,  1.  9  :  **  tons  les  ^l^ments  •  •  •  r^pondent  d'aillenrs  &  a^^'' 

II  Otherwise  defined  by  db  SEauiBB,  ibid.j  p.  8.  Cf.  the  writer's  review  in  the  B nil e tin  of 
the  American  Mathematical  Society,  vol.  11  (1904),  pp.  159-164.  The  postulates  (3) 
and  (4)  there  given  by  the  writer  are  here  replaced  by  the  equivalent  but  more  desirable  postu- 
lates (3)  and  (4).  The  proof  of  the  independence  of  the  new  postulates  applies  as  well  to  the 
former,  whose  independence  was  stated  without  proof. 
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Semi-groups  fall  naturally  into  three  classes,  according  as 
(5  J  The  number  of  elements  is  a  fixed  integer  n  ; 
(Sj)  The  elements  of  the  set  form  an  enumerable  infinitude ; 
(Sj)  The  elements  of  the  set  form  a  noii-enumerable  infinitude. 
To  establish  the  independence  of  the  postulates  of  the  system 

;S^  =  (1, 2,3,4,6,)  (ifc  =  l,2,or3). 

with  n>  2  in  (5,  ),  we  exhibit,  for  J  =  1,  2,  3,  4,  5,,  a  set  2^  of  elements  and 
a  rule  of  combination  o  such  that  the  jth  postulate  fails  while  the  remaining 
four  hold.     According  as  A;  =  1 ,  2 ,  or  3,  we  employ  as 

2j :  iV,  H  with  2  omitted,  P  with  2  omitted,  with  a  o  6  =  a  -f  6  ; 

2j :   C;  jB,  with  a  o 6  =  a~*  x  6"^ ;  P,  with  a o  6  =«  a"'  x  6"' ; 

Sji  iV,  jB,  P,  with  aoi  =  a; 

2,:  iVT,  ^,  P,  withao6«i; 

Sj^ :  jB,  P,  jB,  with  a o  6  =  a  X  b; 

where  N  is  the  set  of  the  first  n  positive  integers,  JR  the  set  of  all  positive 
rational  numbers,  P  the  set  of  all  positive  real  numbers ;  and  where  C  is  any 
group  of  order  n  modified  by  interchanging  two  rows  of  its  multiplication- 
table;  for  example,  having  the  elements  0,l,---,n~l,  such  that  for  any 
element  b , 

Oo6=:(i-H),         lo6«i,         aoi  =  (a-|-6)if  a>l, 

(d)  denoting  the  least  positive  residue  of  d  modulo  n.     Then 

(OoO)oO  =  loO=0,        0o(0o0)  =  0ol  =  2. 

A  finite  semi-group  is  a  group.  Indeed,  the  system  *  S^  is  precisely  the  defi- 
nition of  a  finite  group  given  by  Weber,  f  The  corresponding  definition  of 
a  finite  commutative  group  was  given  earlier  by  Kronecker.  j:  Every  infinite 
group  is  a  semi-group,  but  not  inversely. 

3.  Theorem.  A  set  of  elements  belonging  to  a  group  and  such  that  the 
product  of  any  two  occurs  in  the  set  forms  a  semi-group. 


*  Not  until  I  had  written  oat  the  independence  proof  for  ^j  did  I  notice  that  a  similar  proof  bad 
been  given  by  Huntington  at  the  end  of  his  paper  in  the  Bulletin  of  the  American 
Mathematical  Society,  vol.  8(1902),  pp.  296-300. 

t  Mathematisohe  Annalen,  vol.  20  (1682),  p.  302;  Lehrhxtth  der  Algebra,  2d  ed.,  yoI.  2, 
pp.  3-4. 

t  Kron^eckeb,  Berliner  Monatsbericht,  1870,  pp.  862-883. 
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Indeed,  postulates  (l)-(4)  hold  for  the  set.  For  example,  the  elements 
a''^(n  =  1 ,  2,  •  •  •)  of  the  infinite  cyclic  group  {  a,  a~* }  form  a  semi-group. 

4.  Theorem.  In  a  semi-group  any  right-hand  identity  is  a  left-hand  iden- 
tity^ and  conversely  ;  there  is  at  most  one  identity. 

If  i  is  a  right-hand  identity,  then  for  every  a  and  b , 

ao(toi)  =  (aoi)o6  =  ao6, 

whence  ioi  =  6by(3),so  that  i  is  a  left-hand  identity.  The  converse  fol- 
lows from  (boi)oa=sbo{ioa)^boa  and  (4).  Finally,  if  i  and  ij  are  iden- 
tities, /  as  i  o  i,  ==  i, . 

5.  Theorem.  In  a  semi-group  containing  the  identity^  any  right-hand 
inverse  of  a  is  a  left-hand  inverse  of  a,  and  conversely;  there  is  at  most  one 
inverse  of  a . 

If  a  o  a'  =  I ,  then 

ao(a'oa)  =  (aoa')oa=ioo=a  =  aoi, 

whence  a'oa=iby(3).     The  converse  follows  similarly  from  (4  ). 

6.  A  correspondence  between  the  elements  of  two  sets  A  and  B  is  called 
mutual  when,  if  a  is  one  of  the  elements  corresponding  to  &,  &  is  one  of  the 
elements  corresponding  to  a .     We  write  a-^b. 

Two  groups  A  and  B  are  called  isomorphic  if  there  exists  a  mutual  corre- 
spondence between  their  elements  such  that  to  each  element  of  A  corresponds 
one  or  more  elements  of  B  and  to  each  element  of  B  corresponds  one  or  more 
elements  of  A ,  and  such  that  a^ a^ ~  b^ bj  if  a. '^b.,  a^^^bj. 

Let  A'  denote  the  set  of  elements  of  A  corresponding  to  the  identity  I^ol  B  ^ 
and  B'  the  set  of  elements  of  B  corresponding  to  /^ . 

If  a\  ^  I^t  and  a'j'^I^^  then  a',  a]  ^  I^.     From  §  8  follows  the 

Theorem.     Bach  of  the  sets  A'  and  B'  is  a  semi-group. 

7.  As  an  example  in  which  neither  of  the  semi-groups  A'  and  B'  is  a  group, 
consider  the  two  infinite  cyclic  groups 

(6)  ^={a,a-^},         B^{b,b-']. 

To  a*  we  make  correspond  6""*+^  (j  =  0 ,  1 ,  2 ,  •    •) ,  for  every  integer  i  positive, 
negative,  or  zero.     Then  to  a*  a'  correspond 

j-(.+/)+r  ^  j-i+yj-/+*  (r  =  j  -f  Aj  =  0 ,  1 ,  2 , . . . )  • 

Moreover  for  any  integer  i ,  it  follows  that  to  V  correspond  a  "•+•'  {j  =  0,1, 
2 ,  •  •  •)  and  no  further  elements  of  A.     Thus 

^'  =  (7,  a,  a',...),         B'  =  {I,b,b\.-.), 

neither  being  a  group.     But  the  correspondence  obeys  the  definition  in  §  6. 
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8.  As  an  example  in  which  neither  A'  nor  B'  contains  the  identity,  consider 
groups  (  6  )  and  the  correspondences 

i  being  any  positive  integer.     Then,  inversely, 

/^-'a»+^i•-a-+^i-•-a^'■^>  0=0,1,2,...). 

while  any  element  of  B  corresponds  only  to  the  indicated  elements  of  A,     The 
correspondence  obeys  the  definition  in  §  6. 

9.  Theorem.     If  one  of  the  semi-groups  A'  and  B'  is  a  group^  the  other  is. 
Suppose  that  B'  is  a  group.     Let  a  be  any  element  oi  A\  and  let  6  be  one 

of  the  elements  of  B  which  correspond  to  a'""*.     Since  /^~  a\  then  bl^'^ 
a'~^a  =  i^.     Hence  6  is  in  B' .     Then  6"*  lies  in  the  group  B' .     Hence 

6-'  <^Ij,.lB^b-'h^  /,  a-'  =  a'-\ 

so  that  a'"^  lies  in  ^'.     Hence  ^'  is  a  gi*oup. 

CorolLart  I.  If  A'  or  B'  includes  only  a  finite  number  of  elements,  A' 
and  B'  are  groups. 

Corollary  II.  If  the  groups  A  and  B  are  isormorphic  in  the  usual  special 

sense  so  that  there  exists  a  mutual  correspondence  between  their  elements  such 

that  to  each  element  of  A  corresponds  an  unique  element  of  B  and  to  each 

element  of  B  corresponds  one  or  more  elements  of  A ,  and  such  that  a.  Uj  '^  b.  b^ 

if  a.  ~  i. ,  Oj^  bj ,  then  the  elements  of  A  which  correspond  to  the  identity  of  B 

form  a  group. 

The  University  of  Chicago, 
November  SO,  1904- 
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A  SET  OF  POSTULATES  FOR  ORDINARY  COMPLEX  ALGEBRA* 

BY 

EDWARD  V.  HUNTINGTON 

Introduction. 

The  well-known  algebra  which  forms  one  of  the  main  branches  of  elementary 
mathematics  is  a  body  of  propositions  expressible  in  terms  of  five  fundamental 
concepts — (the  class  of  complex  numbers,  with  the  operations  of  addition  and  of 
multiplication,  and  the  subclass  of  real  numbers,  .with  the  relation  of  order) — 
and  deducible  from  a  small  number  of  fundamental  propositions,  or  hypotheses. 
The  object  of  the  present  paper  is  to  analyze  these  fundamental  propositions, 
as  far  as  may  be,  into  their  simplest  component  statements,  and  to  present  a  list 
which  shall  not  only  be  free  from  redundancies,  and  sufficient  to  determine  the 
algebra  uniquely,  but  shall  also  bring  out  clearly  the  relative  importance  of  the 
several  fundamental  concepts  in  the  logical  structure  of  the  algebra. 

A  more  precise  statement  of  the  problem  is  the  following :  we  consider  two 
undefined  classes,  JTand  C\  two  undefined  operations,  which  we  may  denote  by 
e  and  o ;  and  an  undefined  relation,  which  we  may  denote  by  C) ;  and  we  impose 
upon  these  five  (undefined)  fundamental  concepts  certain  arbitrary  conditions,  or 
postulates,  to  serve  as  the  fundamental  propositions  of  an  abstract  deductive 
theory  (the  other  propositions  of  the  theory  being  all  the  propositions  which  are 
deducible  from  the  fundamental  propositions  by  purely  logical  processes) ;  the 
problem  then  is,  to  choose  these  fundamental  propositions  so  that  all  the  theo- 
rems of  algebra,  regarded  as  formal  or  abstract  propositions,  shall  be  deducible 
from  them — the  class  K  and  C  corresponding  to  the  classes  of  complex  and  real 
nuinbers,  respectively,  and  the  symbols  ® ,  o ,  and  C)  to  the  ordinary  + ,  x , 
and  <. 

Furthermore,  the  set  of  postulates,  to  be  satisfactory,  must  determine  the 
algebra  uniquely ;  in  other  words,  the  set  of  postulates  adopted  must  be  such 
that  any  two  systems  (JT,  C,  e,  0,  ©)  which  satisfy  them  aU  shall  be  simply 
isomorphic  with  respect  to  the  fundamental  concepts — that  is,  shall  be  capable 
of  being  brought  into  one-to-one  correspondence  in  such  a  way  that  correspond- 

*  Presented  to  the  Society  December  30, 1904.     Received  for  publioatioD  JaDoary  28, 1S05. 
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ing  operations  performed  on  corresponding  elements  shall  lead  to  corresponding 
results  (see  the  detailed  theorem  in  §  8).* 

.  The  ordinary  algebra  will  appear,  then,  as  one  among  many  equivalent  con- 
crete interpretations  of  the  abstract  theory  —  all  the  possible  interpretations 
being  called  equivalent^  vyith  respect  to  the  fundamental  concepts  JT,  (7,  © ,  0 , 
and  e,  because  they  are  not  distinguishable  by  any  properties  which  can  be 
stated  in  terms  of  these  symbols. f  (Illustrations  of  such  equivalent,  or 
abstractly  identical,  systems  will  be  given  below  in  §  10.) 

Finally,  for  the  sake  of  elegance,  the  postulates  should  be  independent;  that 
is,  no  one  of  them  should  be  deducible  from  the  rest. 

A  problem  of  this  kind  can  be  solved,  no  doubt,  in  a  great  variety  of  ways ; 
in  fact,  one  has  considerable  freedom,  not  only  in  the  choice  of  the  postulates 
themselves,  but  also  in  the  choice  of  the  fundamental  concepts  in  terms  of  which 
the  postulates  are  stated.  For  example,  in  the  present  paper,  the  class  C  might 
easily  be  defined  in  terms  of  JT,  e ,  o ,  and  q  ,  instead  of  being  introduced  as 
a  fundamental  concept.^  Or  again,  it  would  be  possible,  I  believe,  to  develop 
the  whole  algebra  on  the  basis  of  a  single  fundamental  operation,  in  terms  of 
which  C,  0,  o,  and  q  could  all  be  defined. § 

For  the  present  purpose,  however,  I  have  not  attempted  to  reduce  the  number 
of  fundamental  concepts  to  a  minimum,  but  have  sought  to  give  a  set  of  postu- 
lates which  shall  conform  as  closely  as  possible  to  familiar  forms  of  presentation. 
With  this  end  in  view,  I  have  omitted  the  circles  from  the  symbols  e ,  o  and 
Q^  wherever  it  is  possible  to  do  so  without  confusion  with  the  ordinary  +,  X  , 
and  <  of  arithmetic ;  it  must  be  constantly  borne  in  mind,  however,  that  the 


*  A  set  of  poetalates  having  this  property  has  been  called  a  eaUgorical  set,  as  distinguished 
from  a  ditjunetive  set;  see  O.  Veblen,  Transactions,  vol.  6  (1904),  p.  346.  The  notion  of 
equivalence,  which  had  long  been  familiar  in  the  case  of  two  isomorphic  groups,  became  in  the 
hands  of  G.  Cantor  the  fundamental  notion  of  his  theory  of  classes  (Mengeulehre,  th^orie  des 
ensembles) . 

t  In  the  case  of  any  categorical  set  of  postulates  one  is  tempted  to  assert  the  theorem  that  if 
any  proposition  can  be  stated  in  terms  of  the  fundamental  concepts,  either  it  is  itself  deducible 
from  the  postulates,  or  else  its  contradictory  is  so  deducible ;  it  must  be  admitted,  however,  that 
our  mastery  of  the  processes  of  logical  deduction  is  not  yet,  and  possibly  never  can  be,  sufficiently 
complete  to  justify  this  assertion.  My  statement  in  the  last  footnote  on  page  17  of  the  present 
volume  of  the  Transactions  must  therefore  be  taken,  as  Mr.  H.  N.  Davis  first  pointed  out  to 
me,  with  some  qualification.  Ck>mpare  in  this  connection  remarks  by  D.  Hilbebt  in  his  address 
on  the  problems  of  mathematics  at  the  Paris  congress  of  1900,  translated  in  the  Bulletin  of  the 
American  Mathematical  Society,  ser.  2,  vol.  8  (1901-~02),  especially  pp.  444-445;  also 
his  ''Axiom  of  Completeness"  for  real  numbers  in  the  Jahresbericht  der  Dentschen 
Mathematiker-Vereini]p:ung,  vol.  8  (1899),  p.  183. 

X  To  do  this,  we  have  merely  to  demand  the  existence  of  a  class  C  having  all  the  properties 
mentioned  in  the  postulates  of  groups  II- V,  below.  The  additional  postulate  required  for  this 
purpose  would  be  thus  in  a  high  degree  a  compound  statement. 

I  The  operation  I  have  in  mind  is  the  operation  of  taking  '*  the  absolute  value  iA  the  differ* 
enceof." 
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symbols  +,  x ,  and  <,  wheu  used  in  this  more  general  sense,  are  simply  arbi- 
trary signs,  having  no  properties  not  expressly  stated  in  the  postulates. 

Furthermore,  in  selecting  the  postulates,  I  have  chosen  only  such  statements 
as  do  not  involve  the  assumption  of  the  existence  of  any  kind  of  numbers. 

It  should  be  said,  in  conclusion,  that  no  attempt  is  here  made  to  give  a  meta- 
physical analysis  of  the  concepts  class^  operation^  and  relation^  on  which  the 
algebra  is  based,  or  of  the  laws  of  deductive  logic  by  which  its  propositions  are 
deduced — the  discussion  of  these  more  fundamental  notions,  here  assumed  as 
familiar,  being  matter  for  the  trained  student  of  philosophy.  I  hope,  however, 
that  a  paper  like  the  present  may  be  indirectly  of  service  on  the  philosophical 
side  of  the  subject,  by  enabling  one  to  formulate  very  precisely  the  problems 
involved  in  the  question:    What  is  algebra? 


I  have  made  use,  in  the  course  of  the  work,  of  results  obtained  in  my  pre- 
vious paper  on  real  algebra,  which  will  be  found  in  the  present  volume  of  the 
Transactions.'*'  To  this  paper,  and  to  the  Theoretische  Arithmetik  of  Stolz 
and  Gmeiner  (1901-),  as  well  as  the  Principles  of  Mathematics^  by  Bertrand 
Bussell  (vol.  1,  1903),  the  reader  is  referred  for  bibliographical  references. 
Compare  also  the  addresses  by  Josiah  Rotce  f  and  Maxime  Bocher  %  at  the 
Congress  of  Arts  and  Science,  St.  Louis,  September,  1904,  and  a  series  of 
articles  by  Louis  Couturat  in  a  French  review. § 

Part  I.     The  postulates  for  complex  algebra,  and  deductions 

FROM   them. 

We  consider  two  classes^  K  and  (7,  two  operations^  +  and  x ,  and  a  rela- 
tion, < ,  subject  to  the  conditions  prescribed  in  the  twenty-^ight  postulates  of 
this  section.  ||  The  symbols  a  +  b  and  ax  b  (or  ab)  may  be  read  as  the  '^  sum  " 
and  the  ^'  product "  of  the  elements  a  and  b ,  by  analogy  with  the  ordinary  lan- 
guage of  arithmetic,  while  the  relation  a  <  &,  or  &  >  a,  may  be  read  ^^  a  pre- 

*  E.  V.  Huntington,  A  set  of  postulates  for  real  algebra^  comprising  postttlntes  for  a  one-dimeu' 
sional  continuum  and  for  the  theory  of  groups^  Transactions,  vol.  6  (1905),  pp.  17-41.  — The 
statement  on  page  21,  that  the  postulates  B\-BS  form  a  oategorioal  set,  is  clearly  erroneous,  and 
is  corrected  in  §  4  below.  Since  this  statement  was  merely  parenthetical,  the  correction  does  not 
affect  the  rest  of  the  paper.  —  In  postulate  i^S,  on  pages  20  and  32,  the  element  a;  in  2^)  must  be 
noted  as  **  different  from  X,  *'  in  order  to  make  the  proof  of  independence  for  RZ  conclusive. 

t  J.  RoYCE,  The  sciences  of  the  ideals  published  in  Science  for  October  7,  1904  (new  series, 
vol  20,  pp.  449-462). 

X  M.  BocHBB,  The  fundamental  conceptions  and  methods  of  mathemaUcs,  published  in  the 
Bulletin  of  the  American  Mathematical  Society,  vol.  11  (1904-03),  pp.  115-135. 

{  L.  CoUTUBAT,  Les  principes  des  mathematiqueSy  in  the  Revue  de  M^taphysique  et  de 
Morale,  vol.  12,  1904. 

II A  summary  of  these  postulates  will  be  given  below,  in  §  9. 
Trans.  Am.  Math.  8og.  lA 
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cedes  6 ,"  or  "  b  follows  a  /'  *  As  already  noted,  however,  these  interpretations 
of  the  symbols  are  by  no  means  the  only  possible  ones  (compare  the  examples 
below,  in  §  10). 

The  postulates  are  arranged  in  five  groups,  numbered  I-V. 


§  1.   The  class  Kwiih  regard  to  +  and  x. 

The  following  thirteen  postulates,  I:l~13,  make  the  class  K  a.  field  f  with 
respect  to  the  operations  +  and  x  .  -       • 

The  first  seven  postulates  state  the  general  laws  of  operation  in  the  field,  and 
are  to  be  understood  as  holding  only  in  so  far  as  the  elements,  sums,  and  pro- 
ducts involved  are  elements  of  IT.  The  remaining  six  postulates  give  the  requi- 
site ^^existence-theorems." 

Postulate  1,1.     a  +  6  =  6  +  a.     (Commutative  law  for  addition.) 
Postulate  1,2.     {a+  b)  -f-c  =  a  +  (i  +  c).     (Associative  law  for  addi- 
tion.) 

Postulate  1,3.     Ifa  +  b  =  a-hb\  then  b  ==  b\ 
This  may  be  called  the  (left-hand)  law  of  cancelation  for  addition. 
Postulate  1,4.     ab^ba.     (Commutative  law  for  multiplication.) 
Postulate  1,6.     (ab)c  =  a{bc).     (Associative  law  for  multiplication.) 
Postulate  1,6.     Ifab==  ab\  and  a  +  a  4=  ^»  then  b  =  b\ 
This  may  be  called  the  (left-hand)  law  of  cancelation  for  multiplication. 
Postulate  1,7.     0(6  +  c)  =  (ai)  +  {ac). 

This  is  the  (left-hand)  distributive  law  for  multiplication  with  respect  to  addi- 
tion. 

Postulate  1,8.  If  a  and  b  are  elements  of  K^  then  their  "  «wm,"  a  +  5, 
is  an  element  of  K;  that  is,  there  is  an  element  «,  uniquely  determined  by  a  and 
b ,  such  that  a  +  &  =  8 . 

Postulate  1,9.     T^ere  is  an  element  x  in  K^  such  that  aj  -f  aj  =  x. 

From  postulates  1:1,2,8,8,  it  follows  that  there  cannot  be  more  than  one  ele- 
ment z  such  that  z  +  z^  z^  and  by  postulate  1,9  there  must  be  at  least  one  such 
element.  This  unique  element  z  is  called  the  zero-element  of  the  system,  and 
will  be  denoted  by  0 ,  whenever  there  is  no  danger  of  confusion  with  the  ordi- 
nary 0  of  arithmetic. 

From  the  same  postulates  we  have:  0  +  a  =  a  -|-  0  =  a,  for  every  elementa. 
(For  proof  of  this  and  the  preceding  statement  see  p.  28.) 

*The  ezpre88ioD8  *' before''  and  ''after,''  etc.,  are  preferable  to  the  exprenioDS  ^'greater" 
and  ''less,"  etc.,  in  this  coDDectlon,  since  the  notion  of  size  is  not  involved  in  the  notion  of  order. 

t  Cf.  E.  V.  Huntington,  Note  on  the  definitions  of  abstract  groups  and  fields^  with  bibliog- 
raphy, in  the  present  number  of  the  Transactions. 
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Postulate  1,10.  If  there  is  a  unique  zero-element  0 ,  then  for  every  ele- 
ment a  there  is  an  element  a   such  that  a  +  a'  ==  0 . 

From  postulates  1:1,3,10,  it  follows  that  a  is  uniquely  determined  by  a,  and 
that  a  +  a'  =  a'  +  a=aO.  This  element  a  is  called  the  negative  of  a^  and  is 
denoted  by  ~  a ,  so  that 

a  +  (—  a)  =  (—  a)4-a  =  0. 

Furthermore,  every  two  elements  a  and  h  determine  uniquely  an  element  x 
such  that  a  +  03=  i;  this  element  x^  namely  x=(—  a)+6,  is  called  their 
difference^  h  minus  a,  and  is  denoted  by  6  —  a,  so  that 

a  +  (6  —  a)  =  6. 

(The  proof  depends  on  postulates  1:1,2,3,8,9,10.)  The  usual  properties  of  sub- 
traction follow  readily  from  this  definition.  * 

Postulate  1,11,  If  a  and  b  are  elements  of  K^  then  their  ^^ prodtict^^^  ah, 
is  an  element  of  K\  that  is,  there  is  an  element  p ,  uniquely  determined  by  a 
and  h ,  such  that  ah  ^  p. 

Postulate  1,12.  If  there  is  a  unique  zero-element  0  in  K^  then  there  is  an 
element  y  in  K  different  from  0,  and  such  that  yy  ^=^y. 

From  postulates  1:4,5,6,11,  we  see  that  there  cannot  be  more  than  one  ele- 
ment u ,  different  from  0 ,  such  that  uu  ==  u ,  and  by  postulate  1,12  there  must 
be  at  least  one  such  element.  This  unique  element  u  is  called  the  unit-element 
of  the  system,  and  will  be  denoted  by  1  whenever  there  is  no  danger  of  confusion 
with  the  ordinary  1  of  arithmetic. 

From  the  same  postulates  we  have :  1  x  a  =  a  x  1  =  a ,  f or  every  element 
a.     (Proof:  if  uu  =s  w,  then  w(t/a)  =  (wt/)a  =  wa,  whence  ua  =  a,  by  1,6.) 

PosuTLATE  1,13.  If  there  is  a  unique  zero-element  0 ,  and  a  unique  unit- 
element  1,  different  from  0,  then  for  every  element  a,  provided  a  is  not  0, 
there  is  an  element  a"  such  that  aa"  =  1 . 

From  postulates  1:4,6,13,  it  follows  that  a"  is  uniquely  determined  by  a,  and 
that  aa"  =  a"a  =  1  (where  a  =(=  0 ) .     This  element  a"  is  called  the  reciprocal  of 

a,  and  is  denoted  by      ,  or  1/a,  so  that 

a(l/a)  =  (l/a)a  =  l  if  a+  0. 

Furthermore,  every  two  elements  a  and  5 ,  provided  a  +  0 ,  determine  uniquely 
an  element  y  such  that  ay  =  b;  this  element  ^,  namely  y  =  (l/a)&  ,  is  called 

*  It  would  probalilj  be  preferable,  however,  on  both  pedagogical  and  logical  groands,  not  to 
introdoce  the  operation  of  subtraction  at  all,  bat  to  regard  b  —  a  always  as  the  sum  of  the  two 
elements  b  and  — a. 
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their  quotient^  b  divided  by  a,  and  is  denoted  by  - ,  or  6/a,  so  that 

a(i/a)  =  (6/a)a  =  6if  a4=0. 

(The  proof  depends  on  postulates  1:4,6,6,11,12,13.)  The  usual  properties  of 
division  follow  readily  from  this  definition.* 

Now  from  the  distributive  law  (postulate  1,7),  which  we  have  not  yet  utilized, 
we  see  that 

Ox  a=ax  0  =  0, 

for  every  element  a.  Then  if  a  is  different  from  0,  its  reciprocal,  1/a,  will 
also  be  different  fi*oni  0 ,  since  otherwise  we  should  have  1  =  0.  Hence  the 
important  theorem  that  if  a  and  b  are  both  different  from  0,  their  product  is 
also  different  from  0  ;  or  in  other  words,  a  product  ab  cannot  be  zero  unless 
at  least  one  of  its  factors  is  zero.  [Proof :  if  aft  =  0  and  a  4=  ^  i  *^^° 
6  =  lx  6  =  (l/a)ax  ft  =  (l/a)x  aft  =  (l/a)x  0  =  0.] 

These  theorems  are  sufficient  to  show  that  any  system  ( IT,  + )  X )  which 
satisfies  the  postulates  1:1-13  has  all  the  properties  of  fi  field  with  respect  to  the 
operations  -f  and  x  .     To  summarize : 

The  elements  of  K  form  an  abelian  group  with  respect  to  +;  the  elements 
excluding  the  zero  of  that  group  form  an  abelian  group  with  respect  to  x ; 
for  every  dement  a,axO  =  Oxa  =  0;  and  the  operation  x  is  distributive 
with  respect  to  the  operation  -f. 

We  now  consider  the  nmltiples,  submultiples,  and  rational  fractions  of  any 
element  of  the  field. 

Assuming  the  system  of  the  ordinal,  or  natural,  numbers,  the  characteristic 
properties  of  which  are  summarized  in  Peano's  five  postulates  (see  page  27),  we 
define  the  mth  multiple^  ma^  of  any  elememt  a  by  the  usual  recurrent  formulae 

la=a,  2a=la+a,  3a  =  2a  +  a,  •••,  (A+l)a  =  Aa  +  a, 

where  1 ,  2,  3,  •  •  ,  Z;,  •  •  •,  m  denote  ordinal  numbers,  and  k  +\  the  arithmet- 
ical sum  of  k  and  1 . 

The  mth  submultiple  of  a^  denoted  by  a/m,  is  then  defined  by  the  equation 
ajm  =  a  I  (mw),t  from  which  we  have  7h{afm)  =  a. 

From  these  definitions  it  follows  at  once  that p(^a/q)  =  {pci)/qj  so  that  we 
may  denote  either  member  of  this  equation  by  pa/q . 

*  It  woold  prohablj  he  preferable,  however,  on  both  pedagogical  and  logical  gronnds,  not  to 
iotrodace  the  operation  of  division  at  all,  but  to  regard  b/a  always  as  the  prodact  of  the  tiro 
elements  6  and  1/a. 

t  The  nnit-element  of  the  field  is  here  denoted  bj  u,  instead  of  bj  1,  to  avoid  confasion  with 
the  number  1 . 
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Any  element  of  the  {onn  pa/q  (where  j9  and  q  are  ordinal  numbers)  is  called 
a  rational  fraction  of  a .  The  following  theorems  on  rational  fractions  in  which 
fn^  n^  p^  q  denote  ordinal  numbers,  are  readily  deduced  from  the  properties  of 
afield: 

,  ^     mpa       pa  ,,.     pa      ma      (np  +  mg)a  ^  ^     p(i      ma      pma 

^  ^      mq         q  ^  ^       q         rt  qn  ?         ^         ?'* 

It  should  be  noticed  that  we  cannot  yet  infer  from  ma  =  na  that  7n  =  n , 
since,  as  far  as  postulates  1:1-13  are  concerned,  the  field  may  be  finite,  that  is, 
contain  only  a  finite  number  of  elements.'*'     (See  below,  under  postulate  IV,  2.) 

§  2.   The  subclass  (7,  vrith  regard  to  +  and  x . 

The  following  seven  postulates,  11:1-7,  make  C  a  subclass  in  IT^  which  shall 
be,  like  JT,  a  field  with  respect  to  the  operations  +  and  x . 

Postulate  11,1.     If  a  is  an  element  of  (7,  then  a  is  an  element  of  IT. 

Postulate  11,2.     The  class  C  contains  at  least  one  element. 

Postulate  11,8.  If  a  is  an  element  of  (7,  then  there  is  an  element  b  in  (7, 
such  that  a  =(=  6  • 

These  three  postulates  tell  us  that  (7  is  a  subclass  in  K^  containing  at  least 
two  elements. 

Postulate  11,4.  If  a  and  b  are  elements  of  (7,  then  their  sum^  a  +  b,  if 
it  exists  at  all  in  K^  is  an  element  of  (7. ' 

Postulate  11,5.  If  a  is  an  element  of  C,  then  its  negative^  ^a^  if  it 
exists  at  all  in  Jf ,  is  an  element  of  (7. 

Hence  the  zero  element,  0 ,  of  ^  is  an  element  of  C. 

Postulate  11,6.  If  a  and  b  are  elements  of  C,  then  their  product^  ab^  if 
it  exists  at  all  in  JST,  is  an  element  of  (7. 

Postulate  11,7.  If  a  is  an  element  of  (7,  then  its  reciprocal^  l/«i  if  it 
exists  at  all  in  K^  is  an  element  of  (7. 

Hence  the  unit  element,  1 ,  of  A^  is  an  element  of  (7. 

Now  by  virtue  of  postulate  11,1,  all  the  general  laws  of  operation,  1:1-7, 
hold  as  well  for  the  subclass  O  as  for  the  whole  class  K\  hence  the  postulates 
of  I  and  II  make  the  subclass  (7,  like  K^  a  field  with  respect  to  +  and  x . 

It  should  be  noticed  that  the  subclass  C  may  be  identical  with  K^  as  far  as 
the  postulates  of  I  and  II  are  concerned.     (See  §  6.) 

§  3.   The  subclass  C,  with  regard  to  < . 

In  the  following  five  postulates,  111:1-5,  we  impose  further  restrictions  on  the 
subclass  C,  which,  together  with  the  postulates  11:2-3,  make  the  class  C  a  one- 

*  Ab  is  well  known,  the  number  of  elements  in  a  finite  field  must  be  a  prime  number,  or  a 
power  of  a  prime. 
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dimensional  continuum  (in  the  sense  defined  by  Dedekino)  with  respect  to  the 
relation  <•  (On  the  use  of  the  word  continuum,  see  remarks  in  §4.)  The  fifth 
postulate,  IIL5,  however,  proves  to  be  a  consequence  of  the  other  four,  when  the 
properties  of  the  field  (I  and  II),  and  the  postulate  IV:l-2  are  utilized;  it 
should  therefore  not  be  included  in  the  final  list. 

Postulate  III,1,  If  a  and  b  are  elements  of  (7,  and  a  +  *i  ^^^  either 
a  <^b  or  else  a  >  6 . 

Postulate  III,2.     Tj^a  <  6,  then  a  +  6. 

That  is,  the  relation  <  is  non-reflexive  throughout  C. 

Postulate  III,3.  If  a^  b  and  c  are  elements  of  (7,  and  if  a<:^h  and 
b  <Cc^  then  a  <ic. 

That  is,  the  relation  <  is  transitive  throughout  C. 

From  111:2-3  we  see  that  the  relations  a  <  J  and  a  >  J  cannot  both  be  true  ;* 
that  is,  the  relation  <  is  non-symmetric  for  every  pair  of  elements  in  C 
Hence,  if  a  and  b  are  elements  of  (7,  we  must  have  either 

a  =  b ^  or  a  <cb ^  or  a '^  b ; 

■  p 

and  these  three  relations  are  mutually  exclusive.       t  *  • 

Postulate  III,4.     If  T  is  a  non-empty  subclass  in  C,  and  if  there  is  an 
element  b  in  C  such  that  every  element  of  T  precedes  b ,  then  there  is  an  ele- 
ment Xin  C  having  the  following  two  properties  with  regard  to  the  subclass  F: 
1°)  every  element  of  T  precedes  X  or  is  equal  to  X;  while 
2°)  if  x  is  any  element  of  C  which  precedes  JT,  then  there  is  at  least  one 
element  of  F  which  follows  x'.  ^ 

This  is  the  postulate  of  continuity  in  the  form  essentially  due  to  Deoekind.I 
The  element  X^  which  is  readily  seen  to  be  uniquely  determined  by  the  sub- 
class F,  is  called  the  "upper  limit"  of  F,  or  sometimes  its  "least  upper  bound/' 
From  111:1-4  can  be  deduced,  as  on  page  20,  the  following  theorem,  which  is 
Deoekind's  original  form  of  the  postulate  of  continuity : 

If  the  elements  of  C  are  divided  into  two  non-empty  classes^  F  and  F',  such 
that  every  element  of  C  belongs  either  to  T  or  to  T\  and  if  every  element  of 
F  precedes  every  element  ofT\  then  there  is  an  element  X  in  C  which  has  the 
following  properties : 

1°)  every  element  of  C  which  precedes  X  belongs  to  F;  and 
2°)  every  element  of  C  which  Jollows  X  belongs  to  T'. 
It  should  be  noticed  in  regard  to  this  postulate  of  continuity,  so-called,  that 
all  the  postulates  111:1-4  might  be  satisfied  by  a  discrete  assemblage ;  in  order 
to  introduce  the  property  of  density^  we  add  the  following  postulate,  111,5  : 

*  In  my  previous  paper  (§1)  this  proposition,  at  least  for  the  case  a  4-  &»  was  used  as  a  posla- 
late,  the  other  postalates  being  **  weakened  "  to  allow  of  its  independence.  It  has  not  seemed 
worth  while  to  oarry  the  analysis  so  far  in  the  present  article. 

t  Loo.  cit.,  below. 
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Postulate  III,f5.  If  a  and  b  are  elements  of  (7,  and  a  <  i,  then  there  is  at 
least  one  element  x  in  (7,  such  that  a  <x  and  x  <  &.  Such  elements  x  are 
said  to  lie  between  a  and  6 . 

These  five  postidates,  111:1-5,  together  with  postulates  11:2-3  (which  merely 
tell  us  that  the  class  C  contains  at  least  two  elements),  make  the  class  C  a  one- 
dimensioned  continuum^  in  Dedekind's  sense,  with  respect  to  the  relation  < 
(see  §  1  in  my  previous  paper). 

The  postulate  111,5  is  not  printed  in  italics,  because,  as  already  stated,  when 
we  utilize  the  postulates  of  I,  II  and  IV,  as  well  as  those  of  III,  it  can  be  shown 
to  be  redundant.     The  proof  will  be  given  in  §  5. 

§  4.  Note  on  the  use  of  the  word  "  continuum,^^ 

The  term  one-dimensional  (or  linear)  continuum  with  respect  to  the  relation 
of  order  (<),  as  used  in  this  and  my  previous  paper,  must  be  understood  not 
in  the  exact  sense  defined  by  Cantor*  in  1895,  but  in  the  older  and  wider 
meaning  in  which  the  word  was  used  by  DedekindI  and  Weber,  f 

Dedekind  would  call  any  system  ( iT,  <  )  which  has  at  least  two  elements  and 
satisfies  the  postulates  111:1-5,  a  continuum. 

Cantor  restricts  the  term  to  systems  which  possess  not  only  all  these  prop- 
erties, but  also  two  further  properties,  namely :  1)  the  class  K  shall  have  a  first 
and  a  last  element ;  and  2)  the  class  K  shall  contain  a  denumerdble  subclass^ 
jB,  stich  that  between  every  two  distinct  elements  of  K  there  shall  be  at  least 
one  element  of  Il.%  (A  denumerable  class  means  an  infinite  class  which  can  be 
placed  in  one-to-one  correspondence  with  the  class  of  natural  numbers.)  ||     He 


* G.  Cantob,  Beitrdge  zwr  Begrundung der  irafisfiniten  Mengenlehre,  Mathematisohe  Anna- 
len,  Tol.  46  (1805),  p.  610  ;  French  translation  by  F.  Marotts,  Sur  lea  fondemenU  de  la  thSorie 
de8  eiuembfes  iranaftnis,  1899,  p.  42.  Cf.  B.  RussELL,  loo.  cit.,  chap.  36,  and  L.  Coutukat,  loo. 
cit,  pp.  664-675. 

t  R.  Dedekind,  Stetigkeit  und  irrcUionalen  Zahlen,  1872  ;  English  translation  by  Bbman. 

{  H.  Weber,  Algebra,  vol.  1  (1898),  pp.  4-12. 

i  Compare  also  A.  N.  Whitehead,  in  a  footnote  on  p.  299  of  B.  Russell's  Principles  of 
Mathematiest  yol.  1  (1903). 

II  The  term  abzdhlbar,  introdaoed  by  G.  Cantor  in  1879  [Mathematisohe  Annalen,  vol. 
15  (1879),  p.  4;  vol.  20  (1882),  p.  116 ;  vol.  21  (1883),  p.  550],  and  uniformly  translated  in 
French  by  dSnombraJble  [Acta  Mathematioa,  vol.  2  (1883),  p.  365;  Formnlaire  de 
Math^matiqnes,  vol.  4  (1903),  p.  130],  has  been  variously  rendered  in  English.  The  Cen- 
tury Dictionary  gave  enumerable  in  1889  ;  but  the  editor  in  charge  of  the  mathematical  vocabu- 
lary, Mr.  C.  S.  PsiRCE,  has  since  used  numerable,  and  finally  denumerable^  in  his  own  writings 
[see  Monist,  vol.  2,  p.  541,  1892 ;  and  especially  vol.  7,  p.  214,  1897],  Enumerable  is  also  the 
form  proposed  by  Professor  Osgood  [American  Journal  of  Mathematics,  vol.  19,  p.  161, 
1897],  and  by  Professor  Beman  [Bulletin  of  the  American  Mathematical  Society, 
vol.  3,  p.  174,  1897],  At  least  one  writer,  W.  H.  Young,  ums countable  [Proceedings  of  the 
London  Mathematical  Society,  vol.  34,  p.  285,  1902,  and  later  papers]  ;  while  the  £ncy- 
qyclopedia  Brittanioa  prefers  numerable  (article  **  Number,"  vol.  31,  p.  282,  1902  ;  G.  B.  Mat-* 
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then  shows  *  that  any  two  systems  which  satisfy  this  definition  of  the  linear 
continuum  are  ordinally  similar^  and  equivalent  to  the  class  of  real  numbers 
from  0  to  1  inclusive,  as  far  as  the  relation  <  is  concerned.  His  postulates 
therefore  form  a  categorical  set,  with  regard  to  the  relation  < . 

Dedekind's  definition,  on  the  other  hand,  is  not  categorical,  but  admits 
various  non-equivalent  types  of  order.  This  possibility  is  due  not  merely  to  the 
ambiguity  in  regard  to  the  presence  or  absence  of  end  points,  but  rather  to  the 
omission  of  Cantor's  second  requirement,  concerning  the  existence  of  a  denum- 
erable  subclass  within  the  system.  This  remarkable  postulate  is  independent 
of  all  the  other  properties,  as  may  be  shown  by  the  following  example :  f 

Let  jSTss  the  class  of  all  complex  numbers  (a,  )3)  in  which  a  and  )3  are  real 
numbers  such  that  0  =  a  =  l  and  0  =)8  =  1;  with  (ai,)8,)  ©  (a^,  P^)  when- 
ever a,  <  flj;  and  if  a^  =  otg,  then  whenever  )8,  oSg* 

This  system  (which  can  be  stated,  if  one  prefers,  in  geometric  terms)  satisfies 
all  of  Dedekind's  postulates,  and  has  a  first  element,  ( 0 ,  0 ) ,  and  a  last  element, 
( 1 ,  1 ) ;  but  it  is  not  a  continuum  under  Cantor's  definition,  since  it  is  not 
possible  to  find  within  it  a  denumerable  subclass  of  the  hind  required.^ 

Cantor's  definition  is  thus  clearly  superior  to  Dedekind's  for  the  purposes 
of  a  purely  ordinal  discussion  of  the  continuum ;  if,  however,  as  in  algebra,  the 
elements  of  the  system  considered  are  not  only  connected  by  the  relation  of 
order,  but  are  also  combined  by  the  operation  of  addition,  §  then  Dedekind's 
definition  may  be,  as  it  is  in  this  paper,  amply  sufficient.  It  is  therefore  perhaps 
not  undesirable  that  both  definitions  should  remain  ifi  current  use. 

A  further  analysis  of  Cantor's  last  postulate,  with  a  general  discussion  of 
geometric  continuity,  will  be  found  in  a  paper  by  O.  Veblen*  in  the  present 
number  of  the  Transactions. 

§  5.  Further  postulates  for  subclass  C* 

The  following  two  postulates,  IV:l-2,  serve  to  connect  the  operations  +  and  x 
and  the  relation  < ,  within  the  subclass  (7,  and  make  it  equivalent  to  the  class 
of  all  real  numbers  with  respect  to  +,  x,  and  <. 


thews].  The  form  denumerable  is  the  form  adopted  by  Russell  and  Whitehead  in  their  Prin- 
ciples of  Mathematiesy  and  seems  to  me  preferable  to  the  other  terms  because  it  avoids  a  suggeation 
of  finitude  (cf.  Peirce,  loc.  cit.,  1897).  I  am  also  followiDg  Russell  and  Whitehead,  and 
many  Italian  writers,  in  translating  Menge  (MannigfaUigkeit,  ensemble,  insieme,  aggregato)  by 
class  instead  of  by  manifold,  mass,  set,  ensemble,  collection,  assemblage,  or  aggregate. 

*  Loo.  oit. 

tCf.  H.  Webeb,  loo.  cit.,  p.  11. 

i  For,  there  would  have  to  be  elements  of  the  subclass  for  every  value  of  a  between  0  and  1, 
and  these  values  of  a  form  an  infinite  class  which  is  not  denumerable. 

§  Webeb,  loo.  oit.,  speaks  of  such  systems  as  systems  which  admit  measurement  (menbare 
Mannigfaltigkeiten ) . 
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Postulate  IV,1.  Within  the  class  C,  if  x  <iy^  then  a  +  a;  <  a  +  y, 
whenever*  a  -{-x^  a  +  y. 

From  this  postulate  we  have  at  once :  if  a >  0  and  J  >  0 ,  then  a+b^  a\ 
and  if  a  <  0  and  6  <  0,  then  a  +  6  <  a  (compare  postulates  RAl  and  IiA2 
in  my  previous  paper,  page  25).  Hence,  if  we  define  positive  and  negative 
elements  as  those  elements  of  C  which  are  >  0  and  <  0  respectively,  we  can 
show  that  if  a  <  J  then  there  is  a  positive  x  such  that  a  +  a;  =  6 ,  and  con- 
versely, if  X  is  positive  in  a  +  a;  =  6,  then  a  <  6.  [Proof  as  for  theorem  14 
on  page  26.] 

Postulate  IV,2.     Within  the  class  (7,  if  a>  0  and  6  >  0 ,  then  ab>  0. 

By  the  aid  of  this  postulate  it  is  easy  to  show  that  the  product,  ab ,  of  two 
elements  of  C  will  be  positive  when  a  and  6  are  both  positive  or  both  negative ; 
and  negative  if  a  and  b  are  of  opposite  signs  (compare  theorem  88  on  page  40). 
Hence  the  unit-element  1 ,  or  u,  with  all  its  multiples  and  submultiples,  will  be 
positive ;  f  and  therefore  all  the  multiples  and  submultiples  of  any  positive  ele- 
ment a  will  also  be  positive. 

^'e  are  now  in  a  position  to  prove  the  theorem  of  density^  which  was  stated 
provisionally  in  §  8  as  postulate  111,5.  The  proof,  which  involves  all  the  pos- 
tulates I-IV,  is  as  follows :  If  a<,byb-^a  will  be  positive,  and  if  we  take 
c  =  (6  —  a)/2,  c  will  also  be  positive;  if  then  we  take  x  =i  a  +  c  (from  which 
follows  X  +  c  =s  6),  we  find  at  once  that  a  <  xjBcnd  a?  <  J. 

It  thus  appears  that  all  the  postulates  of  the  set  for  real  algebra  given  in  the 
appendix  of  my  previous  paper  (page  39)  are  satisfied  by  the  class  C;  hence, 
in  any  system  (  A'^,  (7,  -f,  x,  <)  which  satisfies  the  twenty-six  postulates  of 
groups  I-IV,  the  subclass  C  will  be  equivalent  to  the  class  of  all  real  numbers 
with  respect  to  -f ,  x,  and  <. 

§  6.  Note  on  real  algebra. 

As  we  have  just  seen,  any  class  C  which  is  a  field  with  respect  to  +  and  x  , 
and  possesses  Dedekind's  property  of  continuity  with  respect  to  < ,  and  satis- 
fies the  postulates  iy:l--2,  will  be  equivalent  to  the  class  of  all  real  numbers 
with  respect  to  -f  ,  x  ,  and  < . 

Hence  the  twenty-six  postulates  of  groups  I-IV,  with  an  additional  postulate 
demanding  that  the  class  K  shall  contain  no  elements  which  do  not  belong  to 
(7,  would  form  a  categorical  set  of  postulates  for  real  algebra. 


*Thi8  proviso  makes  possible  the  proof  of  the  independeDce  of  postulate  1,3,  which  would 
otherwise  be  dednoible  from  IV,  1,  with  the  aid  of  111,2. 

fFor,  ifwe8iippoeeu<0,  then  —  w>0,  whence  it  X(  —  w)  <0,  or  —  u<0,  and  therefore 
tt  >  0.  The  multiples  of  u  will  form  an  ascending  sequence  :  u  <  2tt  <  Su  <  •  •  • ;  whence : 
if  mu  =  fi« ,  then  m=^n\  or  more  generally,  if  ma-=^na,  and  a  ^  0,  then  m^=n^  where  m  and  n 
are  ordinal  numbers. 


Digitized  by 


Google 


220  E.    V.   HUNTINGTON:    A   SET  OF   POSTULATES  [April 

On  the  other  hand,  these  same  twenty-six  postulates,  with  the  addition  of  the 
two  postulates  of  group  Y,  below,  form  a  categorical  set  for  complex  algebra. 

We  may  say,  then,  that  the  postulates  of  groups  I-IV  contain  the  properties 
common  to  both  real  and  complex  algebra. 

§  7.  Postulates  peculiar  to  complex  algebra. 

The  two  following  postulates,  y:l-2,  which  complete  the  list  of  postulates  for 
complex  algebra,  concern  the  existence  of  elements  of  J^  which  do  not  belong 
to  the  subclass  C 

Postulate  V,1.  If  K  is, a  field  with  respect  to  +  and  x  ,  then  there  is 
an  element  j  in  K  such  that  jy  =  —  1  {where  —  1  i«  the  negative  of  the  unit- 
element  of  the  field). 

If  i  is  one  element  which  has  this  property  (namely,  ii  =  —  1 ) ,  then  —  i  will 
have  the  same  property ;  and  this  will  be  true  of  no  other  element  besides  these 
two.  That  is,  the  element  j  whose  existence  is  postulated  in  V.l  is  not  uniquely 
determined,  but  may  have  two  values,  one  the  negative  of  the  other.  Which 
of  these  values  we  shall  denote  by  i  and  which  by  —  i  is  a  matter  of  arbitrary 
choice. 

Neither  i  nor  —  i  can  be  an  element  of  (7,  since  the  square  of  every  element 
of  C  is  positive  or  zero ;  hence,  if  x  and  y  are  elements  of  (7,  the  product  iy 
and  the  sum  x  +  iy  will  be  elements  of  K  which  do  not  belong  to  C  unless 
y  =a  0.  This  gives  us  the  important  theorem  that  if  a;  +  iy  =  x  +  iy\  where 
Xj  y»  ^\  y\  belong  to  (7,  then  x=^x   and  y  ^y.* 

The  next,  and  last,  postulate  demands  that  the  class  iT  shall  contain  no  further 
elements,  that  is,  no  elements  not  expressible  in  the  form  x  +  iy^  where  x  and  y 
are  elements  of  C. 

Postulate  V,2.  If  K  and  also  C  are  fields  with  respect  to  +  and  x ,  and 
if  there  is  an  element  i  such  that  ti  =  —  1  {see  postulate  V,l),  then  for  every 
element  a  in  K  there  are  elements  x  and  y  in  C  such  that  a;  +  iy  =  a . 

We  are  now  in  a  position  to  establish  the  categorical  character  of  the  whole 
set  of  postulates. 

§  8.  Proof  of  the  equivalence  of  all  systems  that  satisfy  the  postulates  I-V. 

The  following  theorem  for  complex  algebra  is  analogous  to  the  theorem  num- 
bered 37  in  my  paper  on  real  algebra  (see  page  40),  and  is  proved  in  a  similar 
way. 

If  (JT,  (7,  +»  X ,  <)  and{K\  C\  +»  x ,  <)  are  any  two  systems  satis- 
fying the  twenty-eight  postulates  of  groups  I-V^  then  these  systems  are  EQUiv- 

* Tbns,  from  x-\-iy  =  x'  -\-  i/  follows  x  —  x^  =  i(y^  —y);  hence  y' — y  =  0,  and  therefore 
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ALENT,  or  ABSTRACTLY  IDENTICAL,  with  respect  to  Ky  C^  +^  x^  and  <  ;  that 
i«,  the  classes  K  and  K'  can  be  brought  into  one-to-one  correspondence  in 
such  a  way  that  if  a\  b\  etc,  are  the  elements  of  K'  which  correspond  to  the 
elements  a,  J,  etc.^  in  JST,  then  we  shall  have  : 

1°)  ths  subclass  C  corresponds  to  the  subclass  C  ; 

2°)  i/*a  +  6  =  c,  then  a'  +  J'  =  c\  and  conversely  ; 

3°)  if  ab  ^  c^  then  a'b'  =  c',  and  conversely  ; 

4®)  within  the  subclasses  C  and  C\  ifa<cb^  then  a'  <  b\  and  conversely. 

In  other  words,  the  twenty-eight  postulates  form  a  categorical  set.* 

The  proof  of  the  theorem  consists  simply  in  bringing  the  elements  of  C  in 
JTinto  correspondence  with  the  elements  of  C  in  jST',  as  in  the  proof  of  the 
analogous  theorem  for  real  algebra,  and  then  making  the  element  i  in  IT  corre- 
spond to  the  element  i'  in  IT',  Then  every  element  x  +  iy  in  -ST  will  corre- 
spond to  an  element  x'  +  iy'  in  iT',  where  x'  and  y'  are  the  elements  in  C 
which  correspond  to  the  elements  x  and  y  in  C 

It  should  be  noticed  that  this  correspondence  between  two  equivalent  systems 
can  be  set  up  in  two,  and  only  two,  ways ;  the  only  ambiguity  resulting  from 
the  arbitrary  choice  of  the  element  i  (see  postulate  V,2)t. 

Part  II.    Summary  of  the  postulates,  and  proof  of  their 

CONSISTENCY   AND   INDEPENDENCE. 

In  this  part,  for  convenience  of  reference,  I  give  a  list  of  the  twenty-eight 
postulates  of  groups  I-V,  using  the  general  symbols  e,  o,  €>^  z^  and  Uj 
instead  of  the  symbols  -|- ,  x  ,  <  9  0 ,  and  1 ;  these  latter  symbols  are  used,  in 
this  part,  only  in  their  ordinary  arithmetic  meanings. 

Next,  I  give  some  examples  of  systems  (J^,  C,  e,  0,  o)  which  satisfy  all 
the  twenty-eight  postulates.  These  systems,  as  has  just  been  shown,  are  all 
equivalent,  or  abstractly  identical^  with  respect  to  0 ,  o ,  and  o ;  the  existence 
of  any  one  of  them  proves  the  consistency  of  the  postulates. 

Finally,  I  give,  for  each  of  the  twenty-eight  postulates,  an  example  of  a  system 
( JT,  (7,  0 ,  0 ,  €) )  which  satisfies  all  the  other  postulates,  but  not  the  one  in 
question,  thus  establishing  in  the  usual  way  the  indej^endence  of  all  the  postu- 
lates. 

In  constructing  these  systems,  the  existence  of  the  ordinary  systems  of  real 
and  complex  numbers,  as  derived  by  the  *'  genetic  "  method  from  the  system  of 
the  natural  numbers,  is  assumed,  as  well  as  the  usual  geometric  representations 
of  these  numbers  by  points  of  the  plane  or  the  sphere. 


*See  tbe  first  t^o  footnotes  in  the  introd action,  above. 

t  Speaking  in  geometrio  terms,  tbe  complex  plane  has  two  aspects:  the  first  plane  may  be 
rotated  throagb  180®  aboot  the  axis  of  reals  before  being  applied  to  the  second  plane. 
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§  9.  List  of  the  postulates. 

Before  giving  the  postalates  themselves,  it  will  be  convenient  to  repeat  the 
more  important  definitions  which  have  been  used  in  the  course  of  the  work. 
All  these  definitions  are  simply  abbreviations,  introduced  in  order  to  avoid 
tedious  circumlocution. 

Definition  1.  If  there  is  a  uniquely  determined  element  z  such  that  z ®  «  =  z, 
then  z  is  called  the  zero-dement^  or  zero. 

Definition  2.  If  there  is  a  unique  zero-element  z  (see  definition  1),  and  if 
there  is  a  uniquely  determined  element  u ,  different  from  zero,  and  such  that 
u  Q  ussu^  then  u  is  called  the  unit-elementj  or  unity. 

Definition  S.  If  there  is  a  unique  zero-element  z  (see  definition  1),  and  if  a 
given  element  a  determines  uniquely  an  element  a  such  that  a  B  a^Zy  then 
a  is  called  the  negative  of  a,  and  is  denoted  by  —  a. 

Definition  4.  If  there  is  a  unique  zero-element  z  and  a  unique  unit-element 
u  (see  definitions  1  and  2),  and  if  a  given  element  a,  different  from  z^  deter- 
mines uniquely  an  element  a"  such  that  a  o  a"  =  w ,  then  a"  is  called  the  recipro- 
cal of  a  ^  and  is  denoted  by  1/a. 


The  first  seven  postulates,  giving  the  general  laws  of  operation  in  the  system, 
are  to  be  understood  to  hold  only  in  so  far  as  the  elements,  sums,  and  products 
involved  ai*e  elements  of  jfiT. 

Postulate  1,1.    a  e  6  =  6  e  a. 

Postulate  1,2.     (a  e  6)  ®  c  =  a  ©  (6  ®  c). 

Postulate  1,3.     If  a  e  6  =  a  ©  i',  then  b  =  b\ 

Postulate  1,4.     a  q  b^^b  e  a. 

Postulate  1,5.     (a  q  b)  q  c  =^  a  q  (b  q  c) . 

Postulate  L6.     If  a  q  b  =  a  q  b\  and  a  ®  a  ^  a^  then  6  =  6'. 

Postulate  1,7.     a  o  (6  e  c)=  (a  o  6)  ©  (a  o  c). 

Postulate  1,8.  If  a  and  b  are  elements  of  II^  then  a  ©  6  is  an  element 
of  A^ 

Postulate  I,  9.     There  is  an  element  x  in  A' such  that  a;  ©  ac  =  as. 

Postulate  1,10.  If  there  is  a  unique  zero-element  z  in  K  (see  definition  1), 
then  for  every  element  a  in  IT  there  is  an  element  a'  in  JST,  such  that  a®  0^=^  z. 

Postulate  1,11.  If  a  and  b  are  elements  of  IC^  then  a  o  b  is  an  element 
of  K. 

Postulate  1,1 2.  If  there  is  a  unique  zero-element,  z^mK  (see  definition  1), 
then  there  is  an  element  y  in  K,  different  from  z^  and  such  that  y  O  y  =^y. 

Postulate  1,13.  If  there  is  a  unique  zero-element,  »,  and  a  unique  unit- 
element,  u ,  different  from  z^  in  IC  (see  definitions  1  and  2),  then  for  every  ele- 
ment a  in  ICy  provided  a  ^  z^  there  is  an  element  a"  in  jSTsuch  that  a  o  a"»  t£. 
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The  posttdates  1:1-18  make  the  class  K  afield  with  respect  to  ®  and  o  . 

Postulate  11,1.     If  a  is  an  element  of  (7,  then  a  is  an  element  of  JT. 

Postulate  11,2.     The  class  C  contains  at  least  one  element. 

Postulate  11,3.  If  a  is  an  element  of  (7,  then  there  is  an  element  b  in 
(7,  such  that  a  ^  b. 

Postulate  11,4.  If  a  and  b  are  elements  of  (7,  then  a  e  6 ,  if  it  exists  in 
jSTat  all,  is  an  element  of  (7. 

Postulate  11,5.  If  a  is  an  element  of  C,  then  its  negative,  —  a  (see 
definition  3),  if  it  exists  in  iT  at  all,  is  an  element  of  C. 

Postulate  11,6.  If  a  and  b  are  elements  of  (7,  then  a  o  6 ,  if  it  exists  in 
iT  at  all,  is  an  element  of  C 

Postulate  11,7.  If  a  is  an  element  of  (7,  then  its  reciprocal  1/a  (see 
definition  4),  if  it  exists  in  jS^at  all,  is  an  element  of  C. 

The  postulates  11:1-7,  taken  with  the  postulates  1:1-13,  make  the  sub-class 
C,  like  the  class  iT,  afield  with  respect  to  e  and  0. 

Postulate  III,1.  If  a  and  6  are  elements  of  (7,  and  a  +  6 ,  then  either 
a  ©  6  or  else  a  ©  6 . 

Postulate  III,2.     If  a  ©  6,  then  a  +  6. 

Postulate  III,3.  If  a,  &,  and  c  are  elements  of  (7,  and  if  a  ©  &  and  5  ©  c, 
then  a  ©  c . 

Postulate  III,4.  If  F  is  a  non-empty  subclass  in  C ,  and  if  there  is  an 
element  6  in  (7  such  that  a  ©  &  for  every  element  a  of  F ,  then  there  is  an  ele- 
ment XmC  having  the  following  two  properties  with  regard  to  the  sub-class  F: 

1°)  if  a  is  an  element  of  F,  then  a  ©  Xor  a  =  J^;  while 

2°)  if  x'  is  any  element  of  C  such  that  a:'  ©  ^,  there  is  an  element  f  in  F 
such  that  f  ©  x\ 

The  postulates  111:1-4  and  11:2-3,  taken  with  the  redundant  postulate 
111,5  {which  is  here  omitted)^  make  the  sub-class  C  a  one-dimensional  con- 
tinuum with  respect  to  © ,  in  the  sense  defined  by  Dedekind. 

Postulate  IV,1.  If  a^x^y^  a  ®  x^  and  a  e  y  are  elements  of  (7,  and 
«  ©  y ,  then  a  ©  jc  ©  a  ®  y ,  whenever  '*a®x^a®y. 

Postulate  IV,2.  If  a,  6,  and  a  o  6  are  elements  of  (7,  and  a  qz  and 
b  Qz^  then  a  q  b  qz  (where  z  is  the  zero-element  of  definition  1). 

The  twenty-six  postulates  of  groups  I-IV  m^ke  the  sub-class  C  equivalent 
to  the  class  of  all  real  numbers  with  respect  to  © ,  0 ,  a7id  © . 

Postulate  V,1.  If  iTis  a  field  with  respect  to  ©  and  0,  then  there  is  an 
element  j  in  JIT  such  that  j  oj  ^  —  «7  where  —  w  is  the  negative  of  the  unit- 
element  of  the  field  (see  definitions  2  and  3). 

*Cf.  footnote  under  postulate  IV,1,  above. 
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Postulate  V,2.  K  K  and  also  C  are  fields  with  respect  to  e  and  0 ,  and 
if  there  is  an  element  %  such  that  i  0  i  =  —  w  (see  postulate  V,l)i  then  for  every 
element  a\xv  K  there  are  elements  x  and  yxnC  such  that  a;e(i0y)  =  a. 

7%e.se  twenty-eight  postidatea  make  the  class  K  equivalent  to  the  class  of  all 
{ordinary^  complex  numbers  vnth  respect  to  © ,  0 ,  and  © .  (See  the  theorem 
in  §8.) 

§  10.  The  consistency  of  the  postulates. 
To  prove  that  these  postulates  are  consistent — ^that  is,  to  prove  that  contra- 
dictory propositions  can  never  be  deduced  from  them  by  the  processes  of  formal 
logic — it  is  sufficient  to  show  the  existence  of  any  system  (A'",  (7,©,  0,  ©)  in 
which  all  the  postulates  are  satisfied ;  for  then  the  postulates  themselves  and  all 
their  logical  consequences  express  properties  of  this  system,  and  must  therefore 
be  free  from  contradiction  (since  no  really  existent  system  can  have  contradictory 
properties).* 

The  following  systems,  all  of  which  are  equivalent^  or  abstractly  identical, 
with  respect  to  JST,  C,  © ,  0 ,  and  © ,  are  examples  of  systems  which  satisfy  all 
the  postulates : 

1)  ir=  the  class  of  ordinary  complex  numbers  (that  is,  the  class  of  all 
couples  of  the  form  (x,  y),  where  x  and  y  are  real  numbers),  with  ©  and  0 
defined  as  the  ordinary  +  and  x  ;  (7  =  the  class  of  real  numbers  (that  is,  the 
class  of  Dedekind's  "cuts,"  or  the  class  of  Cantor's  "fundamental 
sequences"),  with  ©  defined  as  the  ordinary  <.     Here  z  =  0,  w  =  1,  and 

2)  jfir=  the  class  of  all  the  points  in  a  plane  (the  ordinary  "complex  plane"), 
with  ©  and  0  defined  in  the  usual  geometric  manner ;  f  C  =s  the  points  of  a 
fixed  straight  line  in  the  plane  (the  "  axis  of  reals  "),  with  ©  defined  as  "  on  the 
left  of."     Here  %  is  the  point  (0,0),  u  the  point  (1,  0),  and  ;  the  point 

(0,l)or(0,-l). 

*  This  BtatemeDt,  of  conrae,  makes  large  assnmptioos  in  regard  to  tbe  objective  validity  of  onr 
processes  of  logical  dednotioo.  In  this  oonneotion  see  the  second  of  the  problems  proposed  by 
D.  HiLBBBT  at  the  Paris  congress  of  1900  (loc.  cit.)  and  an  article  by  A.  Padoa  in  L'En- 
seignemenb  Math^matiqne,  vol.  5  (1903),  pp.  85-91. 

t  Thas,  the  point  a  -f  &  is  the  point  reached  by  starting  from  a  and  travelling  a  path  equal  in 
length  and  direction  to  the  path  from  0  to  6  ;  while  the  point  a  X  A  is  the  point  whose  '*  angle  " 
(from  OX)  equals  the  sum  of  tbe  angles  of  a  and  6,  and  whose  '"distance"  (from  O)  equals  the 
product  of  the  distances  of  a  and  6.  Here  the  product,  Xj  of  the  two  distances,  a  and  /3,  may  be 
defined  geometrically  by  the  proportion  a; :  a  =  /3  : 1 ;  or  it  may  be  defined  in  terms  of  measure- 
ment, as  follows :  let 

a  =  lim(^)        and        /3  =  lim(-V 

where  the  pn/qn  and  rn/sn  are  successive  rational  approximations  to  tbe  lengths  of  a  and  ^  ;  then 
the  sequence  of  products  pnTn/gnSn  will  have  a  limit,  and  this  limit  will  be  the  required  product 
of  a  and  p.  .  [Cf.  E.  V.  Huntingdon,  Strassbnrg  dissertation,  Die  Qrund'Operaiionin  an  ahho- 
luten  und  eompleren  Grost^en  in  g<omiiiisc1ur  Behandlungy  Braunschweig,  1901.] 
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System  (1)  is  an  "arithmeticar'  system,  of  which  (2)  is  the  "geometrical 
representation." 

In  the  following  systems,  the  ^'complex  numbers"  employed  may  be  inter- 
preted in  either  way,  the  geometric  phraseology  being  perhaps  the  most  conven- 
ient. All  these  systems  are  obtained  from  (1)  or  (2)  by  a  projective  transfor- 
mation of  the  plane,  as  explained  below. 

3)  ^  =  the  class  of  ordinary  complex  numbers ;  a©5  =  a  +  6;  006  =  hab , 
where  h  is  any  real  number  not  zero;  C  =  the  class  of  real  numbers,  with  ©  de- 
fined as  <  or  as  > ,  according  as  A;  is  positive  or  negative. 

Here25  =  0,  w=:l/i%  and  j=  ±(l/*)i/^^~. 

4)  Jr=  the  class  of  ordinary  complex  numbers ;  aei  =  ab/(a  -f  6),  except 
that  a  e  6  ==  a  +  5  whenever  a  or  6  or  a  -f-  6  is  zero ;  a  0  6  =  a6 ;  (7  =  the 
class  of  real  numbers,  with  o  defined  as  the  ordinary  <,  except  that 
(a©6)  =  (a>6)  whenever  a  and  b  are  both  positive  or  both  negative. 

Here  »  s=  0 ,  ^^  =  1 ,  and  J  =  zfc  1/  —  1. 

It  will  be  noticed  that  the  ordinary  meaning  of  addition  is  preserved  in 
system  (3),  and  that  of  multiplication  in  system  (4). 

5)  J5r=:  the  class  of  ordinary  complex  numbers ;  ae6  =  a  +  6  —  A,  and 
006  =  kab  —  hk{a  +  b)  +  A(l  -f  AA),  where  h  and  k  are  any  real  or  complex 
numbers,  provided  k^O;*  (7=  the  class  of  complex  numbers  whose  corre- 
sponding points,  in  the  complex  plane,  lie  on  the  straight  line  through  the  two 
points  h  and  (l/k)  +  h;  with  ©  defined  as  the  relation  of  order  along  this  line, 
the  forward  direction  being  so  chosen  that  h  o  (1/k)  +  h. 

Here25=A,w=(l/^•)-^A,  —  w=  —  (1/A;)  + A,  and  j=  db(i/^T/A;) -f  A. 

6)  Let  a,  )8,  7,  S  be  any  real  or  complex  numbers  such  that  aS  —  ^87  +  0  ; 
and  let  i^,  for  the  moment,  stand  for  the  class  comprising  all  the  ordinary  com- 
plex numbers  together  with  an  extra  element  to  be  denoted  by  (o .  (Geometri- 
cally speaking,  F  is  the  class  of  all  the  points  on  the  complex  sphere,  including 
the  "  North  Pole,"  w . )  f     We  then  define  A",  e ,  o ,  C  and  ©  as  follows : 

ir=  all  the  elements  of  ii^,  excluding  one  pointy  P,   where  if   7  4=0» 
P=  a/7,  and  if  7=  0,  P  =  6). 
If  a  4=  ^  ^^^  ^  4=  ^9  ^^^^ 

'   _(2a7S-yS72)a6-a2a(a+  6) -f- a'/3 
"^  ®  ^  =     i'hab^^rf{a  +b)  +  2al3y^  a'B' 

except  when  the  denominator  is  zero,  in  which  case  a  e  6  =  (o . 
li  a  ^  (0  and  6  4=  ^9  then 


*  For  an  espeoially  simple  case,  take  h  =  —  1  and  k=l, 

t  The  complex  sphere,  omitting  the  North  Pole,  is  the  stereographic  projection  of  the  complex 


plane. 
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()87'  +  «y)a6  ~  («/37  +  afiS)(a  +  b)  +  {a?p  +  aj^) 
"^  ®  (78'  +  7^S)«6  -  (/97S  +  <X7«)(a  +  M  +  (/9'7  +  «'«") ' 

except  when  the  denominator  is  zero,  in  which  case  a  0  6  »  a>. 

If  a  ss  CD,  or  6  ss  a»,  or  both,  then  a  e  6  and  a  0  6  are  defined  as  the  limits 
of  the  expressions  above,  when  to  is  replaced  by  Ijx  and  x  approaches  0  ;  it 
being  understood  that  (on  the  sphere) 

lim 


With  these  definitions  of  0  and  0 ,  the  class  K  proves  to  be  a  field  *  in 
which  z  and  u  have  the  following  values : 


if  S  +  O,  2-^; 

if  S  =  0 ,  2  =  <»  ; 

if  7  +  8  =  0,  w 

We  then  take  (7  »  the  class  of  all  the  points  on  the  circumference  of  a  circle 
drawn  on  the  sphere  through  the  three  points  P,  z,  and  u,  excluding  the  point 
P ;  t  the  relation  o  being  defined  as  the  relation  of  order  along  this  curve  in 
the  direction  P  —  z-^u  —  P . 

[This  system  (6),  which  includes  the  preceding  systems  as  special  cases,  was 
suggested  to  me  by  Professor  C.  L.  Bouton,  who  had  noticed  that  the  general 
formulas 

«©*-/[/-'(«)+/-'(*)]' 

and 

a0  6  =  /[/-'(«)x/-'(6)], 

in  which  f  and  its  inverse  f~^  are  single-valued  functions,  provide  a  pair  of 
operations  which  satisfy,  in  general,  the  postulates  for  a  field  with  respect  to  e 
and  0 .     In  the  present  example. 

This  transformation  (which  is  the  general  projective  transformation)  carries  the 
system  (1)  into  the  system  (6),  the  points  0,  1,  and  the  excluded  point  cv  in  sys- 
tem (1)  going  over  into  the  points  z^u^  and  the  excluded  point  Pva  system  (6). 
To  obtain  the  system  (3),  use  /(»)  =  aj/A.  To  obtain  (4),  take/(a;)  =  !/«, 
and  afterwards  denote  the  point  o)  by  the  symbol  0  (the  excluded  point  being 
here  P  =  0).     To  obtain  (5),  use  the  transformation /*( 03)  =  (Jc/A:)  +  A.] 

*  It  is  especially  important  to  notice  that  the  valaes  of  a  0  &  and  a  0  6,  as  given  by  the  defi- 
nitioDS,  are  Heterminate,  and  belong  to  the  class  K^  whenever  <i  and  6  are  elements  of  K. 

t  It  should  be  noticed  that  under  the  given  conditions  no  two  of  these  three  points  can  coin- 
cide. 
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§  11.   ITie  independence  of  the  postulates.* 

The  independence  of  the  postulates  is  proved  by  the  following  twenty-eight 
systems,  in  each  of  which  jST,  e  ^  0 ,  C,  and  o  are  so  defined  as  to  satisfy  the 
twenty-seven  other  postulates,  but  not  the  one  in  question.  No  one  of  tiie 
postulates,  then,  can  be  deducible  from  the  others ;  for  if  it  were,  every  system 
which  had  the  other  properties  would  have  this  property  also,  which  is  not 
the  case.! 

all  positive  real  numbers ;  ae6  =  6:  a06  =  a6;C=  K\ 

all  real  numbers;  a®b^(^a+  6)/3;  006  =  aft;  (7=  K\ 

all  real  numbers;  aeb=0;ao6  =  a6;  C7==  K\  ©=  <. 
all  real  numbers ;   ae6sa  +  ft;   a06  =  6;   (7=  K\ 

the  class  of  all  couples  (<x,  $)  in  which  a  and  ^  are  real 

(«!,  ^1)  0  (a^l  ^2)  '^  («l«2  —  A^2»    —  «l^2  —  «2^l)5 

C  3=  the  class  of  real  numbers,  with  c)  =  < .  (If  we  represent  these  couples  as 
points  a  +  iQiVL  the  complex  plane,  e  will  be  the  ordinary  addition  of  complex 
numbers,  and  0  will  be  the  ordinary  multiplication  followed  by  reflection  in  the 
axis  of  a,) 

For  1,6.     The  same  system  as  for  1,5,  except  that  here  («!» )8i)0(«2»  ^2) 

=  («i«2l  ^lS  +  ^1^2+  ^\^l)' 

For  1,7.  jfiT  =  all  real  numbers ;  ae6  =  a  +  6;  a  ob^a  +  b  +  1\ 
G^K\  ©  =  <. 

For  1:8-13.  In  constructing  the  proof-systems  for  these  postulates,  e ,  0 , 
and  ©  are  defined  as  the  ordinary  +,  x ,  and  <  (except  as  to  0  in  the  case 
of  1,11),  and  the  subclass  G  is  taken  identical  with  K\  class  K  itself  being 
defined  appropriately  for  each  case,  as  follows  : 

8)  Jr=  the  class  of  the  three  real  numbers  —1,0,  and  1 . 

9)  JSr=  all  positive  real  numbers. 

10)  J^=  all  positive  real  numbers  with  0. 

11)  jBr=  all  real  numbers ;  a  0  6  =  a  J  when  a6  =  0  or  1 ;  otherwise  a  0  6 
not  in  the  class. 


Fw  1,1. 

K 

©=<. 

For  1,2. 

K 

©==<. 

^or  1,8. 

K 

For  1,4. 

K 

©-<. 

For\,h. 

K 

numbers;  with 

and 

*I  »m  greatly  indebted  to  Mr.  O.  D.  Bibkhoff,  ot  the  Harvard  Graduate  School,  who  baa 
read  this  Motion  in  manaaoript,  and  obeoked  tbe  oorreotoeas  of  the  proofs  ot  independence. 

tTbis  is  the  method  of  proving  independence  which  has  become  buniliar  daring  tbe  last 
decade,  especially  tiirongb  tbe  work  of  Pkano,  Padoa,  Pieki,  and  HiiasBT ;  but  tbe  remark 
made  in  the  first  footnote  in  §  10,  concerning  tbe  proof  of  consistency,  applies  also  here. 
Ttsiw.  Am.  Hatb.  Soo.  16 
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12)  ^  =  all  even  integeirs. 

18)  K^  all  integers. 

For  11,1.  JTss  all  complex  numbers  of  the  form  (x^  y),  where  x  and  y  are 
rational ;  (7 »  all  real  numbers ;  with  e ,  0 ,  and  o  defined  as  the  ordinaiy 
+  ,  x,and  <. 

For  11:2-7.  In  constructing  the  proof-systems  for  these  postulated  we  take 
JTss  all  complex  numbers,  and  define  e  and  0  as  the  ordinary  +  and  x ;  the 
subclass  C  and  the  relation  c  are  then  chosen  appropriately  for  each  postulate, 
as  follows : 

2)   (7  ss  an  empty  class. 

5)  (7  s  the  class  containing  the  single  element  0  ;  with  0  ©  0  false. 

4)   (7  =  the  class  of  all  real  numbers  x  such  that  —  1  =  ic  =  1 ;  with  ©  =<. 

6)  (7=  all  positive  real  numbers,  with  or  without  zero ;   ©  =  <. 

6)  (7  =s  all  pure  imaginary  numbers,  with  0 ;  ©  defined  so  that  a  ©  6  is  true 
whenever  aji  < h\i  (where  i  =  i/—  1). 

7)  (7  =  all  integers,  or  all  even  integers ;   §)  =  < . 

For  111:1-3.  As  the  proof-systems  for  these  postulates,  take  K^=.  all  com- 
plex numbers,  and  C  ==  all  real  numbers,  with  e  and  0  defined  as  the  ordi- 
nary +  and  X  ,  and  with  ©  defined  appropriately  for  each  case,  as  follows : 

1)  a  ©  6  always  false. 

2)  a  ©  6  always  true  within  (7. 

8)  a  ©  6  always  true  within  C  when  a  4=  6 ;  a^  a  false. 

For  1X1,4.  jfir=s  all  complex  numbers  of  the  form  (jc,  y ) ,  where x  and  y  are 
rational ;  C  =»  all  rational  real  numbers ;  and  0,0,  and  ©  defined  as  the 
ordinary  +,  X ,  and  < . 

For  IV,1.  JE'ssall  complex  numbers;  e  and  0  defined  as  the  ordinary 
+  and  X ;  (7  ~  all  real  numbers,  with  ©  defined  as  the  ordinary  < ,  except 
that  (a©6)  =  (a>6)  whenever  a  and  h  are  both  positive. 

For  IV,2.  A'=  all  complex  numbers;  a^h^s^a  '\-h\  a  Q  b  ss  ^  ab; 
(7  =  all  real  numbers,  with  ©  defined  as  the  ordinary  < . 

For  V,l.  jBr=  all  real  numbers;  C ^K\  e,  0,  and  ©  defined  as  the 
ordinary  -f  ,  x  and  < . 

For  V,2.*     K  ^  the  class  of  all  expressions  7*  of  the  form 

where  ^  is  a  parameter,  and  m  any  integer  (positive,  negative  or  zero),  while  the 
^'s  are  ordinary  complex  numbers.  The  operations  e  and  0  are  defined  as 
the  ordinary  +  and  x  for  such  (finite  or  infinite)  expressions.     The  class  (7  is 

*The  systems  for  y,2  were  suggested  by  the  DOQ-arobimedean  namber-system  given  by  D. 
HiLBBKT  in  bis  Ontndlagen  der  Oeometrie^  1899,  §  33.  Id  tbis  oonneotioo  compare  also  H. 
Hankbl,  Theorie  der  complexen  ZafUensifsteme^  1867,  §  31. 
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the  class  of  all  those  elements  7^  in  which  all  the  coefficients  are  zero  except  A^^ 
and  Aq  is  real ;  that  is,  C »  the  class  of  real  numbers.  Within  the  class  C 
the  relation  ©  is  defined  as  the  ordinary  < . 

This  system  contains  the  system  of  ordinary  complex  numbers  as  a  part  of  itself, 
just  as  the  system  of  the  ordinary  complex  numbers  contains  the  system  of  real 
numbers.  A  still  more  inclusive  system,  still  satisfying  all  the  postulates  except 
V,2,  may  be  constructed  by  replacing  the  .^'s  in  the  expression  above  by  expres- 
sions /S'^,  '^w+ii  >S^+2'  •    -1  of  the  form 

S^  By  +  B^^.s^^'  +  B^^,s^^'  +  . . ., 

where  s  is  another  parameter,  and  n  any  integer,  while  the  j?'s^are  ordinary 

complex  numbers. 

The  list  of  proofs  of  independence  is  thus  complete. 

Harvard  University, 
Cambridge,  Mass. 


Digitized  by 


Google 


ON   IMPRIMITIVE  LINEAR  HOMOGENEOUS  GROUPS* 

BY 

H.  F.  BLICHFELDT 

1.  The  present  paper  is  devoted  first  to  the  proof  of  a  theorem  fundamental 
in  the  construction  of  imprimitive  linear  homogeneous  groups  f  in  a  given  num- 
ber of  variables.  Then,  by  means  of  this  and  earlier  theorems  given  by  the 
author  on  the  subject  of  linear  groups,  f  Jordan's  theorem,  j:  to  the  effect  that 
the  order  of  a  linear  homogeneous  group  G^  in  n  variables  is  of  the  form  X/*, 
where  f  is  the  order  of  an  abelian  self-conjugate  subgroup  of  G^  and  X  is  less 
than  a  fixed  number  depending  only  upon  n ,  is  proved  for  imprimitive  groups,  a 
number  being  found  that  X  must  divide.  Finally,  the  principal  imprimitive  col- 
lineation-groups  in  4  variables  are  found  and  their  generating  substitutions  given. 

Theorem.  Either  an  imprimitive  linear  homogeneous  group  G  can  he 
vyritten  in  monomial  form^  §  or  the  n  variables  of  the  group  can  he  so  selected 
that  they  fall  into  k  sets  of  imprimitivity  of  m  variables  each{n  =  km)^  per- 
muted according  to  a  permutatiorh-group  K  in  k  letters^  which  group  is  transi- 
tive {in  the  sense  of  transitivity  of  permutation-groups).  The  suhgroup  (  G') 
of  Gj  corresponding  to  the  suhgroup  (IT')  of  IT  which  leaves  one  letter  un- 
changed^ is  primitive  ( in  the  sense  used  in  linear  homogeneous  groups )  in  the 
m  variables  of  the  set  corresponding  to  the  letter  that  K*  leaves  unchanged. 

In  order  that  G  may  be  transitive  (as  a  linear  homogeneous  group,  i.  e.,  "  ir- 
reducible"), it  is  plainly  necessary  that  its  sets  of  imprimitivity  contain  the 
same  number  of  variables,  and  that  the  permutation-group  JT,  permuting  these 
sets,  is   transitive    (as  a  permutation-group).     We   shall   prove   that,  if    the 

*  Presented  to  the  Society  (San  Francisoo)  February  25,  1905.  Received  for  pablication 
January  25,  1905. 

tSee  articles,  cited  below  as  Linear  groups  I  and  II,  by  the  author  in  these  Transactions, 
Tol.  4  (1903),  p.  387,  and  vol.  5  (1904),  p.  310,  for  definitions  of  terms  and  phrases  used  and  for 
theorems  employed. 

t  Journal  fur  Mathematik,  vol.  84  (1878),  p.  89.  Jordan  does  not  find  a  superior 
limit  to  A.  Such  a  limit  is  given  for  primitive  groups  by  the  author  in  Linear  groups  II.  Dr.  J. 
SoHUB  has  given  a  limit  for  y  for  such  groups  in  n  variables,  the  sum  of  the  multipliers  of  the 
substitutions  of  which  belong  to  a  given  algebraical  field  (Berliner  Sitznngsberichte, 
January,  1905). 

§This  term  is  used  by  Maschkb  in  American  Journal  of  Mathematics,  vol.  17 
(1895),  p.  168.     The  author  used  the  word  **  semi-canonical  '^  in  Linear  groups  II,  p.  313. 
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sabgroup  G'  of  G^  coiresponding  to  the  subgroup  K'  of  K  leaving  one  letter 
fixed,  is  not  primitive  in  the  variables  of  the  set  corresponding  to  the  letter  that 
K'  leaves  fixed,  then  will  G  be  imprimitive  in  a  greater  number  of  sets  than  h. 

Let  the  h  sets  of  G  he^  x^^^  x^^--  x^^\  x^^^  -  --  ^  x^\  •  •;  «;«»  *  *•»  ^*m»  ^^^ 
let  the  corresponding  letters  of  ^  be  denoted  by  y^,  y^i  "  'i  Vk*  ^^  ^i  ^ 
the  subgroup  of  JT,  leaving  y^  fixed,  and  let  G^  be  the  corresponding  sub- 
group of  G.  The  group  K^  being  transitive,  must  contain  a  substitution 
{A'^)  changing  y^  into  y,,  one  (^3)  changing  y^  into  y^,  etc.  The  group  G 
is  plainly  generated  by  G^  and  A  —  1  substitutions  {A^^  A^^  •  • .  )  found  among 
those  of  G  corresponding  to  A'^^  A'^^  •••,  respectively.  The  group  obtained 
by  erasing  in  G^  all  the  variables  except  x^^^x^^    •  • ,  x.^  will  be  denoted  by  X^. 

It  may  readily  be  seen  that,  no  matter  how  the  group  X^  be  written,  the 
variables  x^y^x.^^  * '  »  ^',m  (^  =  2,  8,  •  •  -,  i)  may  be  so  selected  that  the  substi- 
tutions -4 J,  -4j,  •  •  •,  have  the  forms 


A,: 

^11  —^21'    ^12  —  ^22'     • 

•»  a^im^a^am; 

a^21  =  «l«'ll  +  «2a^l2+- 

••  +  «m«^*m»ete.^ 

A: 

^11  ==^3l»    ^12  —  ^32»    " 

•  • »  ^im  =  ^»m  5  etc.,  e 

Let  P'  be  any  substitution  of  K^  and  P  any  substitution  of  G  taken  from 
those  corresponding  to  P'.  If  P'  replaces  y.  by  y^,  the  variables  a.p  •  • .,  a^.^^ 
are  transformed  by  P  in  the  following  manner : 

i2    ~  -P2I  ^jl  +  -P22^i2  +   •  •  •  +  P2m^im  ' 


Now,  if  the  group  X^  is  not  primitive,  the  variables  ic,j,  ar,2»  ' '  *»  ^im  "^^7  ^® 
supposed  to  have  been  selected  so  that  they  fall  into  ^j  >  1  sets  x^j ,  •  •  • ,  a^]^  ; 
^la+n  '"t  ^\fi\  •  •  • »  all  the  variables  of  each  set  being  by  Xy  transformed  into 
linear  functions  of  the  variables  of  the  same  set,  or  all  into  the  variables  of 
another  set.     Then,  by  building  the  substitution  A^PAj^^*  belonging  to  G^i 

^n  =  Pii^^u  +Pn^x2  +  •  •  •  +  Pxn^^Xm^ 

^\2^P2\^n+P^^\2+   •••+P2m^lm* 


<^^P^X^n+Pn.2^l2'^    '--^Pm 

etc.;  etc.. 


*  For  Ai  we  may  take  the  identical  sabetitation  of  Q. 
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and  bearing  in  mind  the  assumption  made  with  regard  to  X^ ,  we  see  that  the 
km  variables  of  G  fall  into  hk'  >  k  sets 

JCin  •  •  •  1  ^ia  5    ^ia+l  J  •  *  '  »  ^</8  5    "'J  (i  =  l, 2, •••,*:), 

which  are  mutually  permuted  by  P .  The  variables  of  G  are  therefore  broken 
up  into  a  greater  number  of  sets  of  imprimitivity  than  k.  Starting  with  these 
kk'^  sets  and  proceeding  as  above,  we  conclude  that  we  must  arrive  ultimately  at 
a  selection  of  imprimitive  sets  for  which  the  groups  X^  are  primitive  or  reduce 
to  groups  in  one  variable  each,  in  which  case  G  is  written  in  monomial  form. 
The  theorem  stated  above  is  therefore  proved. 

It  may  be  remarked  that  the  writer's  theorem  9,  in  Linear  groups  II,  p.  313, 
follows  immediately  after  it  has  been  proved  that  any  group,  whose  order  is  the 
power  of  a  prime,  is  not  primitive. 

2.  We  shall  now  prove  Jordan's  theorem  for  imprimitive  groups.  Let  us 
consider  such  a  group  G  of  order  g  la  n  =  km  variables,  the  group  JT.  being 
primitive  in  the  variables  x^^ ,  aj^.^ ,  •  •  • ,  a:.^ ,  if  m  >  A .  By  §  12  of  Linear  groups 
II,  the  order  of  such  a  group  X^  in  m  variables  is  of  the  form  V./),  where  f.  is 
the  order  of  a  self-conjugate  subgroup  of  X^  composed  of  similarity  substitutions, 
and  where  X.  is  a  factor  of  a  certain  number  that  can  always  be  calculated  when 
m  is  given.     Let  us  call  this  number  ^(m). 

The  subgroup  H  oi  G  corresponding  to  the  identical  substitution  of  X  has 
for  order  A,  an  integral  multiple  of  gjkl.  This  group  has  a  subgroup  F  com- 
posed of  substitutions  which  are  similarity-substitutions  for  each  of  the  groups 
Xj,  Xj,  •  • .,  Xj^y  and  whose  order  is  an  integral  multiple  of  A  /( <^(m)  }*;  i.  e. 
an  integral  multiple  of 

9 
~k\  {<^(m)}*' 

The  group  F  of  order  y  is  abelian,  and  is  evidently  invariant  within  G^  and 
the  order  of  the  latter  is  of  the  form  X/*,  where  X  is  a  factor  of  A!{  ^(m)  }*. 

3.  We  now  pass  on  to  the  construction  of  the  principal  imprimitive  coUinea- 
tion-groups  in  four  variables.  According  to  the  theorem  stated  above,  unless 
such  a  group  can  be  written  in  monomial  form,  it  must  possess  two  sets  of 
imprimitivity,  say  (cf,  y)  and  (»,  w).  Only  the  latter  class  of  groups  shall  be 
considered  here. 

Let  G  be  such  a  group.     It  is  generated  by  an  intransitive  group  G' : 


-  C'  ;.)• 
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where  X^  and  JS^^  are  primitive  groups  in  the  variables  {x^  y)  and  (z^u)  re- 
spectively, and  a  substitution  H  of  the  form 

Exhibiting  i?  in  the  form 


0 
0 


It  follows  that  JCj  and  X^  (as  coUineation-groups  in  two  variables)  are  trans- 
formable one  into  the  other  by  the  matrices  P  and  Q.  Also,  if  A^  and  A^  are 
corresponding  substitutions  of  X^  and  X^  respectively,  so  are  PAJP"^  and 
Qj4j^*.     Moreover,  we  may  replace  R  by  the  substitution 


0      0      o, 

*=(«  «)■ 

0      0      c, 
«,     6,     0 

.  ''^     ^,    0 

we  find  that  RG'R-'  takes  the  form 

V     0       ex. 

Thus,  if  P  is  a  matrix  belonging  to  Xj ,  we  may  assume  that  the  matrix  of  P' 
is  of  the  form 

c  :)■ 

Bearing  these  things  in  mind,  we  can  construct  the  required  groups  without  any 
theoretical  difficulties,  though  the  process  will  involve  some  labor,  especially  in 
reducing  the  different  types  obtained  to  certain  standard  forms. 

We  begin  by  determining  all  the  groups  G'  possible.  The  groups  X^  (or  X^) 
are  the  well  known  tetrahedral,  octahedral,  and  icosahedral  groups,  and  are  given 
in  Weber's  Algebra,  II,  2d  edition,  pp.  272-287. 

The  types  sought  are  generated  by  the  following  substitutions  (p  being  a 
&ctor  of  proportionality) : 
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px 


py' 


P*' 


pu 


X 

y 


~y  z 

X  U 


—  u 
z 


x  +  y 

H-^  +  y) 

i(«  + w) 

ik(^z  +  u) 

P-^l. 

X 

y 

atz 

au 

a  a 

primitive  root  of 

IX 

-ly 

z 

u 

y 

—  x 

z 

u 

X 

y 

iz 

—  iu 

X 

y 

u 

—  z 

x  +  y 

i{-x  +  y) 

il  +  i)kz 

{l  +  i)ku 

P-  =  l. 

il  +  i)lx 

(H-i)Zy 

z  +  u 

«(-2J-f  W) 

P-^l. 

X 

»y 

/3z 

i/3u 

/3-=l. 

X 

^y 

yz 

yu 

7-=(-l)-. 

ex 

^y 

€Z 

€'U 

€  a 

primitive  root  of 

€{<ox  +  y) 

X  ^wy 

€(<0Z+  U) 

Z^  €0U 

fi)  =  €+€\ 

ex 

^V 

€h 

^U 

e(<ox+y) 

a;  — ©y 

€*(z  ^cm\ 

_C*(ft>2+  u) 

ex 

^V 

z 

U 

and  are  as  follows : 


Group. 

Order. 

Generating  Snbetitntions. 

a 

12n 

s„s,,  s'i\  s<:\ 

b 

4.12.2» 

s'i\  s^r\  s„  s,,  s„  s,. 

c 

12.12.2» 

>Sf  >,^„  S,,  S„  S,,  S^^\  ^t'>. 

d 

24ra 

S,,  S,,  S^^\  ^<"',  S^^,'K 

e 

4.24.2ra 

s<^\  s^:'\  S,,  S,,  S„  S,,  -S'W'. 

f 

12.24.2» 

ST\  s„  s,,  s,,  s,,  -sy>,  ^f,v,  s\\'K 

9 

24.24.2n 

Sr\  S„  S„  S„  S,,  5<'>,  SZ  'SIV.  ^if 

h 

60n 

s<:\  ;s,„  s,,. 

h" 

60n 

^r.  ^i,^  ^r,' 

J 

60.60.2n 

s':\  ^,„  s,,,  s„. 

4.  In  all  of  these  eases,  the  groups  X^  and  X^  (considered  as  coUineation- 
groups  in  2  variables)  are  identical.  Noting  what  was  stated  at  the  beginning 
of  §  8  concerning  the  substitution  ^ ,  we  see  then  that  the  matrices  JP  and 
Q  must  in  the  cases  a^  b,  c  leave  invariant  a  given  tetrahedral  group,  and 
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mast  therefore  belong  to  the  octahedral  group  containing  this  group  self-con- 
jugately.  Then,  by  replacing  R  hj  H'  =  A-H^  where  A  is  some  one  of  the 
substitutions  of  G\  we  find  readily  that  P  may  be  assumed  to  be  of  the  form 
(J  ^)  or  of  the  form  (o  <)•  Under  these  assumptions,  there  will  be  no  trouble 
in  determining  Q.  In  all  the  remaining  cases  we  may  take  P  in  the  form  {11). 
After  the  resulting  groups  have  been  reduced  to  certain  standard  types,  the 
different  substitutions  H  will  be  as  follows : 

R^:  px'^z,  py'=w,    pz  =x^  pu'=y; 

R^i  /Kc'  =  2,  pi/' ^u,    pz   ^x,  pu   ^iy\ 

R^  :  px  =  »,  py'  =  iuy  pz   =  a;,  pu  =  iy  ; 

R^:  px'^z,  py' =iu,    pz  ^y^  pu^^x. 

We  obtain  the  following  types  of  imprimitive  coUineation-groups  in  4  vari- 
ables that  cannot  be  written  in  monomial  form  : 


Gronp.              1 

Order. 
2.12n 

Generators. 

1° 

Ry^  and  a 

2°             1 

2.12n 

B^  and  a 

(*=1) 

3° 

2.4.12.2» 

R,  and  6 

(i=l) 

4° 

2.4.12.2n 

R^  and  b 

6° 

2.12.12.2n 

Ry  and  c 

{k^l^l) 

6° 

2.12.12.2n 

R^  and  c 

7° 

2.24.71 

Ry  and  d 

8° 

2.4.24.2n 

Ry  and  e 

9° 

2.12.24.2n 

i?,and/ 

10° 

2.12.24.2W 

R^  and  / 

11° 

2.24.24.2ra 

Ry  and  g 

12° 

2.60n 

i?,  and  h' 

13° 

2.60» 

R,  and  h" 

14° 

2.60.60.2/1 

R^  and  ; 

The  groups  1°  and  12°  are  intransitive  if  n  =  1.  The  groups  2°  and  7°  are 
intransitive  if  n  =  1 ,  ^  =  1  and  /8  =  1 ,  and  2°  is  of  type  7®  if  w  =  2  and 
A;  =  1 .    This  is  readily  seen  if  new  variables  ajj  =  a;+2,  y^  =  y -\-u^z^^x  —  z^ 

12°  have  the  invariant 


w. 


:y  — w  be  chosen.     The  four  groups  1°,  2°,  7°, 


xu-^yz^O  and  occur  therefore  among  those  determined  by  Goursat  in 
Annales  scientifiques  de  I'ficole  Normale  sup^rieure,  ser.  3,  vol. 
6  (1889),  pp.  9-102.  The  corresponding  types  are  there  numbered  XIV,  XVI, 
XVIII,  XV,  XIX. 
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A  classification  of  the  imprimitive  (*^ decomposable")  groups  which  are  ''^reg- 
alar/'  i.  e.,  possess  the  bilinear  invariant  x^l/^  —  x^y^  —  z^u^  +  z^u^^  has  been' 
given  by  Autonne  in  Journal  de  Math^matiques,  ser.  5,  vol.  7  (1901), 
p.  351—394,  where  he  gives  also  an  extensive  discussion  of  some  of  their  geo- 
metrical properties. 
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SUR  LES  LIGNES  G^ODESIQUES  DES  SURFACES  CONVEXES* 

PAR 

HENRI   P0INCAR6 
§  1 .     Introduction. 

Dans  mes  Methodes  nouvelles  de  la  Mecanique  celeste  j'ai  etudie  les  par- 
ticalarit^s  des  solutions  du  probleme  des  trois  corps  et  en  particulier  des  solutions 
p^riodiques  et  asymptotiques.  II  suffit  de  se  reporter  k  ce  que  j'ai  eerit  a  ce 
sujet  pour  comprendre  Textreme  eomplexite  de  ce  probleme ;  a  cot^  de  la  diffi- 
cult^ principale,  de  celle  qui  tient  au  foiid  meme  des  choses,  il  y  a  une  foule  de 
difficultes  secondaires  qui  viennent  compliquer  encore  la  tache  du  chercheur. 
n  y  aurait  done  interet  a  etudier  d'abord  un  probleme  ou  on  rencontrerait  cette 
difficult^  principale,  mais  ou  on  serait  affrancbi  de  toutes  les  difficultes  secon- 
daires. Ce  probleme  est  tout  trouve,  c'est  celui  des  lignes  geodesiques  d'une 
surface  ;  c'est  encore  un  probleme  de  dynamique,  de  sorte  que  la  difficulte  prin- 
cipale subsiste ;  mais  c'est  le  plus  simple  de  tous  les  problemes  de  dynamique ; 
d'abord  il  n'y  a  que  deux  degr^s  de  liberty,  et  puis  si  Ton  prend  une  surface 
sans  point  singulier,  on  n'a  rien  de  comparable  avec  la  difficulte  que  Ton  ren- 
contre dans  les  problemes  de  dynamique  aux  points  oiila  vitesse  est  nuUe ;  dans 
le  probleme  des  lignes  geodesiques  en  effet,  la  vitesse  est  constante  et  pent  etre 
regardee  comme  une  des  donnees  de  la  question^/ 

M,  Hadamabd  I'a  bien  compris,  et  c'est  ce  qui  I'a  determine  a  etudier  les  lignes 
geodesiques  des  surfaces  a  courbures  opposees ;  il  a  donne  une  solution  complete 
de  ce  probleme  dans  un  memoire  du  plus  haut  interet.  Mais  ce  n'est  pas  aux 
geodesiques  des  surfaces  h  courbures  opposees  que  les  trajectoires  du  probleme 
des  trois  corps  sont  comparables,  c'est  au  contraire  aux  geodesiques  des  surfaces 
con  vexes. 

J'ai  done  abord^  I'etude  des  lignes  geodesiques  des  surfaces  convexes ;  mal- 
heureusement  le  probleme  est  beaucoup  plus  difficile  que  celui  qui  a  ete  resolu 
par  M.  Hadamard.  J'ai  done  du  me  borner  h  quelques  resultats  partiels,  rela- 
tifs  surtout  aux  geodesiques  fermees  qui  jouent  ici  le  role  des  solutions  p^rio- 
diques  du  probleme  des  trois  corps. 

*  Presented  to  the  Sooiety  at  the  St.  Looia  meeting,  September  17,  1904.     Reoeived  for  pabli- 

cation  January  4,  1905. 
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§  2.     Foyers  et  ca'astiques. 

Soit  S  une  sarf ace  convexCy  analytique  ;  sapposons  que  ses  deux  rayons  de 
courbure  principaux  restent  oonstamment  oompris  entre  deux  limites  L^  et  L^  et 
par  cons^uent  sa  courbure  totale  entre  L\  et  L\  •  Nous  voyons  d'abord  que 
le  rayon  de  courbure  de  Tune  quelconque  de  ses  g^od&iques  restera  toujours 
oompris  entre  Ly  et  L^.  Je  commence  par  rappeler  les  propri^t^  essentielles 
des  foyers  et  des  caustiques. 

Soit  O  un  point  fixe  de  la  surface  S.  Envisageons  une  g^od&ique  OM 
passant  par  le  point  O,  soit  OH  une  autre  g^od&ique  fixe  passant  par  ce  meme 
point  O,  soit  v  Tangle  sous  lequel  ces  deux  g^od&iques  se  coupent  en  O,  soit  u 
Fare  OM  compt6  sur  le  geodesique.  Ces  deux  quantit^s  u  etv  peuvent  etre 
regard^es  comme  des  coordonn^  d^finissant  la  position  du  point  M  sur  la  sur- 
face ;  ce  sont,  en  quelque  sorte,  des  coordonn^es  polaires,  le  point  O  jouant  le 
role  du  pole,  et  la  g6od6sique  OJJcelui  de  I'axe  polaire.  Le  carr4  de  T^^ment 
d'arc  sera  de  la  forme 

oiX  X  est  une  fonction  de  t^  et  de  a;. 

n  est  a  remarquer  qu*un  point  quelconque  Jf  de  la  surface  correspond  k  une 
infinite  de  couples  de  valeurs  des  coordonn^  t^  et  v,  et  en  effet  il  y  a  une 
infinite  de  manieres  d'aller  de  O  en  Jf  en  suivant  une  gfodesique.  Par  exemple 
81  S  Be  reduit  k  une  sphere  de  rayon  1 ,  on  a 

ds^  =  du^  +  sin'  u .  dv^ 
et  les  couples  de  valeurs 

(u,v),  (w  +  27r,v),  (w  +  47r,r),..., 

correspondent  k  un  mSme  point  31 , 

Considerons  deux  g^odesiques  issues  du  point  O  et  infiniment  pen  diff^rentes, 
et  supposons  qu*elles  se  coupent  de  nouveau  en  un  point  M.  Nous  aurons  pour 
le  point  d'intersection  deux  couples  de  valeurs  des  coordonn^s  et  Ton  obtiendra 
Tun  ou  Tautre  suivant  qu'on  atteindra  ce  point  M  en  suivant  la  premiere  geo- 
desique, ou  bien  en  suivant  la  seconde  qui  en  dififere  fort  pen.  Comme  ces  deux 
g&)desique8  sont  infiniment  pen  diffcrentes,  les  deux  couples  de  valeurs  seront 
tres  peu  diflf^rents,  soit  (w,  v),  et  (u+  du^  v  +  dv).  Comme  le  point  3f 
reprdsente  par  ces  deux  couples  est  1^  m6me,  on  aura 

rf«*  =  rf?^2+X»rfv2=0, 
soit 

rf«  =  0,  X=0. 

Si  done  nous  envisageons  deux  geodesiques  infiniment  voisines  issues  du  point 
O,  elles  se  recouperont  successivement  en  une  infinite  de  points  d'apres  un 
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ih^reme  de  M.  Hadamabd  et  les  points  d'intersection  sucoessifs  pourront  Stre 
d6&ign4a  par  jF\,  jPj,  •  •  • ,  J^^.  Le  point  F^  est  ordinairement  appel^  le  w*"* 
foyer  du  point  O ;  on  voit  que  JF^  est  le  (p  —  y)*"'  foyer  de  F^. 

On  appelle  caustique  I'enveloppe  de  toutes  les  g^od^siques  issues  du  point  O ; 
et  on  voit  que  la  caustique  est  le  lieu  des  foyers  du  point  O .  Cette  caustique 
d*apres  ce  qui  pr^c^e  a  pour  equation 

X  =  0. 

Consid^rons  un  instant  v  comme  une  constante,  de  fa^on  k  suivre  oonstamment 
une  des  g^od^siques  issues  de  O,  et  designons  par  \\  X'\  etc.,  les  d6riv6es  suo- 
cessives  de  X  par  rapport  k  u .     On  sait  que 

_X" 
represente  la  oourbure  totale  de  sorte  que  Ton  a 

On  conclut  ais^ment  de  ces  in6qualit^s : 

P.  que  X,  X'  et  X"  sont  tou jours  finis. 

2^.  que  les  racines  de  T^uation  X  »  0  sont  s^par^  par  celles  de  I'equation 
X'  =  0  et  r^iproquement. 

8^.  que  si  u^  est  une  racine  de  Tequation  X  =  0  et  u^  une  racine  de  I'equation 
X'  =  0  ;  si  entre  u^  et  Wj  il  n'y  a  aucune  racine  ni  de  X  =  0 ,  ni  de  X'  =  0,  on 
aura  les  in^gaiit^ 

(2)  \l,<\u,^u,\<\l,. 

Si  done  nous  oonsid^rons  u  et  v  oomme  les  coordonn^es  polaires  d'un  point 
dans  un  plan,  et  que  nous  oonstruisions  dans  ce  plan  les  courbes  X  =  0 ,  X'  =  0 , 
nous  voyons  que  ces  courbes  se  composent  d'une  s^rie  d'o vales  ferm^s  s'envelop- 
pant  mutuellement  et  enveloppant  le  p6le,  de  sorte  que  si  Ton  s'eloigne  du  pole 
en  suivant  un  rayon  vecteur  on  rencontre  alternativement  une  ovale  appartenant 
^  X  =  0  et  une  ovale  de  X'  =  0 ;  la  distance  de  deux  ovales  consecutives  est 
comprise  entre  ir/2L^  et  irjiL^.     On  a  d'ailleurs  pour  w  =  0, 

X=0,    X'=:l. 

de  sorte  que  Ton  pent  considerer  le  pole  comme  Tune  des  ovales  de  la  courbe 
X  =  0 ,  cette  ovale  se  reduisant  k  un  seul  point. 

Les  1*"  foyers  se  trouvent  sur  la  1*"  ovale,  les  2**'  foyers  sur  la  2***,  et  ainsi  de 
suite.  On  voit  done  que  les  foyers  des  differents  ordres  sont  entierement  separ^s 
les  uns  des  autres.  C'est  ce  qui  nous  permet  de  definir  la  n*"®  caustique  comme 
le  lieu  des  n^"^^*  foyers. 
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Nous  appellerons  P  le  plan  sur  lequel  nous  repr^sentons  ainsi  les  points  de  8^ 
en  prenant  poar  coordonn^  polaires  u  et  v,  Dans  ce  plan,  nous  appellerons 
C^ ,  Cj,  •  •  •  les  ovales  successives  de  la  courbe  X  »  0 ,  ( CJ,  se  reduisant  au  pole) ; 
nous  appellerons  (7 j ,  (7, «  •  •  ,  les  ovales  successives  de  la  courbe  \'  s  0.  Dans 
le  cas  ou  la  surface  S  serait  de  revolution,  le  point  O  ^tant  le  pole,  X  ne  d^pen- 
drait  que  de  u  et  les  ovales  C  et  C  ^  r^uiraient  h  des  cercles  concentriques. 
Soient  x^  y^  zles  coordonn^es  du  point  M  et 

F{x,y,z)  =  0 

r^quation  de    la  surface  S.  Les  Equations  d'une  ligne  g^&ique  peuvent 
s'6crire 

d^x         dF  d^y         dF           d^z         dF 

^^^                    du'^^'d^'  du'^^'dy'         du^~^^~dz' 


f*  ^tant  d6termiii4  par  I'^quation 


*  =0. 


^^'  ^'d=?\du)  "^  ^^  dxdy  du  5m  "♦"  '^^  V ^x  ) 

Les  valeurs  initiales  de  x,  y,  z  seront  les  coordonn^s  du  point  O;  quant  aux 
valeurs  initiales  de  dxfduy  dyjdu^  dz/du^el\es  d^pendront  lin^airement  de  cos  tr 
et  sin  V. 

Les  Equations  diff^rentielles  (3),  (4)  ne  peuvent  adrnettre  de  point  singulier 
r^l ;  elles  n'en  admettraient  en  effet  que  si  fi  devenait  infini,  c'est  k  dire  si 
^(dF/dxy  s'annulait,  c'est  k  dire  si  Ton  avait  k  la  fois 

dF  _dF  _dF_ 
dx  "^  dy  '^  dz  ~     ' 

c'est  k  dire  si  la  surface  S  avait  un  point  singulier,  ce  qui  n'est  pas.  Nous 
sommes  done  certain  que  la  solution  envisag^e  de  nos  6quations  diff^rentielles 
n'ira  passer  par  aucun  point  singulier.  Je  puis  done  lui  appliquer  le  th^r^me 
que  j'ai  d^montr6  aux  Nos.  23  k  28  du  Tome  1"  de  MHhodes  nouvelles  de  la 
M^canique  cdeste.  II  en  r^sulte  que  x^  y  et  z  sent  des  fonctions  holomorphes 
de  u  et  des  valeurs  initiales,  et  par  consequent  de  w  et  de  v ;  je  veux  dire  que 
x^y^z  sont  d^veloppables  suivant  les  puissances  de  w  —  w^,  v  —  v^,,  pourvu  que 
I  w  —  i^Q  I  et  I V  —  Vjj  I  soient  assez  petits  et  cela  quelles  que  soient  les  valeurs  de 
u^etv^. 

Revenons  k  nos  eaustiques ;  soient  Q^  et  Q^  deux  points  d'une  caustique  entre 
lesquels  nous  supposerons  qu'il  n'y  ait  aucun  point  singulier.  Quelle  sera  (sur 
le  surface  S)  Tare  de  caustique  compris  entre  ces  deux  points  ?  Si  Uy  et  u^  sont 
les  valeurs  de  u  correspondant  k  ces  deux  points ;  cet  arc  est 
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On  le  verrait  par  un  raisonnement  tout  pareil  a  celui  qui  donne  Tare  de  la 
d6velopp6e  d'une  coarbe  plane. 

L'6l6ment  d'arc  de  oaustdque  est  done  ^gal  k  du . 

Reprenons  les  deux  g6od^siques  infiniment  voisines  issues  du  point  O  et  oor- 
respondant  aux  angles  v  eiv  +  dv.  La  distance  d'un  point  de  la  l^**  g6od6sique 
k  la  2"^*  sera  ^videmment  \dv ;  quand  on  approchera  d'un  foyer,  eette  distance 
tendra  vers  0  puisque  \  tendra  vers  0 ,  les  deux  g^od^siques  se  recouperont 
sous  un  angle  \'dv.  L'angle  de  eontingence  g6od^sique  de  la  caustique  est 
done  \'dv.     La  courbure  g6od6sique  de  la  caustique  est  done 

\du) 


\dv) 

Cela  pos6  reprenons  T^quation  X  =  0 ;  en  aucun  point  on  ne  pourra  avoir 
X'  as  0 :  les  deux  oourbes  \  =  0 ,  X'  =  0  ne  peuvent  se  couper,  puisque  la  dis- 
tance des  deux  ovales  C  et  C  est  au  moins  6gale  k  7r/2L^;  done  I'^quation 
X  =s  0  pent  etre  r^solue  par  rapport  ku^et  u  e^t  une  fonction  holomorphe  de  v. 
Comme  x^y^z  sont  fonctions  holomorphes  de  t^  et  de  v,  nous  voyons  que  dan9 
V Equation  de  la  caustique  les  coordoniiees  «,  y,  »  sont  des  fonctions  holo- 
morphes de  V . 

Toutes  les  fois  que  dXjdv  n'est  pas  nul,  T^uation  X  =  0  peut  6tre  r^solue  par 
rapport  ^  v ,  et  v  est  fonction  holomorphe  de  u .  Les  coordonnees  d^un  point  de 
la  caustique  sont  done  des  fonctions  holomorphes  de  Varc  u .  Tons  les  points 
singuliers  de  notre  caustique  nous  seront  done  donn6s  par  I'^uation  dXjdv  —  0 . 
J'ajoute  que  la  courbure  g6od6sique  de  la  caustique  ne  peut  pas  s'annuler  ni 
changer  de  signe,  puisque  dXjdu  ne  peut  s'annuler.  II  n'y  a  done  rien  qui  cor- 
responde  k  une  sorte  de  point  d'inflexion. 

Les  points  singuliers  de  la  caustique  correspondent  done  aux  racines  de  I'^qua* 
tion  d\/dv  »  0 ,  c'est  k  dire  aux  minima  de  u  quand  on  d6crit  Tune  des  ovales 
(7  dans  le  plan  P. 

Pour  nous  rendre  compte  de  la  nature  de  ces  points  singuliers  prenons  un 
instant  pour  origine  le  point  singulier,  pour  plan  des  xy  le  plan  tangent,  pour 
axe  des  x  la  tangente,  k  la  courbe,  et  choisissons  I'origine  de  Tangle  v  de  fa^on 
que  V  =  0  au  point  singulier.  Alors  x  et  y  sont  d^veloppables  suivant  les 
puissances  de  ^,  le  1*'  terme  du  d6veloppement  est  en  ?;"*  pour  x,  en  v**  pour  y  ; 
et  les  entierd  m  et  n  satisfont  k  Tin^galite 

m  <  w . 

Si  X  s'annule  ainsi  que  ses  p  premieres  d^riv^es  par  rapport  k  v  et  que  la 
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{p  +  1  y^*  ne  s'annule  pas,  comme  d'ailleurs  dXjdu  ne  s'annule  pas ;  on  voit  qae 
le  d^veloppement  de  u  oommenoe  par  un  terme  en  if'^^.     On  aura  done 

7n  =s  J9  +  1  • 

D'aatre  part  dkjdv  oommenee  par  un  terme  en  v^  de  sorte  que  pour  un  point 
tr^  voisin  du  point  singulier,  la  courbure  g^od^ique  est  de  Fordre  de  V. 
Or  cette  courbure  a  pour  expression 

dx  d^y      dy  d^x 
dv  dv^       dv  dv^ 


m<m" 


die  est  done  de  Tordre  de 

m  +  n  —  8  —  8(m  —  l)  =  7i—  2m . 
On  a  done 

n  —  2m  =  —  j», 
d'od  finalement 

m=s^+l,         n^p  +  2, 

Le  cas  le  plus  simple  est  celui  de 

/>=sl,         fn^2y         n=3; 

le  point  singulier  est  alors  un  point  de  rebroussement  ordinaire. 

Ces  points  de  rebroussement  correspondent  aux  maxima  et  aux  minima  de  u, 
mais  les  deux  cas  doivent  etre  distingues.  S'il  s'agit  d'un  minimum,  et  si  JS  est 
le  point  de  rebroussement  en  question,  les  deux  branches  de  la  caustique  touch- 
ent  non  la  g^od^ique  OJS,  mais  son  prolongement ;  s'il  s'agit  d*un  maximum, 
les  deux  branches  de  la  caustique  sont  dirig6es  de  H  vers  0. 

Nous  sommes  ainsi  amen^  k  distinguer  4  sortes  de  foyers. 

1^.  lies  foyers  orc^iTuz/re^,  corfespondant  aux  points  non  singuliers  de  la 
caustique  (/>  =  0). 

2°.  Les  foyers  en  pointer  oorrespondant  aux  points  de  rebroussement  ordin- 
aires  ( j»  =  1 ) ,  qui  sont  des  minima  de  i/ .  >^ 

8°.  Jj&A  foyers  en  talon^  oorrespondant  aux  points  de  rebroussement  ordin- 
aires,  (^  =  1 )  qui  sont  des  maxima  de  u . 

Ces  deux  expressions  sont  empruntees  k  Tart  des  chemins  de  fer;  je  me 
repr^ente  une  trifurcation,  ou  nous  avons  la  voie  principale  repr^nte  par  la 
geodesique  OR  et  deux  embranchements  repr^ent^  par  les  deux  branches  de  la 
caustique  ;  un  train  qui  suivrait  la  ligne  principale  en  allant  de  O  vers  R  ren- 
contrerait  les  aiguilles  en  pointe  dans  le  1''''  cas  et  en  talon  dans  le  2^ . 

4^.  Les  foyers  singuliers^  oorrespondant  aux  points  singuliers  d'ordre  plus 
fleve  (/>>!)•  On  voit  pour  ce  qui  precede  que  ces  points  singuliers  rentrent 
dans  tons  les  cas  dans  une  classe  tres  particulier. 
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Nous  introduisons  maiutenant  la  notion  de  ligne  de  partage,  Sapposons  que 
Ton  joigne  chaque  point  de  la  surface  S  au  point  O  par  le  plus  court  chemin. 
Ce  plus  court  chemin  sera  un  arc  de  geodesique.  Si  OAPM  est  le  plus 
court  chemin  de  O  d  J/;  si  le  point  P  est  situe  sur  Tare  OAPM^  Tare 
OAP  sera  manifestement  le  plus  court  chemin  And  O  ^  P .  U  suit  de  1^  que 
le  plus  court  chemin  de  O  k'  M  ne  peut  jamais  croiser  le  plus  court  chemin  de 
OkM\ 

Soit  OM  une  geodesique  quelconque  passant  par  O;  on  pourra  trouver  sur 
cette  geodesique  un  point  P,  tel  que  le  plus  court  chemin  de  O  ^  un  point  Q 
situe  sur  la  geodesique  OM  entre  O  et  P,  soit  pr^cis^ment  Tare  OQ  de  cette 
geodesique  OJf ,  mais  que  cela  ne  soit  plus  vrai  si  le  point  Q  est  au  del^  de  P, 
On  dit  alors  que  P  est  VextremiU  du  plus  court  chemin  OP . 

Nous  pouvons  alors  eondure  que  par  tout  point  de  S  passe  un  plus  court 
chemin  et  un  seul.     II  y  a  exception  pour  les  extr^mit^  des  divers  plus  courts 
chemins ;  si  P  est  Tune  de  ces  extremit^s;  du  point  P  partiront  au  moins  deux 
plus  courts  chemins  qui  auront  Fun  et  Tautre  leur  extremites  en  P.     Tous  les  . 
plus  courts  chemins  qui  ont  leur  extremity  en  P  ont  m^me  longueur. 

Le  lieu  des  points  qui  sont  les  extremites  de  deux  o^  plusieurs  plus  courts  ^ 

chemins  forment  un  ensemble  de  lignes  que  Ton  peut  appeler  lignes  de  portage^ 
Si  un  point  P  partent  seulement  deux  plus  courts  chemins,  par  le  point  P  passe 
une  seule  ligne  de  partage  dont  la  tangent  est  la  bissectrice  de  Tangle  form^ 
par  les  tangentes  aux  deux  plus  courts  chemins. 

Si  du  point  P  partent  plus  de  deux  plus  courts  chemins,  au  point  P  aboutis- 
sent  plusieurs  lignes  de  partage,  dont  les  tangentes  sont  les  bissectrices  des 
angles  formes  par  les  tangentes  h  deux  plus  courts  chemins  consecutifs. 

L'ensemble  des  lignes  de  partage  ne  divise  pas  la  surface  S  en  deux  regions, 
puisque  Ton  peut  aller  du  point  O  (I  un  point  quelconque  M  de  la  surface  sans 
traverser  aucune  ligne  de  partage ;  il  suffit  pour  cela  d'aller  de  O  en  J/  par  le 
plus  court  chemin. 

L<' ensemble  des  lignes  de  partage,  ou  une  partie  de  ces  lignes,  ne  peut  done 
jamais  oonstituer  un  polygone  f erme ;  il  formera  une  sorte  de  sysieme  ramettx, 
ou  les  bifurcations  seront  represent^s  par  les  points  oil  aboutissent  plus  de  deux 
plus  courts  chemins.  Que  repr^enteront  alors  les  extremites  des  rameaux ?  Sup- 
posons  que  nous  suivions  une  ligne  de  partage  PQR  et  que  le  point  M  soit 
Textr^mite  de  cette  ligne.  Du  point  Q  partiront  deux  plus  courts  chemins  de 
meme  longueur ;  quand  le  point  Q  ira  de  P  en  J?,  ces  deux  plus  courts  chemins 
▼arieront  d*une  maniere  continue.  Au  point  li  ils  devront  se  confondre  en  un 
seul. 

n  est  ais6  de  voir  que  les  points  H  sont  les  seuls  points  des  lignes  de  partage 
qui  se  trouvent  sur  la  1^**  caustique ;  (je  veux  dire  bien  entendu  qu'en  aucun 
autre  point  d*une  ligne  de  partage,  Tun  des  plu)  courts  chemin  qui  y'aboutissent 
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ne  toache  la  1^**  caustique).     On  voit  d'ailleurs  que  ces  points  H  ne  peuvent 
etre  des  foyers  ordinaires,  mais  seulement  des  foyers  en  pointe. 

§  3.      Geodesiques  d^un  spMrdide. 

Cherchons  les  g^d^iques  d'une  surface  tres  peu  diff^rente  d'une  sphere; 
nous  n'aurons  pour  cela  qu'^  appliquer  la  methode  de  la  variation  des  constantes 
de  Lagrange.  Sur  la  sphere,  les  lignes  geodesiques  sont  les  grands  cercles 
et  Ton  pent  adopter  comme  elements  definissant  le  mouvement  d'un  point  sur  oe 
grand  eerele  de  la  meme  maniere  que  les  dements  elliptiques  d^finissent  le  mouve- 
ment Keplerien  d'une  planete,  les  quatre  quantites  suivantes :  les  coordonnees 
du  pole  du  grand  oercle,  la  vitesse  uniforme  du  mouvement  ou  une'fonction  de 
cette  vitesse,  la  longitude  du  point  mobile  sur  ce  grand  cercle,  compt^  k  partir 
d'lme  certaine  origine.  Mais  il  convient  d'abord  de  mettre  les  equations  sous 
la  forme  canonique.  Si  nous  mettons  Tdldment  lin^aire  d'une  surface  quel- 
conque  sous  la  forme 

ds^  =  Edu"  +  2Fdudv  +  Gdv" , 

on  aura  pour  Texpression  T  de  la  demi-force  vive  qui  figure  dans  les  ^nations 
de  Lagrange  ou  de  Hamilton 

r=  l{Eu'^  -f  2Fuv'  +  Gv'^), 
d'oii 

dT 
et 

ou  @ ,  ^  et  @  ont  des  valeurs  faciles  h  calculer.     Dans  la  cas  de  la  sphere  on  a 
simplement 

d'oii 

2  \  sm^  u        J 

Dans  le  cas  d'une  surface  tres  peu  diff^rente  de  la  sphere,  on  aura 

ou 

°      ^  \  snr  u       J 

oil  fi  sera  tres  petit  et  ou 

T,  =  \{eU*+%fUV+gV*) 
^'i  f^^  g  ctant  des  fonctions  quelconques  de  i/  et  de  v. 
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Formons  Tequatioii  de  Jacobi. 

Supposons  d'abord  /it  =  0  de  fa^on  que  notre  sph^roi'de  se  reduise  k  une 
sphere. 

Soit  0  la  longitude  du  noeud  de  Torbite  cireulaire  decrite  par  le  point  sur  la 
sphere,  sur  le  plan  de  Tequatenr ;  soit  i  Tinclinaison  de  cette  orbite ;  soit  X  la 
longitude  du  point  mobile  sur  la  sphere  comptee  h  partir  du  noeud ;  soit  a>  la 
Vitesse  de  eireulation ;  (le  rayon  de  la  sphere  est  pris  pour  unit^  ainsi  que  la 
masse  du  point  mobile);  alors  la  demi-force  vive  sera  a>^/2 ;  la  constante  des 
aires  sera  a>  dans  le  plan  de  Torbite  et  a>  cos  i  dans  le  plan  de  Fequateur. 

II  est  ais^  d'exprimer  w,  v,  ?7,  F  en  fonctions  de  d,  X,  i,  a>,  et  on  verrait 
comme  en  m^canique  celeste  que,  en  posant  G  =  (o  cos  i , 

(od\  +  GcW  -  Udu  -  Vdv 

est  une  differentielle  exacte. 

Si  nous  ne  supposons  plus  fi  =  0 ,  nous  pourrons  toujours  considerer  des  vari- 
ables nou velles  ^ ,  X ,  i ,  a> ,  liees  ku^v^  U  et  V  par  les  memes  relations  que  dans 
le  cas  de  la  sphere  et  que  nous  considererons  comme  "  les  elements  de  Forbite 
osculatrice."  Les  equations  conservent  alors  leur  forme  canonique  et  peuvent 
8  ecrire 

d\_dT  dco dT  dG dT  ^^  _^T 

dt  "  da>'  dt  "^       dX  '  dt  ^       d0  '  ~dt  ""  dG' 

Quelle  est  la  forme  de  T?  Observons  d'  abord  que  T^  =  a)*/2 .  Remarquons 
en  outre  que  u,  r,  w'/o),  v' /(o^  ti  Jod^  V/a>  et  par  consequent  T/a>^  ne  depen- 
dent que  de  i\  X,  d.     Posons  done 

a>^  =  T,    T^<o^S,   T.^co^S,,   T,^<o'S,; 

nos  equations  deviendront 


d(o 

dS 

di   .    .      dS     dS       . 

<udr~ 

~  d\' 

dr'''''  =  dJ-T\'^' 

dX      ^^     dS         .         dd  1    dS 

ar  at       °  ar  sm  i  at 

qui  admettent  comme  il  convient  I'integrale  aol^S  =  const. 
Comme  JS^  se  reduit  ^1/2  nous  pouvons  ecrire 

di_ji_dS,_  .dS,  de       _    fi    dS, 

dr "~  sin  I  rfd  ^     rfX  '         c?t  ~       sin  i  di  ' 

dX        .       ^    ^  ,     .rf^i 

Comme  /x  est  tres  petit,  nous  pouvons  dans  les  seconds  membres  remplacer  les 
inconnus  par  leurs  valeurs  approchees  qui  sont  celles  qui  correspondent  au  cas 
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de  la  sphere;  c'est  k  dire  des  vaJeurs  constantes  pour  i  et  0^  pour  X,  la  valeur 
approch^  t  +  const. 

Au  point  de  vue  qui  nous  occupe,  il  sera  d'ailleurs  pr^f^rable  de  prendre  X 
pour  variable  ind^pendante  et  d'^rire 

di        uini  d0      '*     ^  *  d\ 

d\      ^      «    ^  .dS, 

ou  en  n^gligeant  fi*, 

di         /*    dS^  .dS, 

et  de  meme 

(2) 


d0_         fi^dS, 
d\  ""       sin  i  di 


Dans  les  2^*  membres,  on  conservera  alors  X  et  on  remplaeera  i  et  ^  par  leurs 
valeurs  approch^es  qui  sont  des  constantes. 

Rendons-nous  compte  de  la  signification  g^m^trique  de  cette  fonction  S^; 
comment  d'abord  ferons-nous  correspondre  les  points  du  sph^roi'de  k  ceux  de  la 
sphere?  Le  choix  de  cette  oorrespondanee  est  arbitral  re  dans  une  assez  large 
mesure.  Le  plus  simple  est  de  faire  correspondre  les  points  oil  le  plan  tangent 
a  m^me  direction,  c'est  adopter  ce  qu'on  appelle  la  repr^ntation  spb^rique  des 
surfaces.  Dans  ces  conditions,  si  Ton  vent  me  permettre  le  langage  de  la 
G^od^ie,  u  et  V  representeront,  sur  le  spb^roide  la  colatitude  et  la  longitude 
astrononiiqves. 

Consid^rons  alors  sur  le  sph^roi'de  deux  points  infiniment  voisins  M  et  M\ 
et  sur  la  sphere  les  deux  points  correspondants  M^  et  M[ .  Soient  t^  et  t;  les 
coordonn^es  de  Jf  (ou  de  J/J;  soient  u  +  u'dt^  v  +  v'dt  celles  de  Jf'  (ou  de  M'^ . 
Soit  ds  Tare  MM'  et  ds^  Fare  M^M[ ,  nous  voyons  que  le  rapport  ds/ds^  depend 
non-seulement  de  la  position  du  point  ilf  ,  mais  de  I'orientation  de  Fare  MM' ; 
lorsque  cet  arc  appartient  k  une  ligne  de  courbure,  il  n'est  pas  autre  chose  que 
le  rayon  de  courbure  principal  correspondant. 

Si  Jf  et  M'  repr^ntent  deux  positions  d'un  point  mobile  sur  le  sph6roide 
aux  instants  ^  et  ^  +  cf^ ,  on  aura  pour  F^nergie  cin^tique 


-K^:y- 


II  est  manifeste  que  les  deux  couples  de  points  MM'  et  M^M[  correspondent 
aux  memes  valeurs  de  u,  v^  u\  v';  mais  ils  ne  correspondent  pas  aux  memes 
valeurs  de  w,  r,  ?7,  F,  ni  par  cons^uent  de  i,  ^,  o),  X;  car  la  relation  qui  lie 
Vet  Vh  Uy  v^  Uy  v\  n'est  pas  la  meme  pour  /i  =s  0  c'est  k  dire  pour  la  sphere, 
et  pour  /x  >  0 ,  c'est  k  dire  pour  le  sph^roide.     Soit  alors  sur  la  sphere  un  couple 
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de  points  infiniment  voisins  M^  M'^ ,  choisis  de  f a^on  k  correspondre  aux  memes 
valeurs  de  u,  v,  {7,  F(ou  de  i,  0^  o),  X)  que  le  couple  de  points  MM'  du 
sph^ToVde. 

Soient  alors  t^  et  t?  les  coordonn^  du  point  ilf^ ,  u  +  u'^dt^  v  +  v'^dt  celles  du 
point  Jf 2 ;  soit  ds^  Tare  M^  M'^ .  Alors  i  et  ^  designeront  la  colatitude  et  la 
longitude  du  pole  du  grand  cercle  qui  passe  par  M^  et  M'^ ;  X  sera  Fare  de  ce 
grand  cercle  compris  entre  le  point  M^  et  T^uatenr,  et  on  aura  enfin 

Soit 

^;  =  i«'+<'sin*^), 
on  aura  4videmment, 

^      ,  (dsA*  „.      ,  (da.\*     «» 

Si  nous  d^signons  de  mSme  par  T[  ce  que  devient  Z\  quand  on  y  remplaoe 
u  et  v'  par  wi  et  v^,  la  difference  T[  —  7\  sera  de  I'ordre  de  /i  de  memo  que 
dT[/duQ  —  dT^jdu.  Comme  ?7  et  F  doivent  avoir  meme  valeur  pour  le  couple 
MM'  8ur  la  sph^e  et  pour  le  couple  M^M'^  sur  le  sph6roide,  on  aura 


d'ou  en  n^ligeant  fi^ 


yy 

dT, 

dT 

u= 

-du. 

^du" 

dT, 

dT 

F= 

do'. 

-  dv'' 

dr; 

dK 

dT, 
■  du' 

dT. 

dT, 

d%  ~ 

dT, 
■  dv 

dT\ 

Je  multiplie  la  1^**  par  u'^ ;  la  2***  par  v'^  et  j*ajoute ;  j'obtiens  alors  par  les 
propriet^s  des  formes  quadratiques, 

d'ou 

D'autre  part,  nous  pouvons  d^velopper  T^  par  la  formule  de  Taylor  suivant 
les  puissances  croissantes  de  u'  —  t^^ ,  v'  —  v^ ;  nous  avons  alors  en  n^gligeant 
/A^  c'est  k  dire  en  n^gligeant  les  termes  du  2^  ordre, 
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ou  toujours  en  n6gligeant  /it^, 

d'oii 

Des  deux  relations 

on  tire  d'abord 

c'est  £t  dire 

ou  en  ndgligeant  /x^, 

2^5  =  ds^  +  rfsj. 

Ce  que  nous  appelons  /S,,  c'est  le  rapport  (  T—  o)*)//*©',  c'est  It  dire 

OU  en  n^gligeant  les  puissances  sup^rieures  de  /x 

d8\  —  c?^'      2  (?5j  —  ds      2  cZ«,  —  da 
* ""      /xc?«2      ""  /x       d8       '^  fi       d$y 

Telle  est  la  signification  g^om^trique  de  S^ . 

Reprenons  maintenant  les  Equations  (1)  et  (2) .  Les  2"^'  membres  sont  des 
fonctions  p^riodiques  de  X.  Pour  que  i  et  9  soient  ^galement  des  fonctions 
p^riodiques  de  X,  c'est  d.  dire  pour  que  la  g^d^sique  soit  ferm^e  il  faut  et  il 
suffit  que  la  vcdeur  moyenne  de  ce  2"^  membre,  consider^  comme  fonction  p^ri- 
odique  de  X,  soit  nuUe. 

Quelle  est  cette  valeur  moyenne?  D^veloppons  /9j  suivant  les  cosinus  et  les 
sinus  des  multiples  de  X  et  soit  H  la  valeur  moyenne  de  S^ ,  c'est  k  dire  Ten- 
semble  des  termes  independants  de  X.  II  est  dair  que  dRjdi  sera  la  valeur 
moyenne  de  dsjdi^  et  dRjdO  celle  de  dSJdff.  Quant  k  la  valeur  moyenne  de 
dS^/dX^  elle  sera  nulle. 

Pour  que  les  valeurs  moyennes  de  nos  2"^'  membres  soient  nuUes,  il  faut  done 
et  il  suffit  que 

dQ_dIi_ 
di  "  dO'^    ' 

Les  g^od^siques  ferm^es  repondront  done  aux  maxima,  aux  minima,  et  aux 
minimax  de  la  fonction  R.  A  Texemple  des  Anglais,  j'appelle  minimax  les 
points  ou  s'annulent  les  d^riv^s  du  1®'  ordre  d'une  fonction  de  deux  variables 
sans  qu*on  ait  ni  maximum,  ni  minimum. 

H  faut  d'abord  rechercher  la  signification  g^ometrique  de  la  fonction  R .  Si 
nous  donnons  II  i  et  It  ^  des  valeurs  constantes  et  que  nous  f assions  varier  X , 
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comment  variera  le  point  M.  Le  point  J/j  d^erira  sur  la  sphere  un  grand  cerde, 
le  plan  tangent  au  point  M  restera  done  parall^le  ^  une  droite  D  dont  la  direc- 
tion est  definie  par  la  colatitude  %  et  la  longitude  0 .  Construisons  un  cylindre 
circonscrit  au  spheroide  et  dont  les  generatrices  sont  paralleles  d  Z> ;  il  touche 
le  spheroide  suivant  une  courbe  fermee  (7.  Le  point  M restera  sur  cette  courbe 
C.  Cette  courbe  C  sera  ce  qu'on  pourrait  appeler,  dans  le  langage  de  la 
g&>d^ie,  un  grand  cercle  astronomique. 
On  a  alors 

1  r-' 


1   r-^ 


Soient  M^  M'  deux  points  infiniment  voisins  de  la  courbe  C,  soit  M^ ,  M\ 
les  deux  points  correspondants  de  la  sphere.     Soit  comme  plus  haut 

MM'  ^ds,         M,M[^d8,. 
On  aura  ds^  =  cfX  et 

d'ou 

1    r2  ds,  -  ds  ^         1   , 

Ici  s^  =s  27r  est  la  longueur  totale  du  grand  cercle  de  la  sphere,  et  s  est  la 
longueur  totale  de  la  courbe  C. 

Ainsi  les  maxima,  minima  et  minimax  de  Ji  correspondent  aux  minima, 
maxima  et  minimax  de  la  longueur  totale  des  courbes  O. 

Considerons  sur  la  sphere  le  grand  cercle  qui  correspond  k  une  courbe  (7, 
soient  P  et  P'  les  deux  poles  de  ce  grand  cercle ;  la  colatitude  et  la  longitude 
du  point  P  sont  i  et  0;  et  H  est  une  f onction  de  i  et  de  ^ .  Remarquons 
d'abord  que  cette  fonction  a  meme  valeur  aux  deux  points  diam^tralement 
opposes  P  et  P' .  Construisons  les  courbes  H  =  const.,  c'est  h  dire  les  courbes 
qui  joignent  les  diffcrents  points  P  oil  la  fonction  ^  a  la  meme  valeur.  Nous 
aurons  une  serie  de  courbes  telles  que  par  chaque  point  de  la  sphere  passe  une 
de  ces  courbes  et  une  seule.  Aux  minima  et  aux  maxima  de  H  correspondent 
des  points  isoles  de  ces  courbes,  aux  minimax  des  points  doubles  k  tangentes 
r^elle^  Un  theoreme  d' Analysis  Situs  nous  apprend  que  le  nombre  total  des 
minima  et  des  maxima,  c'est  h  dire  des  points  isoles,  surpasse  de  2  unites  celui 
des  minimax,  c'est  k  dire  des  points  doubles.  Je  me  bornerai  h  renvoyer  k  ce 
sujet  k  mon  m^moire  sur  les  courbes  definies  par  les  equations  differentielles 
(Journal  de  Liouville,  ser.  3,  tome  7). 

Le  nombre  total  des  minima,  maxima  et  minimax  est  done  un  multiple  de  4, 
plus  2.  Mais  k  chaque  courbe  C  correspondent  deux  poles  P  et  P'  diam^trale- 
ment  opposes,  done  h  chaque  geodesique  fermee  correspondent  deux  minima, 
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maxima  ou  minimax.     Le  nomhre  total  des  geodesiques  fermies  est  done  impair^ 
puisque  c*est  la  moiti^  du  nombre   total  des  minima,  maxima  et  minimax. 

n  ne  s'agit  bien  entendu  ici  que  des  geod^siques  ferm^  qui  subsistent 
qudque  petit  que  soit  fi .  H  pent  y  en  avoir  et  il  y  en  a  une  infinite  d'autres. 
Une  question  reste  h  traiter.  L'existence  des  g^odesiques  ferm6es  dont  nous  ven- 
ous de  parler  k  6t6  stabile  par  un  calcul  approximatif  puisque  nous  avons  neglige 
fj?.  Cette  existence  peut-elle  etre  d^montr^  rigoureusemeut?  Ou  plutot  oette 
demonstration  rigoureuse  ne  pent  elle  pas  se  tirer  directement  de  notre  calcnl 
approximatif?  Oui,  cela  pent  se  faire  et  par  un  proc^de  connu ;  on  n^a  qn'k 
appliquer  les  principes  exposes  dans  le  Chapitre  8  du  Tome  1  de  mon  ouvrage, 
Les  Methodes  nouvelles  de  la  Mecanique  celeste, 

§  4.     Le  principe  de  continuite  analytique. 

Soient  S  et  S'  deux  surfaces  quelconques  satisfaisant  aux  conditions  que 
nous  nous  sonmies  impos^es  dans  les  paragraphes  precMents  et  que  j'  appellerai 
pour  abr^ger  les  conditions  A .  On  pent  toujoura  passer  de  Fune  a  F autre 
d*une  maniere  continue.  Je  veux  dire  que  Ton  peut  supposer  une  surface  vari- 
able S  qui  ayant  pour  ^nation  g^n^rale 

F(x,y,z,t)^0, 

ou  le  1*'  membre  i<^est  une  fonction  analytique  des  coordonn^s  x^  y^  z  et  d'un 
parametre  variable  t  (qui  restera  analytique  au  moins  pour  tons  les  systemes  de 
valeurs  de  x^  y,  »,  t,  tels  que  1**.  t  soit  compris  entre  0  et  1 ;  2**.  a?,  y,  z  soient 
r^els  3^.  F  soit  nul.)  et  de  telle  fa^on :  1^.  Que  cette  surface  2  se  reduit  k  S  pour 
^  zs  0  et  II  S*  pour  ^  =  1 ;  2^.  Que  quand  t  varie  d'une  maniere  continue  depuis 
0  jusqu'^  1,  cette  surface  S  ne  cesse  jamais  de  satisfaire  aux  conditions  A . 

Ainsi  la  surface  S  quand  t  variera  d'une  maniere  continue  entre  0  et  1,  res- 
tera convexe  et  analytique,  ses  rayons  de  courbure  restent  compris  entre  des 
limites  d6termin6es.  Consid^rons  sur  cette  surface  variable  2  une  ligne  geo- 
d^ique  satisfaisant  h  une  certaine  condition,  par  exemple  h  celle  d'etre  fermee. 
Soit  y=<^(x),  z^yjt^x)  Fequation  de  cette  g^d&ique.  D^finissons  cette 
geodesique,  par  les  donnfes  initiales ;  appelons  par  exemple  y^  et  z^  les  valeurs 
de  y  et  de  25  pour  «  =  0 ,  de  sorte  que 

Soient  de  mt'me  y^ ,  «„  les  valeurs  initiales  de  dyjdx  et  dz/dx ,  de  telle  fa9on  que 

Ces  donnces  initiales  y^^z^^  y^ ,  z^  suffisent  pour  distinguer  notre  geodesique  de 
toutes  les  autres  geodesiques  tracees  sur  la  surface  S . 

Cela  pos6,  si  nous  ecrivons  que  cette  g^od^sique  est  ferm^,  nous  obtiendrons 
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en tre  y^i  ^Q^y'o^ Zq  certaines  relations  qui  seront  analytiques.  Done Vq^z^,  yl^^ 2„ 
sent  li^s  h  t  par  des  relations  analytiques ;  si  nous  oonsiderons  yQ,  z^^  y'o^  z^i  t 
oomme  les  eoordonn^s  d'un  point  dans  Tespace  k  6  dimensions,  oes  relations 
d^finiront  une  oertaine  oourbe  analytique  que  j'appelle  0.  Nous  envisagerons 
une  branche  de  cette  oourbe  analytique  que  j*appelle  B.  II  est  ais^  de  d^finir 
eette  branche  et  de  la  distinguer  des  autres  par  continuity.  Dans  le  voisinage 
de  ^=s^^,  les  quantit^s  y^^  y^,  z^,  z^  sont  susceptibles  d'un  ou  de  plusieurs 
d^veloppements  et  chacun  de  ces  d^veloppements  proc^de  suivant  les  puissances 
de  (  ^  —  ^0  y^'' ;  la  branche  B  se  composera  de  tons  les  points  reels  de  la  courbe  C 
qui  correspondent  h  Tun  de  ces  d^veloppements ;  quand  le  d^veloppement  ne 
sera  plus  valable,  on  la  poursuivra  par  le  precede  de  la  continuation  analytique. 
Si  q  est  impair,  cette  branche comprendra  un  point  et  un  seul,  tant  pour  t^t^^  e 
que  pour  t=t^  +  e\  si  y  est  pair,  elle  comprendra  deux  points  pour  t^  t^^  e 
et  z6ro  pour  ^  s=  ^^  +  e ;  ou  inversement. 

Nous  dirons  que  les  diff^rentes  g^odesiques  fermees  qui  appartiennent  aux 
diff^rents  points  d'une  meme  branche  B  font  partie  d'une  meme  serie  continue, 

Consid^rons  les  diff^rents  g6od6siques  fermees  d*une  meme  s^rie  continue  qui 
appartiennent  ^  une  meme  surface  2  •  EUes  correspondent  aux  points  d'inter- 
section  de  la  branche  B  avec  le  plan  t^t^.  Le  nombre  de  ces  points  ne  pent 
varier  que  quand  t^  prend  une  valour  telle  que  le  nombre  que  nous  appelions 
plus  haut  q  soit  pair.  Dans  ce  cas,  ce  nombre  varie  de  deux  unites.  D'ou  cette 
consequence : 

Le  nombre  des  geodesiques  d'une  surface  2  qui  font  partie  de  une,  deux 
ou  plusieurs  series  continues  determinees  est  constamment  pair  ou  constant- 
ment  impair, 

Examinons  maintenant  les  diffcrentes  sortes  de  courbes  fermees  que  Ton  peut 
tracer  sur  une  surface  convexe.  Ces  courbes  au  point  de  vue  de  TAnalysis  Situs 
se  r^partiront  en  une  infinite  de  types  caract^rises  par  le  nombre  et  la  disposi- 
tion des  points  doubles. 

Consid^rons  une  scrie  continue  de  g^odesiques  f ermdes ;  elles  pourront  appar- 
tenir  h  diffcrents  types;  comment  pourront  elles  passer  d'une  type  k  I'autre? 
D'abord  elles  ne  pourront  jamais  avoir  de  point  de  rebroussement ;  car  lesg^o- 
d^siques  des  surfaces  satisfaisant  aux  conditions  A  n'ont  aucun  point  singulier- 
Ensuite,  il  ne  pourra  jamais  arriver  que  deux  branches  de  cette  geod^sique  vien- 
nent  h  se  toucher.  Car  deux  g^odesiques  ne  peuvent  se  toucher  sans  se  confon- 
dre,  attendu  qu'un  point  et  la  tangente  en  ce  point  sur  une  surface  convexe 
determine  completement  une  geodcsique. 

II  rcsulte  de  1^  que  dans  une  meme  serie  continue^  le  nombre  des  points 
doubles  d^une  geodesique  fermee  demeure  constant  Ce  nombre  en  effet,  pour- 
rait  varier  de  deux  manicres :  1°.  Si  un  point  double  H  tangentes  reelles  devenait 
un  point  isole  h,  tangentes  imaginaires,  mais  alors  il  faudrait  passer  par  un 
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point  de  rebroussement.  2^.  Si  deux  points  doubles  reels  devenaient  imaginaires 
conjugues,  mais  alors  il  faudrait  qu'au  moment  du  passage,  deux  branches  de 
courbe  vinssent  k  se  toucher. 

Nous  venons  de  voir  que  tout  cela  est  impossible ;  un  seul  point  reste  h, 
eclaircir.  J'ai  dit  que  deux  g^odesiques  ne  peuvent  se  toucher  a  moins  de  se 
confondre,  Ne  serait  il  pas  possible  que  pour  certaines  valeurs  de  t,  la  geo- 
desique  fermee  que  nous  envisageons  degenere  parce  que  deux  de  ses  parties  se 
confondraient  entre  elles  ?  II  est  clair  que  cela  est  possible.  Une  courbe  fermee 
d'un  certain  type,  pent  se  reduire  en  deg^n^rant  h  une  courbe  fermee  d'un  autre 
type  parcourue  plusieurs  fois.  C'est  ainsi  qu'un  lima^on  de  Pascal,  peut,  k  la 
limite,  se  reduire  h  un  cercle  parcouru  deux  fois.  II  n'y  a  pas  de  raison  pour 
que  cela  n'arrive  pas  pour  les  geodesiques  et  en  fait  cela  arrive. 

Si  une  courbe  fermee  du  type  T,  peut  degenerer  en  une  courbe  fermfe  du 
type  T'  parcourue  plusieurs  fois,  nous  dirons  que  le  type  T'  est  subordonne 
au  type  T. 

Supposons  done  que  nous  consid^rions  une  s^rie  continue  de  geodesiques 
fermees  correspondant  k  la  branche  de  courbe  B  d^finie  plus  haut :  que  Jf, 
Jlf\  M"  soient  3  points  infiniment  voisins  de  cette  branche,  que  M'  soit  entre 
ilf  et  M'\  qu'en  M  la  geodesique  appartienne  an  type  T\  qu'en  M'  elle  se 
reduise  k  une  courbe  fermee  du  type  T'  parcourue  plusieurs  fois ;  qu'en  Jf"  elle 
appartienne  an  type  T" ,  qui  pourra  etre  d'ailleurs  identique  h.  T.  Le  type  T* 
est  ainsi  subordonne  tant  k  Tqu'fi  T",  Quand  on  passera  de  Jf  en  M"  on  peut 
se  demander  si  le  nombre  des  points  doubles  a  vari<^. 

Soit  t^  la  valeur  de  t  qui  correspond  an  point  M' ;  nous  poserons  t  =  (  <  —  ^o )'  ^ 
en  choisissant  Ten  tier  y  de  fa9on  que  ^o'  ^o»  ^o*  \  soient  developpables  suivant 
les  puissances  de  t.  Consid^rons  Fun  des  points  doubles  de  notre  geodesique, 
quand  t  tend  vers  ^^,  ce  point  se  rapprochera  d'un  certain  point  Z>  de  la  geo- 
desique singuliere  du  type  T\  Prenons  ce  point  pour  origine  et  choisissons  les 
axes  de  fa^on  que  le  plan  des  yz  ne  soit  tangent  ii  aucune  des  branches  de  geo- 
desique qui  passent  par  ce  point.  Dans  ces  conditions,  nous  pourrons  mettre 
les  equations  d'une  quelconque  de  nos  branches  de  geodesique  sous  la  forme 
suivante;  y  eX^  z  seront  developpables  suivant  les  puissances  de  x  et  de  r.  Con- 
sidcrons  deux  de  ces  branches  et  soient 

leurs  equations.  Je  suppose  que  ces  deux  branches  se  confondent  pour  r  =  0 , 
on  a  done 

Cherchons  les  points  doubles,  c'est  i\  dire  les  points  d'intersection  de  nos  deux 
branches.     lis  nous  seront  donnas  par  Tcquation 
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2t-[<^J^)-K(.'«)]=0 
(laqudle  entraine  d'ailleurs  I'aatre  equation 

2T"[t«(a')-t:(*)]  =  0 

en  tenant  compte  de  Tequation  de  la  surface  2  )• 

Soit  <^j,(a;)  —  <^^(a;)  le  premier  des  coefficients  <l>^(^)  ^  <I>IX^)  V^^  ^® 
s'annule  pas  identiquement ;  quand  t  tendra  vers  zero,  les  points  doubles  ten- 
dront  vers  des  limites,  qui  seront  ]es  solutions  de  Tequation 

Par  I'hypothese  le  point  a;  =  0  est  une  de  ces  limites ;  on  a  done 

<^,(0)-«^;(0)  =  o. 

Nos  points  doubles  sont  alors  donnes  par  Tequation 

dont  le  1^'  membre,  developpable  suivant  les  puissances  de  a;  et  de  t,  s'annule 
pour  X  ==  T  =  0 ;  on  pent  en  tirer  x  developpe  suivant  les  puissances  de  t  ce  qui 
prouve  que  x  reste  reel  aussi  bien  pour  t  >  0  que  pour  t  <  0 ,  et  par  consequent 
qu'un  point  double  r^^  par  exemple  au  point  Jf  ,  ne  pent  devenir  imaginaire  au 
point  Jf' . 

II  n'y  aurait  d*exception  que  si  la  derivee 

^-[<^p(«')-"^;("^)] 

s*annulait  pour  x  ^  0.  Or  cela  n'an*ive  pas ;  cela  voudrait  dire  que  deux 
branches  se  coupent  en  deux  points  infiniment  voisins,  c'est  h  dire  qu'un  point 
se  confond  aveo  son  propre  foyer,  ou  pent  en  devenir  aussi  voisin  que  Ton  veut 
en  comptant  les  distances  sur  la  g^od^sique.  Or  nous  avons  vu  plus  haut  que 
la  distance  d'un  point  k  son  foyer  est  toujours  au  moins  egale  k  r/2L^. 

Done  meme  dans  ce  cas,  le  nombre  des  points  doubles  ne  pent  varier. 

La  disposition  des  points  doubles  pent  elle  varier  ?  Oui,  mais  uniquement  de 
la  maniere  suivante :  supposons  trois  branches  de  courbe  qui  se  coupent  en  3 
points  doubles  de  fa<^n  k  former  un  petit  triangle ;  a  la  limite  ce  petit  triangle 
se  reduit  k  un  point  et  les  3  points  doubles  se  confondent  en  un  seul  point 
triple ;  ensuite  les  3  points  doubles  se  s^parent  de  nouveau,  et  les  trois  branches 
forment  de  nouveau  un  triangle,  mais  dont  la  disposition  est  diff^rente.  Si  la 
branche  1  parcourue  dans  un  certain  sens  rencontrait  dans  la  1^**  disposition,  la 
branche  2  d'abord,  puis  le  branche  3  ;  dans  la  2*^°  disposition,  elle  rencontrera 
la  branche  3  d'abord  puis  la  branche  2. 

n  est  aise  de  voir  que  si  les  branches  de  courbe  au  lieu  de  determiner  un  triangle 
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d^terininent  un  polygene  de  plus  de  8  cot^ ;  la  disposition  des  points  doubles  ne 
pourra  changer,  car  il  faudrait  que  deux  de  ces  branches  devinssent  tangentes. 
Lorsqu*on  pourra.  passer  de  cette  maiiiere  du  type  T  au  type  T\  nous  dirons 
que  ces  deux  type%  sont  equivalents.  II  y  a  des  types  qui  ne  sont  Equivalents  k 
aucun  autre,  par  exemple  le  type  sans  point  double.  Une  courbe  fermee  k  points 
doubles  partagera  la  surface  convexe  en  un  certain  nombre  de  polygenes  curvi- 
lignes  dont  quelques-uns  pourront  etre  des  biangles  ou  des  uniangles.  Si  aucun  de 
ces  polygenes  n'est  un  triangle,  le  procEdE  pr6cEdent  ne  pourra  etre  applique  et  le 
type  ne  sera  Equivalent  It  aucun  autre.  ConsidErons  maintenant  deux  series 
continues  de  geodesiques ;  soient  G  la  geodesique  de  la  l^'*  serie,  G'  celle  de  la 
2"^* ;  le  nombre  des  points  d'intersection  de  G  et  de  G'  ne  pourrait  varier  que  si 
ces  deux  geodesiques  devenaient  tangentes  Fune  k  Tautre,  ce  qui  est  impossible. 

Le  nombre  des  points  d'intersection  de  deux  giodesiques  appartenant  a  deux 
series  continues  determinees  est  invariable, 

Supposons  que  pour  t  voisin  de  t^^  on  trouve  que  le  nombre  q^  dont  nous 
avons  parlE  plus  haut  et  qui  figure  dans  Texpression  ( t  —  t^y^^  est  pair  pour  la 
!*•*  sErie  continue,  et  Egal  k  1  pour  la  2^*  sErie.  II  arrivera  alors  que  pour 
t  <  ^^,  nous  aurons  2  geodesiques  G  et  G"  de  la  l***  serie,  et  que  pour  ^  >  ^^ 
nous  n'en  aurons  plus.  Au  contraire  nous  aurons  toujours  une  geodEsique  G' 
et  une  seule  de  la  2***  sErie,  quel  que  soit  t.     Nous  pouvons  poser 

et  faire  varier  r  d'une  maniere  continue;  alors  dans  la  1^**  sErie  nous  passerons 
de  la  gEodesique  ^  It  la  gEodesique  &';  et  dans  la  2"^*  sErie  nous  partirons  de  la 
gEodEsique  Gyet  reviendrons  finalement  a  cette  meme  geodEsique  G'. 

Done  le  nombre  des  points,  d*  intersection  de  G  et  de  G'  est  le  meme  que  celui 
des  points  d*intersectio7i  de  G  et  de  G'\ 

Quant  ^  la  disposition  relative  des  points  doubles  de  G  et  de  G'  et  de  leurs 
points  d'intersection,  elle  ne  pourra  varier  que  de  la  fa^on  que  j'ai  dite  plus  haut 
k  propos  de  la  disposition  des  points  doubles  d'une  seule  geodEsique. 

Comme  premiere  application  de  ce  principe ;  Etudions  les  geodesiques  fermEes 
saus  point  double ;  ces  geodesiques  formeront  evidemment  une  ou  plusieurs  series 
continues.  D'apres  ce  qui  precede  ces  series  continues  ne  pourront  contenir  que 
des  geodesiques  fermces  sans  point  double. 

Done  le  nombre  total  des  gEodesiques  fermEes  sans  point  double  est  toujours 
pair  ou  toujours  impair.  Or  nous  avons  vu  au  §  precedent  que  pour  un  sphEroide 
ce  nombre  est  impair.  De  plus  on  pent  passer  d'un  sphEroide  k  une  surface  con- 
vexe quelconque  d'une  maniere  continue. 

Done  sur  une  surface  convexe  quelconque^  il  y  a  toujours  au  moins  une 
geodesiqus  fermee  sans  point  double  et  il  y  en  a  toujours  un  nombre  impair. 

Par  exemple  pour  uu  ellipsoi'de  nous  avons  les  trois  sections  principales  par 
les  plans  do  aymetrie. 
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§  5.     StahUite  et  instabilite. 

Etudions  maintenant  les  g^od^siques  pea  diff^rentes  d'une  g^od^sique  ferm^ 
(aveo  ou  sans  point  double).  Pour  cela  nous  nous  servirons  du  systeme  de 
coordonnees  suivant.  Soit  G^  la  g^od^sique  ferm^^  0  un  point  fixe  de  oette 
g^od^ique;  prenons  sur  Gq  k  partir  du  point  0,  une  longueur  OP  =  w;  au 
point  P  menons  une  geodesique  G^  normale  k  G^ ;  sur  G^  k  partir  de  P  prenons 
une  longueur  PM=  v ;  les  ooordonn^s  du  point  M  seront  u  etv.  L'el^ment 
d*arc  sera  donn^  par 

On  voit  que  A  »  1  et  dhfdv  =  0  pour  v  =  0 ,  et  quel  que  soit  u .  Les  Equa- 
tions d'une  g^desique  seront 

d         v'  dh 

du  i/^ia  +  A*  ~     dv  ' 

v'  Etant  la  d^riv^  de  v  par  rapport  ll  t^ ;  ou  en  supposant  v  tres  petit  pour  cher- 
cher  les  g^od^iques  tres  voisines  de  G^ , 

(1)  v"^K'v, 

oil  h"  est  la  valeur  de  d^h/dv^  pour  t?  =  0 .  Alors  —  A",  qui  represente  la  cour- 
bure  de  la  surface  au  point  (te ,  0  ) ,  est  une  fonction  de  u  qui  est  d'ailleurs  p4ri- 
odique  puisque  G^  est  ferm^e. 

L'Equation  (1)  est  une  Equation  linEaire  k  coefficients  p4riodiques ;  elle  admet 
deux  solutions  remarquables  de  la  forme  suivante : 

(2)  t7  =  c»»<^(w),         v  =  e--V^(w), 

<l>{u)  et  V^(t^)  Etant  p6riodiques  en  u. 

Quatre  cas  peuvent  se  printer : 

1°.  Ou  bien  a  est  purement  imaginaire  et  les  deux  solutions  (2)  imaginaires 
conjuguEs.     On  dit  alors  que  G^  est  stable, 

2^.  Ou  bien  a  est  reel  et  different  de  zEro  et  les  deux  solutions  (2)  rEelles. 
On  dit  alors  que  G^  est  instable. 

8^.  Ou  bien  on  a  a  =  a'  +  tV/  {7,  a'  Etant  rEel,  et  U  Etant  la  longueur  totale 
de  Gq  ;  nos  deux  solutions  peuvent  alors  se  mettre  sous  la  forme  v  =  ^^*^<t>i{'^)> 
V  =s  e~*'**'^i(w),  les  fonctions  ^,  et  yfr^  Etant  rEelles  et  telles  que 

On  dit  encore  dans  ce  cas  que  Gq  est  instable. 

4^.  Ou  bien  a  est  multiple  de  iirf  U;  c'est  un  cas  limite,  qui  ne  se  pr^sentera 
pas  en  gEn^ral  et  que  nous  laisserons  de  cotE  pour  le  moment ;  dans  ce  cas  les 
expressions  (2)  peuvent  prendre  une  forme  degEn^rescente  ou  figure  log  u; 
ainsi  qu'il  arrive  dans  le  cas  des  racines  multiples  pour  les  Equations  linEaires  k 
coefficients  constants. 
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PlaQons  nous  d'abord  dans  le  1*'  cas,  et  soient  p  et  ^  le  modale  et  I'argument 
de  la  1^*^  solution  (2) ;  alors  I'equation  (1)  admettra  oomme  solutions  particu- 
lieres, 

et  comme  solution  g^n^rale 

(8)  v^Apsm(0-^l3), 

oil  13  et  A  sont  des  constantes  d'int^gration. 
Soit  en  particulier 

v^  =  psm0^         V,  =  /)C08^, 
on  aura 

(4)  >^»-l-^S^' 

B  ^tant  une  constante.  La  formule  (4)  ou  tout  est  d'ailleurs  r6el  nous  montre 
que  tg  0  varie  toujours  dans  le  meme  sens,  par  exemple  toujours  en  croissant ; 
car  si  tg  0  allait  toujours  en  decroissant,  il  nous  suffirait  d'intervertir  le  role 
des  deux  solutions  (2).     Done  0  est  une  fonction  croissante  de  u. 

Supposons  qu'on  ait  pris  Tunit^  de  longueur  de  telle  fa9on  que  la  longueur 
totale  de  G^  soit  ^gale  h,  27r.  Qu'arrivera-t-il  quand  u  augmentera  de  iirt 
II  arrivera  que  p  ne  changera  pas  et  que  0  augmentera  de  iairji  (ce  qui  nous 
montre  d'ailleurs  que  aji  doit  etre  positif  si  Ton  vent  que  0  soit  croissant). 

Cela  pos^,  nous  appellerons  argument  reduit  d'un  point  sur  la  geod^ique 
fermee  G^  la  quantity 


Si  nous  avons  une  unite  de  longueur  quelconque  et  que  CT  soit  la  longueur 
totale  de  G^ ,  Targument  r^uit  sera 

2i7r0 

H  r^ulte  de  \h  que  Targument  reduit  augmente  constamment  de  0  ^  29r  quand 
on  parcourt  la  g^odesique  tout  entiere.  Get  argument  reduit  pent  done  servir 
k  d^finir  la  position  d'un  point  sur  G^. 

Revenons  k  la  solution  g^n^rale  (3) ;  elle  repr^sente  une  g&>d&ique  G  ti^s 
pen  differente  de  G^'y  les  points  d'intersection  successifs  de  G  et   G^  seront 

donn^  par  la  formule 

0^P  +  KTr, 
oil  jiTest  un  en  tier  quelconque. 

Le  K^^*  foyer  du  point  tf  =  /9,  sera  done  le  point  0=^/3  +  Kir ;  d'oii  oette 
consequence :  ie«  arguments  rSduits  d'un  point  et  de  son  K^^  foyer  different 
d*une  quantite  constante  et  positive 

Kiir  27r 
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L'analyse  qui  pr&^e'  ne  differe  pas  de  celle  du  No.  847  du  tome  8  de  mon 
ouvrage  sur  les  m^thodes  nouvelles  de  la  m^anique  celeste.  Au  No.  849 
j'ai  envisage  les  solutions  instables  et  j'ai  montr^  qu*elles  se  r^partissent  en 
trois  categories. 

1^.  Ou  bien  <x  est  r^  et  ^(t^)  ne  s'annule  jamais  (solutions  instables  de  la 
l***  cat^gorie).     On  a  alors 


e~ 


ce  qui  montre  que  le  1*'  membre  qui  est  toujours  fini  et  croissant  ne  pent 
s'annuler  qu'nne  fois;  comme  e"^**  ne  s'annule  pas,  il  en  r^ulte  que  ^(?/)  ne 
pent  s'annuler  qu'une  fois;  et  comme  '^{u)  est  p^riodique,  y]r(u)  ne  s'annule 
jamais.     D'ailleurs  la  solution  g^n^rale  de  (1)  sera  encore  de  le  forme 

ce  qui  montre  que  v  ne  pent  s'annuler  qu'une  fois:  Aucun  point  de  6^  rCa 
done  de  foyer. 

2°.  Ou  bien  a  est  r^l  et  <^(  w)  s'annule  (solutions  instable,  de  la  2'**  categoric). 

La  formule  (5)  nous  montre  alors  que  (I'integrale  du  2^  membre  ^tant  tou- 
jours croLSsante  et  devenant  infini  quand  <^  s'annule)  entre  deux  zeros  cons^cutifs 
de  <^(?^),  il  y  a  un  zero  de  v  et  un  seul. 

En  particulier  entre  deux  zeros  de  <^(?^),  il  y  a  un  zero  de  ^(w)  et  un  seul. 
Si  done  u^^  u^^  u^^  etc.  sont  les  zeros  successif s  de  <^ ( m ) ,  les  valeurs  de  ^ ( Wq ) » 
-^(i^,),  ^(^2)5  •••sont  alternativement  positifs  et  n^gatifs;  mais  la  fonction 
'^(t^)  etant  p^riodique,  doit  revenir  h,  la  m^me  valeur  quand  on  fait  tout  le  tour 
de  Gq.     Done  le  nombre  des  zeros  de  <f>{u)  est  toujours  pair.     Soient  done 

Wy,  Wj,  W2I  •  ••»  ^ni 

les  zeros  successif s  de  <^(w)  (pair-n).  Tout  point  situd  entre  ti^  et  u^  aura  son 
foyer  entre  Wj  et  u^  et  quand  I'argument  d'un  point  croitra  de  Wq^  ^1  I'argument 
de  son  foyer  croitra  constamment  de  u^  h  u^;  car  s'il  cessait  de  croitre,  c'est 
qu'un  mcme  point  aurait  plusieurs  foyers,  ce  qui  est  impossible. 

Supposons  que  a  soit  positif ;  alors  pour  u  positif  et  tres  grand  v  sera  sen- 
siblement  proportionnel  k  e'^^(f> (u);  pour  u  n6gatif  et  tres  grand  v  sera  sensible- 
ment  proportionnel  h  e~"'*^(w). 

Les  foyers  d'ordre  positif  et  tres  grand  seront  done  tres  voisins  de  I'un  des 
z^ros  de  <l>{u). 

Les  foyers  d'ordre  n^gatif  et  tres  grand  seront  tres  voisins  de  I'un  des  z6ros 
de  ^  (  w  ) .     Soient  alors 

les  z^ros  successif s  de  ^(w);  u^  ^tant  compris  entre  u^  et  u^ . 
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Soient  M^  et  M\  des  points  de  G^  qui  ooxrespondent  respectivement  ll  u .  et 
u\.  Soit  F^  un  point  queloonque  situ^  entre  M^  et  Jlf^,  i^^  son  K^^  foyer. 
Alors  pour  ^  <  n,  ^^  sera  oompris  entre  J^  et  M'^\  on  voit  ensuite  que  F^  est 
oompris  entre  M^  et  Jtf'^;  je  dis  que  c'est  entre  M^e^t  F^\  si  en  effet  F^  £tait 
oompris  entre  Jf^  et  i^^,  i^^  serait  oompris  entre  M'^  et  F^  et  par  oons^uent 
entre  M'^  et  ^q;  plus  g^neralement  F^  serait  oompris  entre  Jf^  et  F^.  Done 
i^^  ne  pourrait  tendre  vers  I'un  des  z^ros  de  ^(ti)  quand  k  tend  vers  +  oo . 
En  cons^uence  les  points 

sont  entre  M^  et  F^  et  quand  K  croit  constamment  et  indefiniment,  ils  se  rap* 
prochent  constamment  et  ind^finiment  de  3/^.     Au  contraire  les  points 

sont  entre  M'^  et  F^  et  quand  ^  croit  constamment  et  ind^finiment,  ils  se  rap- 
prochent  constamment  et  ind^finiment  de  M[.  Les  z^ros  de  ^(u)  et  ceuz  de 
^(u)  peuvent  en  oons^uence  recevoir  le  nom  de  foyers  Umites.  Telle  est  la 
loi  de  la  distribution  des  foyers  pour  les  g6odesiques  fermees  instables  de  la  2^ 
categoric. 

3^.  Ou  bien  enfin  a  est  de  la  forme  a  +  iir  /  U,  a  etant  r^  (solutions  in- 
stables de  la  8^""*  categoric). 

D'apres  ce  que  nous  avons  vu  au  No.  359  (loc.  cit.),  ces  solutions  jouissent 
des  memes  propri^t^s  que  celles  de  la  2^*  categoric.  On  a  d'apres  ce  qu'on  a  vu. 
plus  haut  deux  solutions  de  la  forme : 

avec 

et  la  solution  g^nerale  s'ecrit : 

(5  bis)  v  =  ^"'<l>,iu)Bf^_J^,^^y 

Nous  voyons  que  ^i{u)  doit  s^annuler,  puisque  cette  fonction  change  de  signe,. 
qu^entre  deux  zeros  de  <^^(i^),  il  y  a  un  z^ro  de  ^^(t^)  et  un  seul. 

Ce  que  nous  avons  dit  de  la  distribution  des  foyers  successifs  et  de  leurs  rela- 
tions avec  les  z^ros  de  <^  et  de  ^  (dont  le  role  est  joue  ici  par  les  z^ros  de  <f>^  et 
de  yjr^ )  subsiste  sans  changement ;  la  seule  difference  c'est  que  le  nombre  de^ 
zeros  de  <f>i{u)  au  lieu  d'etre  toujours  pair^  est  toujours  impair. 

En  effet  la  fonction  '^^{u)  doit,  non  pas  revenir  k  la  m^me  valeur,  mais  au 
contraire  changer  de  signe  quand  on  fait  tout  le  tour  de  Gq  . 

Dans  le  cas  des  surfaces  eon  vexes  tout  point  a  un  foyer  dont  la  distance  k 
ce  point  est  inferieure  i\  une  limite  donnee ;  il  n'y  a  done  pas  de  g&d&iques 
fermees  instables  de  la  l*""*  categoric ;  il  y  en  a  au  contraire  pour  les  surfaces  k 
courbures  opposees. 
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Au  No.  355  (loc.  cit.)  j'ai  montr^  que  la  condition  necessaire  et  suffisante 
pour  qu'une  trajectoire  ferm^e  corresponde  h  un  minimum  de  Taction,  c'est 
qu'elle  soit  instable  de  la  l^^""  categorie.  II  r^sulte  de  1^  que  sur  une  surface 
conveze,  il  n'y  a  pas  de  g^odesique  ferm^  qui  soit  plus  courte  que  toutes  les 
oourbes  fermees  infiniment  voisines.  Cela  est  d*ailleurs  aise  h  ^tablir  directe- 
ment. 

Consid^rons  un  ellipsoide  et  ses  trois  ellipses  principales ;  la  plus  grande  et  la 
plus  petite  sont  des  geod^siques  fermees  stables ;  la  mojenne  est  une  g^od^ique 
ferm^  instable  de  la  2^^  categoric.  Sur  un  hyperboloi'de  h  1  nappe,  I'ellipse  de 
gorge  est  une  geod&ique  fermee  instable  de  la  1*"  categorie. 

U  est  ais6  de  voir  (loc.  cit.,  No.  878)  que  si  deux  geodesiques  fermees  vien- 
nent  k  se  confondre,  pour  disparaitre  ensuite  en  devenant  imaginaires  (lors- 
qu'on  fait  varier  d'une  mani^re  continue  le  parametre  que  nous  appelions  t  dans 
le  §  precedent).  Tune  d'elles  est  stable  et  I'autre  instable.  D'oii  il  resulte  que 
dans  une  meme  s^rie  continue,  Texc^s  du  nombre  des  g^od^iques  stables  sur 
celui  des  geodesiques  instables  est  constant.  Or  nous  avons  vu  que  les  g^ 
d^siques  fermees  sans  point  double  forment  une  ou  plusieurs  series  continues,  et 
d'autre  part  que  Ton  pent  toujours  passer  d'une  maniere  continue  d'une  sur- 
face convexe  quelconque  k  une  autre. 

Done  si  sur  une  surface  convexe  quelconque  on  envisage  toutes  les  geo- 
disriques  fermees  sans  point  double  Vexces  du  nonibre  de  celles  qui  sont  stables 
sur  le  nomhre  de  celles  qui  sont  instables  est  constant ;  il  est  done  le  meme  que 
pour  I'ellipsoide,  il  est  done  egal  a  1. 

Sur  une  surface  convexe^  il  y  a  done  toujours  au  moins  une  geodesique 
fefi*mee  stable  sans  point  double. 

Bemarquons  que  a  que  Ton  appelle  Fexposant  caracteristique  de  G^  est  par 
ce  qui  precede  entiferement  determine.  On  pourrait  croire  le  contraire,  car  si  U 
est  la  longueur  totale  de  (r^ ,  on  a 

e»-<^(w)==c        '^^   [^(w)e   ~^  ], 

ou  <f>(^ji)e~'^^''^^^  est  comme  <l>{u)  une  fonction  p^riodique.  II  semble  done  que 
I'on  puisse  remplacer  a  par  a  +  2i7r/  U  ou  par  a  +  2ki7r /  U (k  entier  positif  ou 
n^gatif).  Mais  dans  le  cas  des  geodesiques  instables,  il  n'y  a  qu'une  des  quan- 
tites  a  +  2ki7r/  U  qui  soit  r^elle  et  c'est  celle  qu'il  convient  d'adopter. 

Dans  le  cas  des  geoddsique  stables,  a  est  entierement  determine  par  la  con- 
dition que  Targument  Q  augmente  de  aU\i  quand  on  fait  le  tour  de  la  geo- 
d^ique  G^ .  Autre  remarque :  considerons  une  g6od6sique  instable  de  la  2'*"  ou 
de  la  3*°*®  categories ;  elle  fera  partie  d'une  s^rie  continue  au  sens  du  §  4.  Je  dis 
que  le  nombre  des  z6ros  de  <f>(u)^  d'oii  depend  comme  nous  venons  de  le  voir,  la 
loi  de  distribution  des  foyers,  demeurera  constant;  car  il  ne  pourrait  varier  que 
si  <f>{u)  et  <l>\ic)  s'annulaient  en  mdme  temps,  ce  qui  ne  peut  avoir  lieu.     Une 
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B^rie  continue  pent  ae  partager  en  sections^  de  telle  faQon  qae  dans  one  section 
par  exemple  toutes  les  g^od^iques  soient  stables,  dans  la  suivante  toutes  instables, 
dans  la  suivante  toutes  stables,  et  ainsi  de  suite.  Auz  points  oii  Ton  paase  d'une 
section  k  I'autre,  I'exposant  caract<^ristique  est  multiple  de  iirjU.  Eh  bien 
dans  une  mhne  section  d'une  rneme  serie  continue^  le  nombre  des  foyers  limites 
est  invariable. 

Dans  le  cas  des  g^od^siques  instables,  il  y  a  plusieurs  mani^res  de  definir 
I'exposant  a;  nous  pouvons,  comme  nous  I'avons  fait  jusquMci,  supposer  a  reel 
pour  celles  de  la  1*"  et  de  la  2'*"  categoric,  tandis  que  pour  celles  de  la  3*™*  cate- 
goric, on  supposera  la  partie  imaginaire  de  a  egale  A  iV  /  U.  Mais  on  peut 
^galement  adopter  une  autre  solution. 

On  peut  supposer  que  la  partie  imaginaire  de  a  est  cgale  k  7U7r/f7,  n  etant 
le  nombre  des  zeros  de  <^(t/)  (ou  de  <f>^);  Texemple  qui  va  suivre  nous  fera 
comprendre  les  raisons  qui  pourraient  justifier  cette  convention.  Envisageons 
la  surface 

q  et  q^  ^taut  deux  constantes. 

Cette  surface  est  convexe  et  fermee  si  q^  est  suffisamment  petit;  car  elle 
differe  trt^s  peu  de  rellipsoide  de  revolution 

.T^  +  2/-^  +  ^^-  =  l. 

Elle  admet  une  geodesique  fermee  qui  est  le  cercle 

2  =  0,         a^  +  2/'=l. 

Si  pour  ce  cercle,  nous  exprimons  x  et  y  en  fonctions  de  Tare  w,  nous  trouvons 

X  =  cos  w ,  y  =  sin  ?/ . 

L'equation  des  geodesiques  infiniment  peu  diffcrentes  de  ce  cercle  sera 

■y'  +  i{ (f  —  ?i  cos  u)v  =  0 . 

Nous  reconnaissons  une  equation  qui  a  fait  I'objet  de  travaux  nombreux  (loc. 
cit.,  Tome  2,  Cbapitre  17),  les  notations  sont  les  mC^mes  que  dans  ce  chapitre  17 
h  la  condition  de  changer  a;  en  v  et  2^  en  t/ .  Le  role  de  Texposant  a  est  le 
mC'me  que  celui  que  jouait  dans  I'ouvrage  cite  la  quantite 

ih 
2" 


Si  done  q^  est  petit  nous  avons  sensiblement 
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D'ailleurs  a  est  imaginaire  et  la  g6od^ique  stable,  ^  moins  que  q  ne  soit  voisin 
d'un  entier. 

Si  q  est  voisin  d'un  entier,  n  de  telle  fa9on  que  sur  la  figure  de  la  page  243 
(loc.  oit.)  le  point  de  coordonn^es  f ,  ^^  se  trouve  dans  une  des  regions  cou- 
vertes  de  hachures,  la  geodesique  est  instable.  D*apr^  le  No.  852  (loc.  cit., 
Tome  8)  elle  est  toujours  de  la  2^*  ou  de  la  8*"*  cat^gorie). 

Quel  est  le  nombre  des  z^ros  de  ^(t^)  ou  de  <^j(i/)?  II  suffit  de  remarquer 
que  sur  Tune  des  courbes  qui  limitent  les  regions  couvertes  de  hachures  (loc. 
cit.,  No.  852)  la  fonction  ^  ou  ^^  est  impaire  et  se  r^duit  sensiblement  (^  cause 
de  la  petitesse  de  f^)  ^  sin  quj2^  ou  k  sin  7iu/2  puisque  q  est  tres  voisin  de  n. 

Le  nombre  des  z6ros  de  <^(i^)  ou  de  4^^{u)  e»t  done  n  et  celui  des  foyers 
limites  est  2n,  dont  n  pour  les  z6ros  de  ^(i^)  et  n  pour  les  z^ros  de  '^{u). 
Cela  nous  montre : 

1^.  quHl  existe  des  surfaces  qui  admettent  des  g6od^iques  ferm6es  instables  de 
la  2"^*  et  de  la  8^°""  categories,  le  nombre  des  foyers  limites  pouvant  6tre  quelconque. 

2^.  que  si  Ton  veut  qi^e  a  soit  une  fonction  continue,  il  faut  lui  attribuer  pour 
partie  imaginaire  niir  j  U^  2n  ^tant  le  nombre  des  foyers  limites. 

§  6.     De  quelques  types  de  geodesiques  fermies. 

Soit  Gq  une  g^od^sique  fermee  stable  dont  la  longueur  totale  est  U  et  qui 
appartient  h  une  s^rie  continue.  Soit  a  son  exposant  caracteristique^/  II  est 
clair  que  U  et  a  sont  des  fonctions  continues  du  parametre  que  nous  avons 
appele  ^  au  §  1  et  qui  correspond  ^  cette  serie  continue. 

Supposons  que  pour  une  certaine  valeur  de  <,  pour  ^  =  ^^  par  exemple,  le  pro- 
duit  a  U  soit  commensurable  avec  iV  par,  exemple  egal  h. 

miir 
^ '  n    ' 

m  et  71  etant  deux  en  tiers  premiers  entre  eux.     L'argument  reduit  d'un  point 
et  de  son  K^^*  foyer  diff^reront  de 

iiK 


ce  qui  montre  que  tout  point  de  notre  geodesique  G^  coincidera  avec  son  2m^""* 
foyer.  Si  Ton  considere  un  point  M A.e  G^^  et  la  gdodesique  issue  du  point  M 
et  infiniment  voisine  de  G^  on  voit  qu'elle  viendra  repasser  en  Jf  ,  aux  infiniment 
petits  pres  d'ordre  superieur  apres  avoir  recoup^  G^  2m  fois  (le  point  M  com- 
pris).  Elle  aura  ainsi  fait  n  fois  le  tour  de  la  geodesique  G^ .  Les  principes 
expos^  dans  le  Chapitre  28  (loc.  cit.)  nous  permettent  d'interpr^ter  ce  r6sultat. 
II  existe  outre  la  geodesique  G^^  deux  autres  g^od^siques  fermees  G^  et  G[ 
jouissant  des  propriet^s  suivantes : 
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1^.  Pour  ^  <  ^0  (par  exeinple)  oes  deux  geodesiques  n 'existent  pas  ou  platot 
sont  imaginaires ;  2°.  Pour  ^  >  ^^  elles  sont  toutes  deux  r^elles ;  3°.  Pour  t^t^ 
elles  se  confondent  entre  elles  et  se  reduisent  Tune  et  Tautre  k  la  geodesique  G^ 
parcourue  n  fois;  4^.  Elles  appartiennent  k  une  m^me  serie  continue;  5^. 
Tune  d'elles  est  stable  et  I'autre  instable. 

La  relation  de  G^  et  G[  avec  G^^  est  la  m^me  que  celle  qu'on  rencontre  en 
m^canique  celeste^  entre  les  solutions  periodiques  de  la  2^*  et  de  la  8^*°*  sorte 
et  celles  de  la  1^'*  sorte,  ou  entre  les  solutions  du  2^  genre  et  celles  du  1*'  genre. 
La  serie  continue  aS'j  ^  la  quelle  appartiennent  G^  et  G[  peut  done  ^tre  regardde 
comme  engendrie  par  la  s^rie  S^  k  la  quelle  appartient  G^^ ;  oomme  le  produit 
aU^  en  variant  d*une  maniere  continue,  passera  une  infinitude  fois  par  des 
valeurs  commensurables  avec  iV,  la  serie  S^  engendrera  une  infinite  d'autres 
series  continues.  Et  comme  Tune  des  deux  geodesiques  G^  et  G[  est  stable,  le 
s^rie  S^  va  k  son  tour  engendrer  de  la  m^me  maniere  une  infinite  d'autres  series. 

Nous  avons  vu  qu'il  y  a  toujours  une  geodesique  ferm^  stable,  sans  point 
double.  Appelons-la  G^ .  Supposons  qu'elle  engendre  oomme  nous  venons  de 
Texpliquer  deux  autres  g^od^iques  ferm^cs  G^  et  G[ ;  soit  mi7r/n  la  valeur 
correspondante  de  aU.  Pour  des  valeurs  de  t  tres  voisines  de  t^y  ces  deux 
geodesiques  diff^reront  tr^s-peu  de  G^  et  nous  obtiendrons  leur  Equation  approxi- 
mative en  reprenant  I'analyse  du  §  precedent ;  nous  trouverons  alors  (en  repre- 
nant  les  Equations  (3)  du  §  2  precedent) 

V  =s  Ap sm(d  —  /J)     pour  G^^ 

V  =  A'p  sin  (^  -  /3' )     pour  G[ , 

Ay  ^y  A\  ^'  etant  des  constantes. 

Les  points  d'intersection  de  G^^  et  de  G^  par  exemple  nous  sont  donnas  par 
la  formule 

d^P  +  Kir     (Rentier), 

et  les  valeurs  correspondantes  de  Targument  r^duit  sont 

2iirfi      KTrZiir       nfi       n 

all  all      "^  m       m 

Combien  I'expression 

nK 


peut-elle  prendre  de  valeurs  distinctes,  deux  valeurs  n'^tant  pas  regard^es  comme 
distinctes  lorsqu'elles  different  d'un  entier  pair?  Evidemment  2m;  done  le 
nombre  des  points  dHntersection  de  G^  avec  G^^  et  par  consequent  avec  une 
geodesique  quelconque  de  le  serie  JS^  est  egal  a  2m, 

Cherchons  maintenant  le  nombre  des  points  doubles.     Supposons  la  g^od^sique 
ferm6e  G^^  partag6e  en  2m  arcs  par  ses  2ni  points  d'intersection  avec  G^ ;  ces 
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arcs  seront  altemativement  d'un  cot6  et  de  Tautre  de  G^;  d'ou  il  suit  qu'un  arc 
de  rang  pair  ne  peut  pas  couper  un  arc  de  rang  impair,  mais  que  deux  arcs  de 
rang  pair,  ou  deux  arcs  de  rang  impair  peuvent  se  couper. 

J'observe  ensuite  que  v  =  partie  r^elle  e**<^(w)  est  une  fonction  uniforme  de 
u  de  sorte  que  les  points  doubles  correspondront  aux  valeurs  de  u  pour  les- 
quelles  on  aura 
(A)  v(u)=v{u  +  2irir), 

^6tant  entier,  et  qu'il  n'y  en  aura  pas  d'autre.     Nons  avons  d'ailleurs 

car  v(u)  et  v{u+  2Khr)  sont  deux  int^grales  de  I'^quation  lin^aire  (1)  du  § 
pr^cMent  ce  qui  montre  que  le  rapport  de  ces  deux  integrates  va  constamment 
en  croissent  ou  constamment  en  d6croissant.  £ntre  deux  z^ros  cons^cutifs  de 
v{u)^  qui  correspondent  aux  valeurs  +  oo  et  —  oo  de  ce  rapport,  il  prendra 
done  une  fois  et  une  seule  la  valeur  z^ro,  une  fois  et  une  seule  la  valeur  1. 
Entre  deux  points  d' intersection  cons^utifs  de  G^  et  de  la  branche  v{u)  de  la 
g6od6sique  G^  (points  donn^  par  l'6quation  v(w)  =  0),  il  y  aura  un  point 
d' intersection  de  G^  et  de  la  branche  v(w  +  iKir)  de  la  g^od^sique  (r,  (point 
donn^  par  T^quation  v{u+  ^Kir)  =  0)  et  il  n'y  en  aura  qu'un  seul ;  de  plus  il 
y  aura  un  point  double  donn6  par  I'^quation  (4)  et  il  n'y  en  aura  qu'un  seul. 

Cela  nous  permet  d'^num^rer  les  points  doubles.  Donnons  k  Pentier  K  une 
valeur  d6termin6e  et  faisons  varier  i^  de  0  ^  2nir^  nous  aurons  2m  points  d'in- 
tersection  de  G^  avec  la  branche  v(t^)  de  (r, ;  cela  nous  donnera  done  2m  points 
doubles.  Maintenant  nous  pouvons  donner  k  K\es  valeurs  l,2,-*-n  —  l,ce 
qui  fait  en  tout  2m  (  ti  ~  1 )  points  doubles.  Mais  chaque  point  double  est  ainsi 
compt6  deux  fois,  puisqu'on  retrouve  le  m^me  en  changeant  u  etKenu  +  2Kir 
et  71  —  IT. 

Le  nombre  total  des  points  doubles  pour  la  geodesique  G^  qui  differe  infini- 
ment  peu  de  G^^  et  par  consequent  aussi  pour  toutes  les  geodesiques  fermees  de 
la  serie  S^ ,  est  done  m  (  ti  —  1 ) . 

Pour  71  =  1,  on  iCtrouve  des  geodesiques  fermees  sans  point  double;  pour 
71  =:  2  on  constate  la  circonstance  suivante :  Les  divers  arcs  de  G^  partagent  la 
surface  en  m  +  2  regions,  dont  m  sont  des  polygenes  curvilignes  de  deux  c6tes 
et  les  deux  autres  des  polygenes  curvilignes  de  m  cotes.  Si  m  n'est  pas  egal  h  3 
aucun  de  ces  polygenes  n'est  un  triangle,  de  sorte  que  d'apr^s  ce  que  nous  avons 
dit  au  §  4,  la  disposition  des  points  doubles  ne  peut  varier  quand  on  parcourt 
la  serie  S^  d'une  mani^re  continue ;  toutes  les  geodesiques  de  cette  serie  appar- 
tiennent  done  au  meme  type. 

II  semble  qu'il  y  ait  exception  pour  tti  =  3  et  que  deux  types  soient  possibles, 
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repr^sent^s  par  les  figures  1  et  2  ;  mais  la  disposition  de  la  figure  2  est  impos- 
sible. En  effet la  oourbe  2  limite quatre  regions  Ay  JB^  Cy  D;  h,  r^on  D  est 
un  triangle  dont  les  trois  angles  sont  <x,  )3,  7;  la  courbure  totale  de  D  est 
a  +  ^+7  —  -jr;  de  m§me  celles  de  ^ ,  jB,  C  sont  respectivement  a  +  tt  ,  )8  +  tt, 
7  +  TT ;  de  sorte  que 

^  -f  5  -f  C  >  2)  +  47r  >  49r, 

chacune  des  grandes  lettres  repr^entant  la  courbure  totale  de  la  region  oor- 
respondante.     Ce  qui  voudrait  dire  que  la  courbure  totale  des  trois  regions 


Fio.  1.  Fig.  2. 

Ay  By  C  r^unies  serai t  plus  grande  que  celle  de  la  surface  enticre,  r6sultat  ^vi- 
demment  absurde. 

Supposons  maintenant  une  g6od6sique  G^j  de  la  s(^rie  S^  qui  ne  soit  plus  tr^s- 
peu  difFerente  de  G^^.  Je  considere  le  produit  aU  correspondant  et  je  suppose 
qu'il  passe  par  la  valeur 

2m,  ITT 


commensurable  avec  iV.  D'apres  ce  que  nous  venons  de  voir,  la  serie  S 
engendrera  une  autre  serie  S^;  soit  G.^  une  des  geodesiques  de  cette  serie  et  par 
exemple  celle  qui  diff^re  tres  peu  de  la  geod6sique  G^  parcourue  7ij  fois.  On 
voit  d'abord  qu'elle  rencontrera  G^^  en  27nn^  points.  En  combien  de  points  ren- 
contre-t-elle  G^  ?  Les  points  d' intersection  seront  de  deux  sortes.  D'abord  h 
chaque  point  double  de  G^  correspondront  27ij  points  d'intersection.  En  eflfet 
en  chaque  point  double  viennent  passer  2  branches  de  G^y  soient  B  et  B'y  et 
alors  B  rencontre  n^  branches  de  G^  trds  peu  diff6rentes  de  B';  et  B'  rencontre 
Tij  branches  de  G^  tr^s  peu  differentes  de  B .  On  obtient  ainsi  2m??,  ( w  —  1 ) 
points  d'intersection.  II  faut  y  ajouter  les  2m^  points  d'intersection  de  G^  avec 
la  branche  correspondante  de  G^y  soit  en  tout 

2mn,  (-71  —  1 )  +  2mi . 
Combien  G^  aura-t-elle  de  points  doubles  ?     Chaque  point  double  de  G^  nons 
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donnera  d'abord  n^  points  doubles  de  G^^  car  nous  avons  les  n^  branches  pen 
diff^rentes  de  jB,  qui  coupent  en  n\  points,  les  n^  branches  pen  diff^rentes  de  B'; 
nous  avons  en  outre  m^  (  ti^  —  1 )  points  doubles  obtenus  par  des  equations  anal- 
ogues k  (4),  soit  en  tout 

mnl{n  —  1)  +  m^(n^  —  1). 

Ainsi  G^  et  par  consequent  toutes  les  geodesiques  de  la  serie  S.^  cou- 
peront  G^  en  2mn^  points^  G^  en  2mn^  ( w  —  1 )  +  2m,  points  et  auront 
mnj(n  —  1)  +  m,(w  —  1)  points  doubles. 

U  y  a  une  autre  quantity  qui  demeure  invariable  dans  toutes  les  g^desiques 
d'une  m^me  serie,  c'est  la  oourbure  totale  de  la  region  limits  par  la  g^od6sique ; 
dans  le  cas  d'une  oourbe  ferm^e  sans  point  double,  c'est  27r;  dans  le  cas  de  la 
figure  1,  c'est  47r  en  comptant  A,  B  et  C  une  fois,  et  D  deux  fois, oonform^ment 
aux  conventions  habituelles.  y 

,  §  7.     Existence  d'une  geodesiquefermee. 

Nous  avons  vu  plus  haut  qu'il  y  a  tou jours  au  moins  une  g^od^sique  ferm^e 
sans  point  double.  Bien  que  la  demonstration  ne  laisse  rien  h  d^sirer  au  point 
de  vue  de  la  simplicity,  je  crois  cependant  devoir  en  donner  une  seconde,  quoique 
beaucoup  moins  simple. 

Soit  une  g^od^ique  ferm6e  sans  point  double,  elle  partagera  la  surface  en 
deux  regions  et  la  courbure  totale  de  chacune  de  ces  deux  regions  sera  27r. 
Consid^rons  maintenant  toutes  les  courbes  ferm^es  sans  point  double  qui  par- 
tagent  la  surface  en  deux  regions  dont  la  courbure  totale  est  27r .  La  longueur 
de  I'une  de  ces  courbes  ferm^es  ne  peut  pas  devenir  plus  petite  que  toute  quan- 
tity donn^e ;  car  si  cette  courbe  se  r6duisait  k  un  contour  infiniment  petit,  la 
courbure  totale  de  I'une  des  regions  limit^s  par  ce  contour  serait  elle-m^me 
infiniment  petite. 

Parmi  ces  courbes,  il  y  en  a  done  une  qui  est  plus  courte  que  toutes  les  autres, 
et  je  dis  que  c'est  une  g6od6sique. 

C!ontentons-nous  d'abord  d'un  premier  aper^u,  afin  de  faire  compendre  le 
principe  de  la  demonstration. 

Soit  C  une  courbe  ferm^  quelconque  et  R  I'une  des  regions  limit^es  par 
Cy  soit 

la  longueur  totale  de  C  et  la  courbure  totale  de  R ;  dans  ces  f ormules  ds  repr6- 
sente  I'^^ment  d'arc  de  (7,  d(o  I'^^ment  de  surface  de  jS,  et  p  le  produit  des 
deux  rayons  de  courbure  principaux. 

Consid^rons  une  courbe  C  tres  pen  diff^rente  de  (7et  limitant  une  region 
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Ii\  soit  t  1a  distance  de  ces  deux  courbes  comptee  sur  la  normale  k  O.     Soit 
Z7+  SCTla  longueur  de  C,  et  fl  +  Sfl  la  oourbure  totale  de  R' ;  on  aura 

7  repr^sentant  la  courbure  g^odesique  de  (7.     Nous  nous  sommes  impose  la  con- 
dition fl  =  2*77,  et  nous  voulons  que  U  soit  minimum;  nous  devons  done  avoir 

Ces  deux  ^nations  doivent  done  6tre  ^quivalentes,  c'est  k  dire  qu'on  doit  avoir 

K 

^^tant  une  constante. 

Mais  pour  une  courbe  ferm^  quelconque  C  limitant  une  region  jS  on  a 

J  yds  =s  fl  —  27r . 

Dans  notre  eas,  on  a  ft  :=  27r ;  d'oii 


-/7-»- 


Comme  la  surface  est  convexe,  p  est  essentiellement  positif  de  sorte  que  Tint^gpide 
fds/p  ne  pent  s'annuler;  on  aura  done 

ir=o,      7  =  0, 

ce  qui  veut  dire  que  la  courbe  C  est  une  giodisique, 

Examinons  maintenant  les  objections  qu'on  pourrait  {aire  k  ce  raisonnement 
incomplet.  Consid^rons  I'ensemble  des  courbes  analytiques  C  ferm^  et  sans 
point  double,  limitant  une  region  H  de  courbure  totale  27r ;  il  est  clair  que  la 
longueur  de  ces  courbes  aura  une  limite  inf^rieure ;  mais  on  peut  se  demander 
si  cette  limite  sera  effectivement  atteinte;  et  si  elle  le  sera  par  une  courbe  faisant 
partie  de  I'ensemble. 

Cette  courbe  pour  laquelle  le  minimum  serait  atteint  sera-t-elle  analytique, 
de  telle  fa^on  que  les  regies  du  calcul  des  variations  puissent  lui  6tre  appliqu^es? 

Et  si  elle  est  analytique,  sera-t-elle  d^pourvue  de  points  doubles,  ou  bien  ne 
pourrait-il  se  faire  que  tout  en  4tant  infiniment  voisine  de  courbes  sans  point 
double  elle  poss6dat  eUe-m^me  des  points  singuliers  ou  deux  de  ses  branches 
viendraient  k  se  toucher  ? 

Cela  fait  en  r^alit6  deux  objections  distinctes. 

La  1^**  est  d'ordre  analytique ;  c'est  celle  que  I'on  rencontre  dans  tons  les 
problemes  analogues ;  malgr^  son  importance,  je  n'en  parlerai  pas  ici,  je  me 
bomerai  k  renvoyer  aux  r6cents  travaux  de  M.  Hilbebt. 
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La  2^*  est  d'ordre  physique,  pour  ainsi  dire ;  elle  est  sp^ciale  au  probleme  qui 
nous  oecupe  et  nous  allons  en  {aire  un  examen  approfondi. 

Pour  la  bien  faire  oomprendre,  nous  allons  donner  h  notre  probleme  une  signi- 
fication physique  et  concrete.  Supposons  d'abord  un  gaz  enferm^  dans  une 
enceint^n  partie  d^formable,  il  exercera  sur  les  parois  de  cette  enceinte  une 
pression  qui  tendra  k  en  augmenter  le  volume,  le  travail  effectu^  par  la  pression 
de  ce  gaz  d^pendra  des  variations  de  ce  volume.  Au  lieu  d'uu  gaz,  nous  pou- 
vons  supposer  un  fluide  compressible  comme  un  gaz,  mais  tel  que  la  pression  soit 
li^  au  volume  non  par  la  loi  de  Mariotte,  mais  par  une  relation  quelconque. 
Alors  le  travail  virtuel  de  la  pression  pour  une  deformation  virtuelle  quelconque 
de  Tenceinte  sera  pB  V^p  designant  la  pression  du  gaz,  laquelle  doit  6tre  uniforme, 
et  SV  Taccroissement  virtuel  du  volume. 

Si  Tenceinte  n'est  susceptible  que  de  certaines  deformations,  Tequilibre  sera 
atteint  quand  le  volume  sera  maximum,  en  supposant  que  toutes  les  deformations 
possibles  se  fassent  sans  resistance.  Si  au  contraire  certaines  forces  opposent  k 
la  deformation  de  I'enceinte  et  que  le  travail  virtuel  de  ces  forces  soit  BW  h, 
condition  d'^quilibre  sera 

pSV+  STr=0. 

Supposons  main  tenant  que  notre  enceinte  soit  limitee:  1^.  Par  notre  surface 
convexe  S  elle-meme,  2°.  Par  une  autre  surface  convexe  aS'  infiniment  peu  dif- 
ferente  de  S  et  telle  que  la  distance  des  deux  surfaces,  comptee  suivant  la  nor- 
male  k  Sy  soit  egale  k  e/p ,  €  etant  une  coustante  infiniment  petite  et  p  le  produit 
des  rayons  de  courbure,  3°.  Par  un  ruban  infiniment  etroit  dont  les  bords  s'ap- 
puieront  sur  S  et  sur  S\  (c'est  ce  ruban  qui  va  epouser  la  forme  de  notre 
oourbe  fermee  (7,  de  telle  fa^on  que  notre  enceinte  sera  Tespace  infiniment  mince 
compris  entre  la  region  de  S  que  nous  avons  appelee  S  et  la  region  correspond- 
ante  de  S').  Le  volume  de  notre  enceinte  sera  alors  represente  par  Tinte- 
grale 


/ 


P 


Nous  supposerons  que  notre  ruban  resiste  plus  on  moins  k  Uextension,  mais 
qu'il  est  d'ailleurs  flexible  sans  resistance ;  sa  largeur  pourra  etre  supposee  une 
peu  plus  grande  que  la  plus  grande  valeur  de  e/p^  de  telle  sorte  que  ses  bords 
s'appliquent  sur  les  surfaces  aS"  et  S'  et  soient  colles  centre  ces  surfaces  par  la 
pression  du  fluide.  La  pression  du  fluide  tendra  k  allonger  le  ruban  et  mettra 
en  jeu  la  resistance  du  ruban  k  Textension,  c'est  k  dire  ce  qu'on  appelle  la 
tension  du  ruban ;  cette  tension  sera  coustante  tout  le  long  du  ruban,  puisque 
la  pression  du  fluide  est  normale  k  ce  ruban ;  nous  Tappellerons  T;  on  aura 
alors 
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{Z^tantla  longueur  totale  du  ruban,  c*est  k  dire  la  courbe  (7.  L'6qnatioQ 
d'^quilibre  s'6crit  alors 

peSa^  TSU. 

Si  le  fil  est  inextensible,  c'est  k  dire  si  un  accroissement  tres  petit  de  U  amene 
un  accroissement  tr^s  grand  de  /S:  la  longueur  U  est  constante  et  doit  6tre 
regard6e  comme  une  des  donn^es  de  la  question,  et  I'^quilibre  est  atteint  quand 
n  est  maximum. 

Si  au  contraire  le  fluide  est  incompressible,  c'est  k  dire  si  une  diminution  tres 
petite  du  volume  ambne  un  accroissement  tres  grand  de  p ,  c'est  II  qui  est  con- 
stant et  qui  est  une  donn6e  de  la  question  (comme  dans  le  cas  qui  nous  occupe 
ou  A  =  27r)  et  I'equilibre  est  atteint  quand  ^est  minimum. 

Consid^rons  un  segment  tres  petit  ds  du  ruban,  limits  en  AB  et  A' B* ;  tout 
se  passera  comme  si  le  ruban  6tait  coup6  en  ^^  et  ^'jS'  et  soumis  k  deux 
forces  appliqu6es  Tune  au  milieu  de  AB^  I'autre  au  milieu  de  A'B'  et  repr6- 
sentant  Tune  Taction  de  la  portion  du  ruban  situ^  an  dela  de  ^^,  Tautre 
Faction  de  la  portion  du  ruban  situ^  au  dela  de  ^'jS'  ;  ces  deux  forces  ne  sont 
autre  chose  que  la  tension  du  ruban ;  elles  sont  done  ^gales  en  grandeur  et 
6gales  k  T\  elles  doivent  faire  ^uilibre  k  la  pression  exerc^  par  le  flnide  sur 
le  segment  ABA'B'.  Projetons  tout  sur  la  normale  k  la  courbe  (7,  dans  le 
plan  tangent  k  la  surface  S.     La  projection  de  la  pression  du  fluide  sera 

P 

celle  de  la  tension  sera  Tda,  da  ^tant  Tangle  de  contingeuce  g^od^sique  de  C 
On  aura  done 

^^ds::^  Tda. 
9 

Comme  T^  p  et  6  sont  des  constantes,  nous  voyons  que  le  rapport  de  la  courbure 
g^od^sique  dajds  kl/p  doit  ^tre  une  constante;  nous  retrouvons  ainsi,  dans  un 
autre  langage,  le  rdsultat  obtenu  plus  haut. 

L'6quilibre  pourra  certainement  ^tre  atteint  d'une  fa^on  quelconque,  ce  qui 
ne  pent  se  faire  que  quand  C  sera  une  g6od^ique  ferm6e  a  moins  que^  et  c'est 
ici  que  nous  retrouvons  la  difficult^  signal6e  plus  haut,  deux  portions  du  ruban 
ne  viennent  se  coUer  Tune  centre  Tautre.  Dans  ce  cas  les  deux  portions  dn 
ruban  ainsi  coll6es  Tune  sur  I'autre,  subiraient  la  pression  du  fluide  des  deux 
cdt4s,  de  telle  fa^on  que  I'effet  de  cette  pression  se  trouverait  annuls. 

Dans  ce  cas  r6quation  d'^quilibre  s'6crirait,  pour  cette  portion  du  ruban, 

Tda=0, 

de  sorte  que  Tangle  de  contingeuce  g^od^sique  6tant  nul  cette  partie  du  ruban 
devrait  aifecter  la  forme  d'une  g^d^sique. 
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Ainsi  nous  devrons  distinguer  les  parties  libres  du  ruban  qui  devraient  satis- 
faire  k  la  condition  pdajds  ^  const.,  et  les  parties  coUees  qui  se  r6duiraient  k 
des  arcs  de  g6od6siques.  Que  se  passerait-il  maintenant  aux  points  de  raocorde- 
ment  ?  Je  dis  que  les  diverses  parties  du  ruban  devraient  se  raccorder  par  con- 
tact, c'est  k  dire  sous  un  angle  nul  et  de  fa^on  que  Tensemble  du  ruban  ne  pr6- 
sente  pas  de  point  anguleux . 

Soient  en  eSet  BAC^  EDF  deux  brins  du  ruban,  AB  ^tant  applique  sur 
ED ;  nous  savons  que  la  tension  est  constante  tout  t 
le  long  de  AB^  Ae  m^me  que  tout  le  long  de  AC^ 
de  ED  ou  de  DF\  mais  nous  ne  savons  pas  encore 
si  elle  est  la  m^me  par  exemple  sur  AQ  et  sur  AB . 

Mais  il  est  ais^  d*6tablir  ce  dernier  point ;  le  brin 
BA  (7  est  en  ^uilibre  sous  Taction  des  deux  tensions 
CT  et  ET'  appliques  h,  ses  deux  extr^mit^s,  de  la 
pression  du  fluide  et  de  Taction  exerc^  par  le  brin 
DE  sur  le  brin  A  B  sur  lequel  il  s'applique.  Cette 
action  (6gale  d'ailleurs  au  sens  pres  k  la  reaction  du 
brin  AB  sur  le  brin  DE)  est  normale  au  brin  AB^ 
puisque  les  deux  brins,  quoique  appliqu6s  Tun  sur 
Tautre,  peuvent  librement  glisser  Tun  sur  Tautre. 

Supposons  alors  que  le  brin  BA  C  se  d^place  pour 
venir  en  B' AC  (c'est  k  dire  glisse  en  passant  par 
le  point  fixe  A) ;  la  somme  des  travaux  virtuels  doit 
6tre  nuUe.  Or  le  travail  de  la  pression  et  celui  de  Taction  de  DE  sur  AB  sera 
nul,  puisque  oes  forces  sont  normales  aux  brins  sur  lesquels  elles  s'exercent.  Les 
travaux  des  deux  tensions  seront  done  6gaux  .et  de  signe  contraire,  ce  qui  exige 
que  les  deux  tensions  CTet  BT^  soient  ^gales.  c.  Q.  F.  D. 

Supposons  maintenant  les  arcs  AC  e^t  AB  tres  petits ;  soit  AM  le  prolonge- 
ment  de  la  tangente  en  ^  ^  AB ;  soit  a  Tangle  de  CT  avec  AM.  Projetons 
sur  une  perpendiculaire  il  AM  toutes  les  forces  qui  aggissent  sur  ABC.  Les 
pressions  seront  n^gligeables  puisque  les  arcs  sont  tres  petits  de  sorte  que  le 
brin  ABC  devra  ^tre  en  ^quilibre  sous  Taction  des  deux  tensions  et  de  Taction 
de  DE  sur  ^-B ;  il  faut  done  (puisque  les  tensions  sont  6gales)  que  cette  action 
soit  dirig^  suivant  la  bissectrice  des  deux  tensions ;  c'est  h  dire  qu'elle  fasse 
avec  la  perpendiculaire  2\  ^^  un  angle  a/2  ;  or  elle  est  normale  h  AB .  Done 
Tangle  de  raccordement  a  est  nul.  G.  Q.  F.  D. 

Ainsi  le  ruban  forme  une  courbe  sans  point  anguleux  le  long  de  laquelle  la 
tension  T  est  constante. 

Alors  la  courbure  totale  de  R  sera  encore 


Fig.  3. 
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I'int^grale  4tant  ^tendue  h  toute  la  partie  libre  da  ruban  ;  on  aura  done 


pe  r 
TJ 


P       ^' 


ce  qui  veut  dire  encore  que  p  =  (^/bu  que  la  courbure  g^od^sique  est  partout 
nuUe,  ou  que  le  ruban  entier  affecte  partout  la  forme  d'une  g6od6sique  ferm^. 

Si  alors  AB  et  A^B^  sont  deux  parties  du  ruban  collies  Tune  sur  I'autre,  si 
AC  et  A^C^  sont  les  parties  libres  du  ruban  au  del^  de  J.  et  de  ^^ ;  si  BB  et 
B^  D^  sont  les  parties  libres  du  ruban  au  dellt  de  B  et  de  B^ ,  toutes  ces  parties 
devront  appartenir  h  une  m^me  geod^ique ;  done  ^  C7  est  la  continuation  analy- 
tique  de  AB^  et  A^C^  celle  de  ^^J^j.  Ce  qui  est  absurde,  puisque  par 
hypotb^se  AB  coincide  avec  A^B^  et  que  -4C  ne  coincide  pas  avec  A^C^. 
L'hypothdse  od  deux  parties  du  ruban  viennent  se  coller  Tune  sur  I'autre  doit 
done  ^tre  ecart^e. 

Nous  devons  de  m^me  ^carter  celle  ou  deux  parties  du  ruban  viendraient  se 
toucher  en  un  point,  car  nous  avous  vu  que  deux  g^od^siques  ne  peuvent  ^tre 
tangentes  Tune  ^  I'autre. 

L'^uilibre  ne  pourra  done  ^tre  atteint  que  quand  le  ruban  prendra  la  forme 
d'une  geodesique  ferm^e  sans  point  double. 

§  8.     Discussion  du  minimum. 

La  courbe  C  dont  la  longueur  est  un  minimum,  doit  d'apr^  ce  qui  precede 
se  r^duire  k  une  geodesique ;  mais  cette  condition  n^cessaire  n*est  pas  suffisante ; 
c'est  celle  qui  se  rapporte  it  la  1*^  variation  et  nous  avons  <i  examiner  celle  qui 
se  rapporte  k  la  2"^^  variation. 

Soit  C  la  courbe  consideree,  qui  est  repr^ent^  sur  la  figure  en  AMBNEPA . 
Supposons  qu'il  existe  une  courbe  AM^  BN^  E  infiniment  pen  diff^rente  de  la 
l^''*  et  satisfaisant  comme  elle  ^  la  condition : 

Courbure  geodesique  =      i 

K  etant  une  constante  qui  pourra  ne  pas  avoir  la  m^me  valeur  que  pour  la 
courbe  C  (c'est  ^  dire  la  valeur  zdro). 

Je  suppose  de  plus  que  la  courbure  totale  de  I'aire  infiniment  petite  AM^  BMA , 
soit  cgale  i\  la  courbure  totale  de  I'aire  BNEN^B^  de  telle  fa<^on  que  les  deux 
courbes  fermees  AMBNEPA  et  AM^BN^EPA  enveloppent  des  aires  de 
m^me  courbure  totale. 

Je  considdre  les  angles  sous  lesquels  les  deux  courbes  AMBNE ^  AM^  BN^  £ 
se  coupent  en  ^^  en  Z^  et  en  J?  comme  des  infiniment  petits  du  1*^''  ordre,  et  je 
remarque  d'abord  que  la  difference  des  longueurs  des  deux  courbes  est  infiniment 
petite  du  3*"*  ordre. 
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Prenons  sur  AM^B  et  AP  deux  points  A'  et  A'  voisins  de  A  sans  en  6tre 
infiniment  voisins  ( je  les  suppose  simplement  assez  pi^s  pour  que  les  g^od^siques 
qui  les  joignent  en  restant  tr^  voisins  de  C  restent  le  plus  court  chemin  d'un 
point  d,  un  autre) ;  et  de  mdme  sur  EN^  B  et  EP  deux  points  E"  et  E'  voisins 
de  E.  Joignons  par  des  arcs  de  g^od^sique  marques  en  traits  pointings  A' A" 
d'une  part,  E'E"  d'autre  part.     II  est  clair: 

1**.  Que  la  longueur  A' A"  sera  plus  petite  que  A'A  +  AA\  et  de  m^me  la 
longueur  E'E"  plus  petite  que  E'E+  EE'\  et  que  les  differences  seront  des 
infiniment  petits  du  2"^  ordre  (et  non  pas  d'ordre  sup^rieur  au  2^);  en  effet 


Fio.  4. 

A'  A'  etant  une  g^od^sique  A  A  +  AA'  —  A  A'  par  exemple,  est  au  moins 
4gal  a  AA  +  AA'  —  A A\  en  designant  par  ^A  et  AA'  les  g^od^siques  qui 
joignent  A^  A  wx^  A";  (comme  A  A'  est  une  g^od^sique,  elle  coincide  avec 
jLA'  ).  Les  deux  g^od^siques  se  coupent  sous  de  angles  infiniment  petits  du  l^*" 
ordre,  (et  non  d*ordre  sup^rieur,  puisque  la  distance  de  A'  d,  C  est  du  1^*^  ordre) 
de  sorte  que  AA'  +  AA'  —  A  A"  est  positif  et  plus  grand  qu'un  infini  petit 
du  2**  ordre. 

n  r^sulte  de  tout  cela  que  la  courbe  ferm^e  A A'M^BN^E'E' PA  est  plus 
courte  que  la  Qourbe  £erm6e  AMBNEPA ,  ou  C. 

2°.  II  est  clair  ensuite  que  Ton  pent  placer  les  points  A^  A'^  E\  E"  de  telle 
fa^on  que  les  deux  triangles  A  A  A'  et  EE'  E"  aient  m6me  courbure  totale. 
Dans ces  conditions, les  deux  courbes  AMBNEPA  et  AA'M^ BN^E'E'PN 
enveloppent  des  aires  ayant  mdme  courbure  totale. 

Si  doiic  on  peut  construire  une  courbe  AMy^  BN^E  plae^e  comme  sur  la  figure 
et  jouissant  des  propri^t^s  6nonc6es,  C  n'est  certainement  pas  la  plus  courte  de 
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toutes  les  courbes  ferm^es  qui  enveloppent  des  aires  de  oourbure  totale  27r.  La 
courhe  O  ne  correspond  pas  d,  un  vrai  minimum.  Supposons  maintenant  que 
C  soit  une  g^d^sique  ferm6e  stable  et  que  le  produit  aU/i  soit  plus  grand  que 
27r.     Je  dis  que  0  ne  pourra  pas  correspondre  h  un  vrai  minimum. 

Soit  en  effet  A  un  point  quelconque  de  Cy  AM^  B  une  g^od^sique  tr^  voisine 
de  C  et  passant  par  A  ;  elle  viendra  recouper  (7  en  un  point  B  qui  sera  le  1^ 
foyer  de  A  puis  en  un  point  E  qui  sera  le  2*  foyer  de  A,  Si  aUJi  est  >  27r, 
les  deux  arcs  AMB^  BNE  ne  couvriront  pas  le  p6rim5tre  de  C  tout  entier  et 
les  deux  courbes  seront  disposes  comme  sur  la  figure. 

Si  de  plus  Tangle  sous  lequel  les  deux  g^od^iques  se  coupent  en  A  est  ^;al 
d.  celui  sous  lequel  les  deux  g6od6siques  se  coupent  en  ^,  les  deux  aires 
AM^  BA ,  JSiV,  EMB  auront  m^me  oourbure  totale ;  nous  serous  dans  les  con- 
ditions du  th^or^me  pr^6dent  et  C  ne  sera  pas  un  vrai  minimum. 

La  question  ^  r^soudre  est  done  la  suivante :  peut-on  choisir  le  point  A  de 
telle  f a9on  que  les  deux  angles  en  question  soient  6gaux  ? 

Beprenons  les  rotations  du  §  5,  la  g^od^sique  AM^  B  aura  pour  Equation 

V  =  /3  sin  (d  —  )S) , 
et  les  points  A^  B^  E  correspondront  ^ 

Tangle  sous  lequel  les  deux  g^od^siques  se  couperont  en  chacun  de  ces  trois 
points  sera  repr^sent^  par  la  valeur  correspondante  de  pdOjdu.  La  condition 
^  remplir  est  done 

(    ^\       ^(    ^^\ 

Mais  p  et  ddjdu  sont  des  fonctions  p6riodiques  de  ^^  se  reproduisant  quand  u 
augmente  de  U,  Ce  sont  done  aussi  des  fonctions  p^riodiques  de  Targument 
r^uit 

2i7rg 

~^' 
Nous  aurons  done 


d0       -/2i7rd\ 
^du  =  ^\-aU)' 


F  6tant  d6veloppable  en  s6rie  de  Fourier  suivant  les  cosinus  et  les  sinus  des 
multiples  de  ^iirOjaU. 

II  s'agit  done  de  savoir  si  Ton  pent  determiner  /8  de  telle  fa90n  que 

Or  le  premier  membre  est  une  fonction  p^riodique  de  2i7r)S/a  j[7,  d^veloppable  en 
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s^rie  trigonm^trique  suivant  les  sinus  et  les  cosinus  des  multiples  de  2i7rff/aUj 
et  dont  la  vcUeur  moyenne  est  nvlle.  Ce  premier  membre  ne  peut  done  ^tre  tou- 
jours  de  m^me  signe  et  il  faut  bien  qu'il  s'annule.  Done  O  n^eat  pas  un  vrai 
minimum.  C.  Q.  F.  D. 

Supposons  maintenant  que  C  soit  instable,  soit  n  le  nombre  des  z6ros  des 
<t>{u)  (ou  de  <f>^)  et  par  consequent  n  le  nombre  des  z^ros  de  i|r(t^)  et  2n  celui 
des  foyers  limites.     Soient 

les  z6ros  successifs  de  <l>(u)  (ou  de  ^^)  ;  soient 

<»  ^ii  ^2,  • . .,  <_i,  w;  =  t^;  +  j7,  <^.i  =  w;  +  u, 

les  z6ros  successifs  de  i|r (t^ ) . 

Les  z6ros  de  ^(t^)  partagent  le  p6rimetre  de  C^  en  n  segments,  de  telle  fa9on 
que  si  un  point  est  sur  le  JT*"**  segment,  son  foyer  est  sur  le  (^+  1)*"*%  son 
second  foyer  sur  le  ( JT-j-  2)*"*%  etc. 

Reprenons  la  figure  3,  soit  A  un  point  quelconque  de  (7,  AM^  BN^  E  une 
g§od4sique  infiniment  voisine  de  (7,  de  sorte  que  B  e^t  E  soient  le  1'''  et  le  2* 
foyers  de  A.  Si  ti  >  1,  cette  courbe  est  dispos4e  comme  sur  la  figure,  et  la 
seule  condition  h,  remplir  pour  que  notre  th^ordme  soit  applicable,  c'est  que 
Tangle  sous  lequel  cette  courbe  coupe  O  en  A  soit  6gal  ^  Tangle  sous  lequel  elle 
coupe  (7  en  E. 

Soit  u  la  valeur  de  u  au  point  A  et  soit  F{u)  le  rapport  de  Tangle  sous 
lequel  les  deux  courbes  se  coupent  en.  E  k  Tangle  sous  lequel  elles  se  coupent  en 
A,  Le  rapport  F{u)  est  toujours  positif,  et  la  question  est  de  savoir  si  Ton 
peut  disposer  de  u  de  telle  fa9on  que 

F{u)^l. 
Soit  u  ==  w^;  T6quation  de  la  g^od^sique  AM^  BN^  E  se  r6duit  alors  k 

(on  a  t?=  e*'*^j(t/)  dans  le  cas  des  g6od6siques  instables  de  la  3*°*'  categoric). 
£lle  vient  couper  C  successivement  en  A^^  A^^  ^  --^  points  correspondant  aux 
arguments  i*^,  m^,  •  •  •;  de  sorte  que  Aj^^^  est  le  foyer  de  Aj^^  et  Tintersection  a 
lieu  sous  les  angles 

en  posant 

On  aura  done 
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d'ob 

^(«,)i^(«,)"i^(«*.-,)=-^(„j ^(^jij «^  >1. 

oe  qui  prouve  que  Tun  au  moins  des  facteurs 

est  plus  grand  que  1,  et  par  cons^uent  que  F{u)  peut  devenir  >1.     Soit 
maintenant  t^  =  u^,  la  g^od^sique  se  r6duit  k 

et  Ton  a 

1P(./\     ^^''»)      li'(./\      ^(''*^  W(./     ^-J!l^^ 

en  posant 

o)(w)  sBs  €--*"['^'(w)  —  a'^(w)]  ; 
d'oii, 

i^(.;,^«,...i.«..).?4^.--to^..-"<,. 

oe  qui  prouve  que  Tun  au  moins  des  facteurs 

j^K),  2f(«;),  •••,i^( «;._,) 

est  <  1 ,  et  par  cons^uent  que  F(^u)  peut  devenir  <  1 . 

Le  rapport  F{u)  6tant  une  fonction  continue  et  p^riodique  de  u  et  pouvant 
devenir  <  1  et  >  1 ,  pourra  devenir  6gal  ^  1 . 

Ce  qui  montre  encore  que  C  n^est  pas  un  vrai  minimum. 

Ainsi  pour  que  la  g6od^ique  ferm^e  (7,  soit  la  plus  oourte  de  toutes  les 
courbes  ferm6es  sans  point  double  qui  enveloppent  une  aire  de  courbure  totale 
27r,  il  faut,  si  elle  est  stable  que  aUji  soit  plus  petit  que  27r  et  si  elle  est 
instable  que  le  nombre  2n  des  foyers  limites  soit  6gal  k  2. 

Ces  conditions  n^ssaires  sont-elles  suffisantes  ?  Je  n'ai  pas  besoin  de  traiter 
ici  la  question  que  les  proc4d^  ordinaires  du  calcul  des  variations  permettraient 
de  r^soudre. 
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THE  CLASSIFICATION  OF  QUADRICS* 

BY 

T.  J.  I'A.  BROMWICH 

In  a  former  number  of  the  Transact  ions  f  Mr.  J.  L.  Coolidge  has  given  a 
classified  list  of  the  possible  species  of  quadrics  in  hyperbolic  space ;  his  method 
is  based  on  that  used  by  Clebsch  for  discussing  the  mutual  relations  of  two 
quadrics.  It  seems  desirable,  however,  that  the  classification  should  be  asso- 
ciated with  the  algebraic  problem  of  reducing  two  quaternary  quadratic  forms 
to  canonical  types ;  the  solution  of  this  problem  is,  of  course,  based  on  Weier- 
8TR ass's  theory  of  invariant  factors-X  One  obvious  advantage  of  using  invar- 
iant factors  as  a  basis  of  classification  is  that  they  can  be  determined  without 
any  preliminary  reduction  of  the  equation  to  the  quadric ;  indeed,  it  is  gener- 
ally necessary  to  find  the  factors  before  we  can  begin  the  reduction.  Another 
advantage  may  be  found  in  the  fact  that  the  canonical  types  given  by  Weier- 
STRASS  are  the  most  compact  possible.  § 

The  first  classification  of  two  quadrics  by  means  of  invariant  factors  is  due  to 
Sylvester.  ||  From  the  geometrical  point  of  view,  an  elaborate  discussion  was 
carried  out,  independently  of  Weierstrass's  methods,  by  Painvin;^  Painvin 
touches  on  the  question  of  reality^  but  only  in  the  simplest  case  (when  the 
invariant  factors  are  linear).     According  to  MuTH,  the  application  to  quadrics 

*  Presented  to  the  Sooiety  at  the  St.  Louis  meetiug,  September  17,  1904.  Received  for  pub- 
lication March  4,  1904. 

fTransaotions  of  the  American  Mathematical  Society,  vol.  4  (1903),  p.  161. 

t EiemerUartheiler ;  see  his  paper  on  bilinear  and  quadratic  forms,  Berliner  Monatsbet- 
Ichte,  1668,  p.  310  =  Oesammelte  Werke,  vol.  2,  p.  19.  For  a  bibliography,  consult  a  review  of 
MlJTB^B  Etementartheiler  (Leipzig^  1899),  in  the  Bulletin  of  the  American  Mathematical 
Society,  vol.  7  (1901),  p.  308.  An  elementary  account  of  the  application  of  this  theory  to  the 
reduction  of  two  quadratic  forms  will  be  found  in  a  paper  by  the  writer  in  the  Quarterly 
Journal  of  Mathematics,  vol.  33  (1901),  p.  85. 

2  As  we  shall  see  later,  some  of  Coolidgb's  types  contain  superfluous  coefficients,  which  may 
be  removed  by  suitable  linear  substitutions. 

II  Philosophical  Magazine,  ser.  4,  vol.  1  (1851),  pp.  119,  295;  this  paper  is,  of  course, 
earlier  than  Weiebstrass's.  But  it  is  not  complete,  as  no  method  for  determining  the  reducing 
substitutions  is  given,  and  thus  it  is  not  certain  that  the  classification  is  exhaustive.  In  fact  the 
two  '^singular  cases"  are  omitted;  i.  e.,  when  the' quadrics  are  cones  having  (i)  a  common 
tangent-plane,  which  they  touch  along  a  common  generator  (ii)  a  common  vertex. 

^Nouvelles  Annales  de  Math^matlques,  ser.  2,  vol.  7  (1868),  pp.  481,  529;  vol. 
8  (1869),  pp.  49,  145, 193.  The  last  section  of  his  paper  contains  a  list  of  the  chief  results  obtained. 
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of  Weierstrass's  results  (and  of  Kronecker's,*  on  the  "singular  case")  has 
been  fully  carried  out  by  KjixiNG.f 

Weierstrass's  method  of  determining  the  reducing  substitutions  does  not 
show  how  to  modify  them  in  case  we  restrict  ourselves  to  real  quadratic  forms 
and  real  linear  substitutions.  This  diCBiculty  was  first  surmounted  by  Klein 
in  his  celebrated  memoir  on  the  classification  of  line-complexes  of  the  second 
degree  j: ;  Klein  shows  there  that  if  one  of  the  quadratic  forms  has  a  known 
type,  and  if  we  are  restricted  to  real  forms  (and  real  substitutions),  then  the 
possible  invariant-factors  are  restricted  by  a  certain  relation.  ||  Klein  gives 
full  details  of  all  possible  cases,  if  the  number  of  variables  is  six,  and  the  signa- 
ture of  the  one  known  quadratic  form  is  zero  (see  §  1  below,  for  definition  of 
signature), 

BoCHER  §  has  carried  out  a  similar  classification  for  the  case  of  five  variables, 
with  a  quadratic  form  of  signature  three. 

In  what  follows  we  shall  consider  the  case  of  four  variables,  the  given  signa- 
ture being  two  (§2),  four  (§  3),  or  three  (§4). 

§  1.     Preliminary  result^  on  real  transformations  of  quadratic  forms. 
Any  real  quadratic  form  can  be  expressed  in  the  shape 

a,x\  +  a^x\-^  •••  +  «„«'' 

(where  ajj ,  aj^,  •  •  • ,  a5^  are  real  and  linearly  independent)  in  an  infinity  of  ways ; 
but,  however  the  reduction  is  effected,  the  number  of  positive  coefficients  and 
the  number  of  negative  coefficients  (in  a^^  a,,  •  •  • ,  a^)  are  both  fixed.  This  is 
Sylvester's  law  of  inertia  (Trdgheitsgesetz)  of  quadratic  forms.^ 

*  Kbonbckbb  published  a  number  of  papers  on  this  case ;  a  liet  wonld  be  too  long  for  enumer- 
ation here.  The  earlier  papers  will  be  found  in  the  seoond  half  of  volume  1  of  hie  works ;  the 
last  paper  (in  whioh  the  question  was  finally  settled)  appeared  in  the  Berliner  Sitzungs- 
berichte  of  1890,  189L  Alternative  methods  have  been  given  by  the  present  writer,  Pro- 
oeedingsof  the  London  Mathematical  Society,  vol.  32  (1900),  pp.  87,  117,  326. 

•f  Der  Fldekenbiiachel  ztceiUr  Ordnung,  Inauguraldissertationj  Berlin,  1872;  unfortunately  this 
memoir  has  not  been  accessible.  It  does  not  appear  from  Muth's  references,  whether  or  do 
Killing  concerns  himself  with  the  question  of  reality. 

t Inauguraldissertation^  Bonn,  1868;  reprinted  in  vol.  23  of  the  Mathematische  Annalen, 
p.  539. 

II  Mathematische  Annalen,  vol.  23,  pp.  561,  562;  the  theorem  has  been  extended  to 
**Hebmite's  forms''  by  A.  Loewy,  Crelle's  Journal  fiir  die  Mathematik,  vol.  122 
(1900),  p  69;  see  also  a  paper  by  the  writer.  Proceedings  of  the  London  Mathematical 
Society,  vol.  32  (1901),  p.  349. 

2  ReOiCTientwickelungen  der  Poteniialtheorie,  Leipzig,  1894  ;  the  classification  (of  oydides)  will  be 
found  in  Kapitel  3.  It  is  perhaps  of  interest  to  note  that  the  results  obtained  in  §2  below  can 
also  be  used  to  classify  the  cyclic  curves  (i.  e.  biciroular  quartios),  mentioned  by  Bochbel 

^Philosophical  Magazine,  ser.  4,  vol.  2  (1852),  p.  138;  Philosophical  Tranaao- 
tions  of  London,  1853,  p.  407.     Bobchabdt  (Crelle's  Journal  fiir  die  Mathematik, 
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For  our  present  purpose,  the  difference  between  these  two  numbers  is  the 
most  useful  constant;  this  difference  we.  call  the  signature  ot  the  quadratic 
form,  after  Fbobenius.* 

We  are  now  in  a  position  to  state  Exein's  theorem  (given  in  the  dissertation 
already  cited) :  — 

If  A  is  a  real  quadratic  form^  whose  signature  is  known  to  he  m^  then^ 
whatever  quadratic  form  B  may  he  {provided  that  it  is  real)^  the  character^ 
istic  determinant  \  XA  —  B  \  has  at  least  m  real  invariant  factors  of  odd 
degree,  t 

In  the  present  application,  A  is  the  absolute  quadric  (of  hyperbolic  space) 
and  takes  the  form 

ajj  -f-  JCj  -f-  ^Jj  —  x^ 

so  that  its  signature  is  2(  i.  e.  3  —  1 )  •  Accordingly,  whatever  quadric  B  may  be, 
the  determinant  |  XA  —  B  \  has  at  least  two  real  invariant-factors  of  odd  degree, 
Now  the  degree  of  this  determinant  is  4 ,  so  that  the  two  real  invariant-factors 
must  have  degrees  1,1  or  3,1.  Hence  the  only  possible  combinations  of 
indices  for  the  invariant-factors  are  given  by  the  sets 

nil;  211;  31. 

It  is  now  clear  that  complex  roots  can  occur  only  in  the  first  set ;  further,  in 
this  set  there  may  be  one  pair  of  such  roots  (not  more).  Thus  the  four  funda- 
mental types  are 


I      I      II      I     III 


nil    nil  i  211 


IV 


31 


vol.  53  (1»57),  p.  275)  points  oat  that  JACOBI  was  aoqaainted  with  the  result  as  early  as  1847  ; 
bat  apparently  Jacobi  had  no  occasion  to  pablish  it. 

The  restrictions  that  x^,  x^y  "  '  >  ^i  o^^t  be  real  and  linearly  independent  are  essential ;  for 
example,  we  have 

(x  +  ty)«+(x— ty)«  =  2r«  — 2y«,andx«  +  y«-f  (x-f-y)*  +  (x-y)«=:3z2  +  3y«. 

*Crelle*s  Joarnal  fiir  die  Mathematik,  vol.  114  (1894),  p.  187:  the  paper  was  also 
pablished  in  the  Berliner  Sitzangsberichte  of  that  year. 

t  This  theorem  requires  modification  in  case  |  ^  |  =  0.  For  instance,  if  there  are  three  vari- 
ables X,  y ,  z  and  if  il  =  x>  -f  y^,  ^  =  2yz,  the  signature  of  ^  is  2,  but  there  is  only  one  invariant- 
factor  of  I A  J  +  fiB  I  which  has  an  odd  degree ;  the  invariant-factors  are  actually  ^ ,  /<' .  Of  course 
in  Klein's  work  the  case  |  ^  |  =  0  is  excluded  owing  to  the  nature  of  the  problem. 

The  modified  theorem  may  be  stated  as  follows :  Let  \  a. A  +  t^B  \  have  n^  invariaiU-fa/Uors  of 
the  type  (7i-\-fic)yf  c  being  real  {including  zero)  and  y  being  odd ;  and  let  n^  be  the  number  of  invariant- 
fwti)r9  of  the  type  /jtP  where  /?  is  even;  then 

Tij  -j-  71,  ^  m . 

In  the  illustration  above  we  have  n^  =:  1 ,  n,  =  1 ,  and  the  theorem  is  verified.  For  a  discussion 
of  the  last  theorem,  see  A.  Loewy,  Crelle's  Joarnal  fiir  die  Mftthematik,  vol.  1^22 
(1900),  p.  61;  BroMwich,  Proceedings  of  the  London  Mathematical  Society,  vol. 
32(1900),  p.  162. 
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where,  in  case  II,  we  have  one  pair  of  conjugate  complex  roots,  indicated  by  the 
bar  over  the  third  and  fourth  indices. 

We  can  now  write  down  the  standard  types  of  terms  which  occur  in  the 
reduced*  equations  to  the  quadrics  A^  B;  lists  of  these  types  will  be  found  in 
the  papers  already  cited  and  in  Muth*s  ElementariheUer. 

Let  c  be  the  typical  real  root  of  the  determinant  |  X^  —  ^  | ,  then  the  standard 
types  are  given  by  the  following  table :  — 


Invariant-factor 

\-c 

(X-c)» 

(X-cf 

Terms  in  A 

±3^ 

2xy 

2xt/  +  z* 

Terms  in  B 

±ca!* 

2c«y±x' 

c(2«y +  z»)  -f  2zx 

where  sc,  y,  z  are  all  real  and  do  not  appear  in  any  other  terms. 

Some  modifications  must,  however,  be  introduced,  in  order  to  retain  the 
regular  type  for  the  absolute  A  :  and  so  we  put  (in  the  second  and  third  cases) 
xa^  —  17,2^39^  +  17,  obtaining  the  table :  — 


Invariant-factor 


Terms  in  A 


Terms  in  B 


(X-c)« 


?-V* 


(X-,c)' 


P-i7'  +  z* 


Another  change  is  necessary,  when  we  have  a  pair  of  complex  roots;  if  these  are 
a  +  i)S,  a  —  1/8,  the  corresponding  reduced  terms  will  be  given  by :  — 


Invariant-factor 
Terms  in  A 


Terms  in  B 


(X^ay+^ 


i(«^  +  iyy  +  h{^'-iyf^^-f 


1  [(a -  1/3) {x  +  iyf  +  (a  +  i/3)(x  -  iyf]  =  a{7^  -  f)  +  2/8ajy 

where  x  and  y  are  real. 

We  have  now  sufiBicient  material  to  write  down  all  the  types  of  quadrics  by 
inspection.! 

§  2.     Canonical  forms  for  the  possible  quadrics  in  hyperbolic  space. 
Type  L     Indices  1111. 

A-y\-^y\  +  y\-y\^ 

where  c^^  c^^  c^^  c^  are  roots  of  the  determinantal  equation  in  X,  { X^l  —  ^  |  s:  0 . 

'^  it  is  to  be  borne  in  mind  that  the  in  variant-factors  can  be  oaloalated  from  the  equation  to  £, 
given  in  any  form ;  indeed  they  must,  in  general ,  be  found  before  the  reduction  can  be  carried  out. 

t  Since  |  X I  =  —  1 ,  there  is  here  no  reason  to  put  down  the  types  corresponding  to  the  ident^ 
ical  vanishing  ot\>-A  —  B\\  nor  to  an  infinite  root  ot\^A  —  5 1  =  0. 
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1(a).  v^y  Cj,  C3,  c^  are  all  different,  represented  by  the  symbol  [1111]. 
This  case  gives  the  ellipsoid  and  four  hyperholoids  found  by  COOLIDGE* 
(pp.  162,168,1.0.). 

1(6).  Cj  =s  c,  or  c,  =  c^,  represented  by  [(11)11].  The  case  Cj  =  c,  gives 
the  spheroids  and  hyperholoids  of  revolution  (C,  p.  168) ;  c^^c^  gives  the  sur- 
faces  of  translation  (C,  §  4,  p.  169). 

1(c).  Cj  =  c,  =  Cj  or  Ci  =  c,=  c^;  represented  by  [(111)1].  These  cases 
appear  as  a  sphere  and  an  equidistant  surface^  respectively  (C,  p.  170). 

l{d).  c^  —  o^  and  c^—c^\  represented  by  [(11)(11)].  This  gives  the 
analogue  of  Clifford's  surface  in  elliptic  space  (C.,  end  of  §  8,  p.  169). 

1(6).  c^^c^^c^^c^\  represented  by  [(1111)].  This  case  is  trivial, 
geometrically,  as  the  quadric  coincides  with  the  absolute ;  it  is,  of  course,  alge- 
braically distinct. 

Type  11.     Indices  nil. 
-4  =  yJ  +  yJ  +  yJ-yI, 
B  =  c,y\  +  c^y\  +  a{y\  -  y\)  +  Wy^y,, 

where  the  roots  of  | \A  —  5|  =  0  are  Cj,  c,,  a  +  i/8,  a  —  i)S. 

11(a).  c^^e^  are  unequal;  represented  by  [11 11]  .  This  is  the  surface 
with  imaginary  centers  given  by  C.oolidge  (C,  p.  166).  But  it  maybe  well  to 
point  out  that  the  apparently  more  general  expression  given  by  him  is  not  actually 
more  general  than  this  (it  contains  five  coefficients,  one  of  which  can  be  removed 
by  linear  transformations)  f ;  and  further,  his  equation  has  the  disadvantage  that 
its  coefficients  cannot  be  put  down  directly  from  the  determinant  | X^  —•  B\y 
before  reduction. 

11(6).  Cj  =  c,;  represented  by  [(11)11].  This  is  a  corresponding  sur- 
face of  revolution  (C.  §8,  sub-case  4) ;  here  Coolidge's  equation  has  the  right 
number  of  arbitrary  coefficients,  but  again  they  are  not  those  naturally  suggested 
by  the  determinant  |  X^  —  -B  | ;  namely,  a  =  i  (a,  —  1),  )8  =  J[6'  —  (a,  —  1)*]*. 

*  I  do  not  stay  to  repeat  Coolidgb's  sab-olaaeifioation,  which  depends  on  the  signs  and  rela- 
tive magnitudes  of  the  e's ;  and,  in  future,  I  quote  his  paper  by  the  letter  C. 

t  More  exactly,  two  of  them  can  be  made  equal,  thus  :  Let  p  be  that  root  of  the  quadratic 
p  -f  jj-i  =  46  ( a,  +  04  )-> ,  which  is  numerically  less  than  1.     Write 

then  we  find 

where 

oi  =  J(fl,-eiJand/3  =  [5«-J(«i  +  «4)']*. 
Of  course  p  is  real,  because  of  the  condition  46'  >(  a,  +  a^  )* . 
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It  might  be  thought  that  we  could  have  cases  to  correspond  to  1(c),  I(^); 
but  this  is  not  so,  on  the  ground  of  our  restriction  to  reality. 

Type  III.     Indices  211 . 

B  =  C,y\  +  C^y\  +  c^{yl  ^y\)^{y^^  yj, 

the  roots  of  | \A  —  jB|  =  0  being  X  =  Cj,  c^,  C3,  Cg. 

III  (a),  c^y  c^y  C3  all  different;  represented  by  [211].  This  gives  the  ellip- 
tic and  hyperbolic  paraboloids*  (C-,  p.  166). 

111(6).  Cj=  C3;  represented  by  [(21)1].  This  is  the  horocyclic  paraboloid. 
(C,  p.  167). 

III(c) .  c^  =  Cj  =  C3 ;  represented  by  [(211)] .  This  is  the  horocyclic  surface 
of  zero  curvature  (C,  p.  170) ;  in  this  case  the  arbitrary  sign  must  be  positive, 
to  avoid  an  ideal  surface. 

III(c?).  Cj  =  Cj;  represented  by  [2(11)].  This  gives  the  paraboloids  of 
revolution  (C,  p.  169). 

Type  IV.     Indices  31. 

^--y\  +  y\  +  yl-y\, 

B  =  c,y\  +  c,{y\  +  yj  -  y\)  +  2^,(^3  -  yj, 

the  roots  of  |  \A  —  jB |  =  0 ,  being  c, ,  c^,  Cj,  Cj . 

IV  (  a  ) .  Cj  5  Cj ;  represented  by  [  31  ] .  This  is  a  surface  to  which  Coolidge 
has  not  assigned  a  name ;  it  is  the  first  on  p.  167  (C).  The  equation  given 
there  contains  two  superfluous  constants  a,,  a^\  a^  may  be  replaced  by  1,  and 
a,  by  0,  without  loss  of  generality,  f 

*  Again  I  do  not  stop  to  give  the  sab-olassifioatious.  Bat  it  may  be  well  to  point  oat  that  the 
ooeffioients  a,,  a^  in  Coolidqe'b  equation  are  not  invariants ;  the  essentials  are  <^  =  i ( <i3  +  <^4 ) 
and  the  sign  of  (03  —  04).     For  if  a, — a^=^2eq^^  where  e  =  ±:l,  and  q  is  real,  we  can  write 

y,  — y4  =  9(x3  — ij,ya4-y4  =  (a;s-ha;4)/5'and  thenyj  — 3;;  =  xJ  — ij,  while 

SimiUrly  in  Coolidob's  type  for  III  ( 6 ),  the  constant  a  is  superflnons,  exoept  as  to  sign  ;  in 
the  type  for  III  ( c ),  a  most  be  positive  and  may  be  put  equal  to  -f-  1 . 

t  To  prove  this  statement,  call  Coolidoe's  equation  B ;  A  being  the  equation  to  the  abaolate. 
Then 

provided  that  2fl4y,  =  2a,x,  +  as(xj  — xj,  y,  — y4  =  a,(x,  — x^).     Now  substitute  in  A  lor  x, 
in  terms  of  y2)  ya »  yi ;  thus  we  find 

Call  the  last  expression  in  square  brackets  (y^-\-y^),  then 

A  =  x\  +  y\^-y\-y\.        B^  A  =  (a,^l)x\-^^y,{y,-y,). 
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IV(6).  c^^c^;  represented  by  [(31)].  This  is  the  third  surface  consid- 
ered on  p.  167  (C.) ;  in  the  equation  there  given  we  may  take  r  s  2  without 
loss  of  generality. 

We  have  now  exhausted  all  possible  quadric  surfaces,  in  hyperbolic  space. 
There  are  thus  twelve  fundamental  classes,  represented  by  the  symbols  given  in 
the  table 


a 

b 

c 

d 

I 

1111 

(11)11 

(111)1 

(11)(11) 

II 

im 

(11)11 

(21)1 

III 

211 

(211) 

2(11) 

IV 

81 

(31) 

This  classification  can  be  completely  carried  out  by  an  examination  of 
I X^  —  ^  I ,  without  any  preliminary  reduction.  But,  for  the  further  subdi- 
visions, a  certain  amount  of  reduction  is  necessary ;  as  it  is  not  possible  to  fore- 
tell in  I  which  of  the  four  roots  c^^  c^^  c^^  c^  is  to  be  associated  with  the  negative 
term  in  A .  More  can  be  done  in  III ;  for  c,  is  necessarily  associated  with  the 
negative  square ;  but  here  the  sign  of  (3/3  —  y^y  cannot  be  foretold.  In  cases  II 
and  IV  we  can  obtain  complete  information  from  the  determinant ;  as  may  be 
seen  by  considering  the  reduced  forms. 

§  3.      Quadrics  in  elliptic  apace. 

The  absolute  is  here  a  positive  quadratic  form  and  its  signature  is  4  ;  hence 
the  only  indices  possible  are  1111 ,  and  the  roots  c^ ,  Cj ,  C3 ,  c^  are  all  real,  *  Thus 
we  are  restricted  to  the  possibilities  given  by  the  row  numbered  I  in  the  table 
at  the  end  of  §  2. 

Hence  every  quadric  in  elliptic  space  can  be  reduced  to  the  form 

^12/1  +  ^2^1  +  ^3^3  +  ^4^4  =  0 

the  absolute  being  y] +  yl  +  yl  +  yl^^  0;  the  coefficients  Cj,  c,,  C3,  c^  are  all 
real,  being  the  roots  of  |  \A  —  5 1  =  0 . 

The  details  of  the  cases  are : 

1(a).  [  1111  ]  ;  surfaces  not  of  revolution^  ruled  or  not  according  as  the  pro- 
duct c^c^c^c^  is  positive  or  negative. 

1(6).  [(11)11];  surfaces  of  revolution  (c^==  c^ ),  ruled  or  not  according  as 
c^c^  is  positive  or  negative. 

1(c).   [(111)1];  «pAere»  (not  ruled),  Cj  =  C2=  C3. 

*Thi8  fact  follows  also  from  two  theorems  due  to  Weibbstrass  (Berliner  Monatsbe- 
richte,  1858,  p.  207  ;  Gesammdte  Werke,  vol.  1,  p.  233  ;  the  theorems  are  given  in  §§3,  4). 
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l{d).  [(11)(11)]  ;  Cufford's  mrfaces,  (ruled)  c,  =  c,,  Cj-b  c^. 

It  may  be  remarked  that  there  are  no  hyperboloids  in  any  of  these  cases. 

§  4.     Quadrics  in  parabolic  {Eudidean)  space. 

The  classification  of  quadrics  in  Euclidean  space  is  carried  out  in  most  of  the 
ordinary  text-books  on  solid  geometry,  and  details  need  hardly  be  given  here ; 
but  a  few  remarks  may  be  added,  to  indicate  the  contrast  to  the  cases  considered 
in  §§2,  8. 

In  parabolic  space  the  absolute  is  degenerate ;  its  equation  can  be  expressed 
only  in  terms  of  plane-coordinates  t/,,  t/,,  li,,  u^.  If  then  ^  a  0  is  the  abso- 
lute, it  will  be  found  that  the  determinant  |  J.  |  «  0 ,  and  that  the  signature  of 
^  is  8 .  Thus,  if  J9 »  0  is  any  quadric  (in  plane-coordinates)  the  determi- 
nant* \\A  +  ii.B\  has 

either  (i)  four  linear  invariant-factors  X  -f  /liCj,  X  -f  ftc,,  X  +  y^c,,  /a  ; 
or  (ii)  two  linear  invariant-factors  X  +  /liCj,  X  +  f^,  and  one  /t'; 

where,  in  each  case,  c^^c^^  c,  (or  c^,  c,)  are  real. 

From  these  facts  we  see  that,  by  applying  Weierstbass's  methods  (in  con- 
junction with  a  slight  modification  f  so  as  to  include  the  factors  /t,  or  /t'),  the 
reduced  types  are 

A^v\  +  vl  +  v\, 

5  «  CjVf  -h  C^V\  +  CjVj  +  c^v\. 


(i) 


Here  the  coefficients  c^,  f  cannot  be  found  from  the  determinant  |  X^  +  m^|  ; 
it  is  not  usually  necessary  to  find  them  merely  for  the  purpose  of  classification.} 
But  they  must  be  found  if  we  require  the  precise  size  of  the  surface  B :  one 
method  has  been  given  by  the  present  writer  elsewhere.  § 

Another  possibility  may  occur  if  |  ^  |  »»  0 ;  it  may  happen  that 

|X^+/i5|  =  0, 


*  Either  by  the  modified  form  of  Klein's  theorem  given  above  ;  or  by  a  theorem  due  to  GuN- 
DELFIKOEB  whioh  is  ^iveii  in  his  edition  of  Hesse^b  lectures  on  geometry  and  also  iu  his  lectures 
on  oonics  (p.  67).     See  Muth'8  ElemerUartheilery  p.  180. 

t  Proceedings  of  the  London  Mathematical  Society,  vol.  32  (1900),  p.  158. 

{To  distinguish  between  ruled  and  non-ruled  surfaces,  the  sign  of  |  J9|  is  sufficient 

§  Proceedings  of  the  Cambridge  Philosophical  Society,  vol.  10  (1901),  p.  358  (see 
2  3)  ;  see  also  Bat^CKEL's  collection  of  Gundelfingeb*s  formulae  in  Crelle's  Journal  fur 
die  Mathematik,  vol.  119  (1898),  pp.  210,  313. 
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identically.     If  so,  the  reduced  forms  are 

A^vl  +  vl-^vl 


B  being  a  conic  in  the  plane  at  infinity. 

But  if  a  quadric*  given  in  point-coordinates  is  degenerate  the  method  just 
explained  breaks  down  entirely ;  for  the  transformation  of  such  an  equation  to 
plane-coordinates  is  no  longer  possible.  *  To  meet  this  diCBiculty  an  alternative 
method  of  reduction  is  explained  in  §§1,  2  of  the  paper  just  quoted;  and  a 
simple  general  method  of  classification  is  obtained.  But  the  process  by  which 
the  result  is  obtained  is  not  very  easy ;  and  it  may  therefore  be  worth  while  to 
state  the  result  in  order  to  make  it  accessible  to  those  who  do  not  care  to  go 
through  the  details  which  are  unavoidable  in  finding  the  reducing  substitution. 
Let  JS  ^  0  he  the  given  quadric,  expressed  in  point-coordinates  x^^  x^y  ^jv^^^; 
S=0  any  sphere,  the  coefficients  of  S  having  been  so  chosen  that  the  expres- 
sion S/(p^x^  +P2^2  "^ Pz''^^'^ P^aT  represents  the  square  of  the  tangent  from 
(Xj,  ajj,  Xj,  x^)  to  the  sphere,  where  j^jCc,  -f  P2^^+  p^x^  +1^4^4  =  0  is  the  plane 
at  infinity.  Write  A^,  for  the  determinant  |  \R  —  /S  | :  and  A,  for  the  symmet- 
rical determinant  formed  by  adding  a  fifth  row  and  column  {Pi^ P2t P^t Pj^^  0) 
to  \.     Then  the  elements  of  classification  are f : 

(i)  the  factors  of  Aj;  say  1  —  Xc^,  1  —  XCj,  1  —  Xc^;  where  Cj,  Cj,  c^  are  all 
real  and  some  may  be  zero. 

(ii)  the  first  term  (say  iX*)  in  the  expansion  of  (  — A^,/Aj)  in  descending 
powers  of  X. 

When  the  quadric  is  transformed  to  orthogonal  Cartesian  coordinates  (say 
^19  ^2^  ^3)9  the  terms  of  the  second  degree  can  be  reduced  to 

and,  as  to  the  remaining  terms,  three  cases  are  possible,  according  to  the  value 
of  the  integer  a .  To  put  the  work  in  as  short  a  form  as  possible,  we  assume 
(from  the  results  of  the  elementary  investigations)  that  R^  8  must  take  the  forms 

^  =  <^xy\  +  ^2^2  +  C32/3  +  2/2/3  +  ^4' 

^  =  y  1  +  2/2  +  3/3  +  2  ( l,y,  +  Z^,  +  Z^3 )  +  m , 


*  More  precisely,  the  traDsformed  equation  either  vanishes  identically  or  fails  to  give  snffioient 
information.  It  shoald  be  observed  that  the  corresponding  diffionlty  does  not  arise  in  hyper- 
bolic or  elliptic  space ;  for  the  absolute  may  be  expressed  either  in  point  or  in  plane-coordinates. 

t  It  is  the  second  of  these  which  constitutes  the  chief  simplification  introduced  by  this  method 
of  classification. 
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where,  in  jR,  either  f  is  zero,  or  both  C3,  c^  are  zero.     It  is  then  easy  to  see  that 

Aj  =  -  Jf«(Xc,  -  1  )(Xc,  -  1  )(Xc,  -  1), 

A,  =  JIP[(Xc.-l)(Xc,-l)(7u;,-l.)(\c,-m)-?KXc,-l)(Xc,-l) 

-Z,'(7u;,-l)(Xc.-l)-(/X-;,)«(Xc,-l)(Xc,-l)], 

M  being  the  determinant  of  a  certain  linear  substitution.     From  this  we  find 
that  Cj ,  Cj,  C3  are  the  letters  obtained  in  (i)  from  the  factors  of  A^;  also  that 

-^^-^c,-m-^  _^-^^^_j-    XC3-I    • 

Now,  according  to  (ii),  Ick^  is  the  first  term  of  this  expression  when  expanded 
in  powers  of  1/X ;  thus,  we  have  three  cases: 

(1)  /  =  0;  then  iX"  =  Xc^;  so  that  i  =  c^,  a  =  1 , 

(2)  /=0,c,  =  0;  herea<l, 

(3)  C3  =  0,  c,  =  0  ;  then  *X*  =  {f\f ;  so  that  &  =  /«,  a  =  2. 
Thus,  classifying  by  means  of  the  index  a,  we  may  write  the  results 

a  <  1 ,  jB  =  c^y\  +  cjifl  +  CjyJ, 

a  =  1,  jB  =  Cjj/J  +  c^y^  +  63^5  +  &, 

a  =  2,         i?=c,yJ  +  c,2/32  +  2%3, 
giving  a  complete  classification  of  all  quadrics*  in  point-coordinates. 

QUEKN*S  COLLBGBj  GALWAY, 
February  22,  1904. 

Addition.  Mr.  Coolidge  has  kindly  recalled  to  my  memory  the  fact  that  a 
classification  of  quadrics,  in  hyperbolic  and  elliptic  space,  had  been  previously 
given  by  P.  BARBARiN.f  In  this  classification  of  hyperbolic  space,  the  classes 
I,  II,  III,  are  the  same  as  the  classes  which  bear  these  numbers  in  §  2  above ;  but 
class  IV  is  left  out.  The  omission  is  due  to  an  oversight  in  connection  with  the 
transformations  given  at  the  top  of  p.  118  (1.  c),  §28  ;  in  fact  if  the  absolute 
is  a;^  +  2/*  -f  25*  —  w^  =  0,  the  quadric  z^  +  ^x{y  —  w)  =  0  has  only  one  real 
principal  plane  ( »  =  0 ) ;  and  this  quadric  cannot  be  reduced  to  Barbakin^s 
typical  equation  (40),  S,  X^  +  S^y'' +  S^  Z^  -  2P C/X  =  0 .  There  is  a  similar 
difficulty  with  any  quadric  belonging  to  class  IV  of  §  2. 

*  It  may  be  worth  while  to  point  oat  that  if  the  qnadrlo  is  degenerate  one  or  more  of  c, ,  c,,  c, 
may  be  zero ;  but  this  involves  no  change  in  the  oalcnlation  of  c^  and  /. 

'\  Etudes  de  OSomeirie  Non-Eudidienne,  Bruxelles,  1900,  pp.  101-126  ;  this  is  an  extract  (pub- 
lished separately)  from  vol.  60  of  the  M  ^moires  con  r  on  n^s  et  aatres  M^moires  publics 
par  I'Acad^mie  royale  de  Belgique. 
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It  is  to  be  noticed  that  Barbarin's  nomenclature  differs  in  some  respects 
from  Cooudge's,  which  has  been  used  above;  the  former  gives  the  generic 
name  paraboloid  to  class  II,  and  horiquadric  to  class  III.  Although  there  is 
an  advantage  in  giving  a  name  to  each  class,  yet  it  does  not  appear  to  me  that 
the  name  paraboloid  is  specially  suited  to  class  II,  the  quadrics  of  which  have 
imaginary  centers. 

In  conclusion,  the  classification  of  conies  in  the  hyperbolic  plane,  carried  out 
on  the  lines  of  §  §  1,  2,  is : 

1(a):  [lU];c,y;  +  c,yJ-c^J-0. 

(6):         [(11)1];  c.(yJ  +  yJ)-c,yJ-0,andc,yJ  +  c,(yJ-yJ)-0. 

(c):         [(111)];  yJ+yJ-j^»0(thea6«oZMte). 

II:  [Hi];  c,y\  +  a{y\-y\)  +  Wy^,^Q. 

Ill(a):         [21];  c.yf  +  c,(y» -yj)±(y,  -  y,)»  -  0. 
(6):        [(21)];c,(y«+yJ-yJ)±(y,-y,)»  =  0. 

IV:  [3];  c.(yj  +  y^-yj)  +  2y.(y,-y,)  =  0. 

In  each  case  the  absolute  is  y\+y\  —  yl^^\  and,  according  to  Klein's 
theorem,  there  is  at  least  one  real  invariant  factor  of  odd  degree. 

The  numbering  of  classes  I,  II,  III  corresponds  to  that  of  Babbabin  (1.  c. 
pp.  39-57 ),  who  omits  class  IV;  in  fact  the  method  given  on  p.  88  for  deter* 
mining  the  rotation  0  fails  if  applied  to  the  conies  IV ;  and  these  conies  cannot 
be  reduced  to  the  form  contained  in  Barbarin's  equation  (20^)  on  p.  40,  which 
is  the  basis  of  his  subsequent  work. 

It  is  of  course  possible  to  give  a  classification  of  conies  in  the  elliptic  and  in 
the  parabolic  planes,  by  a  suitable  modification  of  the  work  above;  but  the  neces- 
sary changes  are  so  obvious  that  it  is  hardly  worth  while  to  enumerate  thenu 

March  15,  1905 
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ON   DIFFERENTIAL  INVARIANTS* 

BY 

JOSEPH   EDMUND  WRIGHT 

Introduction. 

In  the  consideration  of  differential  equations  there  arise  expressions,  such  as 
for  instance,  the  Jacx)bi-Poisson  alternant  of  two  first  order  partial  equations, 
which  are  in  their  nature  invariantive  to  all  contact  transformations.  An  impor- 
tant problem  immediately  presents  itself,  namely,  the  obtaining  of  all  invari- 
ants of  this  type,  that  is  of  all  invariants,  with  respect  to  contact  transforma- 
tions, of  differential  expressions. 

In  this  paper  are  obtained  all  such  invariants  of  a  restricted  type. 

The  restrictions  are  the  following:  — 

(1)  The  only  expressions  considered  are:  (a)  expressions  of  the  first  order 
with  m  dependent  and  n  independent  variables ;  (6)  expressions  of  the  second 
order  with  one  dependent  variable. 

(2)  The  invariants  are  only  of  the  first  order,  that  is  to  say,  they  involve  only 
first  derivatives  of  the  differential  expressions. 

The  variables  assumed  to  occur  in  case  (a)  are 

cCj,  •••,»„  (the  independent  variables), 
Zj,    '-y  z^  (the  dependent  variables), 


(i=l, 

•» »»;  ^'=11  • 

••.  »)i 

cf'z. 

(t=l, .. 

,  m;  *,  i=l,  • 

. .    «  \ 

^*'  -  dx.dx^ 

1  w ;, 

5/x 

5/x 

dz,' 

••,r;  1=1, 

••,  m;  1  =  1,  • 

•i  «)» 

and 


where /;^(x,  z,  pi),  (\=l,  -  •  -,  r),  are  the  differential  expressions  considered. 
In  addition  the  variables  da^ ,  dz. ,  dpi  will  be  assumed  to  enter,  subject  to 
the  conditions 


k-l 

n 

dpi=  ^Plid^i  (1  =  1,    ••,m;*=l,-.-,n). 


^  Pretsented  to  the  Society  April  29,  1905.    Reoeived  for  publication  November  12,  1904. 
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In  invariants  corresponding  to  case  (6)  the  variables  are  the  same,  with  the  ex- 
ception that  m  is  1;  and  that  there  are  additional  variables 

V-—  (>  =  1,  •••,  r;  A:,  /=1,  •■•,71), 

where /;^( 35,  ^9  Pk9  Pki)  ^^®  ^^^  differential  expressions  considered. 

The  method  used  is  a  modification  of  that  given  by  Lie  in  his  paper  "  Ueber 
Differentialinvarianten,"  *  in  which  invariants  for  certain  simpler  types  of 
infinitesimal  transformations  are  obtained.  In  this  paper  Lie  shows  (p.  566) 
that  by  the  method  there  outlined,  a  series  of  invariants  may  be  obtained  satis- 
fying a  system  of  linear  differential  equations  which  form  a  complete  system. 

In  the  paper  mentioned  Lie  suggests  a  problem  connected  with  invariants  of 
surfaces,  the  class  desired  being  that  which  does  not  change  owing  to  "  deforma- 
tion ''  of  the  surface. 

ZoRAWSKi  t  attempted  the  solution  of  this  question  and  found  a  class  of  such 
invariants. 

Forsyth,  I  in  1903  attacked  the  more  general  question  of  invariants  due  to 
a  purely  arbitrary  point  transformation  performed  on  the  surface,  and  also 
obtained  in  this  manner  the  differential  invariants  of  space.  In  his  paper  cer- 
tain modifications  are  made  on  the  Lie-Zorawski  method,  one  modification 
being  that  he  sought  for  relative,  as  well  as  absolute,  invariants.  The  method 
as  modified  by  Forsyth  will  be  used  here. 

The  invariant  sought  will,  therefore,  be  such  that  if  F  denote  its  expression 
in  the  original,  F^  in  the  transformed  variables,  we  shall  have 

F.^ilF, 

where  ft  is  a  function  depending  only  on  the  transformation. 

Now  if  the  transformation  were  a  general  one  in  the  variables  considered,  it 
is  well  known  that  ft  would  be  some  power  of  the  Jacobian  of  the  transforma- 
tion.    But  the  transformation  is  not  perfectly  general. 

In  fact,  in  our  most  general  case,  the  Jacobian  of  -Y]^,  Z^y  P^,  P*,  with  ref- 
erence to  Xj^,  z.y  p[y  p)^^y  whcrc  capitals  denote  transformed  variables,  and  where 
{i,  ^==  1 ,  2,  •  •  -n;  1=  1,  2-  •  -m}  breaks  up  into  two  factors,  the  first  of  which  is 


and  the  second 


*LiE,  Mathematisobe  ADDalen,  vol.  24  (1^84),  pp.  537-578. 
fZOBAWSKi,  Acta  Mathematioa,  vol.  16  (1893-3),  pp.  1-64. 

X  FoBSTTH,  Philosophical  TiaDsactions,  ser.  A.,  vol.  201  (1903),  pp.  329-402,  and  ser. 
A.,  vol.  202  (1904),  pp.  277-:«3. 
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Further,  if  the  transformation  is  a  point  transformation,  J\  breaks  up  into 
two  factors, 


'  \PlP2"Pn     ) 


Now  if  the  number  of  dependent  variables  is  greater  than  one,  it  may  easily  be 
shown  that  the  most  general  contact  transformation  possible  is  an  extended  point 
transformation. 

The  discussion  will  be  limited  to  those  cases  in  which  the  factor  11  is  of  the 
form 

Jmo  7>i  7mi  ... 
•'O    ^\    ^2 

when  the  number  of  dependent  variables  is  greater  than  one,  and 

when  there  is  only  one  dependent  variable. 

Now  let  F  be  an  invariant  of  the  type  considered,  and  let  an  infinitesimal 
contact  transformation  be  performed  on  F. 

The  condition  for  invarianoe  is  that,  t  being  the  parameter  of  the  transforma- 
tion, 

r.      ^  T.  dF      ^dH 

F.^aF,        or        ^  =  F^ 

when  d(t>/dt  denotes  the  increment  of  ^  due  to  the  infinitesimal  transformation 
and  -Fj  is  F  in  the  tranformed  variables.  Expressing  the  fact  that  this  equation 
holds  for  all  such  transformations  as  considered,  we  obtain  a  complete  system 
of  linear  differential  equations,  the  solutions  of  which  are  the  invariants  desired. 

In  the  course  of  the  work  the  values  of  certain  increments  are  required,  and 
they  will  be  given  now,'  before  we  consider  the  various  cases  in  detail. 

The  following  notation  is  used  throughout :  — 

dT*^*'       w-^-       W'-^"'      if"-^'-'      ^i-'^^-^/J^' 

dx^         '■'  dz.-    " 

^pi~  "      ^pi, 

where  /  is  used  to  denote  one  of  the  forms  considered.  If  it  is  desired  to 
specify  any  one  of  the  /'s  particularly,  the  notation 

etc.,  is  used. 


pi  _j/_  pi 
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S  denotes  a  summation  taken  over  all  the  expressions  /. 
In  addition, 

dx.sa^,         dz.mb,,         dpiscj,,         djj',  se*,, 
Using  this  notation  we  have  the  following  increments : 

dt  S  ^"i  fidx^ 

^'-in(n+l)g-^--m(«+l)g^^ 
when  m  is  greater  than  unity,  and 


f»(«.i)±iQ.M«.i)' 


when  m  is  unity. 

The  quantities  ir[,  ttJ^,  etc.,  are  readily  obtained  in  terms  of  the  f 's  and  f's 
and  their  derivatives  by  the  method  given  in  Lie-Engel,  Theorie  der  Trans- 
fommtionsgruppen,  vol.  1,  p.  544,  et  seq. 

In  the  case,  however,  where  m  is  unity  the  increment  of  the  variables  in  an 
extended  infinitesimal  contact  transformation  may  be  expressed  in  a  particularly 
simple  manner. 

The  theorem  is  as  follows  : 

Let  there  be  an  extended  infinitesimal  contact  transformation  in  the  n  independ- 
ent variables  x^^x^y  "i^n  ^^^  ^  dependent  variable  z,  and  let  p^j^^ . . .  denote 
B^zfdx^dXj^dx^  •  •  • ,  where  there  are  r  letters  h,  k,  I,  --  -.  Then  the  increment  of 
Phki"'  ^^  ^  ^  transformation  is  {d'^BjdXf^dXj^dx^" ')hty  where  d,  with  the 
usual  notationy  is  equal  to 

n 


/=i 


and  {d^d/dx^dxj^dxj  ••  •)  denotes  a  total  differentiation  of  0  in  which  the  terms 
containing  the  highest  derivatives  of  z  are  omitted. 
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For  example,  in  the  case  when  there  are  two  independent  variables, 

de       d0  80       ae 


Jr, 


I 

1 


e^+PiTz^      '^.  =  a^+i>2-az' 


This  theorem  is  koown  to  be  true  *  for  the  increments  of  the  first  derivatives 
of  z,  and  it  may  be  easily  proved  for  higher  derivatives  by  induction. 

The  increments  of  the  quantities  X^^^^,  Z^^.,  Pl^^^,  ^a,a*j  owing  to  the  infin- 
itesimal contact  transformation  are  determined  by  the  method  given  by  Forsyth 
in  his  paper  already  quoted.f 

Using  this  method,  we  have  the  results 

dt   -  h  ^K    *  "^  itl  dpi  ^'  +  jf  dpi  ^*  +  ^  dpi  ^» ' 

The  increments  of  the  quantities  0^,6^,0^^,  etc.,  are  readily  calculated,  for  the 
transformation  changes  x^  into  x^  +  f*^'>  and  therefore  dx  becomes  dx^  +  d^i^St. 
Hence 

rf<       ^dx,     '     fT[dz^  f:'^dp)  ' 


dt  -Sdx,''-+h'dzMtt'dp^'^' 


Similarly 

with  similar  expressions  for  the  other  increments  of  this  type. 

*  See  Lie-Engbl,  Theorie  der  Transformatiansffruppen,  vol.  2,  p.  82,  252. 
t Forsyth,  Philoeophical  Transaotione,  vol.  201,  p.  337,  338. 
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§1. 

We  shall  now  proceed  to  the  determination  of  invariants  of  expressions  of  the 
first  order.  The  case  in  which  there  is  only  one  dependent  variable  differs  from 
the  others  in  that  the  most  general  infinitesimal  contact  transformation  is  not 
an  extended  point  transformation.  This  case  will  therefore  be  considered  inde- 
pendently of  the  other. 

Assuming  /"  to  be  an  invariant,  and  performing  on  it  the  infinitesimal  trans- 
formation corresponding  to  a  function 

we  have  the  equation 

If  the  variables  occurring  in  F  are 

this  equation  becomes  on  expansion, 

dF 


^. 


(~  \dF       **  dF        ""       d 

n    ^p (     n  /  n  \  n  1 

-si:|||i:^p(-^ppj+t(-ppV,)^ 

i=i  ^-^»  I  p=i  p=i  '^ 


Now  ^  is  a  perfectly  arbitrary  function  of  the  variables  aj^ . . .  aj^ ,  »,  />j . .  .^^ 
and  the  above  equation  must  be  satisfied  for  all  values  of  0. 

Hence  we  may  equate  to  zero  the  coefficients  of  the  derivatives  of  0,  and 
thus  obtain  the  system  of  linear  partial  equations  which  F  must  satisfy. 

The  system  is  the  following  : 

From  0 

(1)  F,^0. 
From  d,„ 

(2)  F^^-SZF^^^O  (i=i..n). 
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From  tf^, 

(3)  ii;-0  (,  =  1.. ..,«). 
From  e,, 

(4)  m(«  +  1  )^+  ±P,F^ - 9ZF, -  %±P,F^, - 0. 
From  0,^^, 

(5)  8P,F^.  +  8P,f,.-0      (i=i,...,  «;*=!.. ..,»). 
From*,.., 

(6) 

From  e^,^, 

(7) 

From  d^, 

(8) 

From  e.^, 

(9) 

From  <?^,., 

(10)  Z{X,-\-p^Z)Fp,  +  S{X,+p,Z)F,^^0.     (f.t=i.. ...-). 

It  follows  from  these  equations  that  F  must  be  a  function  of  the  variables 

■^I,  1>   ■•■>   -^l.iiJ  ■"»,!»   ■••>•" !,,>•■•>  ^I>  ^l>   "••>  ^r>  -^l.l*   ■■■>  -'^r.ii' 

where 

-^uu^^uk+PkZi        (<=l,--,r;  t=i,.  .,•). 

If  we  modify  the  system  of  equations  by  assuming  F  to  be  a  function  of  these 
variables  only,  it  becomes 


^Y.P.P,F^.  +  ^PiFi~^  (.  =  1,  ••,«). 

^{tp,P,)Fz'0. 
8(X,+/,.^)F^_8(i:^,P,)/V.-0  (,  =  ,....,„). 


(11) 

(12) 
(13) 
(14) 
(15) 
(16) 


i=l 

8P,F^,  +  8P,if^,  =  0  (.•,t  =  i, 

8P,/V-0  (,  =  1, 

(••  =  1, 


8^,F^=0 


If  we  put  aside  for  the  present  the  first  of  these  equations,  the  remaining  equa- 
tions form  a  complete  system.     The  number  of  functionally  independent  solu- 
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tioDs  is,  however,  not  immediately  deducible,  as  some  of  the  equations  may 
depend  algebraically  on  the  others.     In  particular,  equations  (13)  and  (15)  show  * 
that  if  the  number  r  of  expressions  f  considered  is  not  greater  than  2n,  and  if 
all  the  determinants  of  order  r  of  the  matrix 

^^2, 1    -^2,2    •••    -^2,n    -*    2,  I     '''    -^2,  n 

do  not  vanish,  F^  must  be  zero. 

Further,  there  is  no  necessity  to  consider  more  than  2n  +  1  expressions/,  for 
if  there  were  more  than  this  number  they  could  all  be  expressed  by  means  of 
any  ( 2n  +  1 )  of  them. 

Suppose  that  there  is  only  one  expression  /,  then  Fj^^ ,  -F^,  Fp^^  ( i  =  1 ,  - .  • ,  n ) 
are  all  zero,  and  therefore  it  follows  that  there  is  no  invariant  of  the  type  sought 
of  a  single  expression  /• 

Next  let  there  be  two  expressions  /.     Then  F^^ ,  F^  are  zero  unless 

-^1.1 -^1,2 _  zAil 

-^2,1  -^2,2  ^l.i 

But  these  relations  are  equivalent  to  the  conditions  that  any  equation 
^(a;.z/>J  =  0  which  lies  in  involution  with  /i«a,  shall  lie  in  involution  with 
f^sB  6,  where  a  and  6  are  arbitrary  constants. 

Xow  corresponding  to  a  particular  value  of  a  there  are  00^**^^  characteristic 
strips  which  go  to  build  up  the  integrals  of  the  equation  /  s=  a . 

Hence  taking  account  of  all  values  of  a,  all  the  surface  elements  {}x^p^  in 
space  of  (n  +  1 )  dimensions  are  arranged  in  00 ^'^  characteristic  strips. 

The  condition  given  above  is  easily  seen  to  be  the  same  as  the  condition  that 
/^  as  6  determines  the  same  system  of  00^  characteristic  strips. 

Exactly  similarly  in  the  case  of  r  expressions  /,  there  are  obtained  00^" 
(2n  —  r  +  1  )-fold  manifolds  which  are  common  to  the  first  (r  —  1 )  equations 
/^  =r  ttj,  •  •  ySr-x  ™  ^r-u  ^hcrc  ttj ,  •  •  -,  tt^.^  arc  arbitrary  constants,  and  the 
conditions  in  virtue  of  which  i^^,  F^^,  •  •  -,  F^^  are  not  2:ero  are  the  conditions 
that  these  manifolds  should  also  satisfy  /.  =  a^  for  all  values  of  the  constant  a^. 

We  accordingly  neglect  this  particular  case,  and  then  all  the  diflFerential  coef- 
ficients Fg  are  zero,  provided  r  <  2n  +  1 . 

The  system  of  equations  which  F  satisfies  is  readily  integrated,  and  it  is  seen 
that  F  must  be  a  function  of  the  PoissoN  alternants 

[/a/J  '  (^,;.  =  l,2...r). 

and  in  addition  must  satisfy  equation  (11).     This  equation  merely  expresses  the 
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fact  that  F  must  be  homogeneous  of  degree  /i(n  +  1 )  in  the  quantities  P,  and 
i^'is  therefore  a  homogeneous  function  of  the  quantities 

[/a/m]  (X.^  =  l,2...r). 

There  remains  one  case  still  to  be  considered,  namely  that  in  which  we  have 
(2n-f  1)  expressions  /.  In  this  case  there  exist  invariants  of  the  form 
[/a/m  ](^>/*  =  1j2,  •••,2n— 1)  and  among  these  the  only  relations  are  those 
of  the  type  [A/J  +  [/,/.]  =  0. 

We  therefore  have  ?i  ( 2n  +  1 )  functionally  independent  solutions  of  our 
system  of  equations. 

But  returning  to  this  system,  we  find  that  it  consists  of  2n'  +  3n  equations 
in  addition  to  an  equation  which  expresses  a  condition  of  homogeneity.  There 
are  ( 2n  +  1  )^  variables  involved  in  the  equations,  and  the  equations  are  now 
algebraically  independent.  They  therefore  possess  (27i  +  1  )=  —  (2n*  +  3n) 
functionally  independent  solutions.  Of  this  number,  (  2ip?  +  7i  +  1 ) ,  n  ( 2n  +  1 ) 
are  accounted  for,  and  therefore  one  solution  still  remains  to  be  discovered. 

It  is  readily  seen  that  this  solution  is 


s  /. 


If  we  substitute  in  (1 1)  we  see  that,  if  Fis  Jy  fi  is  equal  to  unity. 

Collecting  results  we  see  that  the  only  functionally  independent  relative  invari- 
ants of  our  iype^  of  r  expressions  /,  are  the  alternants  [A/^]  if  r  is  less  than 
2n+  1,  and  if  r  is  equal  to  (2n+  1)  there  is  one  additional  invariant^  the 
Jacobian  of  the  forms  with  respect  to  the  variables  involved  in  them. 

It  is  well  known  that  the  alternants  [/^/^  ]  are  all  invariants  of  the  forms/. 

The  theorem  that  these  are  the  only  invariants  of  the  type  sought,  has  been 
given  by  Lie,  *  who,  however,  merely  suggests  the  method  of  proof.  Further, 
Lie  has  apparently  overlooked  the  additional  invariant  which  arises  in  connec- 
tion with  (  2n  +  1 )  forms  though  he  must  have  been  perfectly  familiar  with  the 
fact  that  the  Jacobian  is  an  invariant. 

§2. 

Let  us  now  consider  expressions  involving  one  dependent  variable,  n  inde- 
pendent variables,  and  the  derivatives  of  the  dependent  variable  with  respect  to 
the  independent  ones  of  the  first  and  second  orders. 

The  variables  involved  are  now 

«j  ^xy  «2>    •••?    ^ny  Piy  Vi^   '"y  Pn^     "f  Pik        («.  *  =  l,2-»). 

*LiB,  Mathematisohe  Annalen,  vol.  24(1884),  p.  578,  andGottiDgen  Naohriobten 
(1872),  pp.  478-479. 


^. 

A.. 

-^1,  JJ    '  •• 

Pu. 

p.^>- 

■  ^..« 

^^ 

A.^ 

p.. 

4.. 

-^  211+1,  I 

p 
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The  invariant  sought  will  be  a  function  of  these^  and  of  the  first  derivatives  of 
the  expression  with  respect  to  the  variables  involved  in  them. 

Assume  that  the  infinitesimal  contact  transformation  is  determined  as  before 
by  a  function  Oy  and  that  F  is  the  invariant.  Then  the  equation  satisfied 
by  F  IB 

Expand  this,  and  it  becomes 


where 


X=(7i4-  l)(/*o+  l^ij' 


As  before,  i^is  an  invariant  to  all  contact  transformations,  and  therefore,  if 
we  substitute  in  the  above  equation  the  values  of 

dz  dx^  dZ 

dV   dt'  "'  dt'  '" 

in  terms  of  0  and  its  derivatives,  and  if  we  then  equate  to  zero  the  coefficients 
of  the  various  derivatives  of  0,  we  obtain  a  system  of  linear  difierential  equa- 
tions which  F  must  satisfy. 

If  we  equate  to  zero  the  coefficients  of 

0,  0^,y  •••,  0^^,  0.,^,,  •    •,  ^x,x«,  ^p,j  •',  Op^y 
we  obtain  the  following  system  of  equations  : 


F,  =  0,        F,=0 

(t  =  l,2,  •    -.n), 

F^  -  SZFjr,  =  0 

(,•  =  1,2,  ...,«), 

^,«-S^.^:r,  =  0 

(••=1,2,    --.n), 

^ru-SP,^x.-8P*i^x.= 

0 

(•■, 

,t  = 

rl,2,  •  •-,«,.• +  1;). 

We  therefore  introduce  the  variables 

A,  ^X,  +  p,Z+  Y.p^,P,  (.■=!,  2,  •  •  -,  »), 

and  then  these  equations  show  that  i^  is  a  function  of 
only. 
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The  increments  of  the  A's  due  to  the  transformation  are  readily  found,  and 
we  have 

where  (d^d/dx^dx^ )  denotes  as  before  the  differential  coefficient  of  0  with  respect 
to  x^  and  x^,  in  which  Zyp^,  p^^  are  taken  to  be  functions  of  the  a^s,  the  terms 
containing  third  derivatives  of  z  being  omitted^  and  djdx^  is  written  for 


It  18  easy  to  show  that 

d         a      »       d 

d  /    d*  ^    \        d 

1  d*e  \     d  /  d*e 

dxXdx.dx.  )~  dx. 

\  dx.dxg  1  ~  dx.  \  dx.dx. 

where  the   last  expression  denotes  d^d/dx.dx^dxp  with  the   terms  containing 
third  and  fourth  derivatives  of  z  omitted. 

The  increments  expressed  in  the  variables  Ay  Z,  P  are  therefore  as  follows : 

dt-      tx     "  dx,  +  ^  VV  dx,dx/x,  })  ^^*' 

dt  -  -  tl    -^,dp,+  ti    •■  dx,+     *•  ^  irdpXdx^dxJ  V'*' 

dt    ~i^^P,uVKdxJ^">- 

If  jP  is  taken  as  a  function  of  ^j,  •  •  •,  -4^,Z,  Pj,  •  •  -,  P^,  P„,  P^,,  •••>^„) 
the  equation 

becomes 

»t..||:..^-5..((^j)) 
.»..{t.A..--.-tS;i>.-r.4(4l..)l 
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Equating  coefficients  of  the  derivatives  of  0  to  zero,  we.  obtain  the  following 
system  of  equations : 

(17)  S[P,,i^^,  +  P«i?'^,  +  P<,F,J=0     (.•+i.^  +  *.  t+O, 

(18)  8[P„P„+P«F,J=0, 

(19)  S[P«P^]-0, 

(20)  8[P^,P^J=0, 

(21)  S  [^,P,.  -  P,Pp.  -  P,,Pp.  -  ±, P^,Fr,^  +  f^F'O, 

(22)  8  [^,P,^  -  PjF^-t  P^F,^  -  Pj,Pp,]  =  0  (i+J). 

(23)  8[P,P^]-0, 

(24)  S[^,P^]-0, 

(25)  8  [^,Pp,  +  ^,PpJ  =  0, 

(26)  slzF.+  t.PiPp.  +  T.Pa.FpaA^^P       (.-.i.fc^l, 2.. ••.«). 

There  now  arise  two  cases  to  be  considered.  In  the  first  case  P^  =  0 
(i,  J  =  1 ,  2 ,  •  •  • ,  n),  and  our  expressions  are  therefore  of  the  first  order.  In 
this  case  the  equations  become 


b[zf^  +  ±p,Fj.^^^\f 


(i,i=l,2,...n). 


These  equations  are  almost  identical  with  the  set  (11)...  (16);  they  must 
of  course  possess  the  same  integrals  as  that  set,  together  with  others  arising 
from  the  facts  that  equations  of  the  type  (12)  have  not  now  to  be  satisfied,  and 
that  fi,  which  is  an  arbitrary  constant,  has  the  particular  value  zero  in  the  first 
set  of  equations. 

It  is  easy  to  see  that  the  integrals  still  to  be  found  are  functions  of  the  varia- 
bles A  alone,  and  therefore  they  satisfy  the  equations 

SA.F^^+fiF^O, 

S4.F^,=  0  (t,j  =  l,2,  .    .,1). 
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Assuming  that  there  ?ire  r  expressioDs  of  the  first  order  whose  invariants  we  are 
seeking,  the  solutions  of  the  above  equations  are  easily  seen  to  be  the  n-row 
determinants  of  the  matrix, 

^..2         •••    ;    L 


A-         •••  ^ 


r.n  I 


provided  that  r  is  greater  than  n. 

There  are  no  additional  solutions  if  r  is  less  than  n. 

These  solutions  are  the  Jacobians  of  sets  of  n  of  the  forms. 

We  shall  now  consider  the  case  in  which  the  quantities  P.j  are  not  all  zero. 

Before  discussing  the  general  case,  we  shall  consider  the  case  in  which  there 
are  only  two  independent  variables. 

We  shall  take  in  order  the  cases  in  which  there  are  one,  two,  three  expres- 
sions of  the  second  order  whose  invariants  we  are  seeking. 

In  the  case  of  one  such  expression, 

^PuFj„  +  P,,F^„  =  f^F, 

2P„i^P„  +  P„i^p„=0, 
2P^i?'p„  +  P.,^^„  =  0. 

These  equations  show  that  F  must  be  a  homogeneous  function  of  the  algebraic 
invariant  of  the  binary  form 

(p„,  iP,„  p,{ .  y. 

Hence  i^s  const.  X  (PJj  -  4F^,F^Y''' . 
To  interpret  this  invariant,  suppose  that 

is  a  differential  equation  of  the  second  order. 

Let  z  ^  <f>(x^x^)  be  some  non-singular  solution  of  this  equation.  We  define 
two  directions  on  this  integral  surface  by  means  of  the  equation 

P^dxl-  P,^dx,dx,  +  F^.clxl  =  0 . 

Along  one  of  the  curves  thus  determined  on  the  particular  int^ral  surface, 
^1?  ^3>  ^>  Pi)  P2f  Piiy  Pi2'  Pa  ^^®  functions  of  a  single  parameter  while  ffc, 
dp^ ,  dpj  are  determined  from  the  equations 
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dp,=-p,^dx^+p,^dx^. 
Also 

dx,    "^         "  d'x^    "^        ^7/.T2   ""  ^' 

dx^^^^'dx^  ^^^dx^       ^' 

The  system  of  seven  equations  thus  obtained  are  equivalent  to  six  distinct 
relations,  and  they  determine  the  "characteristics"  of  the  given  equation /=  0. 

The  fundamental  property  in  connection  with  the  curves  obtained  is  that  if 
two  integral  surfaces  have  contact  of  the  first  order  along  a  characteristic,  and 
if  they  have  contact  of  the  second  order  at  any  one  point  of  this  curve,  they 
have  contact  of  the  second  order  all  along  the  curve.* 

We  notice  that  the  directions  of  the  curves  are  given  at  every  point  by  means 
of  2  =  ^{^^x;)  and  P^^dx\  -  P^^dx.dx^  +  P^rfajJ  =  0. 

Now  the  transformation  considered  changes  an  integral  surface  into  an  inte- 
gral surface,  and  also  a  characteristic  upon  an  integral  surface  into  a  character- 
istic upon  the  transformed  surface.     We  therefore  expect  P^j  dxl  —  • . .  =  0  to 


be  an  invariant  of  the  expression  considered,  and  we  also  expect  any  function 
geometrically  connected  with  it  to  be  an  invariant.  P J  —  4Pj,  P^  was  there- 
fore a  priori  to  be  expected  as  an  invariant. 

We  next  consider  the  case  of  two  expressions  /j  and  /^ . 

It  is  easy  to  see  that  the  only  invariants  are  the  algebraic  invariants  of  the 
two  binary  forms 

(Pl,lliP|,I2Pl.22Y    *    )    > 


unless  the  condition 


(  Pi,  11  2^2, 12 P2,  22  Y    *    )    > 


Is 


Pi,  12    P2,  12 
^1,11     -^2,11 


\P^.nP'. 


2,22 


i  1^1, 12  1^2, 


I -^1,11     -^2,11 
I  Pi,  22    P2,  22  I 


=  0 


holds. 

These  invariants  have  an  immediate  interpretation  from  the  theory  of  char- 
acteristics. /  is  itself  one  of  the  invariants  above  mentioned,  and  /=  0  is  the 
condition  that  the  two  quadratic  forms  above  mentioned,  when  equated  to  zero, 
have  a  common  root.  Therefore,  unless  the  characteristics  of  yj  =  0  have  one 
direction  common  with  those  of  /,  =  0  at  every  point  on  a  common  integral  sur- 
face, the  two  expressions  have  only  three  functionally  independent  invariants  of 

*  GOURSAT,  Eq^uUiona  aux  derivets  pariieUes  du  second  ordre^  vol.  1,  pp.  170  seq. 
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our  type,  namely  those  of  two  quadratic  forms.     Suppose  now  that  /  is  zero. 
Let  m  be  used  to  denote  the  common  root  mentioned  above.     Then 


ms=  — 


-^I,  12  -^2,  11  —  ^2,  12  -^1,  11 


■^1,  22  -^2, 12  —  -^2.  22  -^1.  12 
-^1,  11  -^2,  22  —  -^2,  11  -^1,  22 


Let  H  denote  A^^  i  ^2,  n  —  -^2.  i  -^i.  u  ft°d  ^^^  -ST  denote  -4^2  ^2. 22  —  -^ 2, 2  ^1. 22 • 
Then  it  easily  follows  that  K  +  mH  satisfies  our  system  of  equations  provided 
it  is  zero,  and  further,  this  is  the  only  additional  solution  the  system  can  have. 

We  may  verify  that 


d 
(it 


(^+"«)-|^^.-'S  +  "5  +  i'^-S;!x(^+"^- 


Hence  K+  mH  is  not  an  invariant  of  our  type,  although  K+  mH=i  0  is  an 
invariant  relation. 
These  two  equations 

7=0, 

have  an  important  signification  in  the  theory  of  differential  equations.  They 
are*  the  conditions  that  the  two  equations/,  =  0,/,  =  0,  form  a  system  in  in- 
volution, in  other  words,  they  are  the  conditions  that  the  two  equations  have 
a  system  of  common  integrals  depending  on  an  infinite  number  of  arbitrary 
constants. 

We  shall  now  consider  invariants  of  three  expressions /,,/2,/3. 

From  the  system  of  equations  it  follows  that  F^  ^  0  unless  all  the  3-row 
determinants  of  the  matrix 

-^1,1        -^1,2        -^11        -^1.2        -^1,11        -*   1,12        -^1,22 
-^2,  1        -^2, 2         "2,  I        -*  2,  2         "2,  11        7^2,  12       -^2. 22 


-^3, 1        -^3,  2        -*   8^  I        /^3^  2        7  3  ij        X^3^  j^        -P-^  22  | 


are  zero. 


Also  Fp^  is  zero  unless  all  the  3-row  determinants  of  the  matrix 
-^1,1     -^1,2     -^1,11     -^1,12     -^1,2 


^2,1        -^i,2       -*  2,  11        -^3 


2,12 


2,22 


*^3,  1        -^3,  2        -^3,  11        -^S,  12        -*   8^  22  | 

are  zero. 

Assuming  that  the  conditions  mentioned  are  not  satisfied  we  see  that 


^z^O,        F^=0, 


0. 


*  60UBS AT,  EqwUions  aux  derivees  partitUea  du  second  ordre^  vol.  2,  p.  40  and  p.  76. 
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The  functionally  independent  solutions  of  our  equations  are  then  seen  to  be 
the  algebraic  invariants  of  the  binary  forms  (  Ky  H\  *  ) : 

(  -^i,  II  y        2    "%,  12  >        ^2,  225    *    )  > 


where 


H'. 


Ki 


■^2.  1 


-*   1.  22 

An 

A. 

Pun 


-*  ».  22 

A.  a 

"l,  12 


A^  ■■' 

— 

A.»  ••• 

p.,n  ■■■ 

It  is  important  to  notice  the  meaning  of  the  equations  H=0,  K^O.  They 
are  in  fact  the  conditions  that  the  three  equations  /^  =  0 ,  /^  =  0 ,  /^  =  0  have  a 
common  integral  surface.  * 

The  three  quadratic  binary  forms  and  their  invariants  have  as  before,  imme- 
diate interpretation  from  the  theory  of  characteristics,  but  the  linear  form 
Kdx^  —  Hdx^  has  no  such  immediate  interpretation. 

As  another  example  of  invariants  of  this  type  we  shall  now  consider  the  case 
in  which  there  are  two  expressions,  one  of  the  second  order  and  the  other  of  the 
first. 

The  equations  are  readily  solved,  and  the  solutions  are  the  algebraic  invari- 
ants of  the  two  forms 

(^i,ii>  J-f^i, i2>  -^i.ni  *  )  i 

(-^2, 2 J  —  -^2,1(1  *  ); 

where  Pj,  lu  -^2,  w  ^2, 22  *^re  all  zero.     We  know  that 

Pi^ndxl  -  Pj^ndx.dx^  +  Pi.22^?  =0 

i0  the  equation  for  the  directions  of  the  characteristics  of  /^  =  0 .  It  seems, 
therefore,  important  to  consider  the  meaning  of 

or 

Ai^i +  -^«,«^^2- 
But  this  is  equal  to  d/^,  provided 
dz  —p^dx^  —  Pjrfaj,«=  0,    dp^  —Pndx^  —p^^dx^  =  0,    dp^ -^Pitdx^  —p^dx^ « 0 . 

♦Valyi,  Crelle's  Journal,  vol.  95  (1883)  p.  100;  Ck)UB8.\T,  loo.  dt.,  vol.  2,  p.  199. 
Trani.  Am.  Math.  See.  HI 
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We  thus  have  an  interpretation  of  both  invariants. 

We  now  return  to  the  general  case,  when  there  are  n  independent  variables. 
The  equations  (17) — (26)  possess  all  the  invariants  of  our  type  as  solutions. 

Suppose  that  there  are  r  expressions  /.  Then  from  (19),  (23),  (24), 
Fg^O  unless  r  is  greater  than  |n(n+  l)  +  27i,  or  unless  all  the  r-row 
determinants  of  the  matrix 

p       p       ...       p       p      ...p       A       ..-Ay 

-*    1, 11        -^   1,12  -*   l.nn        -^1,1  -^   l»i»        '^l,  1  '^\,n 


P  P 

-*   r,  11        -^   r,  12 


vanish. 

Also  the  equations  (17)  (18)  show  that  unless  the  determinants  of  another 
matrix  vanish,  Fj^^  =  0  for  all  values  of  L 

Suppose  that  F^^  Fj^^y  ... ,  Fj^^  are  all  zero.  There  remains  the  system  of 
equations  for  F 

S  ^P.Fj.^  +  P,,F^^  +  ± PijPp,^  -  (^F^  0, 
8  \PjF,,  +  g  A,i^P«  +  PjjF,^  =  0, 

and  the  fourth  of  these  equations  shows  that  Fp^  is  zero  for  all  values  of  i. 
Hence  the  system  becomes 

i\tP.jF,^  +  P,,F^^^O, 

Hence  \=s  nfi/2,  and  the  invariants  required  are  the  algebraic  invariants  of 
the  system  of  quadratic  forms 

where  none  of  the  magnitudes  P^^  is  repeated  and  P^^  =  P^^ . 
These  quadratic  forms  are  easily  seen  to  be  those  which  Forsyth  *  calls 

*  Forsyth,  Philosophical  Transactions,  ser.  A,  vol.  191  (1898),  p.  2. 
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"  characteristic  invariants "  when  there  are  only  three  independent  variables. 
This  name  might  with  advantage  be  extended  to  the  general  case  in  which 
there  are  n  independent  variables. 

We  now  return  to  the  case  in  which  J^A^^Atf  etc.,  ai'e  not  all  zero. 

Suppose  that  there  are  three  independent  variables^  and  two  expressions  /. 

Then  if  Fj^,  etc.,  are  not  zero,  all  the  6-row  determinants  of  the  matrix 

ll-'   1,  II         ^  ^  -^1,12       -^1,22         ^  ^  -^1,81        -^1,83       -^1,23 


,A» 

0 

0 

-f^2,l2 

-^2,22 

0 

0 

A... 

A  33 

A» 

0 

A« 

0 

An 

A. 2 

A.» 

A.  ,3 

0 

0 

A3. 

0 

A.« 

0 

An 

A« 

A« 

A  33 

0 

0 

A3, 

0 

0 

A  33 

0 

0 

A.« 

A« 

An 

A.,. 

-Pi,  12 

0 

0 

Ass 

0 

0 

-f^2,22 

A« 

An 

A.I 

-f^2, 12 

must  vanish. 

Let  S.  denote  the  characteristic  invariant  of /^,  then  it  is  easily  seen  that  if 
we  construct  the  cubic  forms 

S^x,,  S,a?2,  S^x^,  8^^,  Sjc^y  8^^, 

the  above  matrix  is  the  matrix  of  the  coefficients. 

Hence,  if  our  conditions  hold,  the  above  six  cubics  must  belong  to  a  five  fold 
linear  system.  Expressing  this  condition  we  see  that  8^L^  +  S^L^  s  0 ,  where 
L^  and  L^  are  certain  linear  forms. 

Hence  either  8^  and  8^  both  break  up  into  linear  factors,  or  8^  is  equivalent 
to  8^. 

In  the  case  in  which  there  are  three  expressions y*,  the  conditions  give 

8,L,+8,L,  +  8,L,^0, 

where  i^,  ij,  L^  are  linear.  Hence,  in  general  8^,  8^,  8^y  regarded  as  conies, 
have  two  common  points. 

The  generalization  is  immediate,  and  the  condition  in  order  that  invariants 
involving  the  magnitudes  ^,  of  r  expressions/  in  n  independent  variables  exist, 
are  equivalent  to  the  conditions  that  r  linear  forms  ij ,  •  •  • ,  i^  should  exist  such 
that 

t8,L,^0 
i=i 

identically,  when  8.  is  the  characteristic  invariant  off. .  It  is  readily  seen  that 
these  conditions  may  be  expressed  by  the  vanishing  of  certain  algebraic  invari- 
ants of  the  r  quadratic  forms  8. 

An  upper  limit  to  the  number  of  these  conditions  may  readily  be  obtained. 
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This  upper  limit  is  n(n+ l)(n  +  2)/3 !  —  nr -f  1.     The  number  may  faU 
below  this  in  certain  cases,  for  example,  if  n  =  3  and  r  =  2  it  is  4,  whilst 

n(7i  +  l)(n  +  2) 

-^^ ^1 '-^nr^  1=6. 

If  all  the  linear  expressions  L  are  equivalent,  the  conditions  require  that 
constants  X  can  be  found  such  that  ^  XS  »  0 . 

The  number  of  conditions  for  this  is  readily  seen  to  be 

This  number  is  less  than  the  previous  one  if  [n(n  +  l)/6  —  r](n  — 1)>0, 
and  the  second  conditions  are  all  independent. 

Hence,  if  r  is  <  Jn(n  +1)  the  imposition  of  n(n  +  1  )/2  —  r  +  1  con- 
ditions is  sufficient  to  cause  the  remainder  to  be  satisfied. 

Further  consideration  of  this  question  will  be  omitted  from  the  present  paper. 

Suppose  the  conditions  in  question  to  be  satisfied.  We  then  obtain  a  solution 
of  the  set  of  equations  in  JFj^  which  is  a  determinant  linear  in  the  magnitudes 
A.  Call  this  determinant  A,  then  in  a  manner  strictly  analogous  to  the  case 
when  71  ss  2,  it  may  be  shown  that  A  =  0  is  an  invariant  relation,  provided  the 
previous  set  of  conditions  holds. 

If  there  are  solutions  of  the  system  of  equations  considered  which  involve 
the  magnitudes  A,  the  derivatives  JFp^  are  not  necessarily  zero.  From  the 
equations  of  type  (20),  we  see  that,  if  Fp.  4=  0,  the  matrix 

P         . ..      P         .. .     P       II 


,  n» 


P  ...        P  ...        P 

must  have  all  its  r-row  determinants  zero. 
In  addition,  all  the  equations  of  type  (25), 

must  be  satisfied. 

Now  take  any  one  of  the  determinants  of  the  above  matrix,  replace  one  of  its 
columns  by  the  magnitudes  -Pi,i,  ^^.i,  •  •  •,  -Pr,<«  Call  the  determinant  then 
formed  A^. .  Call  the  similar  determinant  with  A.  instead  of  P,.,  M..  Then 
P.  only  enters  through  A^.,  and  the  equations  (25)  become 

Hence  if  an  invariant  contains  P.,  we  see  from  the  case  when  i^j ,  that  M. 
must  be  zero.  If  Jf^  =  0  and  F^^  4=  0 ,  we  see  that  J!fJ  =  0  (^  =  1 ,  •  •  • ,  r ) ;  and 
if  i^'^^^Oand  M.  +  0,  we  see  that  ^^^.  =  0  (y=:  1,  2,  •  • .,  r). 
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Hence  either  none  of  the  magnitudes  jP^(  i  =  1 ,  •  •  • ,  r )  occur  in  any  invariant, 
or  all  the  magnitudes  J/,( i  =  1 ,  •  •  •,  r )  are  zero. 

It  is  easy  to  see  that  if  all  the  given  conditions  are  satisfied,  then  the  magni- 
tudes A,,  satisfy  the  remaining  equations,  and  therefore  these  magnitudes  A^  are 
invariants. 

There  is  no  invariant  involving  Z  unless  all  the  conditions  given  in  con- 
nection with  the  magnitude  P^  are  satisfied  and,  in  addition, 

Ai-A, A,-0. 

If  all  these  conditions  are  satisfied,  there  is  an  invariant  involving  Z  given 
by  replacing  any  column  in  any  r-row  determinant  of  the  matrix 


byZ,,Z,,  ...,^^. 


!.•/ 


^n. 


§3. 


We  have  not  as  yet  considered  invariants  which  involve  the  magnitudes 
dx^,  dr,  dp.,  dp^(ij  =  1 ,  . . .,  n). 

It  is  clear  that  invariants  of  this  type  do  exist.  For  example,  it  is  easy  to 
verify  that 

is  such  an  invariant. 
The  work  is  somewhat  simplified  if  we  take  as  variables 

dx.  s  a.. 

dz-^  ^p^dx.  a  u, 


dPi-HPiS^j^^i^ 


(ij  =  i,  •••,n). 


dPi, 


V  — ^V 


The  increments  of  these  magnitudes  are  readily  obtained.     We  have 


da 


du 
di 


~e,u, 


dv,      d0  x^de., 

dt'-d.>+^^:^^^'-''» 

dt 


-^^{db^J'^  +  d^^  +  d^,''j  +  ji'd^,[d^J'^<>- 
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If  jP  is  an  iDvariant,  the  equation  which  it  satisfies  is  similar  to  the  one  given 
in  the  previous  section^  but  it  contains  the  additional  terms 


k 

k 


The  equations  for  JF  are  now 

(27)  BlPj,F^,  +  P^F^^  +  P^Fa.]  -  a,F,^ - a,F,^^-a,F,^  =  0 

(28)  KPii^A,  +  ^«^^J  -  <'}F^  -  «*^.<,  =  0 , 

(29)  %P^F,-uF^^O, 

(30)  BP^Fj.^-v^^^O, 

8  r  A,F,^  -  P,F^-P,,F^„-  ±  P^fJ  +  f^F 

(31)  "-  "'  ■■  . 

-  a^F„,  +  v,F,^  +  c«/;,  +  f: c„i^  =  0, 

(32) 

-  ajF,^  +  v,  F^^  +  c«  F^  +  2:  c^F,^=  0, 

(33)  S[P,F^-\-uF,,~0, 

(34)  S^,i?V-wi^a.  =  0, 

(35)  8[^,i?',.  +  A,Fj.^]  -VjF^-  v,F„^  =  0, 

=  Xi?'         (i,i,  A-,  a,  ft  =1,  •.■,«). 

We  first  consider  the  particular  case  when  all  the  original  expressions  /  are 
of  the  first  order. 

In  this  case  P.j  =  0  ( i ,  J  =  1 ,  •  •  • ,  71 ) ,  and  it  may  be  readily  seen  that  JF'  does 
not  in  general  involve  any  of  the  magnitudes  c„^. 
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(t,i  =  l,  •••,  n). 


We  have  therefore  the  reduced  system  of  equations  for  F\ 

(37)  ^^A,F^-P,F^;\+aF-o,F^^v,F,^  =  ^, 

(38)  8  IA,F^^  -  P^F^;\  +  v,F^^  -  a^F„^  =  0, 

(39)  ^P,F,-uF^=^, 

(40)  8^,i^^-«i^„,  =  0, 

(41)  S  lA^F^^  +  A,F,;\  -  v^F„^  -  v,F^-^  0, 

(42)  8  [Z2?V  +  E  P,Fp.]  -  «i^,  -  i:  t'.i?'..  =  Xi?' 

From  (39)  and  (40)  we  deduce  that  i^'must  be  a  function  of  w,  W,  P^,  A., 
where 

W=uZ+j:a,A,  +  j:v.P,; 

and  the  equations  for  F  are  now 

(43)  8[^..i?'^.-  P,i^^,]  +  ,,F^  0, 

(44)  8[^,i?',^-P,i?VJ  =  0, 

(45)  B[A^Fj.^+A,F^^-\=0, 

(46)  8[^|:P,i^p.]  +  «i?;=\i?'  (..i,  =  l.. ..,«). 

Hence  the  quantities  W  are  absolute  invariants^  and  in  addition  there  are  the 
invariants  given  in  the  previous  section.     Also  u  is  an  invariant. 

The  additional  invariants  obtained  are  readily  interpreted.     The  function 

is  an  invariant  arising  in  connection  with  the  contact  transformation  itself^  and 
W  may  easily  be  shown  to  be 

Suppose  that  u  =  0 .     Then  unless  the  r-row  determinants  of  the  matrix 


A.. 


'■I,  n 


l>*i 


are  all  zero^  and  F^  is  zero. 

If  we  write  v.  =s  A^^.  and  a.  =  —  -f*r+i,.>  *^®  ^^^  of  equations  becomes  tlie 
same  as  that  given  previously  in  which  there  were  (r  +  1)  expressions  and  in 
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which  the  variables  dz^  dx^^  dp^^  did  not  oocur,  the  last  equation  only  being 
different.  The  additional  solutions  are  therefore  [/<,/h.|]  (**■! » •  •  -i  '■)i  which 
2LTe  df^ydf^^  '"^df^  subject  to  the  condition  that  u  »  0 . 

We  now  consider  expressions  F  of  the  second  order.  Suppose  first  that  u  ^  0 
and  that  r^ ,  •  •  * ,  r^  are  not  all  zero. 

Write  L  for 

then  F  is  readily  shown  to  be  a  function  of  the  variables  u^  L,v^,  P^^,  A^ 
(t,  J  >s  1 ,  •  •  ■,  n),  which  satisfies  the  system  of  equations 

B[P,»if^,  +  P,,F^^  +  P.,i^^.]  -0    a  +  *, *  +  ,•,,  +  ;), 

8  ^A,  P^.  _  P,,  i?V.  -  i:  Py  PpJ  +  mP  +  f ,  P,,  -  0 , 
8[^,P,^-P,,P,^-gP»,P,J  +  r.P.^-0, 

8  (Z  ^.^  ^i"^)  +  «^.  +  i:  "*  ^..  -  XP. 

The  magnitudes  Z  are  therefore  invariants.     In  addition  u  is  an  invariant, 
and  the  remaining  invariants  are  solutions  of  the  given  system. 
L  is  readily  shown  to  be 

and  it  therefore  admits  of  an  immediate  interpretation.  There  are  also  the  in- 
variants obtained  in  the  preceding  section  which  do  not  involve  the  magnitudes 
v.(i^ly"'yn)  and  the  remaining  invariants  are  those  solutions  of  the  set  of 
equations  last  given  which  involve  these  magnitudes. 

We  see  that  when  certain  conditions  given  in  the  pi*eceding  section  hold,  the 
quantities  F^^  (i »  1 ,  •  •  -,  n)  are  all  zero. 

There  remains  the  system 


(»»ii«.^.  =  i,  •••»»)• 
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The  solution  of  these  equations  is  a  function  of  the  algebraic  invariants  and 
covariants  of  the  r  quadratic  forms 

a 
In  addition,  this  function  must  be  homogeneous  in  the  variables  r. 
These  forms 

are  those  which  have  been  referred  to  earlier  as  the  Characteristic  Invariants  of 
the  expressions  /. 

Now  suppose  that  u  and  the  quantities  v  are  all  zero. 

In  this  case  -P^  and  Fp^  (i  =  1 ,  •••,«)  are  all  zero  unless  all  the  r-row 
determinants  of  the  matrix 

IP      .. .  P      -. .  P 

P         ..  .   P        .  ..  P 

-*■»•,  11     .       -^  r,  a  -^  r,  n 

vanish. 

We  assume  that  these  conditions  are  not  satisfied,  and  therefore  i^  is  a  func- 
tion of  a.,  ^,,P^,  c^(i,y=l,  ...,  n). 

The  equations  of  types  (27)  and  (28)  are  satisfied  by  the  magnitudes 

Ls^A.a.  +  '^F  c  . 

It  may  readily  be  shown  that  these  are  the  only  independent  solutions  of  this 
set  of  equations  unless  it  is  possible  to  make 

i^S.B.JtAK^Q 

ia=l 

identically,  where  any  n  variables  ^^^29  *  "»  Vn  ^^  taken,  and  the  magnitudes 
B^  are  linear  functions  of  these  variables,  iiT  is  a  quadratic  function  of  them, 
and 

This  equation  can  be  satisfied  by  making  the  linear  functions  all  equal  to  A , 
multiplied  by  certain  constant  factors.  This  leads  to  solutions  of  our  system  of 
the  type  L. 

If  we  assume  that  there  is  no  other  way  of  making  the  expression  considered 
an  identity,  we  see  that  the  quantities  L  are  the  only  invariants  involving  the 
variables  A^(k  =  1 ,  •  •  • ,  n) . 
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It  is  readily  seen  that  these  expressions  L  are  equivalent  to  the  expressions 
df^  subject  to  the  conditions 

u«0,  t^-O  (l:  =  l. 2,.. .,!•). 

It  is  easy  to  show  that  the  remaining  solutions  of  the  system  are  the  algebraic 
invariants  of  the  system  of  quadratic  forms  S^  and  of  the  linear  form  A . 

These  forms  S  are  again  the  characteristic  invariants  of  the  expressions  /; 
they  have  however,  in  this  case,  the  magnitudes  y  for  independent  variables. 

Combining  our  results  we  have  the  following  theorem  : 

All  invariaiitSy  of  the  restricted  type  considered  of  r  second  order  expressions  f 
in  one  dependent  and  n  independent  variables  are 

(1)  Expressions  of  the  type  df. 

(2)  Algebraic  invariants  and  covarianis  of  the  qxiadratic  forms 

where  the  v^s  are  the  variables j  and 

n 

provided 

n 
dz+^J7,dx., 

and  the  v^s  are  not  zero, 

(3)  Algebraic  invainants  of  the  quadratic  fonns 

and  of  the  linear  form 

n 

where  the  y's  are  the  variables,  provided  that 

n  n 

^2  =  HPi^^ij      <ipi  =  Hpik^^k' 

In  the  above  there  are  two  sets  of  restrictions  on  the  expressions  /. 
(1)  The  r-row  determinants  must  not  all  be  zero  in  the  matrix 

P  ...     P         ...     P       I 

.    -^  1,  11  1.  V  »•"«    ' 


! 


P  P 

■'■  r,U         '  '  '  r,ij         '  '  '        -^  r,nn 


(2)  It  must  not  be  possible  to  satisfy  the  identity 

is.B.  +  AKmO, 
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where  S,  By  A,  K,  are  as  previously  defined,  except  by  making  the  JB's  all 
constant  multiples  of  A . 

The  case  when  the  second  of  the  above  restrictions  is  removed  requires  further 
consideration.  It  is  obvious  that  it  must  be  removed  if  ?•  is  great  enough,  but 
the  whole  question  will  be  left  for  future  consideration.  At  present  we  content 
ourselves  with  a  discussion  of  the  case  when  7i  is  two. 

For  one  expression/,  SB  +  AK^  0,  provided  that  S admits  -4  as  a  factor, 
since  we  are  neglecting  the  possibility  of  B  being  X^ ,  where  X  is  a  constant. 

This  gives  -Pntta  —  Pi2«i«2  +  -^22^i  =^>  *^  ^^^  condition  for  the  existence 
of  further  integrals. 

If  this  condition  is  satisfied,  the  equations  of  type  (27)  and  (28)  possess  the 

two  solutions 

«!  =  A,a,a,  +  P^a,c,^  +  P,,a^c,,, 

<^2=  ^2«l«2  +  ^Il«2^12+  •^22^1^11? 

instead  of  the  single  one  already  given. 

It  may  readily  be  shown  that  there  are  no  new  invariants,  but  if 

/s  P^y^  -  P,,a,a,  +  P^a\  =  0, 

then  the  two  equations 

a,  »  A^a^a^  +  P^a^c^^  +  Pn«2^ii  =»  0, 

a^  =  A^a^a^  +  P^^a^c^^  +  P^a^c^  ^  0 

are  an  invariant  system. 

We  observe  that  /  is  an  invariant. 

The  equations  /=0,  aj=  0,  ol^=Oj  taken  in  conjunction  with 

dz:=^p^dx^  +  p^dx^,  dp^  =  p^rfajj  4-  P^z^X^y  ^Pi  =  Pl2^l  +  P22^^2^ 

have  an  immediate  and  important  interpretation  in  connection  with  the  differ- 
ential equation  /=  0.  They  are  precisely  the  equations  for  the  characteristics 
of  this  differential  equation.* 

Now  suppose  that  there  are  two  expressions  /.  In  this  case  there  are  four 
equations  in  seven  variables  of  the  types  (27)  and  (28).  They  therefore  possess 
in  general  three  integrals.     Two  of  these  are  already  known,  and  are  rf/j,  df^. 

The  remaining  one  may  be  expressed  as  the  determinant 


-^1, 1>        ■^1.2^        -M 
-^1,2  J        -'^2,2>        -*2 


sA, 


*GouRSAT,  EqtuUions  aux  dSriveea  partielles  du  second  ordre,  vol.  2,  p.  174. 
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\  =  2P„a,~P,,a„ 

K^  =  d^a^A^  +  -^11^2^12+  ^22^1  ^22> 

K^  =  a^a^A^  +  ^22^1^12  +  ^11^2^11 » 

It  may  easily  be  shown  that  Lja^a^  satisfies  the  remaining  system  of  equa- 
tions, and  therefore  the  complete  system  of  integrals  is  df^y  df^^  A/a^a^,  and 
the  invariants  of  the  binary  forms 

(An.  iAi2,  ^iM  *   )%  (Am  iA«,  ^22}  *   )\  («i,  ci,l*  ). 

We  omit  for  the  present  the  interpretation  of  A,  and  proceed  to  consider  the 
case  in  which  there  are  three  expressions  /. 

In  this  case  the  equations  of  types  (27)  and  (28)  have  the  five  functionally 
independent  integrals  df^,  df^^  df^  and 


Hi 


Ki 


-^1,  n  -^1, 1  •*  1, 22 

Pz,  11  -^2, 1  A  22 

A  »  -^s,  1  A  22 

Pi,  11  -^i,  2  Pi,  22 

P2, 11  A^  2  P2, 22 

A 11  -^8, 2  A  22 


-^1,2  Pi,  12  P|,22 

-^2, 2  P2, 12  P2, 22 

Az^  2  Ps,  12  Pj,  22 

-^1,  u  Pi,  12  -^1, 1 

P2, 11  P2, 12  -^2, 1 

Ps,  11  Ps,  12  -^S,  1 


We  substitute  these  integrals  in  the  remaining  equations,  and  the  complete 
system  of  independent  integrals  of  the  equations  thus  obtained  is  the  system  of 
invariants  of  the  binary  forms 

(Pl,n>  fPl,  12>  -^  1,22!|    *    )    9 

(A">  iAi2>  A»y  *  )  J 
(P3,ii>  JPs,  12 J  A 22!!  *  )  i 

{K,H\^  ), 

(a,,a,j(  *  ). 

If  we  take  the  variables  to  be  a,,  —  a, ,  we  see  that  the  solutions  in  question  are 
the  invariants  and  oovariants  of  the  binary  forms 

All«l~  Al2^«2+  A22«?, 
A"^-  Al2«l«2  +  A22a?, 
All^2  -  Al2«l«2  +  A22«l- 
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In  addition  to  these  there  ar6  the  three  solutions  df^^  df^y  df^,  and  these  are  all 
the  functionally  independent  integrals  of  our  type. 

§4. 

We  shall  consider  to  a  small  extent  the  more  general  type  of  expression  f, 
that  is  to  say  the  type  in  which  there  are  more  dependent  variables  than  one. 

Let  there  be  m  dependent  variables^  Zj,  •  •  • ,  a^,  and  as  before  let  there  be  n 
independent  variables,  ajj,  •••,  aj^.  We  use  the  same  notation  as  on  pp.  288, 
289,  and  in  addition  df/dx^  =  -4^ . 

In  this  case,  the  most  general  contact  transformation  possible  may  easily  be 
shown  to  be  a  point  transformation. 

Let  the  expressions  /^^  be  of  the  first  order,  that  is  to  say,  let  them  be  functions 
of  the  variables  Xj^,  z.,  jp'  (i  =»  1,  2,  •  • .,  m;  i  «  1,  2,  ..-,  n). 

If  F  is  any  first  order  invariant  we  have 


It       V   "  <ii  '   dt  J-^' 


dF 
dt 
where 

di   -L.dxjh^h' 

and  Mo9  /^i>  ^^ve  the  meanings  given  on  p.  288. 

Expanding  dFjdi  and  equating  to  zero  the  coefficients  of  f^^,  ?.,  d^Jdx^y  we 
see  that  the  variables  x,  2,  do  not  occur  explicitly,  and  that  the  variables  p,  Xy 
only  occur  through  the  variables  A. 

We  assume  ^F  to  be  a  function  of  the  variables  A,  Z,  P,  and 

n 

a^sB  cfeCj,  »,s  <fo(— X  JP*^*  (*==!.  •••,«,«  =  1,  •••,•»). 

The  values  of  the  various  increments  involved  are  the  following : 


d  -    d0, 

dt    -hdx,'  +  hf^i     "dx^dx,' 
dZ         ^  dp  ^  dO  m    n  d   / dO  \ 
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Also 


where  fi  and  1/  are  constants  depending  on  fi^  and  /i, . 

We  substitute  these  values  in  the  equation  for  ^  and  equate  the  coefficients 
of  the  various  derivatives  of  f  and  f  to  zero.  We  thus  obtain  the  following 
system  of  equations  for  F: 

(47)  a,F^^-BA,F^^+8±PlF^'  =  0  (<.  +  t), 

(48)  a, F,^  -SA,F^^+8t,Pi F^  =  y.F , 

(49)  v,F^-8A,F,^^(i, 

(50)  «,i^„.-8Z,i^^^-8i:Pii^^  =  0  (P.  +  .-). 

(51)  v,F,^  -SZ,F^-B± PiF^i  =  vF, 


(52)  -8P'i?'^.-SPiif,^-0, 

(53)  -8Pii?V,  =  0 

(<T,  *,^  =  1,  •••,»);  («,  ^  =  1,  •••,  ")• 
The  equations  (49)  give  solutions  of  type 

n  m 

and  the  equations  (63)  then  show  that  the  A'a  cannot  enter  into  P  unless  the 
number  r  of  expressions/^  is  greater  than  mn. 

From  equations  (52)  we  deduce  that  the  variables  A  do  not  occur  in  F  unless 

r>  ^m{n+  1). 

In  the  case  when  m  is  unity,  the  equations  are  not  all  independent,  and  r 
need  not  satisfy  this  last  condition. 

Suppose  that  r  is  less  than  this  number,  then  JFis  a  function  of  the  variables 
Vj,  '  "  v^,  P[y  •  •  •  P^,  which  satisfies  the  equations 
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B±PiF^-v,F,^^-pF. 

The  last  two  equations  show  that  F  must  be  an  invariant  or  covariant  of  the 
linear  forms 

Zi^.*^\  (A:=l,2,...,ii;A  =  1.2,  .•.,r). 

The  two  first  equations  show  that  I^  must  at  the  same  time  be  an  invariant 
of  the  linear  forms 

Zi^,*yi         (i=l,2,    ..,m;  ;i  =  l,2.....r). 
Bbtn  Mawb  Colleob. 
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GROUPS  OF  ORDER  ;>-,  WHICH  CONTAIN  CYCLIC 
SUBGROUPS  OF  ORDER  p^-^* 

BY 

LEWIS  IRVING  NEIKIRK 
Introdtiction, 

The  groups  of  order  p^^  which  contain  self-conjugate  cyclic  subgroups  of 
orders  p"*~S  and  p^-^  respectively,  have  been  determined  by  BuRN8iDE,t  and 
the  number  of  groups  of  order  p*",  which  contain  cyclic  non-self-conjugate  sub- 
groups of  order  p""-'  has  been  given  by  Miller. J 

Although  in  the  present  state  of  the  theory,  the  actual  tabulation  of  all  groups 
of  order  p"*  is  impracticable,  it  is  of  importance  to  carry  the  tabulation  as  far  as 
may  be  possible.  In  this  paper  all  groups  of  order  p^  (p  being  an  odd  prime) 
lohkJi  contain  cyclic  subgroups  of  order  j9"*~'  and  none  of  higher  order  are  deter- 
mined. The  method  of  treatment  used  is  entirely  abstract  in  character  and,  in 
virtue  of  its  nature,  it  is  possible  in  each  case  to  give  explicitly  the  genera- 
tional equations  of  these  groups.  They  are  divided  into  three  classes,  and  it 
will  be  shown  that  these  classes  correspond  to  the  three  partitions :  (m  —  3 ,  3), 
(f7i-3,  2,  l)and(m-3,  1,  1,  l),ofm. 

We  denote  by  G  an  abstract  group  G  of  order  p*  containing  operators  of 
order  p"*~*  and  no  operator  of  order  greater  than  p*""* .  Let  P  denote  one  of 
these  operators  of  G  of  order  p""^^ .  The  p^  power  of  every  operator  in  G  is 
contained  in  the  cyclic  subgroup  {  P },  otherwise  G  would  be  of  order  greater 
than  p^ .  The  complete  division  into  classes  is  eflFected  by  the  following 
assumptions : 

I.  There  is  in  G  at  least  one  operator  Q^ ,  such  that  Qf  is  not  contained 

II.  The  p*  power  of  every  operator  in  G  is  contained  in  {  P  } ,  and  there 
is  at  least  one  operator  Q^,  such  that  Qf  is  not  contained  in  {  P}. 

III.  The  pth  power  of  every  operator  in  G  is  contained  in  {  P  }• 
The  number  of  groups  for  Class  I,  Class  II,  and  Class  III,  together  with  the 

total  number,  are  given  in  the  table  below : 

*  Presented  to  the  Society  April,  25,  1903.  Reoeived  for  pablioation  Aagost  16,  1904,  and 
February  26,  1905. 

t  Theory  of  Groups  of  a  Finite  Order,  pp.  75-81. 
t Transactions,  vol.  2  (1901),  p.  259,  and  vol.  3  (1902),  p.  383. 
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I 

III 

II, 

ii> 

II            III    ,      Total      ! 

'                                      1 

P>3 

«>8 

9 

20  +  ^ 

Q  +  2p 

6  +  2p 

32+6;> 

23  |64  +  5;) 

P>3 

m  =  8 

8 

20 +p 

6  +  2p 

6  +  2p 

32  +  6/) 
32  +  5p 

23  ]63+6p 

6 
9 
8 

20+^ 

Q+2p 

6  +  2;> 

23 
16 

61  +  5p 

1>  =  3 

fn>8 

p  =  3 

111  =  8 

23 

12 

12 

47 

n 

23 

12 

12 

47 

16 
16 

71 

1      P  =  3 
1     «i  =  7 

6 

23 

12 

12 

47 

69 

The  number  of  groups  of  order  />*",  with  cyclic  subgroups  of  orders  p*",  />*"~^ 
and  p"~*,  are  given  in  Table  II : 

II. 


p'          \       p-o-l 

p--. 

P>2 

TO>5 

1            2* 

lit 

The  number  of  groups  of  order  p",  a  =  1,  2,  3,  4,  5  are  given  in  Table  III ; 

III. 


a  =  l 

a  =  2t 

o  =  3t 

«  =  4{ 

a  =  5§      , 

1  '=' 

2 

6 

14 

61       1 

p  =  3 

1 

2 

6 

15 

66 

p  =  12*-l 

2 

6 

15 

65  +  2p 

p  =  12ib+5 

2 

6 

16 

61  +  2p  1 

p==12Jb  — 5 

2 

6 

16 

69  +  2/;  1 

p=m+i 

2 

6 

15 

n  +  2p  \ 

*  BUBNSIDB,  Theory  of  ChoupSy  Art  65,  p.  75. 

flbid.,  Art.  66,  p.  77;  Miller,  Transactions,  vol.  2  (1901),  p.  259,  and  vol.  3  (1902), 
p.  383. 

X  YouNO,  On  the  determination  of  groups  whose  order  is  a  powet^  of  a  prime,  American  Journal 
of  Mathematics,  vol.  15  (1893),  pp.  124-178.  Cole  and  Glover,  On  groups  vJiose  orders  are 
^he  product  of  three  prime  factors,  American  Journal  of  Mathematics,  vol.  15  (1893), 
pp.  191-220.  U5LDBB,  Die  Gruppen  der  Ordnungen,  p^,  pq^,  pqr,  p«,  Mathematische  Anna- 
len,  vol.  43  (1893),  pp.  301-412. 

§  Baoneba,  La  eompo»izione  dei  gruppi  finiti  il  eui  grado  i  la  quinta  potema  di  un  numero  primo, 
Annali  di  Matematica,  vol.  3  (1898),  pp.  137-228. 
Trans.  Am.  Matb.  Soc-  92 
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I  give  ID  this  paper  the  whole  investigation  of  Class  I,  but  only  the  results 
of  Classes  II,  and  III.  The  investigation  as  a  whole  will  appear  in  the  Pu  b  - 
lication?  of  the  University  of  Pennsylvania,  Mathematics, 
no.  3. 

Cl(m  I. 

1.  General  notations  and  relations. — The  group  G  is  generated  by  the  two 
operators  P  and  Q^ .     For  brevity  we  set  * 

^P^(?;P'...-[«,6,c,d,...]. 

Then  the  operators  of  G  are  given  each  uniquely  in  the  form 

We  have  the  relation 
(1)  Q.^^P"^. 

There  is  in  G,  a  subgroup  H^  of  order  />'""*,  which  contains  {P}  self-con- 
jugately.f  The  subgroup  H^  is  generated  by  P  and  some  operator  Q[P'  gf 
G\  it  then  contains  Q[  and  is  therefore  generated  by  P  and  Qf*;  it  is  also 
self-conjugate  in  JZ,  =  { ^,  P}  of  order  jf'^,  and  H^  is  self-conjugate  in  G. 
From  these  considerations  we  have  the  equations 

(2)t  Q-'^'PQf=P^^'^-', 

(3)  Q^'^PQ^^Q^'P^', 

(4)  Qv'PQ.^Q'.'P^'^. 

2.  Detei-mination  of  H^,  Derivation  of  a  formula  for  [yp*,  x\'.  —  From 
(  2 ),  by  repeated  multiplication  we  obtain 

and  by  a  continued  use  of  this  equation  we  have 

l  —  yp\  «,  JP*]  -  [0,  X{\  +  A^J"— )"]  =  [0,  x{l  +  %it»"-*)]    {m>4). 
and  from  this  last  equation , 

(5)  [yi>',!«]'  =  [wS«'j«+A(2)yy"-*|]- 

3.  Determination  of  H^,  Derivation  of  a  formula  for  [yp,  «]'.  —  It  fol- 
lows from  (3)  and  (5)  that 

^  With  J.  W.  YoUNO,  Ona  certain  group  of  iiomorphisnUj  American  Journal  of  Mathe- 
raatios,  vol.  25  (1903),  p.  206. 

t  BURNSIDE  :  Theory  of  OroupSy  art.  54,  p.  64. 
t  BUBl^siDE  :  Theory  of  Groups,  art.  56,  p.  66. 
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Hence,  by  (2), 

/3^!/sO(mod;>»), 

3j   —   1 

From  these  congruences,  we  have  for  m  >  6 

a^  s  1  (  mod  p'),         a,  s  1  (mod  />^) , 
and  obtain y  by  setting 

the  congruence 

and  so 

(  a^  +  hl3)p''  5  0(  mod  p*"-* ) ,. 
since 

From  the  last  congruences 

(6)  (  a,  +  /t/3 )p»  s  Ap"-* (  mod  />"-»  ) . 
Equation  (3)  is  now  replaced  by 

(7)  Q,-'PQjf=Qf'"P'+«.'^. 
From  (7),  (6),  and  (6) 

[-yp,  «,  yi>]  =  r/3xy/,  aj{l  +  a^p'}  +  0lc(^jyp"-*\' 

A  continued  use  of  this  equation  gives 

[yp,xy=y»t/p  +  fi[J^jxyp\ 
(8) 

a»  +  (2 )  { '^^yp' + ^*  ( 2 )  y^"'"' )  +  '^^'  ( 3 )  "^yp""*  ]  • 

4.  Determination  of  G .  —  From  (  4  )  and  (  8  ) , 

[-p^hpl^'l^'^p.a'.  +  W]- 

From  the  above  equation  and  (7), 

a^  s  1  (  mod  p^),         a,  s  1  (  mod  p  ) . 
Set 
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and  equation  (4)  becomes 

(9)  •    ^.-'P^.^Qf^'^"'"- 
From  (9),  (8)  and  (6), 

and  from  (1)  and  (2), 

(1  +  a,pr  +  bh  ^-}-±^.)'^^  pml  +  kp-*{  mod  p"  "' ) . 

By  a  reduction  similar  to  that  used  before, 

(10)  (a,  +  bh)p^  5  kp'^-^modp^-^). 

The  groups  in  this  class  are  completely  defined  by  (9),  (1)  and  (10). 
These  defining  relations  may  be  presented  in  simpler  form  by  a  suitable  choice 
of  the  second  generator  Q^.     From  (9),  (6),  (8)  and  (10), 

[1  ,  xy'  =  [p\  xp']  =  [0,  {X  +  h)p']  (  m>6). 

and,  if  x  be  so  chosen  that 

x  +  h^  O(mod|>'"-*), 

§j  P'  is  an  operator  of  order  p^  whose  p^  power  is  not  contained  in  {  P  } .     Let 
Q^P'  ^  Q,     The  group  G  is  generated  by  Q  and  P,  where 

0^=1,  P^'-'^l. 

Placing  A  =  0  in  (6)  and  (10)  we  find 

a^p^  »  a^p^  5  Ap'"~*(mod  j^*""^). 

Let  Aj  =  oip"^^^ ,  and  a^  =  ap""-"^ .     Equations  (7)  and  (9)  are  now  replaced  by 

(11) 

As  a  direct  result  of  the  foregoing  relations,  the  groups  in  this  class  correspond 
to  the  partition  (7/1  —  8,  3).     From  (11)  we  find 

[-y>  l>y]  =  [%/>>  1  +«y/>'""']  {m>8).* 

*For  m  =  8  it  is  necessary  to  add  a*(  J)p*  to  the  expooents  of  P  and  for  m  =  7  the  terms 
a  ( a  +  a6/)  /  2 )  ( ;  )p*  +  a'(  ?  );»'  to  the  exponent  of  P,  and  the  term  a6  (  J  )p«  to  the  exponent  ci 
Q.    The  extra  term  27ab^k{i)  is  to  be  added  to  the  exponent  of  P  for  »w  =  7  and  p  =  3. 
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It  is  important  to  notice  that  by  placing  y^p  and  p*  in  the  preceding  equa- 
tion we  find  that 

6  a  13  (mod  p),  a  ^  am  A(mod/)')(m>  7).* 

A  combination  of  the  last  equation  with  (  8  )  yields 

[-y,  a;,y]  =  [bx^!/p  + b'(l)yp*, 

(12) 

x{l  +  ayp'-*)  +  af>{l)yp''-'  +  ab*{l)yp''-*]     (in>8).t 
From  (12)  we  get 

\.y,^V=\.y»  +  by{(x+bil)p){;)  +  x(l)p}p, 

(13)  ^s  +  ay{(x  +  b{l)p  +  b\l)f)a) 

+  (6^iJ  +  26«x(J)p»)(J)+  6^(:)y}p— ]      (m>8).t 

5.  TraTtsfoitnation  of  the  Groups.  —  The  general  group  G  of  Class  I  is  speci- 
fied, in  accordance  with  the  relations  (2)  (11)  by  two  integers  a,  6  which  (see 
(11))  are  to  be  taken  mod  />',  mod  p^,  respectively.     Accordingly  setting 

a  =  ci^p\  b  =  6jjo'* , 
where 

cZy[aj,;^]  =  l,dt7[6j,;?]  =  l  (A  =  o,  i,  2,  3;  a^  =  0,  l,  2), 

we  have  for  the  group  G  =z  G(a,  6)=  G{ay  6)(P,  Q)  the  generational  de- 
termination : 


G(a,6):j 


Q'^=1,P'"''=1 


*For  m  =  7,  ap*— aV/2a5ap«(  mod  p*),  ap»  =  Ap^ ( mod  p* )  •  For  m  =  7  and  p  =  3  the 
first  of  the  above  ooDgruences  has  the  extra  terms  27  ( a'  -f  o^^^ )  on  the  left  side. 

fFor  m  =  8iti8  necessary  to  add  the  term  a(i)xp*  to  the  exponent  of  P,  and  for  m  =  7 
the  terms  x{a{a  +  a6p/2 )  ( ! ) p* -f- a' ( ? ) P'  ^  ^  *^®  exponent  of  P,  with  the  extra  term 
27  oA'ifc  (  J  )  X  for  p  =  3,  and  the  term  a6  (  J  )  xp*  to  the  exponent  of  Q. 

t  For  m=8  it  is  necessary  to  add  the  term  Jory  (  }  )  [  Jy(2«  —  1)  —  l]  p*  to  the  exponent  of  P, 
and  for  ni=-7  the  terms 

+"-y(o?^-V+tC-(^-^i',^^^-(o).P'}. 

with  the  extra  terms 


27 oftxyj^*  [(;)»•- (2«-l)»  +  2](;)+x(6't  +  a»)(2y«  +  l)(;)} 
the  terms 

{-^%-i}(0^p' 


for  p= 3,  to  the  exponent  of  P,  and  the  terms 

ab  (  2« 
2 
to  the  exponent  of  Q. 
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Not  all  of  these  groups,  however,  are  distinct.     Suppose  that 
G{u,b){P,Q)^G{a\b'){P',Q'), 
by  the  correspondence 

where 

Q[  «  Q^.'P'v--*^  and  P;  -  Q^P', 

with  y'  and  x  prime  to  p. 
Since 

then 

or  in  terms  of  Q' ,  and  P' 

[y  +  6V;>  4-  b'\i)yp\  x{l  +  a'yy^)^a'h\',)yy^ 

+  «'*''(0y>""]  =  [y  +  %>>  a-  +  (ox  +  6a»p"^]  («,>8) 

and 

(14)  by' sb'xy'  +b'\^^)y'p {mod  p'), 

(15)  ax  +  bxp  5  a'y'x  +  (i'b'{1^)y'j)  +  «'6'*(J)y'y(mod//). 

The  necessary  and  sufficient  condition  for  the  simple  isomorphism  of  these 
two  groups  G(a,  b)  and  G(a'y  b')  is,  that  the  above  congruences  shall  be  con- 
sistent and  admit  of  solution  for  x,  y,  x'  and  y\  The  congruences  may  be 
written 

ftj;;**  s  blxp*''  +  6;'(  J );>''*'+' (mod  ;>'), 

a^xy  +  b,xp^'+'  =  y'{  a;ay/'  +  «;6;(J)y^^''"''^'  +  ^i^i'COi^'"''^''*'"''  }(niody). 

Since  rfy  [ic, ^>]  =  1  the  first  congruence  gives  a^  =  a^'  and  a:  may  always  be  so 
chosen  that  6^  =  1 . 

We  may  choose  y'  in  the  second  congruence  so  that  \  =  \'  and  a^  =  1  ex- 
cept for  the  cases  \'  =  ^+1  =  a*'+1  when  we  will  so  choose  x'  that  X  =  3 . 

The  type  groups  of  Class  I  for  7/1  >  8  *  are  then  given  by 

(I)  G{p\  p-  )  :  Q-'PQ  =  Qr'^^- p^^p-'^\  Q^-  «  1,  pr-^  _  1  ^ 

V"-0,  1,2;  X  =  3.  / 

Of  the  above  groups  G  (p^,  p'*)  the  groups  for  a*  =  2  have  the  cyclic  sub- 

*  For  m  =  B  the  additional  term  ayp  appears  on  the  left  side'of  congraenoe  ( 14)  and  G(l^  p*) 
and  0{lj  p)  becomes  simply  isomorphic.  The  extra  terms  appearing  in  congruence  (15)  do 
not  effect  the  resalt.  For  m  =  7  the  additional  term  ay  appears  on  the  left  side  of  (14)  and 
0(1,  1),  0  (Itp),  and  G{1,  p^)  become  simply  isomorphic,  also  0{p,  p)  and  0{pj  p^). 
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group  [P]  self-conjugate,  while  the  group  G{p^y p^)  is  the  abelian  group  of 
type  (m-3,  3). 


Clasfi  II. 

1.  Sections,  —  Class  II  is  divided  into  three  sections. 

2.  Types,  —  The  types  of  Section  I  (  m  >  5 )  are  defined  by 

R-'  PR  =  Q*i>P»+"^^, 
where  the  constants  have  the  values  given  in  the  table  below, 

(11.) 


(n.) 


a     b 

a\  P     c  \  d  \          a 

b 

a     p\c     d 

1 

T"o" 

1   O|0'l||io   1 

0 

i^  1 0 1 0 1 0 

2 

oio 

T|'o"|'o"'o'ij'ni"o" 

0 

iJ ,  1 '  0  1 0 

3 

OjO   I'liOiOjia'O 

0 

7V  0  1 1  1  0  1 

4 

0  oiijo 

1  o:i3|i 

0 !  p  1 1 0  0 

5 

0    1    1 

0 

k\0  IU   0 

1 

p\o:k 

0 

6 

0|Oll|l|l|0  |15'0 

0 '  ^M 1 ;  1  0 , 

7  i  0)    0  '  ;)    0 

0   1|18  0   OjO 

0,0   0 

8  jo    0    0|0 

0|1||17 

0   1 1  0 

coo 

9 

olo'i'loio  oil 

1  1 

K  =  0 ,  1 ,  and  a  noD-residae  ( mod  p ) , 

The  types  of  Section  2  are  defined  by 

R-'PR  =  P^+^-*, 


(IIJ 


Q-'PQ^RP'^'^^, 
Q-'RQ  =  (^^RP'p-', 
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where  the  values  of  the  constants  are  given  in  the  following  table  : 


[July 


.  k 

e 

e 

e 

1 

1 

1 

0 

0 

2 

0 

1 

1 

0 

3 

;o 

1 

0 

a> 

4 

0 

p 

a> 

0 

5 

0 

p 

1 

0 

I 

I 

,  6     0    />    0     «  I 

K  =  0,  1 ,  and  a  oon-residae  ( mod  p  ) , 
c^  =  0,l,2.-     ,p— 1. 


The  groups  of  Section  3  are  de6ned  by 


(H,) 


R-'PR=:  QT, 
R'^  Qf  =  P'—  =  1 , 


with  the  values  7=1  and  a  non-residue  ( mod  /));e  =  l,e  =  0, 1,2, •■•,/>  —  1, 
and  e  =  p,  e  =  0,  1 ,  and  a  non-residue  ( mod p),  2p  +  Q  groups  in  all. 

Class  III. 
Tyiica.  —  The  types  of  Class  III  are  defined  by 

Qr'PQ  =  p'+*'^, 

R-'PR=Qi'P, 
R-'QR=  qp"^-*, 
S-'P8=R'Q'P'+""^, 
S-'QS  =  R'Q, 
S-'RS^^RPJ'-^, 

where  the  constants  have  the  values  given  in  the  table  : 


(III) 
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i  a  1  /3  1  c     r     6     ifc  1  e  1  J  1 

1  ,0    010    OJOO    0    0 

2  |1I0|0J0  0  0  oio, 

3  |«|i  oiojoio  o;o' 
4»!oii  0|ilo,o  0  0 
5  TTTT|TiT|T|T, 

6    0|o;0'0|OiljO!0' 

7»!o  iiO|i  0|i  o.o' 

8  i0'0|l    0;0    1    0    0 

9»|0|0i  0  iT|0  0, 

10  0  i  0 

11  1    0 
13      «    1 

13  ITT 

14*    0    1 
15    |0    0 

ie»  1 0  0 

17*|0    1 

i 

e 

T 
"o" 

1 

0 

0 

J_ 

1 

T 

y 

T 

0 

T 

0 

T 

A 

T 
T 

0 

T 
T 

0 

1 
1 

1   0   0 
0   1|0 

0  ilo 

0j0|l 

TTjT 

0   Ojl 
OlO   1 

TT|T 

1 

K  =  0,  ly  and  a  noD-residue  ( mod  p ) . 

^  These  groaps  for  p  ^-r  3  ( jb  4>  0 )  are  simply  isomorphic  with  groaps  in  Class  II. 

University  of  Pennsylvania, 
February  23,  1905. 
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ON  THE  INVARIANT  SUBGROUPS  OF  PRIME  INDEX* 

BY 

G.  A.  MILLER 

The  totality  formed  by  all  the  operators  of  any  group  ((r)  which  are  common 
to  all  the  invariant  subgroups  of  prime  index  (p)  constitutes  a  characteristic 
subgroup,  and  the  corresponding  quotient  group  is  the  abelian  group  of  order 
p^  and  of  type  (1,  1,  1,  •••).!  The  number  of  the  invariant  subgroups  of 
index  p  is  therefore  /)^  —  l//>  —  1 .  The  given  totality  includes  all  the  opera- 
tors of  G  which  are  pth  powers,  and  it  is  composed  of  such  operators  whenever 
G  is  abelian.  In  this  case  \  is  clearly  equal  to  the  number  of  the  invariants  in 
the  Sylow  subgroup  of  order  ^y*  contained  in  G.  This  fact  follows  also 
flirectly  from  the  theory  of  reciprocal  gi-oups,  since  p^  is  the  order  of  the  sub- 
group generated  by  all  the  operators  of  order/;  contained  in  G.  For  instance, 
the  abelian  group  G  contains  only  one  subgroup  of  index  p  whenever  its  Sylow 
subgroup  of  order />"',  w  >  0,  is  cyclic,  it  contains/;  +  1  such  subgroups  when- 
ever this  Sylow  subgroup  involves  two  invariants,  />*+/>  +  !  whenever  there 
are  three  invariants,  etc. 

When  G  is  non-abelian  the  determination  of  X  is  much  more  difficult.  Its 
value  can  clearly  not  exceed  the  value  of  \  for  a  Sylow  subgroup  of  order  /)* 
contained  in  G ,  but  it  may  be  less.  Hence  it  is  of  fundamental  importance  to 
determine  the  values  of  \  for  the  groups  of  order  /?"* ,  and  we  shall  assume  that 
this  is  the  order  of  G  in  what  follows.  Instead  of  determining  the  value  of  X 
for  given  types  of  groups,  it  seems  much  more  desirable  to  determine  the  pos- 
sible  types  of  groups  when  the  value  of  X  is  given.  This  problem  soon  becomes 
very  difficult.  When  X  =  1 ,  G  is  cyclic ;  and  when  X  =  w ,  G  is  the  abelian 
group  of  type  (1,  1,  1,  •••).  These  extreme  cases  relate  to  fundamental  groups 
whose  elementary  properties  are  well  known.  The  case  when  X  =  m  —  1 
includes  the  Hamiltonian  groups.  All  the  groups  which  belong  to  this  case 
have  recently  been  determined.  |  The  main  object  of'  the  present  paper  is  the 
study  of  an  interesting  category  of  groups  which  belong  to  the  case  when 

*  Presented  to  the  Society  (San  Francisco)  Febrnary  25,  1905.  Received  for  pabliofttion 
March  2,  1905. 

t  Bauer,  Nonvelles  Annales,  vol.  19  (1900),  p.  509. 
t  Mathematisohe  Annalen,  vol.  60  (1905). 
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\  =  m  —  2 ;  viz.,  all  those  whose  commutator  subgroup  is  of  order  2>  •  T^^^  two 
abelian  groups  which  come  under  this  case  are  of  types  ( 8 ,  1 ,  1 ,  •  •  • )  and 
(2, 2,1, I,..-)  respectively.  In  what  follows  it  will  be  assumed  that  G  is 
non-abelian. 

The  following  theorem  is  of  considerable  interest  in  itself  and  is  proved  here 
because  it  will  be  convenient  to  employ  a  special  case  of  it  in  the  study  of  the 
groups  under  consideration. 

Theorem.  If  the  commutator  subgroup  of  a  group  of  order  />*"  is  of  order 
Pj  each  of  the  operators  which  are  common  to  every  subgroup  of  index  p  is  iiv- 
variant  under  the  entire  group. 

As  an  invariant  subgroup  of  order  p  is  composed  of  invariant  operators  under 
a  group  of  order  p"" ,  it  follows  that  all  the  commutators  of  the  group  in  ques- 
tion are  invariant.  Hence  each  operator  of  the  group  contains  at  most  p  con- 
jugates. If  an  operator  (s)  were  not  commutative  with  each  of  the  operators 
which  are  common  to  every  subgroup  of  index  p ,  the  subgroup  of  index  p  com- 
.posed  of  all  the  operators  which  ai*e  commutative  with  s  would  not  include  all 
the  given  common  operators.  As  this  is  impossible  each  of  the  common  opera- 
tors is  invariant  under  the  entire  group. 

Let  IT  represent  the  largest  subgroup  of  G  which  is  common  to  all  its  sub- 
groups of  index p .  Since  G  contains  just  1  +  p  +  p^  -{-••'  +  p'"^^  subgroups 
of  this  index,  the  order  of  K"  isp^.  We  shall  consider  the  groups  in  question 
in  two  sections,  —  the  first  will  be  devoted  to  those  in  which  K  is  cyclic  and  the 
second  to  those  in  which  IT  is  non-cyclic.  The  commutator  subgroup  of  order 
p  will  be  denoted  by  C  in  both  of  these  sections. 

§  1.  Determination  of  all  the  possible  groups  when  K  is  cyclic. 

Let  /  represent  the  commutator  quotient  group  of  G ,  that  is,  /  is  the  quotient 
group  of  order  j;*""^  corresponding  to  C.     Since  /  is  abelian  and  contains  just 

1  -\-p  +  p^  + h  p"'"^  subgroups  of  index  p  it  is  of  type  (2,1,1,  •••).     The 

subgroup  of  G  which  corresponds  to  all  the  operators  of  /  whose  orders  do  not 
exceed  j^  will  be  denoted  by  H.  This  subgroup  is  characteristic  since  it  is  com- 
posed of  all  the  operators  of  G  whose  orders  are  less  than  p^.  This  I'esult  fol- 
lows also  directly  from  the  fact  that  H  is  composed  of  all  the  operators  of  G 
whose  ^th  powers  are  commutators  of  G. 

Since  H  is  a  characteristic  subgroup  of  G  any  two  (r's  must  be  distinct  when- 
ever their  ^'s  are  distinct.  The  converse  is  not  necessarily  true ;  that  is,  two 
G  's  involving  the  same  H  may  be  distinct  groups  as  will  be  seen  in  what  fol- 
lows. Moreover,  H  is  one  of  the  system  of  groups  mentioned  above  in  which 
X  =  7?ij  —  1 ;  p'"'^  being  the  order  of  H,  The  value  of  t^Ij  is  m  —  1  as  stated 
above.  Hence  H  may  be  regarded  as  known  and  it  remains  only  to  find  the 
other  possible  operators  of   G,     When  //  is  abelian  it  is  simply  isomorphic 


Digitized  by 


Google 


328  G.    A.    MILLER  :     INVARIANT   SUBGROUPS   OF   PRIME   INDEX  [July 

with  /  and  it  is  easy  to  prove  that  only  one  group  (G^)  can  involve  such 
an  II  and  satisfy  the  conditions  that  IT  is  cyclic  and   that  there  are  just 

I  +  /)  -f  /?^  -h  • .  •  -f  ^"*~^  subgroups  of  index  p^  jf"  being  the  order  of  the  group. 
The  group  of  cogredient  isomorphisms  of  G^  is  of  order  /?^  since  G  is  of  order 

p  and  jETis  abelian.  The  truth  of  this  statement  may  be  seen  as  follows.  If  t 
is  any  operator  of  G^  —  H*  it  has  just  p  conjugates  under  G^  and  hence  it  is 
commutative  with  a  subgroup  of  order  /?"*~^  contained  in  H.  Since  these  /?""" 
operators  are  commutative  with  every  operator  oi  II  bb  well  as  with  t  they  are 
commutative  with  every  operator  of  G^ ,  that  is,  the  group  of  cogredient  iso- 
morphisms of  Gi  is  of  order  2?*.  Since  the /?"'"■*  invariant  operators  include  K 
they  constitute  an  abelian  group  of  type  (2,1,1,*-). 

It  is  now  very  easy  to  prove  that  there  could  not  be  two  distinct  G'b  involv- 
ing the  same  abelian  II,  For  in  two  such  (?'s  the  H^s  could  be  made 
simply  isomorphic  in  such  a  way  that  the  ^of  one  G  would  correspond  to  the 

II  of  the  other,  and  that  the  subgroups  composed  of  the  invariant  operators  of 
the  two  jETs  would  correspond.  After  this  had  been  done,  two  operators  of 
order  ^?^,  one  from  each  G,  could  be  so  chosen  that  their  pth  powers  would 
correspond  and  that  they  would  transform  corresponding  operators  into  corre- 
sponding operators.     That  is,  the  G^'s  would  be  simply  isomorphic! 

When  II  is  non-abelian  the  considerations  become  a  little  more  difficult.  The 
results  are  as  follows :  There  are  always  just  two  G^s  for  a  given  H  except 
when  H  involves  only  p^  invariant  operators ;  in  this  special  case  there  is 
only  one  G  which  involves  a  given  H.  The  main  theorems  which  will  be 
employed  to  arrive  at  these  results  are:  The  order  of  the  group  of  cogi'e- 
dient  isomorphisms  of  G  is  an  even  power  of  p^  and  the  order  of  the 
group  of  cogredient  isomorphisms  of  H  is  either  the  same  as  that  of  G  or 
it  is  the  quotient  obtained  by  dividing  that  of  G  by  p^.  This  theorem  is  a 
direct  consequence  of  the  fact  that  the  commutator  subgroup  of  G  is  of  order 
j9,  and  hence  requires  no  proof  here.  J  The  other  fundamental  theorem  is  as 
follows :  It  is  possible  to  make  H  simply  isomorphic  with  itself  in  such  a  way 
that  a  subgroup  of  index  p  corresponds  to  any  arbitrary  subgroup  of  this  index 
provided  these  two  subgroups  involve  the  same  number  of  invariant  operators 
and  include  invariant  operators  of  order  p!^.  Moreover,  the  subgroups  formed 
by  the  invariant  operators  can  be  made  simply  isomorphic  in  any  arbitrary  man- 
ner such  that  the  commutator  subgroup  corresponds  to  itself. 

The  proof  of  this  theorem  is  readily  obtained  by  means  of  the  following 
known  properties  of  H.  There  is  one  and  only  one  H  whose  group  of  cogre- 
dient isomorphisms  is  of  order  j9^,  a  <  (m  —  2  )/2 ;  when  2a  <  m  —  3  this  H 

*  This  symbol  represents  the  operators  of  Gi  whioh  are  Dot  also  in  H. 
tBulletin  of  the  American  Mathematical  Society,  vol.  3  (1897),  p.  218. 
tFiTE,  Transactions  of  the  American  Mathematical  Society,  vol.  3  (1902),  p. 
342. 
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is  the  direct  product  of  a  group  which  has  just  p^  invariant  operators  and  an 
abelian  group  of  type  (1,1,---).  If  a  subgroup  of  index  p  in  IT  includes  all 
the  invariant  operators  under  ^jET,  the  order  of  its  group  of  cogredient  isomorph- 
isms is  obtained  by  dividing  the  order  of  the  group  of  cogredient  isomorphisms 
of  Hhy  p^.  When  this  condition  is  not  satisfied  the  subgroup  of  index  p  has 
the  same  group  of  cogredient  isomorphisms  as  jEThas.* 

By  employing  these  theorems  it  is  easy  to  prove  that  there  is  only  one  G 
which  involves  jETand  has  the  same  gi'oup  of  cogredient  isomorphisms  as  ZThas. 
For  if  there  were  two  such  (r^s  they  could  be  obtained  by  adding  successively  to 
jETthe  two  operators  ^,,  t^  of  order  j9^.  As  the  pth  powers  of  these  operators 
would  be  invariant  under  H  it  would  be  possible  to  make  H  simply  isomorphic 
with  itself  in  such  a  manner  that  t\  would  correspond  to  ^^ .  Hence  the  entire 
groups  would  be  simply  isomorphic ;  that  is,  there  is  only  one  such  G . 

When  the  group  of  cogredient  isomorphisms  of  G  is  not  the  same  as  that  of 
jET,  it  is  necessary  that  H  include  at  least  p^  invariant  operators.  Whenever 
this  condition  is  satisfied  it  is  evident  that  a  G  can  be  constructed.  If  there 
were  two  (r's  involving  the  same  H  they  could  again  be  constructed  by  adding 
to  II two  operators  of  order  p\  which  may  be  represented  respectively  by  ^j,  t^. 
As  these  operators  would  be  commutative  with  all  the  operators  of  a  subgroup 
of  index  p  contained  in  //,  and  as-  ff  could  be  made  simply  isomorphic  with 
itself  in  such  a  manner  that  these  subgroups  would  correspond  to  themselves, 
and,  moreover,  t^  would  correspond  to  P^ ,  it  follows  as  before  that  there  is  only 
one  such  G.     The  results  of  this  section  may  be  summarized  as  follows: 

When  iris  given  it  is  always  possible  to  construct  two  (r's,  provided  ZT con- 
tains more  than  p^  invariant  operators.  When  II  involves  only  p^  invariant 
operators,  only  one  G  is  possible.  One  of  these  two  systems  is  composed  of  all 
the  groups  of  order  p^  which  involve  invariant  operators  of  order  />'  and  contain 
just  1  +  p  -{-  p^  +  '  • '  +  7>'""^  subgroups  of  index  p.  •  There  are  just  J  (  w*  —  1 ) 
such  groups  when  m  is  odd.  When  m  is  even  their  number  is  J  ( w  —  2 ) . 
The  other  system  includes  the  same  number  of  groups  when  m  is  even,  but  it 
contains  one  less  when  m  is  odd.  That  is,  the  number  of  the  groups  which 
belong  to  this  system  is  J  ( m  —  3  )  or  J  ( m  —  2 ) ,  a«  m  is  odd  or  even.  This 
system  is  composed  of  aH  the  possible  groups  of  order  p'"  which  contain  just 
1  -h p  +p^  +  "•  +  p"*"'  subgroups  of  index  j^  and  are  generated  by  operators 
of  order  p^  without  also  including  invariant  operators  of  this  order. 

If  a  group  belongs  to  the  latter  system  and  contains  more  than  p^  invariant 
operators  it  is  the  direct  product  of  a  G^  which  contains  just  p^  invariant  opera- 
tors and  an  abelian  group  of  type  ( 1 ,  1 ,  •  •  • ) .  Similarly,  if  a  group  belongs 
to  the  former  system  and  contains  more  than  p^  invariant  operators  it  is  the 
direct  product  oi  sl  G  containing  just  ;>"*  invariant  operators  and  an  abelian 
group  of  type  (1,1,1,.-). 

^Mathematische  AnDalen,  loc.  oit. 
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§  2.  Determination  of  all  the  jwssible  groups  when  K  is  noii-cyclic. 

The  commutator  quotient  group  /  is  again  the  abelian  group  of  type 
(2,  1,  1,  . . .)  and  of  order />"*"^  The  characteristic  subgroup  jET  corresponds  to 
all  the  operators  of  /whose  orders  do  not  exceed p  just  as  in  the  preceding  sec- 
tion. All  the  operators  oi  G  -—  H  are  of  order  y>*  while  in  the  preceding  section 
the  corresponding  operators  were  of  order />'.  As  all  the  operators  of  If  may 
be  of  order  p  it  may  be  the  abelian  group  of  type  (1,  1, 1,  •  •  •).  If  it  is  not  this 
group  it  contains  just  1  4-  />  +  Jt?^  +  •  •  •  -h  p"^"^  subgroups  of  index  p  and  hence 
it  belongs  to  the  known  systems  of  groups  which  were  mentioned  above.  The 
pth  power  of  its  operators  are  commutators  of  G . 

Since  any  two  invariant  operators  of  H  which  are  of  order  p  without  being 
commutators  can  be  made  to  correspond  in  some  simple  isomorphism  of  II  with 
itself  it  follows  that  there  is  one  and  only  one  G  which  has  the  same  group  of 
cogredient  isomorphisms  as  the  non-abelian  ff  contained  in  it.  That  is,  every 
non-abelian  II  which  includes  at  least  p^  ^1  invariant  operators  of  order  p  is 
contained  in  one  and  only  one  G  whenever  G  includes  invariant  operators  not 
contained  in  II.  As  the  ZT's  are  known  and  these  groups  are  obtained  by  ex- 
tending II  by  means  of  an  operator  of  order  p^  whose  pth  power  is  in  H  and 
which  is  commutative  with  every  operator  of  ZT,  this  system  of  groups  is  com- 
pletely determined.  It  therefore  remains  only  to  consider  those  G*s  whose 
group  of  cogredient  isomorphisms  are  larger  than  those  of  the  IPs  which  they 
contain. 

Every  group  in  question  may  be  constructed  by  extending  some  II  by  means 
of  an  operator  t  which  is  commutative  with  each  of  the  operators  of  a  subgroup 
II'  of  index  p  contained  in  II.  As  f"  is  contained  in  II'  and  is  commutative 
with  every  operator  of  G  without  being  a  commutator  of  G  it  follows  that  H' 
includes  at  least  />'  —  1  invariant  operators  of  order  /?.  Since  the  order  of  the 
group  of  cogredient  isomorphisms  of  G  is  larger  than  that  of  ff  the  subgroup 
II'  cannot  include  all  the  invariant  operators  of  ff.  Hence  such  an  II  mast 
involve  at  least  p^  invariant  operators  under  H^  and  whenever  an  H  has  this 
property  a  G  can  evidently  be  constructed.  Since  two  G^s  must  be  distinct 
whenever  their  II^s  are  distinct  and  we  found  the  conditions  which  II  mast 
satisfy  in  order  that  a  G  can  be  constructed,  it  remains  only  to  determine  how 
many  (r's  involve  the  same  ff.  That  is,  if  II  is  given  it  is  required  to  find  all 
the  possible  operators  of  order  p^  which  may  be  used  to  extend  H  in  such  a  way 
as  to  give  rise  to  distinct  groups. 

Let  ^j ,  ^2  be  two  operators  which  may  be  used  to  extend  a  fixed  jET  so  as  to 
give  rise  to  two  distinct  G's .  Since  it  is  possible  to  make  H  simply  isomorphic 
with  itself  in  such  a  way  that  any  invariant  operator  of  order  p  which  is  not  a 
commutator  can  be  made  to  correspond  to  any  other  operator  having  these  prop- 
erties, it  is  clear  that  the  two  6^'s  would  be  simply  isomorphic  if  the  II'  of  the 
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one  could  be  made  to  correspond  to  the  IF  of  the  other  in  some  simple  isomor- 
phism of  H  with  itself.  That  is,  our  problem  is  reduced  to  finding  the  num- 
ber of  subgroups  of  H  which  could  be  used  as  H'  but  could  not  be  made  sim- 
ply isomorphic  in  any  simple  isomorphism  of  H  with  itself.  In  other  words,  the 
construction  of  all  the  possible  groups  in  question  is  reduced  to  the  determina- 
tion of  properties  of  a  known  system  of  groups. 

As  there  are  just  three  non-abelian  H\  which  have  the  same  group  of  cogre- 
dient  isomorphisms  *  our  problem  is  reduced  to  the  determination  of  all  the  (r's 
which  involve  these  three  distinct  ^s.  Two  of  these  contain  no  invariant 
operators  of  order  p^  while  the  third  contains  invariant  operators  of  this  order. 
It  is  not  difficult  to  see  that  there  is  only  one  G  which  involves  a  given  H  that 
does  not  include  invariant  operators  of  Order  p*.  For  the  H'  of  such  a  G  can- . 
not  include  invariant  operators  of  order  />'  since  it  cannot  involve  all  the  invari- 
ant operators  of  H,  Hence  all  the  subgroups  which  could  be  used  for  H'  can 
be  made  to  correspond  in  some  simple  isomorphism  of  H  with  itself.  That  is, 
there  is  only  one  G  which'  involves  such  an  H.  It  now  remains  only  to  consider 
the  case  when  jET  includes  invariant  operators  of  order  p'  and  has  a  given  group 
of  cogredient  isomorphisms. 

When  such  an  iThas  more  than  j?  invariant  operators  it  follows  directly  from 
the  known  properties  of  H  that  it  includes  three  distinct  subgroups  of  index  p 
which  can  be  used  as  H'  since  they  have  the  same  group  of  cogredient  isomor- 
phisms as  H  has.  These  three  ^'s  are  simply  isomorphic  with  the  three  possi- 
ble ^8  which  have  the  same  group  of  cogredient  isomorphisms.  When  the  H 
under  consideration  has  only  p^  invariant  operators  there  are  only  two  such  G\ . 
Hence  we  have  finally  that  there  are  five  G*8  which  have  the  same  group  of 
cogredient  iaomorphisjns  provided  the  order  of  this  group  is  less  than  ^"*~*. 
When  this  order  is  p"'~^  there  are  only  Jour  such  G^s . 

As  these  results  follow  directly  from  the  known  properties  of  IT  and  from  a 
known  theorem  in  regard  to  simply  isomorphic  groups,t  it  seems  unnecessary  to 
enter  upon  further  details.  The  special  case  when  IT  is  abelian  presents  no 
difficulty  as  there  is  only  one  possible.  G  when  IT  is  of  type  (1,  1,  1,  •••),  and 
there  are  two  G'b  when  iT  is  of  type  (2,  1,  1,  •.•).  The  infinite  systems  of 
g^ups  determined  in  this  paper  are  of  interest  on  account  of  their  elementary 
properties  and  also  in  view  of  the  fact  that  they  are  completely  defined  by  the 
number  of  their  subgroups  of  index  p  and  the  order  of  the  commutator  sub- 
group. The  close  contact  between  this  paper  and  the  one  in  which  the  proper- 
ties of  every  possible  If  axe  determined  should  be  noted.  The  latter  will  shortly 
appear  in  the  Mathematische  Annalen  under  the  title:  An  Extension 
of  the  Hamiltonian  Groups, 

^Mathematisohe  AnnaleD,  loc.  oit. 

tTransaotioDS  of  the  American  Mathematical  Society,  vol.  3  (1902),  p.  342. 
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ON  A  GENERAL  METHOD  FOR  TREATING  TRANSMITTED  MOTIONS 
AND  ITS  APPLICATION  TO  INDIRECT  PERTURBATIONS* 

BY 

ERNEST  WILLIAM   BROWN 

The  mathematical  treatment  of  any  physical  problem  demands  the  construc- 
tion of  an  ideal  problem  in  which  the  conditions  are  different  from  those  of  the 
actual  problem.  It  is  assumed  that  the  same  general  laws  hold  for  the  actual 
and  ideal  problems,  but  the  complexity  of  the  circumstances  surrounding  the 
former  makes  simplifications  of  some  kind  necessary  in  order  that  the  analysis 
should  not  be  unreasonably  tedious.  The  ideal  problem  is  therefore  usually 
constructed  by  neglecting  at  first  some  of  the  influences  which  form  a  part  of  it 
but  which  are  assumed  to  affect  the  results  to  a  much  smaller  extent  than  those 
we  retain.  The  simplified  problem,  which  I  call  problem  A ,  is  then  solved. 
The  second  step  consists  in  finding  what  changes  are  necessary  in  the  solution 
of  problem  A  when  some  or  all  of  the  neglected  influences  are  included ;  this 
second  problem  I  call  B.  The  question  under  consideration  here  is  the  deduc- 
tion of  the  solution  of  B  when  that  of  A  has  been  found. 

One  of  the  methods  for  solving  B  is  that  known  as  the  Variation  of  Arbi- 
trary Constants.  In  the' deduction  of  the  solution  of  A^  arbitrary  constants  a 
arise,  and  numerical  values,  depending  on  the  given  conditions  of  the  problem, 
can  be  assigned  to  them.  In  order  to  obtain  the  solution  of  jB,  it  is  assumed 
that  the  solution  of  A  is  still  available  provided  that  a  different  set  of  values  be 
assigned  to  the  constants  a .  But  the  new  set  of  values  will  usually  be  different 
at  different  times  and  will  therefore  depend  on  the  time ;  in  other  words,  the 
constants  a  become  variables  in  problem  B, 

This  last  fact  gives  us  another  view  of  the  relation  between  A  and  B.  Sup- 
pose that  the  position  of  the  system  which  constitutes  B  is  defined  by  variables 
X,  and  that  we  desire  to  change  from  the  variables  x  to  other  variables  p  in 
order  to  simplify  the  treatment  of  B .  Then  one  p-set,  namely,  the  o-set,  can 
be  obtained  by  supposing  that  the  x-set  and  the  p-^t  are  connected  by  the  same 
equations  which  connect  the  o^-set  and  the  a-set  in  the  solution  of  problem  A . 

^  Presented  to  the  Society  nnder  a  different  title,  Febroary  25,  1905.  Reoeived  for  publica- 
tion April  8,  1905. 
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Thus  A  is  no  longer  looked  upon  as  a  dynamical  problem  but  as  a  collection  of 
relations  which  give  certain  transformations  useful  for  the  treatment  of  B . 

But  we  can  go  further  than  this.  There  is  no  special  necessity  imposed  on 
us  to  use  any  of  the  a-sets  thus  found.  We  may  be  able  to  discover  another 
set  of  variables,  say  a  /»'-set,  allied  to  the  a>set  by  relations  different  from 
those  which  connect  the  x-set  and  the  a-set — relations  suggested  indeed  by  the 
latter  and  perhaps  possessing  similar  properties,  but  possessing  also  additional 
properties  more  useful  for  the  purpose  in  hand. 

It  is  proposed  to  investigate  here  one  such  ^' -set.  The  relations  between  the 
X'  and  a-sets  usually  contain  a  certain  number  of  other  constants  a  which  were 
present  in  the  original  equations  of  problem  A.  It  is  assumed  that  the  x-  and 
p'-sets  are  connected  by  relations  of  the  same  form  as  those  which  connect  the 
X-  and  a-sets,  but  that  the  a  have  given  variable  instead  of  given  constant 
values  assigned  to  them  in  the  2>'-set.  Certain  advantages  are  gained  in  the 
application  of  the  method  to  the  consideration  of  the  ^indirect  inequalities'  in 
the  motion  of  the  moon,  i.  e.,  in  the  consideration  of  those  perturbations  of  the 
lunar  motion  which  arise  from  the  action  of  a  planet  on  the  earth's  motion  and 
which  are  transmitted  to  the  moon  on  account  of  the  predominating  influence  of 
the  earth  on  the  moon.  I  have  given  some  indications  of  this  p'-^t  in  a  former 
paper.*  Unfortunately,  the  main  idea  was  obscured  by  the  method  adopted  to 
develop  it,  and  some  statements  concerning  the  applicability  of  it  to  the  lunar 
problem  require  further  limitations  than  those  previously  imposed.  The  present 
method  of  treatment  also  brings  to  light  a  theorem  (art.  10  below)  which  I 
believe  is  new  and  which  is  of  considerable  importance  in  the  discussion  of  the 
indirect  inequalities. 

1.  The  method  of  Jacohi,  The  equations  of  a  dynamical  system  are  sup- 
posed to  have  been  expressed  in  the  canonical  form 

W  dt-dy^^        dt-'dx,  ^^    n^,.y,.i)\. 

where,  to  fix  ideas,  the  n  variables  x^  may  be  thought  as  the  coordinates  defining 
the  position  of  the  system,  the  n  variables  y.  as  the  corresponding  momenta,  and 
<f>  as  the  sum  of  the  kinetic  and  potential  energies ;  these  interpretations  are 
nevertheless  not  necessary. 

L«et  the  variables!  a?,  y  be  changed  to  2;i  new  variables  j9,  j,  connected  with 
5c  *  y  by  the  relations 


*  On  the  variation  of  the  arbitrary  and  given  eomtanta  in  dynamical  equatums,  TransaotiooB 
of  the  American  Mathemaiioal  Society,  vol.  4  (1903),  pp.  333-350. 

f  The  suffixes  will  be  omitted  whenever  no  oonfnsion  is  thereby  caused.  In  all  cases  t,  j 
take  the  valnes  1,  2,  •  •  •,  n. 
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dS  dS 

(2)  y,=  ^^,         ?,  =  ^^^  \.S=8(,.p,i)]. 

then  Jagobi  has  shown  that  the  equations  satisfied  by  the  new  variables  are 

<^)      dt'^d^X'^-^-dt)^  -di^-d^x'^'-^-dt)^ 

in  which,  after  dSjdt  has  been  formed  from  S  expressed  in  its  original  form  as 
a  function  of  t  and  the  a,  ^,  the  function  <^  -f-  dSjdt  is  supposed  to  be  ex- 
pressed in  terms  oip^  q^thy  means  of  (2).  No  assumption  is  made  regard- 
ing the  form  of  /S',  but  in  order  to  secure  the  independence  of  the  x,  y  and  also 
that  of  the  j9,  9,  it  is  necessary  that  the  determinant 


dx.dp^ 


(i,i  =  i,  2,  ••,«), 


shall  not  be  zero. 

Suppose  that  the  a;,  y  receive  two  sets  of  independent  arbitrary  variations 
Sx,  3^  and  3'x,  h'y^  inducing  corresponding  variations  in  the/?,  q.  Equations 
(2)  give 

2.(Sa;.S  y.  -  hy.i'x.)  =  2.(Sy.S>.  -  Sp,S'y-). 

Whence,  if  the  a;,  y  are  expressed  in  terms  of  t  and  the ^,  ;,  and  if  we  adopt 
the  usual  notation : 


2.  Particular  forms  of  S.  Suppose  first  that  S  isso  chosen  as  to  satisfy  the 
equation  <f>  +  dSjdt  =  0 .  The  jtt  q  a.re  then  constants  and  they  may  be  con- 
sidered as  the  arbitraries  of  the  solution.  Such  forms  of  S  are  solutions,  con- 
taining n  arbitrary  constants  exclusive  of  that  additive  to  /9,  of  the  partial  dif- 
ferential equation 

^(      dS     \      dS      ^ 

Next  suppose  that  /S  is  so  chosen  as  to  satisfy  the  equation 


we  obtain  the  following  relations : 

(5) 

We  also  have 

iPi^  ii]  = 

1, 

[i'ii 

?J  = 

.0 

\.Pi,P^  = 

di^ 
dt'- 

0, 

4*( 

t). 

=  0 
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(6)  '^  +  f=^' 

where  J9  is  a  function  of  the  p  only ;  this  is  a  form  much  more  convenient  in 
many  of  the  applications.  Then  the  p  and  therefore  the  q  are  constants.  Let 
us  put 

dB 

(7)  Jo.  =  c.,         ?,  =  w?,=  6,«  +  €..,         ^=-a^' 

the  arbitrary  constants  being  c,  €,  and  B  being  a  function  of  the  c  only;  at 
present  B  is  undetermined  but  it  may  be  determined  so  as  to  satisfy  future  con- 
ditions as  to  the  forms  of  cc,  y ,  when  the  latter  are  expressed  in  terms  of  c,  6,  ^. 
I  shall  suppose  that  this  problem  has  been  solved  and  that  this  second  form 
for  S  has  been  used  so  that  the  solution  is  expressed  in  terms  of  c.,  w.^  t^BJloi 
which  are  independent.     On  account  of  (2),  we  have, 

dS  dS 

(8)  y^'aiT'       ''^^-^  [^=^(-,^03. 

[c.,  tc.]  =  1 ,         [c.,  Wj]  =  0  (t+j), 

(9) 

3.  The  constants  present  in  <f>.  Suppose  that  (f>  contains  m  constants  a^  to 
which  numerical  values  have  not  been  assigned.  Some  or  all  of  these  constants 
will  be  also  present  in  every  form  of  S.  I  propose  to  investigate  in  this  article 
certain  properties  of  S  and  <f>  with  relation  to  these  constants.  It  is  not  neces- 
sary to  suppose  that  the  a^  are  all  the  constants  present  in  <^.  Such  of  them 
as  are  not  specified  in  the  a^  can  be  supposed  to  have  had  numerical  values 
assigned  to  them,  either  explicit  or  implicit,  so  that  they  do  not  enter  into  the 
discussion. 

In  order  to  make  the  following  results  more  general,  I  suppose  that  the  m 
constants  a,^  have  been  replaced  by  7n  variables  or  constants  z/^  connected  with 
the  a^  by  the  m  independent  relations 

(10)  /*(^Ai«A'O=0  (A,A:  =  1,2,  •.•,m),» 

SO  that  the  u^  are  functions  of  the  a^  and  t  only. 

The  function  S  was  originally  a  function  of  the  a? ,  c ,  a ,  ^  and  it  now  becomes 
a  function  of  the  x ,  c ,  ^^ ,  t;  denote  it  by  S'  when  it  is  expressed  in  the  latter 
form.     We  have 

'  ^*  du^  ''*  +    dt   ' 


dS 
dx/ 

dS' 

2,--, 

9 

mare 

dS 
dc, 

1  given 

dS' 
to  A,  Jt  in 

all 

dS 

dt 

•  The  valaeg  1 , 

cases. 

•^A 
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Put 
Then 

(")  -dt  -  =  ^'cx^v^^  +  ^^  f'u.cx"*  +  x^r 

Also  denoting  by  Q'  the  expression  of  any  function  Q  in  terms  of  the  x  ,  c 
u  and  t,  and  patting 

we  obtain 


chi^ 


d    (      dS'  .    ^eS'J\   '  _       d'S' 


•  dUf^  dx. 


a«>S' 


aw.as^,*'" 


Combining  with  (11)  we  find 

^^^^  rfr  -  ~  au,  ~  ^*  '^^  aw,  -  X ' 

an  equation  which  enables  us  to  find  U^  directly. 
Again 

rr_^S'_^dS_  dXj 

where  S  and  the  x  are  expressed  in  terms  of  the  c ,  w,  u ,  < .     Hence  if  ^^  be 
similarly  expressed, 

(m  _^^*=./^-l^__/-2v''''' 

^     ^  c/c.        f/cr/w.       f/c.    ^^Ulu.  ' 

But  since  the  c,  v,,  w  are  independent, 

(PS d'S__    d^/dS  dSdxA 

dc.du,  ~"  dv,  dc. ""  dii,  \  dc.         J  ex.  dc.  I 

d   (  ^      dx.\        d   ^      dx. 

Substituting  in  (13),  performing  the  differentiations  with  respect  to  u^,  and 
remembering  the  notation  (4),  we  find 
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(14)  '  ^*=K,cJ. 

In  an  exactly  similar  manner  it  can  be  shown  that 

The  U^  can  therefore  be  determined  directly  from  the  expressions  for  x^y 
when  the  solution  has  been  completed. 

4.  Two  limitations.     In  the  remaining  portion  of  this  paper,  I  suppose 

1^.  That  t  is  not  present  explicitly  in  <^(x,  y,  i^,  ^),  so  that  if  t  was  present 
explicitly  in  the  original  expression  for  <^,  one  or  more  of  the  u  must  be  variable. 

2^.  That  t  is  not  present  explicitly  in  the  x,  y  when  the  latter  have  been 
expressed  in  terms  of  the  c,  to,  u^  and  t. 

These  assumptions  do  not  very  much  limit  the  scope  of  the  results  and  they 
render  the  exposition  rather  more  simple. 

We  have  now 

(16)  ^=0,        ^^^^^U,u,,        <f>  +  ^,U,u,=  -B. 

5.  Variation  of  arbitrary  constants.  The  usual  method  consists  in  sup- 
posing that,  after  the  equations  (1)  have  been  solved  in  terms  of  the  c,  t^,  and  ^, 
a  new  function  Ii(x^  y^  t)is  added  to  <f> ;  account  is  taken  of  S  by  supposing 
that  the  x,  y  retain  the  asme  forms  when  expressed  in  terms  of  the  c,  to,  and  ty 
so  that  the  c ,  €  are  no  longer  constants.  This  amounts  to  nothing  more  than  a 
transformation  from  the  old  variables  x^  y  to  the  new  variables  c^  Wy  and  the 
results  of  art.  1  can  therefore  be  used. 

In  fact  we  now  have 

^  /dx,  .        dx.  .        ^a;\        d  ^  ,        „^ 

which,  on  account  of  (9),  give 

dcj      d  Q  dwj  d  Q 

.  dt^dw'         ~dt^'~~dc'' 
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where  Q  =  <f>  +  S  -^  dS/dt  is  supposed  to  be  expressed  by  means  of  (8)  in 
terras  of  the  Cy  Wy  and  t.  But  <f>  being  a  function  of  the  a;,  y,  and  t^  and 
d S/dt  a  function  of  the  x,  c,  and  t^  and  neither  <f>  nor  dSjdt  containing  total 
derivatives  with  respect  to  t^  <f>  +  d S/dt  must  retain  the  same  form  whatever 
be  the  values  given  to  the  c,  w.  Hence  we  still  have  <f>  +  d  S/dt  =  —  5,  a 
function  of  the  c  only,  and 

Q^-B  +  H. 

Suppose  that  H  is  due  to  changing  one  of  the  constants  a  present  in  ^  to  a 
variable.     Then 

where  Sa  is  the  variable  part  added  to  a.  The  same  method  may  be  pursued, 
it  is  true,  but  if  we  follow  it  we  take  no  account  of  the  fact  that  the  ybrm  of  ^ 
considered  as  a  function  of  the  cc ,  y ,  a,  ^  is  unchanged,  and  it  would  seem  as  if 
this  unchanged  form  should  be  made  use  of  to  simplify,  if  possible,  the  results. 
The  new  method  of  varying  the  constants  which  follows  recognizes  this  fact  and 
brings  to  light  certain  results  which  will  be  of  value  in  the  applications.  As  in 
art.  8,  the  a  will  be  replaced  by  the  u ;  the  two  conditions  of  art.  4  will  also  be 
imposed. 

6.  Variation  of  arbitrary  and  given  constants.  I  suppose  that  the  as,  y 
retain  the  same  forms  when  the  i^  in  <^  are  replaced  by  functions  of  the 
time  different  from  those  with  which  the  original  problem  is  solved,  so  that  we 
replace  not  only  the  c,  w  but  also  the  u  by  their  new  values  in  order  to  get  the 
new  values  of  as,  y.  The  new  values  oi  c^w  will,  therefore,  be  different  in  this 
method  from  those  found  by  the  method  of  art.  6.  In  fact  we  now  have,  since 
t  is  present  in  the  a?,  y  only  through  its  presence  in  the  c,  to,  i^. 


On  account  of  (9),  (14),  (15),  these  give 
(17) 


dw.      dff>      -^  ^  ^-^.-TN^Q 


§  —  ^  +  E»[«'r«J«»  —  a^^(<^  +  Z*£^A)  —  J|' 
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if  u^  be  independent  of  c^,  w?^,  and 

The  equations  are  therefore  still  canonical. 

Now  when  the  u^  c^  w  have  their  original  values,  denoted  by  the  index  0 , 

(18)  <!>'>  + ^,uy:  =  -B'. 

This  equation  is  an  identity  after  the  x^y^ii^  CThave  been  replaced  by  their 
values  in  terms  of  the  t^,  c,  t«,  and  t^  and  we  can,  therefore,  give  to  the  CyW^u 
any  arbitrary  variations,  symbolically  denoted  by  Sj ,  so  that 

(19)  c^-  +  «,^  +2,(i7:  +  8,Crj(«X  +  S,t,j  =  _  5-  -  S,5. 

The  actual  variations  in  Q  are  produced  by  adding  portions,  denoted  sym- 
bolically by  S ,  to  the  c ,  i/? ,  ii ,  so  that 

(20)  Q^4>^  +  ^  +  \{U,^W,)j^{ul  +  h,,). 

As  <^,  (7,  J5,  w  are  functions  of  the  c^w^u  only  and  not  of  their  derivatives 
with  respect  to  ^ ,  we  can  take  S,  =  S .  But  we  cannot  in  general  put 
8^u^dSu/dt,  For  the  identity  (19)  demands  that  u  be  first  expressed  in 
terms  of  u  by  means  of  (10)  and  the  variation  then  taken,  while  in  Q  a  portion 
8u  is  to  be  added  to  u  and  the  derivative  with  respect  to  t  then  formed.  It 
was  the  failure  to  recognize  this  distinction  that  caused  the  error  in  my  former 
paper.*  The  method  there  used  implies  the  substitution  of  —  5  for  Q  under 
the  false  assumption  that  the  derivative  of  Su  with  respect  to  t  would  be  the 
same  as  Sii .  The  error  is  immediately  evident  in  the  case  of  those  u^  which 
were  originally  constants ;  for  them,  ii^  =  0  and,  therefore,  Sii^  =  0 ,  while  obvi- 
ously dSu/dt  will  only  be  zero  if  &u  be  constant,  and  this  will  not  generally  be 
the  case. 

Combining  (19),  (20),  with  8^  =  S,  we  obtain 

(21)  Q  =  -B  +  ^,U,(^j^^,-Su,y 

the  final  form  of  Q . 

I  have  also  obtained  this  result,  when  squares  and  higher  powers  of  3  are 
neglected,  by  direct  transformation  from  the  ordinary  canonical  equations  of 
art.  5  above,  making  use  of  the  relations  given  in  art.  3. 

7.  There  is,  of  course,  no  special  necessity  to  confine  this  method  to  those 
Tariations  which  are  produced  by  varying  the  given  constants  in  <f>.     Suppose 

*L.oo.  oit.,  art.  17. 
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that  the  present  method  is  retained  for  the  consideration  of  a  function  B  added 
to  <f>,  while  the  given  constants  in  <f>  do  not  vary.  We  must  then  add  to  Q  the 
function 

the  first  term  of  which  is  necessary  to  counterbalance  the  variations  of  the  u  in 
(f> .  But  this  proceeding  appears  to  be  of  little  or  no  value,  as  the  results  are 
more  complicated  than  in  the  usual  method.  On  the  other  hand  the  variations 
of  the  u  are  now  entirely  arbitrary  and  we  might  be  able  to  so  choose  them  that 
the  form  of  Q  is  more  simple  or  the  canonical  equations  more  easy  to  solve. 
What  advantage  may  be  gained  will  depend  on  the  particular  problem  in  hand 
and  I  shall  not  pursue  this  development  further  in  the  present  paper. 

8.  Case  of  the  u^^  satisfying  canonical  equations.  Suppose  that  the  u  are 
divided  into  two  classes  c[^w[  =  h[t  +  €[^  where  6^  =  —  dB' /dc^.  I  suppose 
that  in  the  initial  problem,  the  c' ,  e'  are  constants  and  that  B'  is  a  function  of 
the  c  only.     Instead  of  using  the  symbols  U^  put 

''        dc,  *       dio, 

so  that 

(22)  (2=-5  +  2,c;|sc;  +  2,Tr;(|K-«6l)- 

Further,  I  suppose  that  the  variations  of  the  c' ,  w'  are  given  by 

or 

d  dH'  d  dR' 

Substituting  in  (22),  we  obtain 

(23)  Q=-5  +  2,(c;^-Tr;^), 

where  it  is  supposed,  in  accordance  with  the  previous  work,  that  S*  is  indepen- 
dent of  the  c ,  io . 

9.  Properties  of  the  solution  in  the  case  of  the  hinar  theory.  The  applica- 
tion of  these  results  to  the  lunar  theory  is  immediate  when  the  necessary  limita- 


Digitized  by 


Google 


1905]  AND    INDIRECT    PERTURBATIONS  341 

tions  which  constitute  this  particular  case  are  imposed.  For  the  sake  of  brevity, 
I  shall  not  prove  these  limitations  here  but  merely  state  those  of  them  that  are 
necessary  for  my  purpose.     They  are  as  follows  : 

1^.  The  function  R'  is  the  disturbing  function  due  to  a  planet  on  the  motion 
of  the  earth.  It  can  be  expanded  as  a  sum  of  periodic  terms  and  it  has  a  small 
factor  whose  square  can  and  will  be  neglected. 

2°.  A  periodic  term  in  R'  of  period  a  years  will  give  rise  to  periodic  terms 
in  the  he'  of  the  same  period  with  a  factor  a  in  the  coefficients :  in  the  hw'  the 
factor  a?  also  occurs. 

3^.  It  is  supposed  that  the  orbit  of  the  earth  lies  in  a  fixed  plane.  There  are 
then  two  angles  w[ ,  and  three  angles  w. . 

4°.  The  W]^  consist  only  of  sums  of  cosines  of  multiples  of  the  four  differ- 
ences of  the  five  angles  w[^w^^  the  terms  independent  of  t  being  zero;  the  C[ 
consist  of  sines  with  similar  arguments. 

6°.  The  c]^  are  functions  of  the  mean  motion  and  of  the  eccentricity  of  the 
earth's  orbit. 

10.  The  indirect  planetary  inequalities  in  the  moon's  motion.  There  are 
very  few  sensible  planetary  inequalities  in  the  moon's  motion  except  when  a  is 
a  number  fairly  large  compared  with  unity ;  only  the  cases  where  a  is  large  are 
treated  hqre.  It  is  further  supposed  that  squares  of  the  small  factor  which 
accompanies  R'  are  neglected.     Then  from  (17),  (23), 


where 


dt     •       dw.  dt      •  dc.  JdCj    J^     ^  dCf,     *' 

/       dR'  dR'\ 


If  R'  contains  a  term  of  long  period,  a  years,  the  factor  a  may  be  intro- 
duced in  the  8c,  Sc  and  therefore  the  factor  a^  in  the  Bw^  Sw\  and  no  higher 
power  of  a  can  be  present.     Hence  the  general 

Theorem.  Wheii  squares  and  higher  powers  of  the  ratio  of  the  mass  of  a 
jjlanet  to  that  of  the  sun  are  neglected^  the  large  factor  a  due  to  a  long  period 
inequality  can  never  occur  in  the  corresponding  term  in  the  moon's  motion  to 
a  power  higher  than  a^,  even  if  its  square  is  present  in  the  corresponding 
inequality  of  the  earth's  motion. 

The  importance  of  this  result  lies  in  the  fact  that  it  gives  us  a  means  of 
rejecting  in  advance  many  terms  of  long  period,  which  under  the  old  method 
would  have  to  be  examined  in  order  to  find  out  whether  their  coefficients  were 
sensible  in  the  moon's  motion.     The  advantage  of  this  method  lies,  to  a  great 
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extent,  in  the  theorem  just  stated  and  in  the  caleuktion  of  particular  classes  of 
inequalities ;  this  will  appear  in  the  follawing  article. 

11.  Special  classes  of  inequalities.  I  divide  the  long-period  inequalities  into 
three  classes  for  which  certain  results  can  be  immediately  deduced.  The  order 
of  these  refers  to  the  power  of  a  present.  In  the  periodic  inequalities  it  is 
supposed  that  at  least  one  of  the  arguments  belonging  to  the  disturbing  planet 
is  present. 

{(t)  Ineqmilities  containing  the  lunar  arguments.  They  are  of  two  kinds. 
First,  those  produced  by  terms  of  moderately  long  period  in  the  moon-earth-sun 
system  combined  with  terms  of  nearly  the  same  period  in  the  earth-sun-planet 
system.  The  former  terms  have  all  quite  small  coefficients  and  there  will  be 
few  of  such  inequalities  with  sensible  coefficients.  Second,  those  produced  by 
combining  terms  of  short  period  in  the  two  systems.  We  shall  generally  be 
able  to  neglect  the  he' ,  itp\  and  the  principal  parts  of  the  coefficients  arise  only 
in  the  hxo.  obtained  from  limiting  the  equations  to 


-J-  CW  =2,  -,-cc. 

(H     '      cw.  ' 

(It      *         J  (Ic.     J 

(b)  Periodic  inequalities  not  containing  the  lunar  arguments.     Here 

Sc .  =  0 

and  the  C\  W  are  limited  to  those  terms  which  have  the  arguments  w[  only. 
The  latter  have  all  small  coefficients  and  moreover  the  terms  produced  by  Q^ 
have  only  the  factor  a.  Hence  it  will  be  possible  to  obtaiu  the  chief  parts  of 
the  coefficients  by  solving  the  equations 

Mi'=^^K\i-J'K^         c.  =  const. 


dt      •         *  dc 


(c)  Non-periodic  inequalities.  These  again  are  of  two  classes.  First,  the 
terms  containing  t  to  the  first  power  only.  These  merely  give  constant  addi- 
tions to  the  mean  motions  of  the  lunar  arguments.  Second,  the  secular  inequal- 
ities, which  contain  f.     These  latter  are  determined  by 

8c.  =  0,        ^S^^.=  T  f;8o;, 
'         dt      •         ^' dcl^     ''' 

where  Sc^  is  determined  from  the  non-periodic  term  of  7?'.    This  is  Newcomb's 
theorem.*     The  theorem  therefore  only  applies  exactly,  with  the  given  limita- 

*  Acti(m  of  the  Planets  on  the  dfooHj  Washington  Astronomical  Papers,  vol.5  (1894), 
p.  191. 
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tioQs,  to  the  secular  inequalities,  but  it  is  approximately  true  for  the  greater 
part  of  the  inequalities  independent  of  the  lunar  arguments,  while  it  is  not 
applicable  to  inequalities  containing  the  lunar  arguments.  In  arts.  17-19  of 
my  former  paper  (loc.  cit.  ante),  it  was  stated  that  the  theorem  applied  to  all 
ndirect  inequalities. 

I  have  contented  myself  here  with  a  brief  outline  of  the  chief  results  which 
the  method  furnishes  for  the  lunar  problem.  There  are  numerous  details  and 
properties  connected  with  the  functions  C  ^W  which  might  find  a  place.  But 
these  are  of  more  interest  in  connection  with  a  numerical  calculation  of  the 
inequalities  than  of  theoretical  interest  in  the  variation  of  the  constants  or  even 
in  the  problem  of  three  bodies.  It  therefore  appears  advisable  to  give  them 
later  with  the  publication  of  the  details  of  a  method  for  such  an  investigation. 

Havbrfobd  College, 
April  8,  1905. 
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ON  HYPERCOMPLEX   NUMBER  SYSTEMS* 


BY 


L.  E.  DICKSON 


Generalization  of  the  concept  number  system. 

1.  The  usual  theory  relates  to  systems  of  numbers  £j=i^i^<  i^  which  the 
coordinates  a.  range  independently  over  all  real  numbers  or  else  over  all  ordinary 
complex  numbers ;  for  example,  the  real  quaternion  system,  or  the  complex  qua- 
ternion system.  As  an  obvious  generalization,!  the  coordinates  may  range  inde- 
pendently over  all  the  marks  of  any  field  JF;  for  example,  the  rational  quater- 
nion system. 

As  a  further  generalization,  the  sets  of  coordinates  a^,  •  >  •,  a^  in  the  various 
numbers  of  a  system  may  include  only  a  part  of  the  sets  i^  ,••,&„ ,  each  b. 
ranging  independently  over  F;  for  example,  the  integral  quaternion  system. 
The  various  coordinates  a^^  •  -  ^  a^  need  not  have  the  same  range ;  for  example, 
the  numbers 

{a  +  26l/2)ej  -f-(c-f  id\/2)e^     (a,  6,  c,  d arbitrary  integere) 

form  a  closed  system  under  addition,  subtraction,  and  multiplication,  subject  to 
the  associative  law^  if  we  set 


ej  =  2  1/2  e^  -  2«„ 


03. 


If  we  make  these  generalizations  on  the  coordinates,  but  retain  the  usual  con- 
ception of  the  units  e.^  we  obtain  only  subsystems  of  the  usual  number  systems, 
the  case  of  modular  fields  being  an  exception.  It  is  otherwise  if  we  generalize 
our  conception  of  the  units  themselves,  freeing  them  from  the  restriction  |  of 
linear  independence  with  respect  to  the  set  of  all  ordinary  complex  numbers,  and 
ajssuming  merely  their  linear  independence  with  respect  to  the  given  field  F. 


*  Presented  to  the  Society  (Chioago),  April  22,  1905.     Received  fur  pablication  February  6, 
1905. 

t  Dickson,  Definitions  of  a  linear  asaoeiative  algebra  by  independent  postuJates,  Transaction b, 
vol.  4  (1903),  pp.  21-26. 

X  Retained  implicitly  by  Tabeb,  Transactions,  vol.  5  (1904),  p.  509. 
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By  this  generalization  we  may  regard  an  algebraic  field  *  as  a  number  system ; 
in  particular,  all  ordinary  complex  numbers  form  a  number  system  *  with  respect 
to  the  set  of  all  real  numbers,  the  units  being  1,  i. 

The  question  of  further  generalization  is  considered  in  §  5 . 

Closed  system  qfn^tuple  elements  with  respect  to  afield  F, 

2,  A  set  of  n  ordered  marks  a^ ,  •  •  • ,  a^  of  F  will  be  called  an  ii-tuple  ele- 
ment a.  The  symbol  a  =  (aj,  •  •  •,  a^)  employed  is  purely  positional,  without 
functional   connotation.     Its    definition    implies    that    a  =  &    if  and   only    if 

A  system  of  n-tuple  elements  a  in  connection  with  n^  fixed  marks  7..^  of  F 
will  be  called  a  closed  system  if  the  following  five  postulates  hold : 

Postulate  I.  If  a  and  h  are  any  two  elements  of  the  system,  then 
5  =  ( a^  -f  6j ,  •  •  • ,  a^  +  ft^ )  is  an  element  of  the  system. 

Definitioru     Addition  of  elements  is  defined  by  a  e  ft  =  5 . 

Postulate  II.     The  element  0  =  (  0 ,  •  •  • ,  0  )  occurs  in  the  system. 

Postulate  III.  If  0  occurs,  then  to  any  element  a  of  the  system  corresponds 
an  element  a  of  the  system  such  that  a  e  a'  ==  0 . 

Theorem.     The  system  is  a  commutative  group  under  ®  . 

Postulate  IV.  If  a  and  b  are  any  two  elements  of  the  system,  then 
j[?  =  ( j9j ,  . . . ,  ^^ )  18  an  element  of  the  system,  where 

,  I,  ....  n 

Pi^  E  (ijKyjki  (1=1, •••,«). 

J,* 

Definition.     Multiplication  of  elements  is  defined  hj  a^b  ^ p  . 
Postulate  V.     The  fixed  marks  7  satisfy  the  relations 

n  n 

E7.^7;«  =  E7,*^7.yi  (r,  t,  k,  f  =  l,  •    .,  n). 

Theorem.     Multiplication  is  associative  and  distributive. 

To  make  the  system  n  dimensional^  we  add  a  sixth  postulate  : 

Postulate  VI.  If  t^  ,  •  •  • ,  t  ^  are  marks  of  F  such  that  ^i  a^  +  •  •  •  +  t  ^  a^  ==  0 
for  every  element  (  Oj ,  .  •  • ,  a^ )  of  the  system,  then  Tj  =  0 ,  • . . ,  t  ^  =  0 . 

Theorem.  The  system  contains  n  elements  €^  =  (  a^.j ,  •  •  • ,  a.^ ) ,  i  =  1 ,  •  •  • ,  n , 
such  that  \a^\  4=  0 . 

Indeed,  by  postulate  VI  there  occurs  an  element  =^  0 .  Hence  if  the  theorem 
is  false,  we  may  assume  that  the  system  contains  v  elements  6^  •  •  • ,  e^ , 
1  ^  i;  <  n ,  such  that  not  every  determinant  of  order  v  in  the  matrix 


*  For  these,  Pbcbce's  theorem  that  all  bat  one  of  the  units  of  the  first  group  oan  be  aaeumed 
nilpotent  evidently  fails.     My  conception  of  number  systems  is  therefore  wider  than  Taber'b. 
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^«ii--«i«l 


M^^ 


vanishes,  while  all  of  oixler  j;  +  1  in  M^^^  vanish,  (a^+n,  •  •  •,  o,.+i,)  being  an 
arbitrary  element  of  the  system.     To  fix  the  notations,  let 

The  expansion  of  |a^|  =  0  (i, J  =  1 ,  •  •  •,  i'  +  1 )  gives  a  relation 

i:rf,a,^,,  =  0,         rf,^j  =  i)  +  0, 
in  contradiction  with  postulate  VI. 

Every  n  dimensional  closed  system  a  complex  number  system, 

3.  This  identification  may  be  made  formally  by  establishing  a  one-to-one  cor- 
respondence between  a  and  ^a^e^  where  the  e's  have  the  multiplication  table 

The  following  method  seems  preferable.  We  define  the  product  *  pa  of  a 
mark  p  of  i^^and  an  element  «  =  (Oj,  ••  •,  a^)  to  be  {pa^^i  ••  •,  P«„)-  I^*  terms 
of  the  €^.  (end  of  §  2)  any  element  a  is  expressible  uniquely : 

n  n 

i=l  i=l 

the  p's  belonging  to  J^.     We  introduce  new  units  e.  obtained  from  the  c.  by 
applying  the  inverse  of  the  transformation  ( a^): 

n 

so  thatei  =  (l,  0,  .   .,  0);  ..;  e„  ==  (0,  0,  •  •  ,  0,  1).     Then 

n 

a=X«y«y 
We  note  that  the  e.  are  not  in  general  elements  of  the  system ;  likewise  for 

On  the  independence  of  the  postulates. 

4.  If  F  has  a  modulus  (^ ,  postulates  II  and  III  are  derivable  from  the  others; 
in  postulate  III  we  may  take  a!  =  (j  —  1)0;.     If  -P  is  the  field  of  integers 


*  The  associative  law  a  ( pa )  =  ( ffp )  a ,  and  the  diatribntiTe  law  p(a©6)  =  /ua©/>6  then  follow 
from  these  laws  for  marks  and  from  I.     We  would  give  the  same  definition  for  tip  it  needed. 
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modulo  9,  also  postulate  IV  is  redundant,  since  postulates  I  and  VI  insure 
the  presence  in  the  system  of  every  element  a ,  each  a^  an  integer  (  §  2 ) .  In 
fact,  there  exist  integers  p.  such  that 

n 

J^p.a^s  a.  (modg)  (i  =  l,    •1  »)• 

Ifn=l,;B2or3,  postulate  I  is  likewise  redundant.  If  n  »  1 ,  postulate  V 
is  redundant.  Aside  from  these  special  cases,  postulates  I- VI  are  independent, 
as  shown  by  the  following  systems : 

(I)  Elements  0,(db  1,0,  .. .,  0),  •  •,  (0,  •  •  ,  0,  zfc  1 );  each  7^^  =  0. 

(II)  F  non-modular ;  dements  a,  with  each  a.  an  arbitrary  positive  integer ; 
«ach  7.^  =  1. 

(III)  Set  (II)  with  element  0  added ;  each  7^.^  =  0. 

(IV)  ^+<T^[j];  elements  a,  with  each  a.  an  arbitrary  integral  mark; 
each  7^.^  =  0  except  7jjj,  while  7i,i  +  integer.* 

(V)  Elements  a  with  each  a^  arbitrary  in  F\  w>l;  7ii2  =  722i=l»  *^® 
remaining  7^.^  all  zero.     [Postulate  V  fails  ior  r^t^i^  l,As=2.] 

(VI)  Elements  a  with  a,  =  •  •  •  =  a^  =  0 ,  a,  arbitrary ;  n  >  1  ;  each  7^^^  =  0 . 
An  example  for  n  =  1  is  the  system  with  the  single  element  0 ;  each  7  »  0 . 

Further  genercUization  of  the  concept  number  system. 

5.  The  simplest  example  of  a  number  system  the  coordinates  of  whose  ele- 
ments do  not  all  belong  to  a  field  is  furnished  by  a  reducible  system,  the  coordi- 
nates of  the  numbers  of  one  subsystem  belonging  to  a  field  of  modulus^,  those 
of  a  second  subsystem  to  a  field  either  without  modulus  or  with  modulus  =^  p . 
To  extend  the  definition  (§2)  to  include  this  case,  we  take  as  elements 
(aj,  . . .,  aj,  where  a^,  ■  ■  -,  a„,  belong  to  a  field  F^;  a,,^,,  •  ■  -,  a^,+^  to  F^; 
etc.  A  similar  change  is  to  be  made  in  postulate  VI.  Further,  a  7^^.  vanishes 
unless^',  ky  i  belong  to  a  single  set  of  subscripts  1 ,  •  ■  • ,  Wj ;  etc. 

Inversely,  if  in  all  the  numbers  a, ej  +  •  ■  •+  a^ e„  of  a  given  system, 
ttj,  •  •,  a„j  are  marks  of  a  field  F^  of  modulus^;;  a„j^\,  •  ■  •,  a„j^^  are  marks  of 
a  field  F.^y  •  ■  •,  where  each  ^^  (i >  1)  is  either  without  modulus  or  with  modu- 
lus 4=7?,  then  the  given  system  is  reducible,'  the  units  of  the  subsystems  being 
e, ,  •  •  • ,  c„^ ;  e„j^i ,  •  •  ■ ,  e„j^^ ;  etc.  Proof  will  be  given  here  only  for  the  special 
casef  in  which  each  of  the  fields  F.  (i>l)  has  a  modulus  q..  Let 
1^  j^Wj,  7ij+ l  =  A;  =  n, +  7*2.     Then 


*  For  n  =  2  we  may  use  the  elemeDts  A^-i-AJ]  Ar  =  €ir-{- ari^  t*  =/  =  —  1 ,  ji  =  —  0' ;  viz. 
the  real  quaternion  system  expressed  in  two  unite  1 ,  J,  but  without  ^^'s  satisfying  IV. 
t  Noted  by  Mr.  Weddebbubn,  who  gave  a  different  proof. 
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Since  p  and  q^  are  distinct  primes,  there  exist  integers  P  and  Q  such  that 
Pp  +  Qq^  =  1 .     Hence  c^e^  =  0 . 

It  remains  to  examine  the  restriction  that  the  coordinates  of  the  numbers  of 
a  system  (or  of  a  subsystem  of  a  reducible  system)  shall  belong  to  a  field.  One 
would  surely  retain  the  assumption  that  the  aggregate  of  these  coordinates  can 
be  extended  by  adjunction  to  an  aggr^ate  A  forming  a  commutative  group 
under  an  operation  called  addition  and  such  that  a  second  operation  called  multi- 
plication, obeying  the  associative  and  distributive  laws,  can  be  performed  within 
A.  We  retain  the  commutative  law  for  multiplication  and  assume  that  a 
product  vanishes  only  when  one  factor  vanishes,  as  otherwise  in  either  case  the 
aggregate  of  coordinates  would  be  fully  as  complicated  as  a  number  system. 
Under  these  assumptions  the  aggregate  forms  part  of  a  field.  * 

The  Univeesity  of  Chicago, 
FdntMty  5,  1905. 

*See  EoNio,  Algebraiaehen  Qroszen,  1903,  pp.  8-9. 
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J.   H.  MACLAGAN-WEDDERBURNf 

Frobenius  X  and  C.  S.  Peirce  §  have  shown  that^  in  the  domain  of  all  real 
numbers,  the  only  linear  associative  algebras  every  number  of  which,  except 
zero,  possesses  an  inverse,  are  quaternions  and  its  subalgebras,  and  also  that  in 
the  complex  domain  no  algebra /has  that  property.  In  the  present  paper  it  is  /  ^?t^/^^.<^»'  f-  C') 
shown  that  the  Galois  field  is  tne  only  algebra  of  this  type  which  possesses  a 
finite  number  of  elements. 

§1. 

Since  addition  is  commutative  in  a  linear  associative  algebra,  it  may  be 
shown,  as  in  the  Galois  field  theory, ||  that  for  any  number  x  of  the  algebra 
there  exists  a  prime,  integer  p  for  which  p  times  x  is  zero  and  further  that  p  is 
the  same  for  every  x.  It  follows  that,  in  the  group  formed  by  the  numbers  of 
the  algebra  under  addition,  every  element  is  of  period  p  and  therefore  the  order 
.  of  the  group  is  of  the  form  />**  where  n  is  some  positive  integer.  The  numbers 
+  0  of  the  algebra  thus  form  a  group  F,  of  order  p**  —  1 ,  under  the  operation  of 
multiplication.  The  self-conjugate  elements  of  F,  together  with  the  zero  ele- 
ment, form  a  Galois  field.  For,  if  y^  and  y^  are  self-conjugate  elements  of  F 
and  X  is  any  element, 

(yi  +  Vz)^  =  Vi^  +  ^2^  =  ^i  +  ^^2  ==  ^(vi  +  y2)y 

i.  e.,  the  self-conjugate  elements  are  closed  under  addition,  as  well  as  under 
multiplication,  and  hence  with  0  form  a  Gralois  field.  Since  the  identity  is  a 
self-conjugate  element  of  F  this  Galois  field  always  exists.  If  the  order  of  the 
Galois  field  is  p"" ,  the  order  of  the  subgroup  of  F,  composed  of  its  self-conjugate 
elements,  is  of  order  p"'  —  1,  The  subgroup  will  be  denoted  by  G  and  the 
corresponding  Galois  field  by  6rjF[p**]. 

Let  x^  be  any  element  +  ^  of  the  algebra ;  then  there  are  exactly  j?"*  distinct 

*  Presented  to  the  Society  (Chioago)  April  22,  1905.     Received  for  pablication  April  6,  1905. 
t  Carnegie  Research  Scholar  (Scotland). 
to,  Frobbnius,  Crelle,  Bd.  84  (1878),  p.  59. 

JC.  8.  PsiBCE,  American  Journal  of  Mathematics,  vol.  4  (1881),  p.  225. 
II  As  developed,  for  instance,  in  Professor  Dickson's  Linear  Gnmps^  p.  9. 

349 


Digitized  by 


Google 


350  MACLAGAN-WEDDERBURN  :    THEOREM  ON  FINITE  ALGEBRAS  [July 

numbers  of  the  form  ^^x^,  where  f,  is  a  mark  of  GF[p^'].  If  x^  is  any  ele- 
ment not  included  in  this  set,  there  are  p^  distinct  numbers  of  the  form 
f,a?,  +  f2^2-  Similarily  if  x^  is  any  number,  which  is  not  of  the  form 
fi^i  +  ^2^2?  ^^^^^  ^^  P^  numbers  of  the  form  ^^x^  -j.  f^a?,  +  ^^x^,  and  so  on. 
We  can  evidently  enumerate  in  this  way  all  the  numbers  of  die  algebra  and 
hence  we  can  find  say  «  numbers  a?^(a=l,  2,  •..,«)  such  that  any  number  z 
can  be  expressed  uniquely  in  the  form 

9 

where  J^(a  =  1 ,  2 ,  •  •  • ,  «)  are  marks  of  (tjF[p"*].  The  order  of  F  is  then 
»"••  -  1 . 

§2. 

Let  aj.  be  any  number  of  the  algebra  which  does  not  lie  in  GF\^p'''].  Theu, 
if  yj  and  y^  are  any  two  numbers  commutative  with  a?^,  y,  +  y,  and  y^y,  are  also 
commutative  with  x^  and  hence  the  set  of  all  numbers  commutative  with  x, 
forms  a  subalgebra.  The  group,  formed  by  the  numbers  of  this  algebra  under 
multiplication,  will  be  denoted  by  jP^,^.  Since  F^,^  contains  G,  we  find  as  in 
§  1  that  its  order  is  of  the  form  p"**«  —  1 ,  where  s^  is  some  positive  integer. 
Hence  on  dividing  the  elements  of  F  into  conjugate  classes  we  get 

(1)  p<^_i^p^_i  +  ±k^.pi^ 

This  shows  that,  if  the  least  common  multiple  of  the  8.(a  =  1 ,  2 ,  •  •  • ,  /)  is  «', 
p"*  —  1  is  divisible  by  (p"  —  1  )/(p'"''  —  1  )•     Therefore 

(p""- l)(jo""'-  l)  =  /(p"-  1). 

Reducing  this  modulo  p^  we  see  that  I  nust  have  the  form  Ap*  —  1  (i-  >  0). 
Since  ras'  =n,  we  have  fc  =  1  and  ms'  ^n^ms, 

§3. 

It  follows  from  the  theory  of  hypercomplex  numbers,  that  there  is  an  equa- 
tion of  lowest  degree, 

(2)  /(.'^)  s  x^  +  a,  x^-'  -h  a^^-^  +  . . .  +  a^  =  0, 

with  coefficients  in  (?i^[p"*],  which  is  satisfied  identically  by  any  given  num- 
ber X  of  the  algebra,  irrespective  of  any  special  relation  between  the  coordinates 
of  a;,  except  the  condition  that  they  lie  in  GjF[p"*].  Further,  there  is  at  least 
one  element  of  the  algebr^  which  satisfies  no  similar  equation  of  lower  degree- 
Indeed,  (2)  states  that  x''-\  af-^,  ■  • .,  a?°  are  linearly  independent  with  respect  to 
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G-f^fp"],  and  the  condition  of  independence  can  evidently  be  put  in  a  form 
which  states  that  certain  determinants,  whose  elements  are  rational  integral 
functions  of  the  coordinates  of  tr,  do  not  all  vanish  identically.  Hence  there 
must  be  some  set  of  values  of  the  coordinates  for  which  a?*""*,  af""',  -  •  -,  x^  are 
independent  and  hence  the  particular  x  so  obtained  can  satisfy  no  equation  of 
lower  degree  than  r .  (2)  is  called  the  characteristic  or  identical  equation,  while 
the  equation  of  lowest  degree  satisfied  by  a  given  x  is  called  its  reduced* 
equation. 

/(a?)  is  irreducible  in  6rjF[p"*]  ;  for,  were  it  reducible  neither  factor  would 
possess  an  inverse,  contrary  to  our  hypotheses.  Similarily,  the  reduced  equation 
of  a  given  number  is  irreducible. 

For  any  given  x  all  the  roots  of  its  characteristic  equation /(x)  =  0  are  roots 
of  its  reduced  equation  f  ^{x)  =  0,  both  being  regarded  as  ordinary  equations  in 
the  GF  [  p"*  ] ,  and  therefore,  since  <^  (  a; )  is  irreducible,  /(  ar )  is  a  power  of  <^  (  a; ) 
and  the  degree  of  the  reduced  equation  is  a  divisor  of  r . 

We  now  assume  that  F^^  is  abelian  for  every  x^  which  does  not  lie  in  the 
GjF[j3"*].  It  is  shown  below  that  the  general  case  can  be  made  to  depend  on 
this  simpler  one.  Under  this  assumption  F^.^  is  the  multiplicative  group  of  a 
Galois  field  and  is  therefore  cyclic.  J  If  a?^  is  chosen  as  the  generator  of  F^^  and 
if  8^  is  the  degree  of  the  reduced  equation  of  x^,  there  are  exactly  p^*<^  —  1 
different  rational  functions  of  x  with  coefficients  in  GF\^p^']  \  hence  the  order 
of  -Fra  is  p"**«  —  1 .  Now  it  was  shown  above  that,  for  some  x^^  s^^^r  and  also 
that  each  s^  is  a  factor  of  r .  Hence  r  is  the  least  common  multiple  of  », ,  «, ,  •  •  • 
and  therefore  r  =  8.'  But  ww  =  71.  Hence  F^^  is  identical  with  F,  i.  e.,  the 
algebra  is  a  Galois  field. 

Suppose  now  that  F  is  not  abelian.  Then  for  some  x ,  not  contained  in  G , 
F^  18  not  abelian.  Similarly  there  must  be  some  element  of  F^j  which  is  not 
self-conjugate  in  F^  and  is  such  that  the  group  of  those  elements  of  F^  which  are 
commutative  with  it,  is  not  abelian ;  and  so  on.  We  could  then  deduce  in 
this  way  a  series  of  groups  of  decreasing  order,  no  member  of  the  series  being 
abelian.  This  is  however  impossible  since  each  group  of  necessity  contains  G 
and  the  order  of  F  is  finite.     Hence  F  must  be  abelian. 

§4. 

The  same  result  can  be  deduced  as  follows  without  the  aid  of  the  theory  of 
the  characteristic  equation.  It  was  shown  in  §  2  that,  if  F  is  not  a  field,  its 
elements  can  be  arranged  in  subgroups  the  orders  of  whose  multiplicative  groups 

*  Fbobbnius,  loo.  oit. 

tCf.  Fbobbnius,  loo.  oit.;  £.  Weyb,  Monatshefte  fur  Mathematik  and  Physik, 
▼ol.  1  (1890),  p.  163.- -^^  -    ^  ,  '    •  .   .    ?  - 

t  Cf.  D1CK8UK,  loo.  oit.,  p.  13. 
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are  of  the  form  p^'^  —  1 .  It  follows  then  from  Sylow's  theorem,  that  every 
prime  divisor  of  j?"  —  1  is  also  a  divisor  of  some  p"***  —  1  (m«^  <  n).  This  is 
however  only  possible  in  the  following  two  cases  :  *  (i)  p  «  2 ,  n  =  6 ;  (ii) 
;>=2*— l,n  =  2. 

In  case  (i)  we  have  m  =  1  since  the  only  divisors  of  n  are  2  and  3,  which 
.  are  relatively  prime,  hence  from  (1),  §  2, 

2«  ^  1           2^—1 
~^  "^  ^1  2^ \  "^  *^2  2^ Y 

where  x^  and  x^  are  integers  not  both  zero.  This  gives  62  =  9a?,  +  2\x^j  an 
equation  which  cannot  be  satisfied  by  integers.  Hence  this  case  cannot  occur. 
Case  (ii)  is  evidently  inadmissable  since  n  =  2  is  a  prime. 

§5. 

The  following  proof  is  perhaps  more  direct.  If  all  the  elements  of  the  algebra 
are  multiplied  successively  by  any  one  element  except  zero  it  is  easily  seen  from 
the  distributive  law  that  they  are  permuted  among  themselves  in  such  a  way  as 
to  leave  their  additive  relations  unchanged,  i.  e.,  each  such  operation  gives  an 
isomorphism  of  the  additive  group  with  itself,  f  It  follows  that  in  the  group 
of  isomorphisms  of  the  additive  group  there  are  two  subgroups  simply  iso- 
morphic with  the  multiplicative  group ;  namely,  one  obtained  by  left  and  the 
other  by  right  handed  multiplication. 

Each  operation  of  one  of  these  subgroups  is  commutative  with  every  operation 
of  the  other,  and  it  is  easily  seen  that  their  greatest  common  subgroup  corresponds 
to  the  set  of  the  self-conjugate  elements  of  F  and  is  therefore  of  order  jp*  —  1 . 
These  two  subgroups  then  generate  a  subgroup  of  order  (j)"  —  1  )^l{p^  —  1)  of 
the  group  of  isomorphisms.  Since  the  additive  group  is  an  abelian  group  of  type 
( 1 ,  1 ,  •  • ,  1 ) ,  its  group  of  isomorphisms  is  the  general  linear  homogeneous 
group  GLH(n,  p)  of  order  (p"  —  1  )(p'*  —  P)"  {P"*  —  I'""*)*  ^^  expression 
which  is  divisible  by  (p"  —  If/ip"'  —  1)  only  in  the  two  special  cases  men- 
tioned above,  unless  m  =  n.  Having  excluded  these  two  cases  above,  we  must 
have  m  =  n.     Therefore  F is  abelian.  J 

Thb  Univebbity  of  Chicago, 
March  31,  1905. 

*  BiBEHOFF  and  Vandiveb,  On  t?ie  Integral  Divisors  o/a"— 5»j  AnnalB  of  Mathematioa, 
vol.  5  (1904),  p.  177 ;  L.  £.  DiCKSON,  On  the  Cytlotomic  Function^  American  Mathematical 
Monthly,  April,  1905. 

1 1  am  indebted  to  Professor  E.  H.  Moobb  for  calling  my  attention  to  this  point  of  view. 

t  Professor  Dickson  has  dedaoed  the  same  result  from  the  theory  of  canonical  forms. 
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THE   RELATION   OF  THE  PRINCIPLES   OF   LOGIC  TO   THE 
FOUNDATIONS   OF   GEOMETRY* 

BY 

JOSIAH  ROYCE 

Introduction. 

In  the  year  1886,  in  the  Philosophical  Transactions  of  the  Royal 
Society,  Mr.  A.  B.  Kempe  published  A  Memoir  on  the  Theory  of  Mathe- 
matical  Fornix  in  which,  amongst  other  matters,  he  discussed  the  fundamental 
conceptions  both  of  symbolic  logic  and  of  geometry.  The  ideas  there  indicated 
were  further  developed,  by  Mr.  Kempe,  in  an  extended  paper  On  the  Relation 
between  the  Logical  Theory  of  Classes  and  the  Geometrical  Theory  of  Points^ 
in  the  Proceedings  of  the  London  Mathematical  Society  for  1890. 
Despite  the  dose  attention  that  has  since  then  been  devoted  to  the  study  of  the 
foundations  of  geometry,  Mr.  Kempe's  views  have  remained  almost  imnoticed. 
They  concern,  however,  certain  matters  which  recent  research  enables  us  to 
regard  with  increasing  interest.  I  have  been  led,  therefore,  to  attempt  a  restate- 
ment of  Kempe's  logical-geometrical  theory.  The  restatement  has  led  me  to 
conceptions  which,  although  implied  in  those  which  Mr.  Kempe  emphasizes,  pre- 
sent a  number  of  aspects  which  I  believe  to  be  novel,  so  that  a  considerable  part 
of  the  present  research  follows  a  path  of  its  own.  My  introductory  words  will 
indicate  the  nature  of  Kempe's  contribution  to  the  problem  of  the  foundations 
of  geometry,  the  kind  of  task  which  his  work  has  set  before  me,  and  my  own 
main  interest  in  preparing  this  paper. 

The  fundamental  ordinal  relation  of  geometry  is  the  relation  which  can  be,  at 
pleasure,  described  as  the  triadic  relation  ^'  between,^'  or  as  an  asymmetrical, 
transitive  dyadic  relation,  such  as  "  before,"  or  "  antecedent  to,"  or  "  sequent  to." 
Essentially  the  same  relation  is  at  the  root  of  all  serial  order,  and  on  this  basis 
the  logic  of  such  order  has  lately  been  elaborately  discussed  by  Mr.  Bertrand 
Ru58£LL,  in  his  Principles  of  Mathematics. 

The  axioms  of  geometrv,  as  Dr.  Veblen  has  stated  them  (Transactions 
of  the  American  Mathematical  Society,  July,  1904),  consist  (1)  of 

*  Presented  to  the  Society  April  29,  1905.     Received  for  publication  May  5,  1905. 

353 
Trans.  Am.  Math.  Soc.  24 


Digitized  by 


Google 


354  BOYCE:     relation   of  logic  [July 

assertions  characterizing  the  ^'  between  "  relation,  and  duly  restricting  the  appli- 
cation of  this  relation  so  far  as  the  "  lines  "  of  geometry  are  concerned,  and  (2) 
of  existential  propositions  defining  certain  entities  that  shall  possess  the  rela- 
tion. A  similar  prominence  of  asymmetrical  transitive  relations  appears  in  Dr. 
Huntington's  various  Sets  of  Postulates  for  numbers,  groups,  etc.  (Ibid., 
January  and  April,  1905). 

The  algebra  of  logic  may  be  viewed  (as  Dr.  Huntington,  following  Mr. 
Peirce  and  Schroeder,  has  lately  afresh  shown  in  detail),  as  depending  upon 
the  relation  of  inclusion  or  subsumption,  sometimes  symbolized  by  — < .  This 
relation  is  dyadic  and  transitive,  and  may  be  either  symmetrical  or  unsym- 
metrical.  Upon  the  basis  of  this  one  relation  we  can  define  the  various  opera- 
tions of  formal  logic,  such  as  logical  multiplication  and  addition.  If  the  relation 
--<  is  in  a  given  instance  symmetrical,  it  ensures  what  is  commonly  viewed  as 
the  "  uniqueness  "  of  an  entity.  That  is :  a  — <  a ;  and  if  a  — <  b ,  while  6  -<  a^ 
tlm^6  =  a  (see  Dr.  Huntington's  paper  of  July,  1904,  in  these  Transac- 
tions, for  a  fuller  statement  of  the  various  results  of  these  consideitdions). 
The  relation  a  — <  & ,  in  so  far  as  it  obtains  between  non-equivalent  elements, 
may  serve  to  define  linear  series :  a  — <  h  — <  c  — <  rf,  etc. ;  where  a-^.c.^ 
and  a  — <  d.  In  such  a  series  c  may  obviously  be  said  to  lie  "  between  "  6  and 
dy  and  the  analogy  to  the  geometrical  relation  ^'between"  is  in  so  far  plain. 
*^  Dense,"  and  in  fact,  continuous  linear  series  of  the  subsumption  type  can  be 
conceived  after  the  analogy  of  point  series.  But  on  the  other  hand,  a  system  of 
logical  classes  differs,  with  respect  to  linear  relations,  from  a  system  of  points  on 
a  line  in  two  very  notable  ways :  — 

(1)  If  a  — <  b  — <  d,  and  if  it  is  also  true  that  a  — <  c  — <  d^  any  one  of  the 
three  relations  b  — <  c ,  c  — <  5 ,  c  =  6 ,  is  indeed  possible  ;  but,  in  case  of  the 
logical  entities,  it  is  also  possible  that  b  and  c  are  such  that  no  one  of  these  rela- 
tions actually  holds  between  these  two.  Thus,  Siberia  is  included  within  the  Rus- 
sian Empire,  which  itself  may  be  viewed  as  included  within  the  ^^  Eurasian  "  con- 
tinent. And  Siberia  is  also  included  in  Asia,  which  may  also  be  regarded  as 
included  within  the  ^^  Eurasian  "  continent.  These  subsumptions  are  transitive, 
and  in  so  far  linear  in  their  type.  Yet  the  Russian  Empire  and  Asia  do  not 
form  a  pair  possessing  the  relation  — < ,  read  in  either  sense. 

(2)  If  a  — <  b  — <  c  — <  d,  and  if,  also,  i  — <  b  — <  c  — <^\  the  relations  of  i 
and  a^otj  and  d  are  similarly  left  indeterminate.  These  relations  need  not  be 
directly  expressible  in  terms  of  — <  at  all.  That  is,  nothing  in  the  logical  rela- 
tions forbids  linear  series  (whether  dense,  or  continuous  or  not)  to  have  two  or 
more  "  points,"  i.  e.,  elements,  in  common,  while  any  number  of  the  other  elements 
of  the  series  remain  entirely  distinct.  The  logical  lines,  as  Mr.  Kempe  observes, 
may  intersect  any  number  of  times. 

For  this  very  reason,  however,  the  system  of  logical  entities  may  be  viewed 
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simply  as  much  more  general  and  inclusive  than  the  system  of  the  points  of 
space.  And  thus  it  becomes  possible  to  regard  a  given  space-form  as  a  selec- 
tion from  amongst  the  entities  present  in  a  system  that  exemplifies  the  logical 
relation  — < .  That  is :  One  may  view  the  points  of  a  space  as  a  select  set  of 
logical  elements,  chosen,  for  instance,  from  a  given  ^'  universe  of  discourse." 
This  thought,  whose  possible  fruitfulness  for  the  logical  development  of  the 
foundations  of  geometry  I  regard  as  highly  notable,  is  the  essential  thought  at 
the  basis  of  Mr.  Ejbmpe's  paper  of  1890,  cited  at  the  outset  of  this  introduction. 
The  reason  why  such  a  thought  seems  promising  is  this:  The  relations 
amongst  logical  entities  are,  in  any  case,  the  most  fundamental  relations  that  we 
know.  Experience  shows  us  in  the  outer  world  those  ordinal  space-relations 
which  geometry  generalizes  in  the  concept  of  "between."  But  our  own 
thinking  processes  show  us  the  meaning  of  the  logical  relation  — < .  The 
latter  relation,  then,  is  more  suited  to  be  the  basis  for  a  theory  of  the  logic  of 
an  exact  science,  in  case  we  can  only  so  define  and  restrict  its  application  that 
our  ideal  geometrical  relations  can  come  to  be  viewed  as  special  instances  of 
those  forms  which  we  can  develop  by  the  use  of  pure  logic. 

Mr.  Kempe's  procedure,  in  the  paper  of  1890,  is,  in  bare  outline,  as  follows: 
He  sets  out,  not  by  assuming  the  ordinary  algebra  of  logic,  but  by  defining, 
through  postulates,  a  purely  abstract  set  of  entities  called  by  him  the  ^^base- 
system,"  and  a  relation  which  may  be  viewed  as  a  generalized  "  between."  The 
latter  is  the  relation  which,  in  its  most  general  form,  is  characteristic  of  what  a  i  <f 

Kempe  himself  calls,  later  in  his  paper,  "  flat  collections  "  of  any  number^he  ^  •  '  ^f  ^  ^ 
elements  of  the  "  base-system."  But  the  relation  first  appears  as  a  triad ic  rela- 
tion, and  is  so  characterized  in  the  postulates.  Kempe  uses  the  notation :  acb^ 
to  mean  the  assertion :  ''  a ,  & ,  and  c ,  form  a  '  linear  triad,'  with  b  between  a 
and  c ."  So  far  the  expressions  used  resemble  those  for  Dr.  Yeblen's  general- 
ized relation  "in  the  order  abc,^^  But  Kempe's  linear  triad  has  these  funda- 
mental properties :  (1)  " If  a6 •  c ,  and  a  =  5 ,  then  c=:  a^  b-^^  (2)  " If  a=b , 
then  ac  •  b  and  6c  a ,  whatever  entity  of  the  system  c  may  be."  *  In  other 
words,  Kempe  permits  the  "  between  "  relation  to  hold  where  the  related  ele- 
ments are,  for  all  the  purposes  of  the  operations  of  the  system,  identical ;  and 
then  he  defines  the  distinctness  of  elements  by  means  of  a  restriction  of  the 
relations  that  are  permitted  to  hold  in  triads  of  distinct  elements.  The  result 
is  that  the  "  between  "  relation  becomes  Dr.  Veblen's  "  in  the  order,"  whenever 
the  elements  are  all  distinct. 

The  other  properties  of  the  ^^  between "  relation  which  are  in  question  for 


*  I  vary  a  little  the  order  of  Mr.  Kempe'b  statement  of  his  principles.  The  relation  =  is 
defined  by  Mr.  KeMP£  only  in  a  very  highly  abstract  form  which  I  need  not  here  attempt  to 
diflouaB.  Geometrically  interpreted,  if  this  relation  holds  between  points,  these  become  iden- 
tical points. 
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Mr.  Kempe,  are  obtained  by  him  through  assuming  two  forms  of  triadic  ^Hrans- 
versal "  propositions  as  fundamental  postulates,  viz. :  * 

I.  If  two  linear  triads,  apb  and  cpd^  exist,  such  that  (as  indicated  by  the 
notation),  b  is  between  a  and  p ,  and  d  is  between  c  and  p ,  then  there  exists  an 
entity,  f,  which  lies,  in  a  linear  triad,  between  a  and  d^  and,  in  another  Ibear 
triad,  between  b  and  c . 

"**  II.  If,  in  the  linear  triads  ab  p  and  cpd  (as  indicated  by  the  notation),  p 
lies  between  a  and  b ,  and  d  between  c  and  p ,  then  q  exists  such  that  q  lies,  m 
a  linear  triad,  so  that  d  is  between  a  and  q ,  while,  in  another  linear  triad,  q  is 
between  b  and  c. 

If  one  interprets  these  assertions  as  relating  to  points  in  space,  they  become 
assertions  obviously  relating,  respectively,  to  the  diagrams  following.     But,  as 

I.  II. 


they  are  stated  at  the  outset  of  Mr.  Kempe's  paper,  these  principles  have  no 
specification  beyond  what  the  general  properties  of  the  linear  triad,  as  just 
defined,  predetermine. 

One  other  existential  proposition  Mr.  Kempe  uses  as  his  Jifth  fundamental 
principle.  This  is  simply  the  proposition  that  any  entity  belongs  to  the  base- 
system  whose  presence  there  is  not  inconsistent  with  the  four  other  principles, 
— a  proposition  which  of  course  formally  renders  the  two  existential  principles, 
here  numbered  I  and  II,  superfluous;  and  which  leaves  the  account  of  the 
"  base  system  "  inevitably  somewhat  unsatisfactory. 

Mr.  Kempe  now  proceeds  upon  this  basis,  to  show,  by  a  decidedly  original, 
although  necessarily  intricate  procedure,  that  the  elements  of  the  base  system,  as 
thus  defined,  possess  the  properties  and  relations  of  a  system  of  logical  classes, 
or  of  other  entities  subject  to  the  algebra  of  logic.  In  other  words,  he  develops 
the  entire  algebra  of  logic,  including  the  definitions  and  properties  of  the  opera- 
tions of  logical  multiplication  and  logical  addition,  without  any  other  assump- 
tions than  those  simple  properties  of  the  '^  between ''  relation  which  have  just 
been  stated.  The  proofs  given  are  such  as  to  apply  to  any  finite  number  of  the 
elements.     Mr.  Kempe  leaves,  however,  some  doubt  as  to  infinite  collections. 

*  I  vary  slightly  Mr.  Kempe's  mode  of  enanciating  these  existential  propodtiona  at  the  ontset 
of  his  paper. 
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Highly  instructive  observations  are  incidental  to  this  development.  The  system 
of  logical  entities  appears  as  possessing  a  thoroughly  symmetrical  structure. 
The  "  zero  "-element  and  the  "  universe  "-element  have  no  essential  distinction 
from  any  other  similarly  related  pairxqf  "obverse"  elements.  Negatives,  in 
general  appear  as  "  obverses,"  because  of  the  symmetrical  contrast  of  their 
respective  relations  to  the  remainder  of  th^  system.  All  the  fundamental  rela- 
tions of  logic  appear  as  triadic  rather  than  as  dyadic.  But  upon  this  triadic 
basis,  polyadic  relations  also  develop — the\ relations  of  Kempe's  "Flat-collec- 
tions." These  collections,  thus  named  by  reason  of  their  resemblance  to  the 
various  possible  configurations  of  points  in  an  n-dimensional  space — "on  a 
line,"  "  on  a  plane,"  "  in  a  three  dimensional  space,"  etc.  —  are  Mr.  Kempe's 
means  of  relating  the  purely  logical  to  the  geometrical  entities. 

The  junction  of  his  principles  with  the  regular  algebra  of  logic  once  com- 
pleted, although  leaving  certain  doubts  as  to  the  application  of  his  proof  to 
infinite  sets,  Kempe  proceeds  to  the  geometrical  application.  By  (1)  selecting 
certain  "  linear  sets  "  of  the  elements  of  the  base  system ;  and  (2)  selecting  from 
these  sets  those  which  conform  to  a  new  principle  (here  for  the  first  time  intro- 
duced into  the  essay),  namely,  to  the  principle  that  any  two  of  the  elements  of 
a  selected  linear  set  shall  determine  the  whole  linear  set  to  be  selected,  Kempe 
is  in  possession  of  a  system  of  foundations  for  a  geometry  of  a  "  flat  space  "  of 
n  dimensions.  The  further  development  of  such  a  geometry  is  indeed  merely 
sketched  in  the  paper  in  question.  But  since  the  "  triangle-transversal "  axiom 
is  provided  for  by  the  initial  principles  of  the  system,  and  since,  by  the  selection 
of  the  linear  sets  of  elements,  the  ordinary  properties  of  the  geometrical 
"  between,"  and  the  axiom  as  to  the  determination  of  a  line  by  any  two  of  its 
points  are  now  also  secure,  Kempe's  result,  although  only  indicated  in  his  text, 
is  in  the  main  clear.  A  space  of  n  dimensions  is  a  select  class  or  set  of  ele^ 
ments  which  themselves  are  entities  in  a  logical  ^^ fields  The  selection  of  the 
entities  of  a  given  space  is  arbitrary ;  and  so  the  space-forms  whose  entities  are 
selected  may  be  varied  in  any  way  whatever  which  is  consistent  with  the  triangle- 
transversal-axiom,  and  with  the  properties  of  the  generalized  between-relation. 
The  problem  of  the  continuity  of  the  geometric  sets  is  only  very  generally 
treated,  and  is  not  solved. 

The  wide  outlook  thus  suggested  into  the  theory  of  space-forms  certainly 
deserves  to  be  better  considered  than  Kempe's  treatment  of  the  subject  has  so 
far  been  considered  by  mathematicians.  For  me,  however,  as  a  student  of 
philosophy,  a  still  further  interest  attaches  to  those  results  which  I  have  thus 
suggested,  an  interest  which  my  mathematical  colleagues  may  also  share. 

The  problem  of  the  foundations  of  geometry  is  only  a  part  of  that  general 
problem  regarding  the  fundamental  concepts  of  the  exact  sciences  which  is  now 
so  widely  studied.     Kempe's  research  suggests  that,  since  metrical  relations,  and 
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therefore  (as  Kempe  himself  briefly  indicated  in  his  Theory  of  Mathematical 
Formy  §  309),  the  whole  algebra  of  ordinary  quantity,  can  be  reduced,  in  any 
system  of  three  or  more  dimensions,  to  a  series  of  propositions  based  upon  purely 
ordinal  relations,  —  the  entire  system  of  the  relationships  of  the  exact  sciences 
stands  in  a  much  closer  connection  with  the  simple  principles  of  symbolic  logic 
than  has  thus  far  been  generally  recognized. 

Mr.  Bektrand  Russell,  using  very  different  methods,  insists,  indeed,  in  gen- 
eral, upon  the  closeness  of  such  a  connection.  But  the  distinction  between  the 
"logic  of  relations,"  and  the  older  "logic  of  classes,''  and  of  "propositions,"  — 
a  distinction  which  Mr.  Bertrand  Russell  in  his  Principles  of  Mathematics 
regards  as  something  quite  fundamental,  seems  to  me  to  become,  in  the  light  of 
Kempe's  research,  a  distinction  probably  quite  superficial.  Hence  to  my  mind, 
Mr.  Kempe's  theory  goes  far  deeper  than  Mr.  Russell's.  Give  us  a  system  of 
entities  of  the  types  of  logical  classes,  and  we  shall  find  that  their  relations  (all 
statable  in  terms  of  Kempe's  "between"),  are  already  (quite  apart  from  a 
separate  "  logic  of  relations  "),  certainly  as  rich  as  the  totality  of  the  relations 
studied  in  geometry,  and  are,  for  reasons  upon  which  Kempe  has  dwelt,  prob- 
ably as  rich  as  the  totality  of  the  relations  known  to  the  exact  sciences,  at  least 
so  far  as  the  latter  have  yet  been  developed.  The  bare  prospect  of  such  a 
result  deserves  a  careful  consideration,  in  case  one  takes  interest  in  the  unifica- 
tion of  the  categories  of  science.     Kempe's  theory  promises  such  an  unification. 

The  present  memoir  proposes  to  contribute  towards  a  more  precise  statement 
of  the  theory  thus  outlined.  At  the  basis  of  my  own  discussion,  I  place,  how- 
ever not  Kempe's  "  between  "  relation,  but  another  fundamental  relation  of  sym- 
bolic logic  which  has  the  interest  of  being  absolutely  symmetrical^  while,  when 
it  obtains  amongst  n  entities,  it  permits  (upon  the  basis  of  certain  simple  exis- 
tential propositions),  the  definition  of  the  properties  of  Kempe's  "  flat  collec- 
tions," and  so  the  definition  of  asymmetrical  relations  of  a  very  high  degree  of 
complexity.  This  change  of  starting  point  is  the  prime  novelty  of  the  present 
discussion,  as  contrasted  with  Kempe's. 

The  contrast  between  symmetrical  and  unsymmetrical  relations  seems,  to  the 
ordinary  view,  absolute.  Mr.  Russell,  in  his  late  volume,  so  treats  it.  Geom- 
etry, and  the  ordinary  algebra  of  quantity  (as  these  subjects  are  usually  treated), 
seem  to  depend  on  regarding  the  distinction  as  quite  fundamental.  In  symbolic 
logic,  however,  as  Mrs.  Ladd-Franklin  long  ago  pointed  out  (in  her  paper  on 
the  algebra  of  logic  in  the  volume  called  ^^  Studies  in  Logic  by  members  of  the 
Johns  Hopkins  University ^^  ^sUm^  1883),  a  "  symmetrical,  copula,"  namely 
that  of  "  inconsistency,"  or  of  "  opposition,"  can  be  made  to  accomplish  all  the 
work  of  the  ordinary  unsymmetrical  copula  — <.  In  other  words,  if  I  have 
otherwise  defined  the  meaning  of  "  not,"  the  statement  "  x  is  inconsistent  with 
not-y,"  means  the  same  as  "  x  implies  y."     The  copula  in  the  former  case  is 
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symmetrical,  in  the  latter  unsymmetrical.  The  former  expression  makes  explicit 
the  ^^  relative  product ''  (as  it  is  called  by  Peirce  and  Russell)  of  two  sym- 
metrical relations  (viz.,  "opposes"  and  "not").  This  "relative  product"  is, 
itself,  indeed  an  unsymmetrical  relation.  But  the  constituents  of  this  product 
are  symmetrical.  This  already  suggests  how  asymmetry  may  be  definable  in 
terms  of  symmetry. 

Using  as  my  suggestion  some  brief  observations  of  Kempe  (in  §§  75-82, 
of  his  paper  in  the  Proceedings  of  the  London  Mathematical 
Society),!  have  therefore  chosen  to  define,  by  postulates,  at  the  outset  of  my 
discussion,  a  symmetrical  relation  which  I  may  call  "the  0-relation."  This 
relation  is  essentially  polyadic,  and  applies  at  once  to  any  number  of  terms 
greater  than  one.  In  logical  terms,  this  is  the  relation  in  which  (if  we  were 
talking  of  the  possible  chances  open  to  one  who  had  to  decide  upon  a  course  of 
action)  any  set  of  exhaustive  hut^  in  their  entirety^  inconsistent  choices  would 
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stand  to  one  another.  It  is  also  the  relation  in  which  the  members  of  any  set 
of  areas  stand  to  one  another  when  there  is  no  area  (except  the  "  zero  "-area) 
which  is  common  to  all  the  areas  of  the  set  at  once,  while  together  these  areas 
exhaust  some  larger  surface  (which  therefore  resembles^  in  its  relation  to  them,  a 
logical  "  universe  "  ).  Thus  if,  in  the  annexed  diagram,  the  surface  s  contains 
three  circles,  a,  6,  and  c,  and  if  we  then  agree  to  disregard,  or  to  view  as 
stricken  out  or  destroyed,  the  here  shaded  portions  of  the  diagram,  the  circles 
a,  &,  and  c  have  then  only  the  stricken-out  or  "zero"  area  in  common,  while 
together  they  exhaust  what  we  thus  permit  to  remain  of  the  surface  s .  In  con- 
sequence, a ,  & ,  and  c  here  form  what  Kempe  calls  "  an  obverse  collection,"  and 
what  I  call,  in  this  paper,  an  "  O-coUection." 
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If  two  objects  stand  in  the  0-reIation  each  to  the  other,  then  these  two  are 
related  as  a  pair  of  ** negative*'  or  contradictory  classes,  or  statements,  are 
related  to  one  another.  But  any  number  or  multitude  of  objects,  in  case  such 
are  otherwise  permitted  to  exist  in  a  given  system,  may  stand,  not  in  pairs,  but 
as  a  whole  collection,  in  this  relation,  and  will  then  constitute  what  I  call  an 
^^  0<collection."  The  name  that  I  give  to  the  relation  is  derived  from  the  close 
analogy  of  such  collections,  even  when  they  contain  more  than  two  elements,  to 
Kempe's  pairs  of  ^^  obverse  elements."  But  I  do  not  myself  wish  to  call  the 
0-collections,  with  Kempe^^^  obverse  collections,*'  because,  as  wiU  be  seen,  I  find 
it  convenient  to  use  an  expression  in  my  text  (where  I  speak  of  *^  mutually 
obverse''  collections),  in  a  way  that  would  make  such  usage  confusing.  Hence 
I  read  the  expression  **  0-coIlection,"  simply  as  written. 

In  my  text  the  0-relation  is  entirely  freed  from  dependence  upon  all  such 
examples  as  the  ones  just  used,  and  is  defined  solely  by  postulates,  and  is  to  be 
taken  solely  as  it  is  there  defined.  The  &ct  however  that  it  is,  in  its  relational 
properties,  identical  with  the  ^^yesruo"  relation — the  earliest  exact  relation 
defined  by  the  human  mind — is,  in  this  introduction,  important.  For  what  I 
am  in  the  end  to  show  is  that  all  the  serial  and  other  ordinal  relations  known 
to  logic  and  to  geometry^  and  all  the  operations  known  to  both^  so  Jar  as  they 
are  pure  exact  sciences^  are  ultimately  reducible  to  assertions  that  certain  enti- 
ties do^  while  certain  e7itities  do  not^stand  to  one  another  in  the  lyerfectly  sym- 
metrical 0-relation. 

My  procedure  differs  from  Kempe's,  not  only  in  making  this  whoUy  symmet- 
rical relation,  instead  of  Kempe's  ^^  between,"  fundamental,  but  also  in  the 
existential  principles  which  I  assume.  Kempe's  ^Hransversal "  axioms  form 
with  me  a  theorem,  proved  late  in  the  discussion.  My  own  existential  princi- 
ples have  to  be  wide  enough  to  provide  for  the  '^  continuity  "  of  the  system, 
or,  rather,  for  its  inclusion  of  infinitely  numerous  continuous  systems,  and 
definite  enough  to  make  the  system  of  the  entities  to  which  the  logical  calculus 
is  applicable  a  determinate  manifold,  inclusive  of  the  points  of  a  space  of 
7i-dimensions.  The  usual  treatment  of  the  algebra  of  logic  provides  only  for 
arbitrarily  determined  sets  of  2"  or  of  2^  entities  in  a  given  logical  system. 
Kempe  calls  any  such  selected  set  a  ^^  full  set."  Kempe's  further  postulate,  how- 
ever, calling  for  '^  all  entities  "  consistent  with  the  formal  laws,  is  itself  indefi- 
nite. In  seeking  adequate  postulates  I  have  been  led  to  two  observations 
which,  although  in  themselves  fairly  obvious,  seem  to  me  to  be  new,  viz.,  (1) 
a  relation  is  here  shown  between  the  existence  of  logical  sums  and  products 
and  the  general  theory  of  limits  and  of  continuity ;  and  (2)  a  general  defi- 
nition of  the  pairs  of  elements  which  I   have  called  ^'  conjugate  resultants"* 

*  Tliis  concept  of  '*  oonjngate  resultants  "  is  generalized  from  Kbmpe'b  own  generalization  of 
his  '^nnsymmetrical  resaltants  "  in  §  28  of  tlie  essay  of  1890.  My  use  of  the  concept  differs  4n 
many  ways  from  his. 
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is  made  centrally  important.  The  algebra  of  logic,  so  far  as  I  know,  has  not 
hitherto  been  brought  into  definite  relations  with  the  problem  of  the  contin- 
uum. This  is  one  of  the  things  that  I  here  accomplish.  This  undertaking 
involves  proving  all  the  principles  of  logic  so  as  to  make  them  applicable  to 
infinite  sets  of  entities  at  once.     This  also  I  have  here  done. 

Kempe's  ^^  linear  triad  "  of  elements  is  represented,  in  any  logical  system  of 
classes,  by  the  classes,  or  areas  a ,  & ,  and  c ,  which  stand  in  the  relation  which  is 
represented  in  the  adjoining  diagram  by  the  closed  figures  so  lettered.  Any 
area  c  which  includes  the  common  part  of  a  and  b ,  and  which  is  included  within 
their  logical  sum,  is,  in  Kempe's  phrase,  such  that  **  c  is  between  a  and  &."  I 
hereafter  symbolize  this  relation,  in  my  own  way,  as  F{c\ah).  The  relation 
in  question  is  called  by  me  the  i^-relation,  because  it  is  that  characteristic  of 
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Kempe's  "  flat  collections."  The  -F-relation,  so  long  as  '*  obverses  "  or  "  nega- 
tives" exist,  follows  immediately  from,  and  is  equivalent  to,  an  0-relation. 
For,  in  the  diagram  if  8  is  the  total  surface  in  which  a,  &,  and  c  are  included, 
then  when  " c  is  between  a  and  6,"  "  a,  6,  and  c  (c  being  the  obverse  of  c)  con- 
stitute an  O-coUection,"  or  "  are  in  the  O-relation." 

The  outcome  of  our  discussion  will  show  that,  while  logical  relations  can  be 
indifferently  stated  as  0-relations,  or  stated  as  i^-relations,  or  (when  once 
addition,  multiplication,  and  negation  have  been  defined)  can  be  stated  in  terms 
of  equivalence,  the  i^-relations  are  the  only  natural  means  of  expressing  the 
geometrical  ordinal  relations.  This  difference,  however,  between  the  logical  and 
the  geometrical  entities,  is  due  to  the  simple  fact  that  (as  Kempe  points  out), 
when  geometrical  sets  are  considered,  the  obverses  of  the  elements  of  any  set 
are  excluded  from  that  set,  so  that  the  obverses  may  be  viewed  as  ideal  elements 
of  the  geometry  in  question.  In  fundamental  meaning  all  these  relations  spring 
from  a  common  root. 

If  "m  is  between  6  and  c,"  I  sometimes  cairrw  "mediator"  or  again,  on 
occasion,  "resultant"  of  h  and  c.     I  extend  the  term  "resultant"  to  include 
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the  case  where  a  single  element  stands  in  an  i<^-relation  to  any  collection  of 
elements. 

The  axioms  or  principles  assumed  at  the  outset  of  my  discussion,  in  §  19,  are 
verifiable  for  a  collection  of  areas  all  of  which  are  included  within  a  given  area, 
if  the  0-relation  is  interpreted  as,  for  the  sake  of  illustration,  I  have  just  done. 
The  consistency  of  these  axioms  is  thus  secured  from  the  start.  For  the  verifi- 
.  cation  of  "  Principle  VI  "  of  my  set  of  principles,  see  §118  of  my  text.  For 
Kempe's  term  "  base-system,"  I  substitute  "  the  system  2 ." 

The  considerable  length  of  the  discussion  may  be  justified  by  the  importance, 
(1)  Of  a  development  of  the  principles  of  logic  solely  in  terms  of  a  symmetrical 
polyadic  relation ;  and  (2)  Of  the  need  of  supplementing  Kempe's  results  by  a 
theory  of  the  continuity  of  the  **  base-system." 


THE  SYSTEM   2,   AND  THE    0-COLLECTIONS. 
Chapter  I.    Definitions  xVnd  Principles. 

1.  The  system  2,  whose  structure  we  are  to  consider  in  what  follows,  consists 
of  certain  "  elements,"  which  we  shall  regard,  in  the  present  discussion,  as  simple 
and  homogeneous.  As  symbols  for  these  elements,  we  shall  employ  the  small 
letters  of  the  alphabet:  a,  6,  •  •  •,  i,^',  •  •  •,  cc,  y,  etc.  In  many  cases,  for  the 
sake  of  distinguishing  one  element  of  a  set  from  others,  we  shall  need  subscript 
marks ;  and  for  these  too  we  shall  nearly  always  employ  small  letters,  or  if  that 
be  convenient,  numbers,  thus:  o^,  6^  •  •  •,  x, ^  ajg,^?^,  etc.  It  is  to  be  noted 
however,  that,  unless  the  contrary  is  especially  indicated,  these  subscripts  are 
merely  convenient  distinguishing  marks ;  so  that  the  numbers  when  used  as  sub- 
scripts will,  in  general,  not  possess  any  ordinal  meaning^  but  will  be  used  merely 
as  tags.     The  few  exceptions  to  this  rule  will  explain  themselves. 

2.  The  elements  thus  symbolized  may  be  viewed  either  singly,  or  in  their  col- 
lections. A  collection  of  elements  will  usually  be  in  question,  in  what  follows, 
as  a  sort  of  complex  or  secondary  unit.  We  shall  apply  predicates  to  collec- 
tions when  they  are  viewed  as  such  complex  units,  shall  compare  collections, 
combine  them  into  larger  collections,  make  partitions  of  them  into  the  partial 
collections  of  which  larger  collections  are  composed,  classify  collections,  etc,  A 
collection  may  consist  of  a  single  element  of  2 ,  and  is  then  called  a  monad,  or  a 
monad-collection.  A  collection  of  two  elements  is  called  a  pair,  of  three  a  triad, 
of  four  a  tetrad,  of  n  elements  an  /z^ad.  But  a  collection  may  consist  of  an 
infinite  multitude  of  elements.  And,  in  fact,  whenever  our  statements,  and 
whenever  the  conditions  imposed  in  the  course  of  a  given  investigation,  do  not 
set  definite  limits  to  the  multitude  of  the  elements  that  belong  to  such  collections 
as  are  at  any  time  in  question,  it  is  always  to  be  understood  that  the  collections 
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of  which  we  then  speak  are  actually  permitted  to  consist  not  only  of  any  finite 
number,  but  of  any  multitude  whatever  of  elements. 

3.  Collections  in  which  a  single  element,  such  as  6,  or  cc,  is  viewed  as  occur- 
ring repeatedly,  are  to  be  regarded  as  permissible  objects  for  our  consideration  ; 
and  if  we  define  the  number  or  the  multitude  of  elements  in  such  a  collection,  or 
if,  for  any  other  reason,  we  have  to  treat  all  the  various  elements  of  a  given  col- 
lection in  various  ways,  then,  for  the  purposes  of  the  count,  or  of  the  other  indi- 
vidual treatment  of  the  elements  of  any  collection,  the  various  repetitions  of  a 
given  element  are  to  be  treated  as,  in  so  far,  distinct  members  of  the  collection 
in  question.  Empty,  or  *'  zero  "  collections  wiU  not  be  considered  in  the  present 
discussion. 

4.  In  order  to  symbolize  a  collection  without  indicating,  by  the  mere  symbol, 
any  assertion  except  the  assertion  that  the  collection  consists  of  certain  elements,, 
we  shall  write  the  symbols  for  the  elements  in  question,  separated  by  commas, 
and  in  a  parenthesis.  Thus  the  symbol  ( a ,  6 )  denotes  ^^  the  pair  which  con- 
sists of  the  elejnents  a  and  6.  "  The  symbol  (a:,  x)  denotes  "  the  pair  consist- 
ing of  X  and  of  x  repeated."  The  symbol  (a5,a;,y,y,r),  denotes  "  the  collec- 
tion consisting  of  x  and  of  x  repeated,  and  of  y  and  of  y  repeated,  and  of  r . " 
The  symbol  (Xp  Xg,  •  •  •,  »^,  •  •  •)  denotes  "the  collection  consisting  of  ajj,  of  Xg, 
and  of  an  unspecified  multitude  of  other  elements,  each  of  which  is  symbolized 
by  X  written  with  some  subscript."  In  such  a  case,  if  no  restriction  of  the 
multitude  of  the  elements  is  stated,  this  multitude  of  the  elements  of  the  collec- 
tion need  not  be  limited  to  that  of  the  whole  numbers ;  and  the  use  of  whole 
numbers  as  subscripts  is  then  of  no  special  significance,  beyond  that  of  the  con- 
venience of  such  subscript-symbols.  Other  subscript-symbols  would  be  equally 
possible,  and  may,  upon  occasion,  be  used.  « 

5.  In  many  cases,  we  shall  need  to  symbolize  a  collection  without  at  the 
moment  designating  any  of  the  single  elements  of  which  it  consists.  In  such 
case  we  shall  use  Greek  letters,  a,  /3,  7,  S,  etc.  (and,  in  a  few  cases,  the  capital 
Greek  letters  also),  as  symbols  for  entire  collections.  Thus,  the  symbol  a  means 
^^  the  collection  designated  as  a ,  consisting  of  elements  which  are  not  hereby 
farther  specified."  In  such  a  case,  the  collection  a  may  be,  in  fact,  a  perfectly 
determinate  collection,  and  the  symbol  a  will  then  be  merely  a  convenient  abbre- 
viation. In  other  cases,  a  may  stand  for  an  unspecified  instance  of  some  class 
of  collections ;  the  members  of  the  collection  at  any  time  in  question  being  left, 
by  the  conditions  of  the  discussion,  to  be  otherwise  determined.  A  collection 
a  OT  fi  or  i  may  be  unrestricted  as  to  the  multitude  of  its  elements,  or  may  be  a 
monad,  a  pair,  a  triad,  etc.,  according  as  the  conditions  of  a  given  statement 
permit  or  determine. 

6.  A  frequent  operation,  in  our  discussion,  will  be  the  adjunction  of  elements 
to  an  already  given  collection,  or  to  elements  already  under  consideration.     The 
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symbol  (a,  as)  will  mean  "the  collection  consisting  of  the  collection  a  of  ele- 
ments together  with  the  element  aj,  adjoined  thereto."  The  symbol  (a,  ^,  7) 
will  mean  '*  the  coUection  formed  by  adjoining  to  the  collection  a  all  the  elements 
of  the  collections  /8  and  7 ."  Greek  letters,  as  symbols  for  whole  collections, 
and  small  letters  a,  x,  m,  etc.,  as  symbols  for  elements,  may  thus  be  combined 
in  the  same  expression  in  order  to  indicate  what  adjunctions  are  at  any  time  in 
question. 

7.  When  we  speak  simply  of  "  a  collection  "  of  the  elements  of  S ,  without  fur- 
ther specification  of  the  character  of  this  coUection,  the  order  in  which  the  de- 
ments of  the  collection  are  named^  or  otherwise  indicated^  or  in  which  they 
stand  m  the  collection^  is  wholly  indifferent  A  collection,  in  such  a  general 
case,  is  determined  wholly  by  the  fact  that  certain  elements  do^  while  certain 
elements  do  not  belong  to  it.  The  arrangement  of  the  elements  within  the 
collection  will  concern  us  only  in  case  the  definition  of  a  given  type  of  collec- 
tions, or  the  conditions  of  a  given  problem,  expressly  require  us  to  take  note  of 
such  arrangement. 

8.  Fundamental,  in  our  discussion  of  the  properties  of  the  system  S ,  is  a 
classification  of  the  collections  of  elements  into  those  which  are,  and  those  which 
are  not  what  we  shall  call  "  O-coUections."  The  O-coUections  form  a  class  of 
collections  whose  fundamental  properties  we  define  by  the  laws  hereafter  stated. 
The  symbol  0{xyZ"  •)  is  to  be  read  as  the  statement:  *^The  elements  a;,  y,  s, 
etc.,  taken  together,  constitute  an  0-<5ollection."  The  symbol  0(a)  is  to  be 
read  as  the  statement :  "  The  collection  a  is  an  0-collection."  The  symbol 
O{0y)  is  to  be  read  as  the  assertion  that  "  The  total  collection  formed  out  of 
the  collections  0  and  7  is  an  O-coUection.*'  At  pleasure  we  shall  also  use  the 
abbreviated  form  of  expression:  "the  collection  0(ajy»  •••),"  meaning  "the 
collection  such  that  the  assertion  0(xyz"-)  is  true."  The  symbol  0(«c) 
means  that  "  the  collection  formed  by  adjoining  the  element  x  to  the  collection 
a  is  an  0-collection."  The  symbols  0( a/878),  0{asyapq/3jr8)^  etc.,  are  to  be 
read  so  as  to  assert  that  whatever  total  collection  of  elements  and  collections  is 
indicated  by  the  letters  enclosed  in  the  parentheses,  is  an  O-coUection. 

9.  If  a  collection  is  not  an  O-coUection,  the  fact  may  have  to  be  separately 
asserted.  We  propose  in  the  cases  where,  for  the  sake  of  conciseness  such 
usage  is  advisable,  to  call  the  class  of  all  those  collections  which  are  not  0-col- 
lections,  ^•<M)Uections.  The  symbol  ^(a)  may  be  read  at  pleasure  as  the  asser- 
tion :  "  The  collection  a  is  not  an  0-collection,"  or  again  "  is  an  ^-collection." 
Correspondingly  we  read  the  symbols:  jE'(ary)  (where  we  also  assert  that"  a; 
and  y  form  an  ^-pair,"  or  "do  not  form  an  0-pair");  £J(xa);  J^(xy8y)^ 
etc.     If  a  is  not  an  ^-collection,  then  0(a). 

In  general,  we  shall  speak  of  "0-pairs,"  "0-triads,"  "0-tetrads,"  "O-n-ads." 
and  of  "jE'-pairs,"  "^-triads,"  etc.,  wherever  our  collections,  whether  ^-col- 
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lections  or  0-collectious,  are  restricted  as  to  the  number  of  elements  in  a  way 
to  which  we  wish  to  call  attention. 

10.  When  we  simply  assert  0(a)  or  ^^(/S)  of  any  collection,  the  order  in 
which  the  elements  of  an  O-collection  or  of  an  E-collection  are  named  or  con- 
sidered is  indifferent.  The  elements  in  question  in  such  cases,  simply  do  or 
do  not  belong  to  the  collections  in  question  without  regard  to  the  order  in 
which  the  elements  stand. 

Equivalent  elements. 

11.  In  case  two  elements  are  such  that  each  of  them  can  he  substituted  for 
the  other  in  every  0<ollection  in  which  that  other  occurs^  while  leaving  the 
collection  in  question  stiU  an  O-coUection,  then  these  two  elements  are  said  to  be 
equivalent  each  to  the  other  or  to  be  mutually  equivalent  elements.  But  if 
there  exists  an  O-coUection  into  which  either  of  these  elements  enters,  while  the 
other  cannot  be  substituted  for  the  first,  in  that  collection,  without  altering  it 
into  an  ^•<x>llection,  then  the  two  elements  are  not  equivalent.  The  equation 
x^y  means,  therefore,  in  the  present  discussion  not  that  x and  y  are  identical, 
but  simply  that  "  either  x  or  y  may  be  substituted  for  the  other  in  any  O-ooUec- 
tion  wherein  that  other  occurs,  while  the  substitution  leaves  the  collection  in 
question  still  an  O-coUection."  In  case  it  were  possible  that  neither  x  nor  y 
formed  a  member  of  any  O-coUection,  this  definition  would  imply  that  they 
were  then  also  equivalent.  The  usual  properties  of  the  relation  of  equivalence 
obviously  follow  from  this  definition  :  viz.,  x^x;  if  x »  y ,  then  y  =sx;  if  sc , 
y,  and  z  are  such  that  x  =  y^  and  y^Zy  then  x^z.  It  is  plain  that,  if 
2C  =  y ,  either  x  or  y  can  be  substituted  for  the  other  in  any  jS'-coUection  in 
which  that  other  occurs.  For  if  sc  =  y ,  it  is,  by  definition,  impossible  that 
E{xa)  while  0{ya)\  hence,  if  -E'(xa),  E(ya)  foUows;  and  the  converse  is 
also  obvious  from  the  definition  of  equivalence. 

12.  As  just  pointed  out,  equivalent  elements  need  not  be  identical.  Hence, 
although  the  assertion  :  ^^  a  is  not  equivalent  to  6,"  obviously  implies  the  asser- 
tion :  ^^  a  is  not  the  same  element  as  b ,''  —  these  two  assertions  must  still  be 
carefully  distinguished,  since  the  second  of  them  does  not  imply  the  first.  For 
the  assertion  '^ a  is  not  equivalent  to  b ,"  we  shall  use  the  symbol  a  ^  b.  This 
means  that  ^^  there  exists  at  least  one  0-collection  into  which  one  of  these  ele- 
ments enters,  while,  if  the  other  is  substituted  for  the  first  in  that  collection,  the 
collection  in  question  becomes  an  ^-collection." 

Mutually  obverse  elements  and  collections. 

13.  If  two  elements  of  S,  say  j9  and  q^  are  such  that  0{pq)y  then  j9  and  q 
are  said  to  be  mutually  obverse  elements^  or  obverses^  each  of  the  other.  Mutu- 
ally obverse  elements  are  then  such  elements  as  together  form  an  0-pair.  If 
the  assertion  0{xx)  were  true  of  any  element,  that  element  would  be  an  obverse 
of  itself.     A  given  element  may  possess  various  obverses. 
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14.  If  a  set  of  0-pairs  exists,  such  that,  for  certain  existent  elements  of  2, 
0(ab),  0(cd),  0(ef)^  0{pq)  ^etG.  (this  set  possessing  either  finite  or  infinite 
multitude),  and  if  we  suppose  a  collection  a  made  up  by  the  selection  of  one 
member,  and  of  one  member  only,  from  each  of  these  pairs,  and  if  a  coUection 
/3  is  supposed  to  be  made  up  out  of  all  the  remaining  members  of  the  pairs,  the 
coUections  a  and  /8  are  said  to  be  mutually  obverse  collections. 

15.  In  consequence  of  the  formation  of  the  collections  a  and  /8  just  defined, 
certain  repetitions  of  elements  may  occur  in  a,  or  in  /S,  or  in  both.  In  such  a 
case,  just  as  in  the  cases  mentioned  above,  in  3,  the  various  repetitions  of  any 
given  element  are  to  be  regarded  as  distinct  members  of  the  collections  a  and  ^ 
in  question.  Thus,  if  the  0-pair  0(a6)  is  repeated,  then,  out  of  the  two  pairs 
0{ab)  and  0(a6),  treated,  for  the  purpose  in  hand,  as  distinct  pairs,  we  can 
form,  according  to  the  procedure  defined  in  14,  the  collections  (^a^  a)^  and 
(6,  6).  These  collections  are  hereupon  to  be  regarded,  by  virtue  of  our  defini- 
tion, as  mutually  obverse  collections.  Again,  if  the  pairs  0(pg),  O(aiy), 
0(wm),  O(ccA),  and  0{mq)^  are  given,  then  the  collections  (p,  a,  w,cc,  w), 
and  {qty^n^k^  q)^  are  mutually  obverse  collections,  as  are  also  any  two  col- 
lections that  can  be  formed  out  of  these  same  pairs  by  any  permissible  variation 
of  the  procedure  defined  in  14.  The  order  in  which  the  members  of  each  of  the 
mutually  obverse  collections  are  written,  is  again  indifferent. 

16.  Suppose  a  collection  S  is  first  given.  Let  each  element  of  this  collection 
be  such  that  it  can  be  made  to  form  an  element  of  a  pair  of  elements  which 
(whether  the  elements  of  this  pair  are,  or  are  not,  repetitions  of  those  present 
in  other  pairs),  is  distinct  from  the  pair  of  which  any  other  element  of  8"  is  a 
member.  If  each  of  the  pairs  thus  formed  is  an  0-pair,  then  the  coUection  €, 
consisting  of  all  the  remaining  elements  of  the  pairs  in  question,  is  an  obverse 
of  the  collection  £,  while  S  is  an  obverse  of  e.  Thus,  if  h  is  the  collection 
(x,  m,  h^  I,  Z),  and  if  0{xy)^  0{mj)^  0(An),  0{lr)  and  0{ls);  and  if  c 
is  the  collection  {y^j^  w,  r,  «),  then  the  collections  B  and  €  are  mutually 
obverse  collections. 

Complements  and  resultants. 

17.  In  case  an  element  q  exists  such  that,  for  a  given  coUection  yS,  0{^q) 
is  true,  the  element  q  is  called  a  complement  of  0,  In  case  q  and  r  exist  such 
that,  for  a  given  coUection  /8,  O{0q)  is  true,  while,  at  the  same  time  0{qr)^ 
then  r  is  called  a  resultant  of  /8 . 

18.  The  properties  of  those  coUections  which  may  be  formed  of  the  elements 
of  2  are,  in  the  main,  properties  determined  by  the  existence  of  equivalent  and 
of  non-equivalent  elements,  of  obverses  and  of  resultants,  together  with  the  exist- 
ence of  certain  laws  and  principles  which  hold  vaUd  for  the  system. 

19.  To  the  statement  of  these  principles  or  "postulates"  we  now  proceed. 
They  may  be  classified  under  two  heads.     They  are  :  (1)  General  laws  to  which 
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all  O-collections,  in  case  such  exist,  are  to  conform ;  and  (2)  Principles  requir- 
ing, either  conditionally  or  unconditionally,  the  existence  of  certain  elements, 
and  of  certain  collections. 

(1)  Laws  to  which  all  O-collections  conform, 

I.  If  0(«),  then  0(a7),  whatever  collection  7  may  be. 

II.  If,  whatever  element  6,,  of  /8  be  considered,  0(S6^),  and  if  0(/8)  is  also 
true,  then  0(S). 

(2)  Principles  requiring  the  existence  of  elements  of  2 . 

III.  There  exists  at  least  one  element  of  2 . 

IV.  If  an  element  x  of  S  exists,  then  y  exists  such  that  x  ^  y. 

V.  Whatever  pair  (/>,?)  exists,  such  that  p  ^  q^r  also  exists  such  that, 
while  both  0{rp)  and  0{rq)  are  false,  0{pqr)  is  true. 

VI.  If  w  exists  such  that  O  (<??(?),  then  v  also  exists  such  that  0{&v)y  and 
such,  too,  that,  whatever  element  t^oi  &he  considered,  0{vwt^). 

20.  These  principles  may  be  restated,  with  less  use  of  symbols,  thus : 

I.  An  O-coUection  remains  an  0-collection,  whatever  elements  or  collections 
may  be  adjoined  to  it. 

II.  If  a  collection  /3 ,  consisting  wholly  of  elements  which  are  complements 
of  a  collection  S,  is  an  0-collection,  then  S  itself  is  an  O-coUection. 

Ill  and  IV  (in  combination).  The  system  S  contains  at  least  one  pair  of 
mutually  non-equivalent  elements. 

V.  If  any  pair  of  mutually  non-equivalent  elements  is  given,  a  third  element 
of  S  exists  which  forms  an  0-pair  with  neither  of  the  elements  of  this  pair,  but 
which  is  such  that  the  three  elements  in  question  together  constitute  an  0-triad. 

VI.  If  there  exists  any  complement  of  a  given  collection  ??,  then,  if  w  be  such 
a  complement,  there  exists  a  complement  of  z^,  viz.  v,  such  that  every  element 
of  <3^  is  a  complement  of  the  pair  ( v ,  w). 

At  the  close  of  the  introduction  a  system  2  which  conforms  to  all  the  fore- 
going principles,  has  been  already  pointed  out. 

Chapter  II.     Elementary  Consequences  of  the  Principles. 

21.  The  elimination  of  obverses.  If  any  collection  a  is  such  that  x  and  y 
exist  such  that  0{ax)  and  0{ay)^  while  0{xy)^  then  0{a).  This  follows 
directly  from  principle  II,  if  the  pair  (x,  y)  be  viewed  as  the  collection  0  of 
that  principle. 

22.  The  correspondence  of  mutually  obverse  O-collections.  If  any  coUection 
TT  is  such  that  0(7r),  and  if  a  collection  p  is  a  collection  which  is  an  obverse 
collection  of  the  collection  ;r,  then  0(p).  For  let  p^  be  any  element  of  ^. 
Then  in  p  there  exists  (by  the  definition  of  mutually  obverse  collections,  as  given 
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in  14,  15,  16),  some  element  r  such  that  0{p^r).  By  principle  I,  we  may 
adjoin  to  the  Opair,  0[pr)^  all  the  remaining  elements  of  p  besides  r,  and 
the  thus  enlarged  collection  will  still  remain  an  0-<x>11ection ;  so  that  0{pjp)^ 
As  an  analogous  result  holds  of  every  other  element,  /?^,  of  tt,  without  exception, 
it  appears  that  tt  consists  entirely  of  elements  each  of  which  is  a  complement  of 
the  collection  p.     Since,  however,  0(7r),  by  principle  II,  0{p). 

23.  The  elimination  of  common  element!^.  If  17  and  &  are  mutually  obverse 
collections;  and  if  x  exists  such  that  0(^x)and  0{i^x)^  while  ^  exists  such 
that  0{xy),  then  0{^r)).  For,  by  22,  from  0{{hc)  follows  0(i7y),  since,  by 
adjoining  sc  to  «?,  and ^  to  17,  we  form  the  two  mutually  obverse  ooUections 
(cc,  «?)  and  (';*  y  ).  By  adjunction,  in  accordance  with  principle  I,  from  0{fix) 
follows  O (  fftfx )  and  from  O(rfy)  follows  O ( ^rjy ) .  Since  O ( xy ) ,  there  follows, 
from  0{^rfx)  and  0{firjy)^  by  principle  II,  as  explained  in  21,  0{firf). 

24.  The  elimination  of  partial  collections.  If  €  consists  solely  of  elements 
which  are  complements  of  a  collection  X,  if  S  and  7  are  mutually  obverse  collec- 
tions, and  if  0(5€),  then  0{^\).     For  e  by  hypothesis  consists  of  elements 

.«j|^ch  are  complements  of  X.  Let  e  be,  then,  an  element  of  €.  Then  0(eX), 
and  llWCe,  by  adjunction  (principle  I),  0{ei\).  Furthermore,  h  consists 
wholly  of  aillients  which  are  complements  of  7 .  Hence  if  c2  is  an  element  of 
S,  0{dy)  and  hwifcoe,  by  adjunction  (principle  I),  0{dy\).  Any  element  of 
V«  luid  also  any  element  of  S,  is  thus  a  complement  of  (7X).  Hence  the  0-col- 
lection  0{B€)  consists  entirely  of  elements  which  are  complements  of  the  collec- 
tion (7,  X).  {lence  the  collection  (7,  X)  is  itself  an  O-ooUection,  by  principle 
II.  If  6  reduces  to  a  single  element,  6,  then  the  hypotheses  above  stated  reduce 
to  0{Se)  and  0(Xe),  while  S  and  7  are  mutually  obverse  collections,  and  the 
result  then  becomes  identical  with  that  of  23.  But  if  S  reduces  to  a  single  ele- 
ment d  and  7  to  an  obverse  element  c  such  that  0(cd)y  then  the  result  is  that 
if  €  consists  solely  of  elements  which  are  complements  of  a  collection  X,  and  if 
d  is  §uch  that  c  exists  such  that  0{cd)^  while  0{d€)^  then  0{c\). 

25.  The  operations  of  the  reduction  of  collections  through  the  elimination  of 
elements  and  of  partial  coUections  as  explained  in  the  foregoing,  will  be  found 
to  be  of  fundamental  significance  throughout  our  procedure  in  what  follows. 

26.  The  existence  of  obverse  elements.  By  virtue  of  principles  III  and  IV, 
there  exists  {x^y)  such  that  x  ^  y .  Since  x^y^xt  follows  from  the  defini- 
tion of  equivalence  (11)  that  there  exists  at  least  one  0-collection  into  which 
one  of  these  elements,  say  sc,  enters ;  while  in  that  collection  (whether  y  is  also 
a  member  of  the  collection  in  question  or  not) ,  y  cannot  be  substituted  for  x 
without  changing  the  collection  into  an  J?-collection.  Let  a  be  the  collection 
thus  characterized.     Then,  by  hypothesis,  0{a), 

If  a  contains  all  the  elements  of  S ,  occurring  either  once  each,  or  in  any 
multitude  of  repetitions,  then  a  collection  exists  which  contains  all  of  the  ele- 
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ments  of  2 ,  and  which  is  an  O-coUection.  If  a  does  not  contain  all  of  the  ele- 
ments of  S,  nevertheless,  by  principle  I,  since  0(a),  all  of  the  elements  of  2 
which  do  not  appear  in  a  may  be  adjoined  to  a,  and  the  resulting  collection,  say 
I? ,  will  be  an  O-coUection. 

Hence,  in  any  case,  there  exists  a  collection  which  contains  every  element  of 
S  (each  element  occurring  in  that  collection  either  once  only,  or  else  repeatedly), 
while  this  collection,  say  <?,  is  an  O-coUection. 

27.  Since  &  is  such  that  0(??),  every  element  of  S  is  a  complement  of  «?,  by 
principle  T.  Let  w  be  any  element  of  2.  Since  w  is  sl  complement  of  (>^,  it 
follows  by  principle  VI,  that  v  exists,  such  that,  whatever  element  a;  of  2 ,  or  of 
I?,  be  chosen,  0{xvw).  Since  every  element  of  <?  is  thus  a  complement  of  the 
pair  (r,  Mj),  while  0(??),  it  follows  by  principle  II,  that  0{vw)  is  true.  By 
adjoining  to  the  pair  (i;,  ^^)  all  the  elements  of  2  which  do  not  belong  to  this 
pair,  we  now  have  0(S),  an  assertion  according  to  which  each  element  of  S  is 
supposed  to  appear  once,  and  without  repetition,  in  the  O-coUection  in  question. 
Since  O(vio),  v  and  w  are  mutually  obverse  elements. 

Since  any  element  whatever  of  S  may  be  taken  instead  of  w^  while,  each 
time,  an  element  would  be  found  to  take  the  place  here  occupied  by  v ,  we  have 
so  far  two  results : 

(1 )  The  system  S ,  taken  in  its  entirety,  is  an  O-coUection. 

(2)  Every  element  of  S  possesses  at  least  one  obverse. 

28.  A  fundamental  property  of  all  pairs  of  mutually  obverse  elements  here- 
upon comes  to  our  notice,  and  is  as  follows :  Let  b  be  any  element.  Let  q  and 
r  be  two  obverses  of  6,  so  that  0(qb)  and  0{rb).  Hereupon  let  7  be  any 
collection  such  that  0{yq);  that  is,  let  the  collection  0(7^)  be  any  O-coUection 
into  which  q^  one  of  the  obverses  of  6,  enters.  Then,  by  adjunction  (principle 
I),  we  have,  since  0(6r),  0{bry);  and,  since  0(7?),  O(qry)  (wherein  we 
may  of  course  change,  as  we  here  do,  at  pleasure,  the  order  in  which  the  mem- 
bers of  the  0-collection  are  written).  The  collection  (r,  7)  is  thus  such  that, 
if  either  of  the  members  of  the  0-pair  0(65^)  be  separately  adjoined  to  it,  the 
resulting  enlarged  collection  is  each  time  an  0-collection.  Hence,  by  principle 
II,  0(r7).  It  thus  appears  that,  whatever  the  collection  7  may  be,  if  0(^7), 
0{ry)  follows.  By  a  precisely  analogous  reasoning  we  could  show  that  if  7  is 
such  that  0(7*7),  0{qy)  follows.  Hence  the  two  obverses  of  6  here  in  ques- 
tion, viz.,  q  and  r ,  are  such  that  either  of  them  may  be  substituted  for  the  other 
in  any  0-collection  in  which  that  other  occurs,  while  still  leaving  that  collection 
an  0-collection.  Hence  by  the  definition  of  equivalence  q  ^r.  As  the  reason- 
ing thus  used  applies  to  any  two  obverses  of  the  S9|ip  element  &,  whatever  b  is, 
we  have,  as  a  result,  the  proposition  that  any  tw0  obverses  of  the  same  element 
are  mutually  equivalent  elements.  That  is,  again,  if  q  is  an  obverse  of  5,  and 
b  is  an  obverse  of  r,  then  y  =  r . 

Trans.  Am.  Melb.  Soc.  95 
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29.  If  ar=y,  while  0{qx)  and  0{ry)^  then,  by  the  definition  of  equiva- 
lence, 0(nc),  and  from  0{qx)  and  0{rx)  follows,  by  28,  the  proposition 
q=s  r.     Hence  all  the  obverses  of  equivalerit  elements  are  equivalent, 

30.  If  w  4=  v,  while  0{nu)  and  0(mu),  then  m  =^  n.  For  if  m  =  n,  then, 
by  29,  w  =  V.  Hence  the  obverses  of  non-equivalent  elements  are  themselves 
non-equivalent. 

31.  It  thus  appears  that  all  the  obverses  of  the  same  element,  or  of  equivalent 
elements,  are  mutually  equivalent,  and  that  non-equivalent  elements  cannot  pos- 
sess mutually  equivalent  obverses,  still  less  the  same  obverse.  Accordingly, 
since  equivalence  here  means  capacity  for  mutual  substitution  in  O-coUections, 
we  may  henceforth  let  a  single  one  of  the  obverses  of  a  given  element  represent 
the  whole  class  of  these  obverses,  for  all  the  purposes  involved  in  the  present 
discussion  of  O-coUections.  This  uniquely  selected  representative  of  all  the 
obverses  of  any  element  x ,  we  shall  henceforth  regard,  therefore,  as  the  obverse 
of  x,  and  as  equivalent  to  the  obverse  of  any  element  equivalent  to  x.  We 
shall  symbolize  this  single  representative  of  all  these  obverses  by  x,  or,  in  gen- 
eral, by  writing  a  bar  above  the  symbol  of  the  element  of  which  at  any  time  we 
define  the  obverse,  x  cannot  be  equivalent  to  the  obverse  of  any  element  which 
is  not  equivalent  to  x.  As  the  unique  representative  of  the  obverses  of  x  we 
may  hereupon  take  an  element  symbolized  by  x, 

32.  By  definition,  and  by  31,  x^=iX\  and  x  will  henceforth  be  so  chosen  as 
to  be  identically  the  same  element  as  x .  The  operation  of  obversion  (that  is,  of 
finding,  for  any  element  x,  the  unique  representative,  x^  of  the  class  of  elements 
any  one  of  which  forms,  with  x^  an  0-pair),  hereupon  becomes  an  entirely  univ- 
ocal  operation.  This  operation,  if  once  repeated,  is  so  defined  as  to  be  an 
operation  which  restores  to  us  the  original  element. 

33.  When  one  collection,  S,  is  an  obverse  of  another  collection,  e  (see  14, 15, 
16),  each  of  these  collections,  by  the  substitution  of  the  equivalent  elements  (in 
case  such  substitution  is  required  for  the  purpose),  may  be  made  into  a  collec- 
tion consisting  wholly  of  the  unique  representatives  of  the  obverses  of  the 
various  members  of  the  other  collection.  An  obverse  of  the  collection  S,  thus 
reduced  to  the  form  of  a  collection  of  the  unique  representative  obverses  of  the 
elements  of  S ,  shall  henceforth  be  symbolized,  in  our  discussion,  by  J.  By  the 
symbol  S  we  mean,  therefore,  a  certain  chosen  unique  representative  of  all  those 
collections  any  one  of  which  is  an  obverse  of  the  collection  S .  The  collection  S 
may  then  be  so  chosen  as  to  be  identical  with  h . 

34.  If  a=  6,  then  0(a?)  and  0( 6a).  For  0(aa)  by  definition  (13,  31). 
Hence,  since  a  =  b^  and  since,  by  the  definition  of  equivalence,  we  can  accord- 
ingly substitute  b  for  a  in  O(rta),  we  have  0(65).  And  since  0(65),  we 
have,  by  the  substitution  of  a  for  6,  0{aE),  On  the  other  hand,  if  either 
0(a6),  or  0(6a),  is  known  to  be  true,  then,  by  the  definition  of  obverses,  a  is 
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an  obverse  of  5 ,  or  6  is  an  obverse  of  a ,  as  the  case  may  be.  But  in  either 
ease,  since  obverses  of  the  same  element  or  equivalent  elements  are  equivalent, 
a  —  6,  and  a  =  h, 

35.  A  fundamental  characteristic  of  the  system  S  is,  further,  the  fact  that : 
No  monad  is  an  O-coUection.  For  if  0(a;),  then,  by  adjunction  (principle  I), 
0{xx).  By  the  same  principle,  if  0(«),  0(xq)j  whatever  element  q  may  be. 
Hence  any  monad  q  is  such  that  whether  x,  or  an  obverse  of  x  (namely  x  itself), 
be  adjoined  to  y,  always  0{xq).  Hence,  by  principle  IT,  0{q).  Therefore 
if  a  single  element  x  exists  such  that  0{x)^  every  element  of  S,  as  for  instance 
g,  is  such  that  0{q).  Hence,  by  principle  I,  whatever  collection  of  elements 
be  adjoined  to  any  element  ^  of  S ,  the  resulting  collection  is  an  O-coUection. 
Hence  (by  11),  since  all  possible  collections  are  thus  O-coUections,  all  the  ele- 
ments of  S  are  mutually  equivalent.  But  this  contradicts  principle  IV.  Hence 
it  is  impossible  that  any  monad  x  should  exist  such  that  0(x).  Every  monad, 
therefore,  is  an  J^-collection. 

36.  It  will  be  convenient,  at  this  point,  to  restate  the  theorems  of  21-24  in 
the  notation  for  obverse  elements  which  has  now  been  adopted : 

(1)  If  0{ax)  and  0{ax),  then  0(a)  (see  21), 

(2)  If  0(7r),  then  O(^)  (see  22). 

(3)  If  Ol^x)  and  0{^),  then  0(133)  (see  23). 

(4)  If  0(S€),  while  X  exists  such  that  O(Xe^)  for  every  element  e^  of  €,  then 
0(5X)  (see  24). 

(5)  If  0{d€)y  while  X  exists  such  that  0(Xe„)  for  every  element  «„  of  €,  then 
0(rfX)(see24). 

37.  Any  repetitions  of  an  element  which  occur  in  an  0-collection  may  be 
stricken  out,  so  that  the  element  in  question  occurs  but  a  single  time ;  and  the 
resulting  collection  will  still  be  an  O-coUection.  For  suppose  a  to  be  a  collec- 
tion consisting  whoUy  of  the  element  a,  repeated  any  multitude  of  times.  And 
suppose  /3  to  be  such  that  0(a/3).  From  0{afi)  follows  by  36  (2),  0(5^8). 
If  any  element,  either  of  5,  or  of  i9,  be  adjoined  to  the  collection  (a^  ^)  (which 
consists  of  a,  occurring  only  once,  with  /3  adjoined),  it  is  plain  that  the  result- 
ing collection  will  be  enlarged  so  as  to  constitute  an  O-coUection.  For  0{ad^); 
and,  if  6„  be  any  element  of  /8,  and  5^  the  obverse  of  this  element  O{a0b^). 
The  collection  (9/S),  consisting  entirely  of  complements  of  (a,  /3),  is  thus  an 
O-coUection.     Hence  0(a/8),  by  principle  II. 

38.  It  further  follows  that,  if  /3  itself  is  also  a  collection  consisting  solely  of 
a  repeated,  and  if  0{a/3)  then  the  collection  0{afi)  which  now  consists  solely 
of  a  repeated,  can  be  reduced  to  0(aa)^  and  hence  to  0{a).  But  0{a)  is 
impossible  by  35.  Hence  no  collection  consisting  solely  of  repetitions  of  a 
single  element  can  be  an  0-collection.  Every  such  collection  must  be  an  JS- 
collection. 
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It  still  further  follows  that,  no  element  is  equivalent  to  its  own  obverse.  For 
since  O(a^),  it  follows,  by  the  definition  of  equivalence,  that,  iix^x^  0{xx)^ 
Hence  by  37,  0(x).     But  this,  by  35,  is  impossible. 

39.  If  a  and  b  are  such  that  the  mutually  obverse  pairs  (a,  5)  and  (a,  6)  are 
such  that  O(abx)  and  0{abx),  then  by  21  and  22,  0{ab).  Hence,  by  34, 
a  ==  6. 

40.  If  any  collection  S  is  such  that  0(S)  is  false,  so  that  ^(S)  is  true,  it 
follows,  from  principle  I,  that  if  €  is  any  collection  such  that  €  consists  whoUy 
of  elements  which  belong  to  the  collection  S,  while  €  does  not  include  all  of 
these  elements,  then  0(6)  is  false.  For  if  0(e),  then,  since  S  may  be  formed 
from  6  by  adjoining  to  e  certain  elements,  principle  I  would  require  that  0(2) 
should  be  true.  Whatever  elements,  therefore,  we  omit  from  an  ^-collectioD, 
S,  the  remaining  elements  form  an  J?-collection.  Or,  in  other  words,  if  a  col- 
lection is  an  JS'-coUection,  all  possible  partial  collections  that  can  be  formed  by 
selecting  some  of  its  elements,  and  omitting  others,  are  also  j?-oollections,  so  that 
if  €  is  any  such  partial  collection,  0(e)  is  false. 

41.  If  E{aB)^  then  a  4=  6.  For  if  a  =  6,  then,  by  34,  0(a<B),  which  con- 
tradicts the  hypothesis  S{aE).  And,  on  the  other  hand,  if  a  and  b  are  such 
that  a  4=  6,  then  JS(ab)y  for  if  not,  then  0(a6),  and,  therefore,  by  34,  a  ==  6, 
which  contradicts  the  hypothesis  a  ^  b.  Thus  then,  if  two  elements,  x  and  y, 
form  an  JS  pair,  the  obverse  of  either  of  these  elements  is  not  equivalent  to  the 
other  element ;  i.  e.,  cc  4=  y;  aii^  S  +  y-  Plainly,  furthermore,  if  ^(xy),  then 
E[xy)^  and  conversely,  again,  if  x  exists  such  that  either  B(abx)  or  E{abx) 
is  true,  then,  by  40,  either  E{(ib)j  or  else  E(^ab)  is  true.  But  as  we  have  just 
seen  each  of  the  assertions:  E(ab)  and  E{ab)y  implies  the  other,  and  also 
implies  a  4=  6.  In  the  same  way,  if  jE(xyz)^  then  E{xy)y  E{yz)  and  E(xz). 
Hence  a;  =^  y,  y  =^  i,  etc.  In  general,  if  E(a)^  and  if  x  and  y  are  any  two  of 
the  elements  of  a,  then,  by  40,  JS{xy)^  and  hence  x  :^  y.  This  is  also  imme- 
diately evident  from  principle  I,  and  from  the  definition  of  obverses.  For 
if  a;  ==  ^,  then  0(xy)n  and  then  any  collection  into  which  both  x  and  y  enter 
is,  by  principle  I,  an  0-collection. 

42.  If  E(a)^  and  if  x  be  any  element  whatever,  then  either  E{ax)  or 
jE'(aac)  must  be  true.  For  if  neither  of  these  assertions  is  true,  then  O(aac) 
and  O(aix);  and  then,  by  principle  II,  0(a). 

43.  By  35  every  monad  is  an  J^-coUection.  Let  x  and  y  be  any  two  elements 
of  the  system  2.  Each  of  these  elements  possesses  an  obverse.  Since  E{x)f 
by  42  either  E{xy)  or  E{xy)  is  true;  and  since  E{y)^  either  E{xy)ov 
E{xy)  is  true. 

Chapter  III.     The  J^^-Collections. 

44.  If  two  collections,  /3  and  17,  are  such  that  0(^^),  then  the  collections 
)3  and  r)  stand  to  each  other  in  a  relation  which  we  shall  also,  at  pleasure,  express 
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by  the  symbol  F{  ^\v)y  wherein  the  symbols  /3  and  rj  appear  with  a  short  verti- 
cal line  between  them.  This  symbol  then,  in  the  first  place,  expresses  precisely 
the  same  facts  that  are  expressed  by  the  symbol  0(/3tj).  That  is  the  symbol 
I^( 0\t))  may  at  pleasure  be  read  as  the  assertion :  ^^ The  coUection  consisting 
of  /3  taken  together  with  the  collection  v  (the  collection  which  is  the  obverse  of 
.4)9  constitutes  in  its  totality,  an  0-collection."  Since,  by  22  and  38,  0(/3^) 
implies  0{^tj)9  a-^d  conversely,  the  symbol  F(l3\r))  could  equally  well  be 
read :  —  "  The  collection  ( /8 , 1; )  is  an  O-coUection."  But  the  symbol  -F(  /S 1 1; ) 
is  especially  intended  to  emphasize  the  fact  that,  when  0(l37j)y  and  conse- 
quently when  0{^ri)^  the  coUections  0  and  t]  stand  to  each  other  in  a  relation 
which  is  mediated  by  the  existence  of  their  respective  obverse  collections.  13 
and  f]  are  then  collections  such  that  each,  if  adjoined  to  the  obverse  of  the  other 
collection,  unites  with  that  obverse,  to  constitute  a  total  collection  that  is  an 
O-coUection.  Expressing  this  fact  with  a  primary  reference  to  /3  and  17 ,  instead 
of  to  /S  and  ^,  or  to  ^  and  1;,  the  symbol  JF^[0\rj)  may  now  be  read  as  the 
assertion  :  **The  collection  0  forms,  with  the  collection  1;,  a  determinate  F-col- 
lection^  The  special  significance  of  the  adjective  determinate  will  appear 
below.  The  vertical  line  is  intended  as  a  sort  of  punctuation  mark,  to  indicate 
the  distinction  between  the  two  collections  in  question. 

45.  If  0(7),  and  if  hereupon  7  be  in  any  way  exhaustively  divided  into  two 
^^  partitions,"  that  is,  into  two  mutually  exclusive  collections  of  elements  S  and  e, 
such  that  0(S,  e)  is  the  same  collection  as  7,  it  is  plain  from  the  foregoing  that 
jP(£|i).  So  the  same  O-coUection  makes  possible  various  different  assertions 
in  terms  of  determinate  jP-coUections.  If  7  is  a  collection  of  unrestricted  multi- 
tude, the  multitude  of  the  possible  assertions  in  terms  of  jP-collectious  becomes 
also  unrestricted. 

46.  The  rule  for  transforming  our  assertions  so  that  what  are  explicitly 
defined  as  0-collections  shall  appear  in  the  form  of  explicitly  designated  and 
determinate  i^-coUections,  is  consequently  as  follows:  If  the  assertion  0(7)  is 
given,  and  if  we  are  to  express  this  as  an  assertion  regarding  some  determinate 
i<^-collection,  then  we  choose  at  random  any  partial  collection  8  of  the  elements 
of  7.  Let  €  be  the  collection  which  is  the  obverse  of  the  collection  6,  where  6 
consists  of  all  the  remaining  members  of  7,  not  included  in  S.  Write  jP(S  { e), 
or,  at  pleasure,  jP(i|  S).  That  is,  put  S  on  one  side  and  i  on  the  other  side  of 
the  vertical.  The  way  in  which  the  partial  collections  included  in  the  paren- 
thesis are  placed,  in  so  far  as  these  two  collections  are  merely  considered  with 
respect  to  their  succeeding  or  preceding  the  vertical,  is  then  capable  of  trans- 
position at  pleasure.  The  resulting  expression  is  to  be  read,  as  above  defined, 
and  as  an  assertion  in  terms  of  a  determinate  i<^-collection.  Instead  of  i^(  €  |  S) , 
we  can  equally  well  write  jP(e|8),  or  I^{B\€). 

47.  The  rule  for  the  inverse  operations  ti*ansforming  an  assertion  regard- 
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iDg  a  determinate  i<^-collection  into  an  assertion  regarding  an  0-collection  is 
now  obvious.  If  the  assertion  jP(a|/8)  is  given,  then  we  first  take  the  col- 
lection a,  or,  at  pleasure  /3;  that  is,  we  take  the  obverse  collection  correspond- 
ing that  coUection  which  stands  on  one  chosen  side  of  the  vertical ;  and  then  we 
combine  this  obverse  collection  with  that  collection  which  stands  on  the  other 
side  of  the  vertical.  Hereupon  we  write  0{a/3)  or  0(^d)y  or  0(/3a)  or 
0(a/8),  at  pleasure. 

48.  In  case  expressions  such  as  F{a^\ySyz)j  or  similarly  complex  symbols 
appear,  we  read  in  this  way :  "  The  collections  a  and  /8,  together  with  the  ele- 
ment X ,  constitute  a  coUection  which,  taken  as  a  whole,  forms  an  i^-coUection 
with  a  collection  consisting  of  the  partial  collections  7  and  S,  and  of  the  elements 
y  and  z."  The  expression  just  set  down  asserts  the  same  as  is  asserted  by  the 
symbol  0(a/8x7%i),  or  as  is  asserted  by  the  symbol  O(afixrfSyz), 

49.  If  a  collection,  X,  consists  of  some  finite  number,  ti,  of  elements,  it  is  one 
of  a  set  or  group  of  2*"  collections  which  can  be  formed  from  the  given  collection 
by  first  leaving  that  collection  unchanged,  and  by  then  transforming,  in  every 
possible  way,  one,  two,  three,  •  •  •  and  finally  all  of  the  n  elements  of  X  into  their 
respective  obverses.  If  one  of  these  2"  collections  is  an  0-collection,  e.  g.,  if  the 
original  coUection  X  is  an  0-coUection ;  then  the  collection  X,  which  is  one  of 
the  set  of  2"  collections,  is  also  an  0-collection.  AU  of  the  other  collections  of 
the  set  are  hereby  required  to  be  determinate  i<^-coUections.  But  in  symbolizing 
these  determinate  i^-coUections,  the  arrangement  of  the  elements  is  no  longer 
whoUy  indifferent.  One  must,  in  each  case,  set  upon  one  side  of  the  vertical 
aU  of  those  elements  which,  in  any  one  of  the  transformed  coUections,  are 
obverses  of  elements  of  X ;  upon  the  other  side  one  must  place  aU  those  elements 
which  are  identical  with  elements  of  X.  One  is  then  to  set  the  rearranged  col- 
lection within  a  parenthesis,  and  is  to  write  jP  before  this  parenthesis.  In  each 
case  one  thus  asserts  the  same  fact  as  is  asserted  by  0(X) ;  but  does  so,  each 
time,  with  a  different  stress  upon  the  partial  coUections  whose  relations  to  one 
another  are  thus  pointed  out.  By  means  of  the  determinate  i<^-coUections,  one 
thus  analyzes,  in  a  particular  way,  the  various  aspects  of  the  meaning  of  the 
assertion  0(X).  Yet  each  one  of  the  determinate  i^-coUections  points  back, 
infallibly,  to  the  same  pair  of  0-coUections ;  and  also  predetermines  the  consti- 
tution of  aU  the  other  determinate  i<^-coUections  of  the  same  set ;  so  that,  in 
thus  emphasizing  various  aspects  of  the  meaning  of  the  assertion  0(X),  one 
stiU  never  loses  the  power  to  return  from  one  aspect,  thus  emphasized,  to  any  or 
to  all  the  other  aspects  of  the  same  assertion.  The  determinate  i^-ooUections 
thus  defined  may  be  grouped  in  (  2"  —  2  )/2  pairs ;  since,  in  general,  if  i^  (  at  I  /8 ) , 
i<^(a{/3)  is  true.  When  we  enumerate  the  set  of  determinate  jP-ooUections, 
it  is  sufficient  to  name  one  of  each  pair. 

50.  Indeterminate  ^-collections.     It  is,  however,  occasionaUy  convenient  to 
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express  simply  the  assertion  that  there  exists  some  0-collection  0(^X),  such 
that  the  collection  (/c,  X)  is  precisely  the  same  coUection  as  a  given  collection  t]^ 
that  is,  such  that  (a:,  X)  stands  for  a  partition  of  r) ;  while  we  nevei*theles8  leave 
it  entirely  undetermined  what  one  of  the  possible  partitions  of  the  collection  rj 
it  is  with  regard  to  which  this  assertion  holds  true.  In  this  case  we  may  write 
simply  i<^( Tj))^  symbol  which  we  read  as  the  assertion :  " The  collection  rj  is  an 
(indeterminate)  i<^-collection."  An  indeterminate  i<^-collection  may  prove,  when 
its  determination  is  specified,  to  be  any  one  of  the  determinate  i<^-collectious 
which  correspond  to  the  possible  partitions  of  t).  Thus,  if  rj  is  the  same  collec- 
tion as  («,  X)  and  if  jP(/c|X)  is  true,  ^{v)  is  true;  while  if  we  merely  know 
that  I^{v)  is  true,  we  know  that  some  one  of  the  assertions  I^{ /c | X ) ,  jP( k  \\')^ 
etc.,  is  true — where  (^,  X)(/c',  X'),  etc.,  are  various  possible  partitions  of  the 
single  collection  rj.  In  the  same  way,  if  i^(i7),  some  one  of  the  assertions 
0(a:X),  0(;e'X'),  etc.,  is  true. 

If,  setting  out  from  the  assertion  0(7),  we  consider  some  possible  partition 
of  the  collection  7,  say  (S,  e),  and  then,  instead  of  writing,  as  above  (45), 
F(8\€)  we  write  simply  I^( Se) ,  we  surrender  some  of  the  information  conveyed 
in  the  original  assertion  0(7),  as  weU  as  in  the  assertion  i<^(8|  e).  For  it  now 
no  longer  appears  what  determinate  i<^-collection  corresponds  to  the  indetermi- 
nate jP-coUection  jP(  Se) ;  and  the  latter  assertion  tells  us  only  that  some  one  of 
the  possible  partitions  of  the  collection  (  S ,  €)  is  such  that,  if  it  is  made  (e.  g., 
the  partition  (Sj,  S^i  ^i»  ^2),  wherein  (S^,  S^)  is  the  same  collection  as  S,  and 
(  €j ,  €j )  the  same  collection  as  e )  —  then  I^{  S^  ^i  I  ^2 ^2 ) '  ®^  ^^^^  ^  (  ^1  ^1  ^2 ^j )  •  ^^ 
is  plain  that  the  indeterminate  i^-coUections  occur  in  pairs.    If  i<^(  a  ) ,  then  i^(«). 

51.  An  example  will  serve  to  distinguish  more  clearly  the  kinds  of  informa- 
tion conveyed  by  the  assertion  that  a  collection  is  a  determinate  and  by  the 
assertion  that  this  collection  is  an  indeterminate  i<^-collection.  Let  I^(^ab\cd) 
be  true.  This  is  equivalent  to  asserting  0{abcd).  Any  one  of  the  possible 
collections  which  can  be  formed  by  transforming  (a,  6,  c,  d)  through  the  sub- 
stitution of  the  obverse  of  one  or  of  more  of  its  elements,  is  then  also  a  deter- 
minate jP-coUection.     Thus  the  assertion  If^(ab\cd)  requires: 

For  the  collection  {a^b,  c^  3)  the  assertion  jP(a65|c); 

For  the  collection  (a,  6,  c,  d)  the  assertion  I^{abc\d); 

For  the  collection  (a,  6,  c,  3)  the  assertion  I^(ad\cE)'y 

For  the  collection  (a,  J,  c,  5)  the  assertion  jP(ac3|^); 
and  so  on;  while  each  of  these  assertions  implies,  and  is  implied  by  0{abc(jl), 

The  assertion  F(^abcd)  does  not  necessarily  imply  any  one  of  the  foregoing 
determinate  assertions.  It  indicates  that,  of  the  2"  —  1  or  15  possible  coUec. 
tions  other  than  (a,  &,  c,  cZ)  in  the  set  of  collections  producible  from  (a,  6,  c,  df) 
through  the  substitution  of  obverses,  some  one,  and  consequently  (since  0{a) 
implies  0(5)),  some  pair   of   collections,  must   be   O-coUections.     It  would 
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depend  upon  this  pair  to  determine  how  the  vertical  lines  which  define  the 
determinate  i<^-oollections  ought  to  be  distributed  in  each  of  the  various  cases 
which  hereupon  arise.  Some  one  of  these  possible  distributions  express  the 
truth  in  each  case;  but  the  assertion  F(abcd)  does  not  tell  us  which  one  this 
is.  Thus,  if  F{ahcd)^  and  if  we  then  consider  the  collection  (a,  6,  c,  S),  it 
is  possible  that : 

F{a[bc3.),  i.  e.,  0(a6crf),and  0{aBc(l);  or  i<^( «Jc |  J') ,  i.  e.,  0(a6c6?),  and 
0{abcd);  or  jP(aJ|fc),  i.  e.,  0{dbcd)  and  0(a6cJ),  and  so  on  for  aU  the 
other  cases. 

The  assertion  F(  abed )  requires  some  pair  of  these  alternative  O-assertions 
or  some  corresponding  pair  of  the  jP-assertions,  to  be  true,  but  does  not  specify 
what  pair  in  any  of  the  cases  in  question. 

The  indeterminate  i<^-collections,  like  the  0-<x>llections,  are  perfectly  sym- 
metrical.    In  case  of  a  pair  (  a ,  &  ) ,  the  alternative  pairs  of  assertions : — 

OiabV         0(ab)] 

(1)  __  1(2)  [ 

0{ab)\'       0(56)  J 

are  such  that  if  the  pair  (1)  of  assertions  are  both  true,  the  assertions  (2)  are 
both  of  them  false.  Hence  i<^(ai)can  mean  only  that  0(56)  and  0(a6)  are 
both  of  them  true;  while  F[ab)  means  that  both  0{ab)  and  0(aJ)  are  true. 
Hence,  in  case  of  pairs  of  elements,  the  distinction  between  determinate  and  inde- 
terminate i<^-coUections  vanishes :  and  the  assertion  F(  ab )  is  perfectly  deter 
minate. 

Elementary  properties  of  the  F<ollectioJi8 :  operations  and  transformations. 

52.  A  number  of  elementary  properties  of  i<^-collections,  and  a  survey  of  cer- 
tain ways  in  which  they  may  be  transformed,  may  now  be  readily  obtained  from 
the  already  established  properties  of  the  O-coUections. 

(1)  If  F{xy)  then,  since  0{xy)^x  =  y.     See  34. 

(2)  If  F{ax\b)  and  F{bx\a),  then  a=6.  For  0(a6x)  and  0(a6x). 
See  39. 

(3)  If  F(r))^  then  F(rjy)  where  7  is  any  collection  whatever  (Principle  1). 

(4)  If  F(f))y  then  F{rj)^  as  was  already  observed  in  connection  with  the 
definition  of  the  i^-collections.     If  i^( /3 1 7; ) ,  then  F{'$\^). 

(5)  If  F{ri\x)  and  F{'n\x),  then  0(7?),  since  0(775)  and  0{rrR).  The 
question  may  then  arise  whether  F{ri)  is  in  a  given  case,  also  true.  It  is  here 
first  obvious  that  F^i})  does  not  follow  from  F{ri\x)  and  F^-q^x).  For 
instance,  if  F{ab\x)  and  F{ab\x),  then  0{ab).  But,  if  0(ab),  a  =  6; 
while  if  jP(a5),  a  =  6  (by  (1)  of  the  present  paragraph).  By  38,  however,  if 
0(a5),  it  is  impossible  that   a  =  6.      Hence,  if   F(ab\x)  and   F{ab\x)^ 
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F{ah)  is  false.  On  the  other  hand,  if  0(a),  then  by  adjunction,  O(axy)  and 
0{axy).  Hence,  in  this  case,  F(ax\y)  and  F(ax\y).  But  in  this  case  also 
since  0(a)^  0{oix).  And  so  JP{a\x)^  i.  e.  jP(a»),  is  likewise  true.  If 
F{r)\x)  and  F[7)\x)^  F(7j)  is  accordingly  possible;  but  does  not  follow  here- 
from. 

53.  Any  determinate  i^-collection  remains  such  when  transformed  according 
to  the  following  rule :  Substitute  for  any  element,  or  for  any  collection,  which 
stands  upon  one  side  of  the  vertical,  the  obverse  of  that  element  or  collection, 
transfer  the  obverse  in  question  to  the  other  side  of  the  vertical,  being  careful 
to  retain,  as  the  result  of  the  transfer,  at  least  one  element  on  each  side  of  the 
verticd.  Thus,  if  F{xl3\yB),  then  F(l3\xyS),  F{y/3x\S),  F{x\ByB)y 
F{/3yB  I  ai),  etc.,  are  all  of  them  true.  This  is  obvious,  because  all  these  expres- 
sions mean  the  same  as  0{xfiyS)  or  as  0{xpyE). 

This  is  called  transformation  by  transfer.  If  the  elements  are  transferred  by 
this  rule  except  that  all  the  elements  are  permitted  at  the  end  to  stand  upon 
one  side  of  the  vertical,  the  vertical  can  then  be  omitted ;  but  the  resulting  col- 
lection must  be  regarded  as  thus  transformed  into  an  0-collection. 

54.  If  F(xfi\xy)  then  F{l3\xy)  and  F{x^\y).  If  F{x^\0y),  then 
F{xl3\y)  and  F(x\0y).  That  is,  if  the  obverse  of  an  element  or  of  a  collection, 
which  stands  on  one  side  of  the  vertical,  itself  stands  on  the  other  side  of  the 
vertical,  then  either  of  the  two  mutually  obverse  collections  or  elements  may  be 
stricken  out  (by  37).  For  if  F{xl3\xy),  then  0{xpxy),  and  so  0{^xy). 
Hence  F(l3x\y)  and  F{^\xy).  This  is  called  a  transformation  by  means  of 
the  omission  of  superfluous  obverses ;  and  the  procedure  obviously  applies  to 
collections  as  well  as  to  elements. 

55.  If  F(a\^)^  and  if  aU  the  elements  of  a  are  mutually  equivalent,  and 
all  the  elements  of  ^  are  mutually  equivalent,  then  all  the  elements  of  the  col- 
lection are  mutually  equivalent. 

For  0{aB).  Let  a  be  one  of  the  elements  of  a  and  b  at  0.  Then,  by  36, 
0{aij$)  reduces  to  0{(ib)^  whence  follows,  by  34,  a  —  b. 

It  is  now  obvious  that  any  repetitions  of  an  element  which  occur  upon  one 
side  of  the  vertical  in  a  determinate  i<^-collection  may  be  stricken  out ;  and  also 
that,  by  virtue  of  principle  I,  any  element  may  be  added  to  that  collection  which 
stands  upon  either  side  of  the  vertical,  so  that,  if  F{a\0)^  F{^y\^)  and 
F{a\0y)^  where  y  is  any  element. 

Eliminatiorv-theorems  for  F-collections. 

56.  If  two  collections  13  and  S  are  such  that  there  exists  a  collection  ir  such 
that  jP(S|7r),  while,  for  every  member  y^  of  the  collection  tt,  F{y^\l3)^  then 
F{0\8). 

For,  if  i^( S I  TT ) ,  then  O ( S^) .     And  iiF{y^\l3),  then,  for  every  member 
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y^  of  the  collection  ir  it  is  true  that  0{y^^).  Substituting  for  the  symbol  i 
the  symbol  6,  and  for  y^  (the  representative  symbol  for  any  member  of  ir),  the 
symbol  x^  (as  the  representative  symbol  for  any  member  of  the  collection  now 
called  6),  we  have  S  and  13  such  that  there  exists  a  collection  e  such  that  0(S€)^ 
while,  for  every  member  cc^  of  e,  0{x^l3).  Hence,  by  36,  and  by  virtue  of  the 
properties  of  0-collections  pointed  out  in  24,  0(8^).  Hence  F{S\fi)  or 
F{^\B). 

57.  In  case  the  collection  8  reduces  to  the  single  element  d^  the  theorem 
assumes  the  following  form  : 

If  any  collection  j3  forms  a  determinate  -F-coUection  with  every  member  of  tt, 
separately  considered,  while  the  collection  ir  taken  as  an  entirety,  is  such  as  to 
form  a  determinate  i^-collection  with  an  element  rZ,  then  13  forms  a  determinate 
i^-coUection  with  d. 

This  theorem  permits  the  elimination  of  tt,  in  case  F{d\7r)^  and  in  case  the 
set  of  determinate  i^-collections  F[y^\^)  is  given,  where  y^  is  a  variable  for 
which  every  element  of  tt  may  separately  be  substituted. 

58.  If  TT  reduces  to  a  single  member  y,  we  have  the  result  of  56  reduced  to 
the  form : 

If  two  collections  ^8  and  S  are  such  that  there  exists  an  element  y  such  that 
F{y\j3)  and  F(y\8),  then  F{l3\S). 

This  last  result  furnishes  a  means  for  the  direct  elimination  of  an  element  y 
common  to  two  determinate  i<^-coIlections,  in  case  y  stands  alone,  on  one  side  of 
the  vertical,  in  each  collection.  Here  too  we  deal  with  a  type  of  transitivity 
whose  consequences  are  of  great  importance. 

59.  U  F{x/3\yy),  and  F{yj3\zy),  then  F{xj3\zy).  For,  by  transfer  (53), 
from  F( xl3\yy)  follows  F( x6y  \y).  And  from  F{ yfilzy)  follows  F{  ffzy  | y ) . 
Hence,  by  58,  we  can  eliminate  y,  and  thus  we  obtain  F(xfiy\l3zy),  By  54, 
we  may  hereupon  transform  this  jP-coUection  by  striking  out  fi  from  the  right 
side  of  the  vertical  (since  13  occurs  on  the  left  side),  and  7  from  the  left  side 
(since  7  occurs  on  the  right  side).  We  thus  obtain  F(xl3\zy)j  which  was  to 
be  proved. 

The  transformations  and  the  type  of  elimination  here  used  are  typical  of  the 
methods  which  are  to  be  employed  in  considering  and  in  combining  jP-coIlec- 
tions.  These  methods  correspond  to  the  adjunctions  and  eliminations  already 
used  in  case  of  0-collections. 

60.  The  result  of  59  is  the  principal  theorem  relating  to  the  transitivity  of 
the  relations  involved  in  i^-collections.  Its  importance  justifies  a  proof  directly 
in  terms  of  the  properties  of  0-collections. 

If,  namely,  F{xl3\yy)y  then  0{x^y).  From  this  follows,  by  adjunction, 
O ( x^yz ) .  11  F{y^\zy)^  then  0 ( y^y ) .  From  this  follows,  by  adjunction, 
O(x^yz).  From  the  two  0-pentads,  thus  formed  through  adjunction,  follows, 
by  principle  II,  O ( x/3yz ) .     Hence  F{x^\yz). 
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61.  The  hypothesis  I^{xl3\yy)  sets  cc  in  a  determinate  dyadic  relation  H  to 
y ;  and  this  relation  is  unsymmetrieal,  since  y  does  not  stand  in  this  relation  to 
X.  The  hypothesis  F(^yl3\zy)  sets  y  in  this  same  relation  H  to  z.  The  con- 
clusion sets  X  in  the  relation  S  to  z.  The  relation  in  question  is  therefore 
transitive.  But  the  unsymmetrieal  transitive  dyadic  relation  in  question  has 
been  entirely  derived  from  the  wholly  symmetrical  relations  defined  by  the 
O-coUections. 

62.  If  ^,7,  and  8  are  given  collections,  and  if  y  and  e  are  given  elements, 
such  that  F{y^\8)  and  F{eS\^),  while  F{e\yy),  then  F(y8\l3). 

For  by  transfer  (53),  from  F(y^\S)  and  F(e\yy)  follow  the  two  assertions 
F{y\8^)  and  F(y\ey).  By  58,  it  follows  that  F{8^\€y);  whence  follows 
again  by  transfer  -^(^78 \e).  From  F{eB\l3)  follows,  by  transfer,  F(e\0B). 
From  this  and  F{S^y\e)  follows,  by  58,  F{0S\yB^).  By  omission  of  super- 
fluous obverses  (54),  we  obtain  F{0E\y)  and  F(^\yS). 

63.  If  F{x\^)  and  F{y\^),  while  F{xy\S)  then  F{B\ff). 

This  follows  directly  from  56,  in  case  the  collection  tt  of  that  theorem  reduces 
to  the  pair  (a?,  y). 

64.  If  a,  S,  €  are  collections,  and  b  and  c  are  elements,  such  that  (1)  F(ba  \  B) 
and  (2)  F{ca\S),  while  (3)  -F(6c|e),  then  F{B\a€). 

For  by  (1)  F{ba\B)  while  by  (2),  F(a\Bl).  Let  6  =  y, and  c  =  e.  Then 
F{ya\B),  while  F{a\Be);  and,  by  (3),  -F(y|ee),  i.  e.,  F{e\yl). 

Hence,  hj  62,  F{iB\ a).  Whence  follows  F{a€\B).  That  is,  if  two  collec- 
tions a  and  B  are  such  that  if  either  6  or  c  be  separately  adjoined  to  a,  the 
resulting  collection  forms  an  jP-collection  with  S,  and  if  the  pair  (6,  c)  forms  an 
i^-collection  with  e,  then  if  e  itself  be  adjoined  to  a,  the  resulting  collection 
forms  kn  J^-coUection  with  B . 

Chapter  IV.     J^-triads,  mediators  and  antecedents. 

65.  What  elements  exist  in  the  system  2  we  have  as  yet  but  very  imperfectly 
investigated.  Yet  before  we  proceed  to  this  investigation,  it  will  prove  conveni- 
ent to  outline  the  general  character  of  the  order  which  is  possible  in  the  system 
2,  so  far  as' we  have  yet  developed  this  order.  The  fact  that  given  elements 
do  or  do  not  belong  to  a  certain  O-coUection,  or  do  or  do  not  constitute  an  O- 
collection,  is  one  which  appears  directly  to  establish  no  sort  of  order  amongst 
the  elements  of  S .  The  relation  in  which  various  elements  stand  to  one  another 
when  they  belong  to  the  same  O-coUection,  is  so  far  absolutely  symmetrical, 
and  nothing  can  be  said  of  one  member  of  such  a  collection  which  is  not  asserted 
of  everyone  of  the  others,  so  far  as  this  collection  is  concerned. 

But  the  fact  that  every  element  of  S  possesses  an  obverse,  enables  one  to  estab- 
lish relations  between  certain  elements,  or  sets  of  elements,  relations  which  are 
due  to  the  further  fact  that  given  elements  may  enter  into  O-coUections  with  the 
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obverses  of  certain  other  elements.  The  consequence  of  this  is  that  i^-oollections 
are  definable.  Let  us  provisionally  assume  that  a  large  variety  of  i^-coUections 
exist  in  2 . 

66.  i^-coUections,  if  indeterminate,  are,  like  0-collections,  of  a  wholly  sym- 
metrical structure,  and  their  members  are  so  far  undistinguished  from  one 
another.  But  the  members  of  a  determinate  i^-coUection  are  no  longer  so  sym- 
metrically disposed.  It  is  indeed  true  that  the  order  in  which  the  elements  in 
the  set  of  an  i^-collection  on  each  side  of  the  vertical  are  considered,  is  indiffer- 
ent. Nor  does  it  make  any  difference  which  set  is  written  before  or  after  the 
vertical.  But  if  -F(  ^  1 7  ) ,  then,  in  general,  any  element  x  oi  fi  ia  related  to  any 
element  j/  of  7  in  a  way  which  is  not  reciprocated.  For  x  is  related  to  ^  as  that 
element  which,  in  combination  with  some  collection  jS'  of  companion  elements, 
forms  an  J^-coUection  with  y,  when  y  is  combined  with  a  collection  7'  of  de- 
ments (13'  being  the  collection  of  the  other  elements  of  /8  besides  a?,  7'  being  the 
collection  of  the  other  elements  of  7  besides  y ) .  This  relation,  if  read  in  the 
other  direction,  changes,  in  general,  its  character,  and  so  is  an  unsymmetrical 
relation. 

But,  as  59  has  shown  us,  this  unsymmetrical  dyadic  relationship  is  transitive. 
In  terms  of  this  relation  certain  sets  of  the  elements  may  be  ordered  and  so 
arranged  in  series  like  points  on  a  line. 

67.  The  fundamental  form  of  such  series  becomes  manifest  if  we  pay  atten- 
tion to  those  cases  of  the  much  more  general  theorems  regarding  jP-collections, 
which  appear  as  special  results  if  we  consider  only  triads  of  elements. 

In  this  case  if,  for  example,  I^{ac\b)  or  i^(ca|6),  that  is,  if  0(ac6),  we 
shall  call  b  "  the  mediator  between  a  and  c,"  or,  where  that  is  more  convenient, 
the  "mediator  of  the  pair  (a,  c)."  The  "mediator"  of  a  pair  is  accordingly 
an  element  whose  obverse  forms  an  0-triad  when  adjoined  to  that  pair.  If 
0{pqr)^  then  I^{pq\r)y  so  that  the  obverse  of  any  member  of  an  0-triad  is 
the  mediator  of  the  pair  formed  by  the  other  elements  of  that  triad. 

The  relation  of  the  mediator  to  the  elements  which  it  mediates  may  be  treated 
at  pleasure  either  as  a  triadic  or  as  a  dyadic  relation.  In  order  to  treat  it  as  a 
dyadic  relation  we  may  take  account  of  the  fact  that,  if  i^(  ac  { & ),  &  is  in  a  cer- 
tain relation  to  a  with  respect  to  c ,  and  is  in  a  certain  relation  to  c  with  respect 
to  a .  This  aspect  of  the  matter  may  become  especially  important  in  case  we 
deal  with  a  number  of  triads  in  which  the  mediators  are  any  elements  whatever, 
while  all  the  pairs  mediated  have  a  common  element  y.  Such  pairs  appear  if 
F{ym  \q)^  F{yn  \  r) ,  F(yo  | « ) ,  etc.  In  all  such  cases  q  has  the  same  relation 
to  m  that  r  has  to  n,  and  that  s  has  to  o,  etc.,  since  ^  is  in  a  given  relation  to 
m  with  respect  to  y  ;  and  the  same  holds  true  in  the  other  instances  in  question. 

68.  If  jP( yq\p^'t  we  may,  whenever  that  is  convenient,  first  select  one  element 
of  thd  pair  (9,  y),  say  the  element  y,  and  thereupon  say  that  j9  is  in  a  relation 
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to  q  which  we  shall  call  the  relation:  ^''antecedent  of  q  with  respect  to  y."  The 
element  y  we  may  hereupon  call  the  ^'origin"  from  which  the  relation  is  defined 
or  reckoned.  Equally,  if  we  choose  the  element  q  as  our  origin,  we  can  say  that  p 
is  in  the  relation  to  y  of  being  "an  antecedent  of  y  with  respect  to  y".  We 
shall  symbolize  the  assertion  "/?  is  antecedent  of  q  with  respect  to  y,"  by  the 
expression  p  — <y  q  or  q  j^>—  p ;  and  we  can  also  at  pleasure  read  either  of  these 
expressions  thus  :  "  5^  is  a  consequent  of  p  with  respect  to  y."  This  expression 
means  precisely  the  same  as  the  expression  ^{yq\p)^  or  as  the  expression 
0{yqp).  Expressing  the  facts  in  the  new  way,  as  involving  the  relation  of 
an  antecedent  to  a  consequent,  has  merely  the  advantage  of  bringing  out  certain 
aspects  of  the  situation  which  will  be  conveniently  expressible  in  terms  of  a 
dyadic  relation  —  a  relation  which,  as  already  pointed  out,  will  prove  to  be 
unsymmetrical  and  transitive  and,  therefore,  useful  for  the  definition  of  serial 
order  amongst  certain  specially  selected  elements  of  2.  The  equivalence  of 
meaning  of  the  three  expressions :  0  ( qyp ) ,  JP{qy  |  p  ) ,  and  2>  — <y  q  1  enables  us 
at  once  to  see  how  superficial  is  the  difference  between  symmetrical  and  unsym- 
metrical relations.  All  that  any  one  of  these  three  expressions  asserts  is  that 
the  two  perfectly  symmetrical  O-coUections  0{qyx)  and  0{xp)  (where  x=p)^ 
both  exist  as  collections  of  the  elements  of  2 . 

69.  It  is  of  course  expressly  true  that  the  relation  of  antecedent  to  consequent, 
or  of  consequent  to  antecedent,  has  meaning  only  with  reference  to  a  given 
origin.  It  is  this  origin  which  gives  "  sense  "  to. the  pair  (pq)  in  the  expression 
p  — <^  q.  On  the  other  hand^  if  a  question  arises  as  to  whether  the  "  sense,"  or 
'  asymmetry,  of  the  dyadic  relation  here  in  question,  is  a  fundamental  fact,  or  is 
unanalyzable  —  this  question  is  answered  in  advance  by  our  derivation  of  the 
whole  asymmetry  from  the  perfectly  symmetrical  properties  which  characterize 
the  various  members  of  any  O-coUection. 

The  system  S ,  as  we  shall  hereafter  see,  includes  elements  whose  relations  are 
precisely  the  ones  which  are  of  the  most  fundamental  importance  in  all  the  exact 
sciences.  The  customary  procedure  of  these  sciences  may  be  said,  in  the  main, 
to  involve  the  definition  of  these  relations  in  terms  of  the  relation  of  antecedent 
and  consequent.  Wherever  a  linear  series  is  in  question,  wherever  an  origin  of 
coordinates  is  employed,  wherever  "cause  and  effect,'*  "ground  and  conse- 
quence," orientation  in  space  or  direction  of  tendency  in  time  are  in  question, 
the  dyadic  asymmetrical  relations  involved  are  essentially  the  same  as  the  rela- 
tion here  symbolized  by  p  — <y  q. 

This  expression,  then,  is  due  to  certain  of  our  best  established  practical 
instincts  and  to  some  of  our  best  fixed  intellectual  habits.  Yet  it  is  not  the 
only  expression  for  the  relations  involved.  It  is  in  several  respects  inferior  to 
the  more  direct  expression  in  terms  of  0-relations.  The  range  of  its  efficacy  as 
an  expression  wiU  become  clearer  hereafter.     When,  in  fact,  we  attempt  to 
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describe  the  relations  of  the  system  2  merely  in  terms  of  the  antecedent-conse- 
quent relation,  we  not  only  limit  ourselves  to  an  arbitrary  choice  of  origin,  but 
miss  the  power  to  survey  at  a  glance  relations  of  more  than  a  dyadic,  or  triadic 
character. 

Properties  of  the  relation  of  mediator^  antecedent^  and  consequent. 

70.  If  F{ah I c),  and  a  =  6,  then  c^  a^h.  For  this  is  a  special  case  of 
the  principle  proved  in  66.*  Furthermore,  if  p  -<;  q  and  q  -<;  p^  then  /?  =  j, 
since  this  is  but  another  expression  of  52  (2).  Consequently,  if  ^^  4=  ?)  ^^^ 
p  -<y  y » then  q  — <y  p  is  false.  The  relation  of  antecedent  to  consequent,  if  it 
obtains  at  all  between  a  pair  of  non-equivalent  elements,  is  therefore  in  that  case 
inconvertible ;  hence  the  relation  becomes  totally  asymmetrical  so  8ck>n  as  it  is 
confined  to  pairs  of  non-equivalent  elements. 

71.  If  J^(a|6y)andjP(6|cy),then 
jP(a|cy)  and  i^(6|ac).  a^^c,  and6— <^c. 

The  proof  is  as  in  59.  Thusfrom-F(6|ay),and/^(6|cy)follows  F{ay\cy) 
and  F{a\cy).  From  F{y\(3))  and  F{y\bc)  follows  -F(a6|6c);  and  conse- 
quently F{h\ac).  The  form  of  the  theorem  stated  on  the  right  is  simply  a 
direct  translation  into  the  symbolism  of  the  relation  of  antecedent  and  conse- 
quent.    The  latter  relation  is  thus  shown  to  be  transitive. 

72.  If  F{x\ab)  and  F{x\hc),  while  F{h\ac),  then  a;  =  6.  For  since 
F{x\hc)  while  F{h\ca)^  we  have  F{c\xS)  and  F{c\hd).  Whence  follows 
f\x\ ha) ;  that  is  F{h \ ax).  From  F{x\ah)  and  F{h\ ax)  follows,  by  52 (2) 
K  =  6. 

In  other  words,  \lx  ^b^  and  A  is  a  mediator  of  the  pair  (a,  c),  it  is  impos- 
sible that  X  should  be  at  once  a  mediator  of  the  two  pairs  (a,  &)  and  (&,  c). 


If   a  — <y   b   and    6  — <y  c,   then 


78.  If  F{x\ab)  and  F{y\ab)  and 
F{d\xy),  theni^(d|a6). 


If  X  — <^  6  and  y  — <„  b  and  also 
d  — <^  y ,  then  d  — <^  b . 


This  follows  directly  from  68  and  expresses  the  fact  that  a  mediator  of  two 
elements  which,  with  respect  to  a  given  origin,  are  antecedents  of  the  same  ele- 
ment^ is  itself  an  antecedent  of  that  element  with  respect  to  the  same  origin. 


74.  If    F{yb\d),    F{yc\e)     and 
F{ed\b),  then  F{cd\b), 


If    cZ-<   i     and    e -<  c,    while 


e,  then  6  -<^  c . 


y 


This  is  a  special  case  of  the  proposition  proved  in  62.  *  If  two  pairs,  (i,  y) 
and  (c,  2/),  have  a  common  element  y,  and  if  each  pair  forms  a  determinate 
J^-triad  when  a  term  d  (in  one  case),  or  e  (in  the  other  case)  is  set  on  the  oppo- 
site side  of  the  vertical,  and  if  the  member  b  of  the  one  pair  is  a  mediator  of  e 
and  e?,  while  d  is  the  third  member  of  the  i^-triad  in  which  b  occurs,  then  b  is 
a  mediator  of  d  and  of  c ,  where  c  is  the  remaining  member  of  the  other  pair 

*  This  theorem  is  used  by  Kempe  as  a  f  andaniental  principle  in  defining  the  relation  here 
called  that  of  Mediator. 
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Otherwise :  If,  with  respect  to  a  common  origin  y ,  the  elements  d  and  e  are, 
respectively,  antecedents  of  the  elements  h  and  c,  so  that  d  is  antecedent  of  b 
and  6  of  c ,  then,  if  &  is  a  mediator  of  d  and  e ,  &  is  also  a  mediator  of  c  and  d . 

75.  If  F{ah\d),  F{ac\d)  and  I  If  rf -<^iand  cZ -<„candc -<^c, 
F{bc\e),  then  F{ae\d).  \  then  d -^^e. 

This  follows  from  64. 

That  is,  whatever  element  is  mediator  of  two  pairs  which  have  an  element  in 
common,  is  mediator  of  the  pair  composed  of  the  common  element  and  of  any 
mediator  of  the  pair,  formed  by  the  elements  which,  belonging  to  the  original 
pairs  are  not  common  to  them.  Otherwise,  whatever  element  is,  with  respect  to 
a  given  origin,  an  antecedent  of  each  of  a  pair  of  elements,  is  antecedent  of  any 
mediator  of  this  pair. 

76.  Any  element  a  is  a  mediator  between  any  element  y  and  the  obverse  of 
y ;  and  any  element  y  is  a  mediator  between  itself  and  any  other  element  a . 

For  0{ayy)  and  O(ayy). 

77.  For  any  origin  y,  it  is  true,  that  y  is. an  antecedent  of  itself  and  of  every 
other  element,  including  y ;  while  any  element  a  is  an  antecedent  of  itself  and 
oiy. 

For,  0{yya),  0{yyy)  and  0{yyy),  while  0{day)  and  0{dyy). 

78.  If  a  -<„  i,  then  b  -<„  a. 
For  O(aiy),  and  hence  F{b\dy). 

79.  Whatever  element  is,  with  i*espect  to  a  given  origin  ^,  an  antecedent  of 
every  member  of  an  O-coUection  except  one,  is  also  an  antecedent  of  the  obverse 
of  this  excepted  element. 

Let  TT  be  any  collection,  and  e  such  an  element  that  O^ire).  Then,  by  this 
hypothesis  jP(7r|e).  Let  ^  be  an  element  such  that  F(q\x^y)  is  true  of  every 
element  a:^  of  tt  so  that  q  — <y  a;^.  Then,  by  transfer,  F{<j^\x^).  Hence  the 
collection  (g,  y)  forms  a  determinate  jP-coUection,  when  set  on  one  side  of  the 
vertical,  with  any  element  of  the  determinate  i^-collection  i^(7r|e)  on  the  other 
side  of  the  vertical,  except  the  element  e.  Hence,  by  57,  it  is  also  true  that 
^(?yl^)'     Hence  F{q\ ye).     Henceg^— <^c. 

80.  If,  with  respect  to  y,  ^  is  an  antecedent  of  every  member  of  a  given 
-  O-coUection,  then  q  is  equivalent  to  y .     For  q  is  in  any  case  an  antecedent, 

with  respect  to  the  origin  y ,  of  every  member  of  the  collection  except  any  mem- 
ber e.  Hence  q  — <j^  e.  But,  by  the  present  hypothesis,  q  — <y  «  is  aho  true. 
Hence  0{qye)  and  0{qye).     Hence  0(qy).     Hence  q  —  y. 

81.  Whatever  element  is,  with  respect  to  a  given  origin,  a  consequent  of 
every  member  of  an  O-coUection  except  one,  is  also  a  consequent  of  the  obverse 
of  this  excepted  element. 

Suppose  fr  such  that  F(Tt\  e)  as  before.  And  suppose  that,  for  every  element 
cc^  of  TT ,  x^  — <^^  q ,  so  that  F{  x^\yq).  By  the  same  reasoning  as  that  of  the  last 
theorem  F(  e\qy);  and  hence  e  — <y  q . 
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82.  If  jT  is  a  consequent  of  every  member  of  the  collection,  then  it  is  also  trae 
that  e  — <y  q ;  whence  0{qye)  and  0{qye).     Hence  0(yq),  and  consequently 


Chapter  V.    The  existence  of  elements,     chains,    resultants. 

CONJUGATE   PAIRS   OF   RESULTANTS.      THE   ALGEBRA   OF  LOGIC. 

83.  In  discussing,  in  the  foregoing,  the  most  characteristic  relations  of  the 
elements  of  S ,  we  have  tacitly  and  provisionally  assumed  that  elements  may 
exist  in  sufficient  variety  to  exemplify  these  relations.  Our  existential  principles 
have  so  far  been  used  mainly  to  establish  the  existence  of  pairs  of  obverse  and 
of  non-equivalent  elements.  We  must  now  proceed  to  survey,  more  in  detail, 
the  actual  structure  of  the  system  S . 

84.  By  principles  III  and  lY,  the  system  S  contains  a  pair  of  non-equivalent 
elements,  say  (xy).  By  26,  the  pair  (x^y)  also  exists.  It  is  however  in  so  far 
possible  that  a;  ==  ^ ,  and  hence  that  y  =  x.  In  that  case  the  members  of  the 
pair  {x^  y)  become  respectively  equivalent  to  the  members  of  the  pair  (y,  ^)i 
or,  again,  to  the  members  of  the  pair  (x,  x).  Were  the  system  S  to  consist 
merely  of  the  single  pair  of  mutually  non-equivalent  and  mutually  obverse  ele> 
ments,  (cc,  x),  principles  I,  II,  III,  IV,  and  VI  would  all  of  them  be  true  of 
the  system  as  thus  restricted.  For  0{xx);  and  if,  to  this  collection,  we  add 
any  collection  7 ,  consisting  either  of  a? ,  or  of  x ,  repeated  any  multitude  of  times, 
or  again  consisting  both  of  x  and  of  x,  in  any  combination,  each  occuring  any 
multitude  of  times — in  any  case  O(x^),  Hence  principle  I  is  satisfied.  On 
the  other  hand  since  0(a;5),  while,  by  35,  37,  E{xx)^  and  E{xx) — the  non- 
equivalence  of  X  and  x  can  be  readily  established,  without  taking  account  of  any 
collections  except  those  into  which  x  and  x  either  jointly  or  severally  enter.  In 
order  that  a  collection  ^  shall  consist  altogether  of  complements  of  £,  while 
0(/3)  is  true,  it  is  necessary,  in  case  S  contains  ordy  x  and  x,  that  /8  should 
include  both  x  and  x\  while  i  (which,  by  hypothesis  is  such  that  0{Sb^)  for 
every  element  &^,  of  /8),  must  then  also  include  both  x  and  x.  Hence  if 
0()8),  0(S)  follows.  Hence  principle  II  would  hold  true  if  the  system  2 
consisted  only  of  the  pair  («,«).  Principles  III  and  IV  would  obviously  hold 
true  of  the  same  system.  And  considered  with  reference  to  x,  its  obverse,  f , 
is  an  element  satisfying  the  requirements  of  principle  VI ;  while  the  same  holds 
true  of  X  when  it  is  considered  with  reference  to  S.  All  the  principles  except  V 
would  therefore  be  satisfied  if  the  system  S  consisted  of  the  single  pair  (;e,  x). 

Chains  of  elements^  defined  hy  recurrence. 

85.  Principle  V,  however,  is  not  satisfied  by  the  existence  of  a  single  pair  of 
elements,  such  as  (a?,  a).     For,  if  the  pair  (x,  !•)  exists,  then  (since  x  4=  ?  by 
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38),  it  follows  that  principle  V  demands  the  existence  of  r^  such  that  jE(r^x) 
and  £!(r^x).  These  two  assertions  require  that  r^^x  and  r,  =f  a?  (by  41). 
Since  r,  4=  5,  there  exists  an  element  which  we  will  next  symbolize  by  r^,  and 
which,  by  virtue  of  principle  V,  is  such  that  £!(r^r^)^  £J[r^x)^  and  0{r^r^x). 
The  obverse  of  r^  also  exists.  Since  £J(r^r^)  it  follows  by  41,  that  r^s^  r^; 
and  for  the  precisely  analogous  reason,  r^^  x.  At  the  same  time  J^(r^\r^x). 
Since  r^  +  5,  there  also  exists,  by  principle  V,  an  element  r^^  such  that  £!{r'^r^) 
and  £!{r^x)  while  O ( r^r^ x ) .  The  obverse  r^  of  r^ ,  therefore,  also  exists ;  and 
is  such  that  r^^  r^^  r^:^  Xj  and  I*^(^r^\r^x).  The  procedure  whereby  the  ele- 
ments r J ,  r^ ,  and  r^  have  been  defined  is  obviously  a  recurrent  one.  Repeatedly 
applied  it  defines  a  chain  of  elements  :  (^i»  ^2'  ' '  *'  ^n'  '  ")'  whereof  any  finite 
number  n  may  be  at  pleasure  defined  in  a  determinate  order.  These  elements, 
together  with  their  obverses  (^1 ,  7j,  •  •  • ,  r^ ,  •  •  • ),  all  exist  in  2 ,  and  possess  the 
following  properties : 

(1)  aj  +  r^;  r,:^r^;  r^  +  r^;  ...;  r„^, +  r„;  r^  +  S. 

(2)  i?^(rjxi),i^(r,|r,5),i^(r3|r,5),  ...,i^(rjr^.,5). 

(3)  F{r^\xx),  F{r,\r,x),  F{r,\r,x),  ^^^,  F{r^\^^^^^ 

(4)  S=t=  r^;   rj+  r,;   r^  =f=  ^3;   ..-;  7,._,  +  ^;   ^^^x. 

.The  expressions  (3)  and  (4)  follow  directly  from  the  truth  of  (1)  and  of  (2),  by 
the  definitions  of  the  -F-coUections,  and  of  the  relations  of  equivalent  and  of 
obverse  elements,  and  by  30,  36(2),  and  52(4), 

From  these  conditions  it  further  follows  that,  if  771  and  n  are  (for  the  moment) 
viewed,  not  as  symbols  for  elements  of  S ,  but  as  purely  numerical  marks  or 
indices,  serving  to  distinguish  the  ordinal  positions  of  different  members  of  the 
chain  (?'j,  Tj,  •  •  •,  r^,  •  •  •?  ^„>  •  •  •)'  *"^^  ^^  ^»  "^  ^^®  series  of  natural  numbers, 
precedes  n ,  then : 

(5)  P{rjr^x);  andr^  +  r^. 

(6)  ^(^„|7«^);  andr^  +  7-^. 

For,  by  the  laws  of  the  construction  of  the  chain,  F(r^_^_^\r^^x)y  and 
^(^'m+2l'm+i^0-  Hence  F{r^_^^\r^x)y  by  71.  In  the  same  way,  since 
F{r^_^,^\r^_^^x)^  there  follows -F(r^^3|r^^5i).  And  the  same  process  of  elimi- 
nation can  be  repeated  any  number  of  times,  so  that,  in  fine,  F{r^\r^p^), 
Meanwhile,  by  the  principle  proved  in  72,  7\^^^^  +  r^.  In  fact,  if  we  suppose 
'•m+2  =  ^m^  we  lifve  ^(^m+ikm«)  ^y  coustruction,  as  well  ^BF(r^^^\r^^^x). 
By  the  substitution  of  equivalents  we  therefore  obtain : 

TraoK.  Am.  Math.  Soc.  20 
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Whence  follows,  by  52  (2) ,  r^^j  =  r^,  which  conti*adicts  the  conditions  stated  in 
the  expressions  (1).  Hence  r^^^  +  ^m-  ^^  ^t®  same  way  we  can  prove  that 
^«+3  +  ^m  5  ^^^  ^^  general,  r^  4=  ^m »  where  n  is  any  ordinal  number  that  fol- 
lows m .  Hence  the  expressions  (5)  are  proved  true ;  and  the  expressions  (6) 
follow  therefrom  by  considering  the  obverses  of  the  elements  occurring  in  (5). 
All  the  members  of  the  chain  (r, ,  r^,  •  •  •,  ^„?  •  •  •)  are  such  that  F{^r^\r^x), 
To  sum  up :  The  requirements  of  principle  V  include  the  assertion  that,  since 
the  pair  {x^x)  exists  there  must  also  exist  the  two  diatinct  chains  of  elements: 

{r,,r^,  ...,7-„,  ...)         and         (r^,  r^,  ...,r,,  ...). 

No  two  of  the  elements  of  either  one  of  these  chains  are  mutually  equivalent. 
If  any  element  of  the  first  chain,  as  7*^,  were  equivalent  to  a  member  of  the 
second  chain,  say  r^ ,  we  should  have,  since,  by  the  foregoing : 

F{rjr,x)         and         i^(?Jr,a;), 

the  consequence:  F{r^^\r^x)  and  F{r^\r^x).  By  elimination  would  follow 
F{i\x\r^x)\  whence  would  follow  0{r^x)  and  so  r,  =  a,  a  result  which  is  ren- 
dered impossible  by  the  conditions  that  define  r^ .  Hence  no  element  of  either 
chain  can  be  equivalent  to  any  member  either  of  the  same  chain,  or  of  the  other 
chain ;  and  all  the  elements  of  both  chains  are  non-equivalent  both  to  x  and  to  x. 
Since,  if  any  element  r  ^  exists  in  the  first  chain,  r^^j  also  exists  (while  r^^j  also 
belongs  to  the  other  chain),  the  two  chains  contain  each  an  infinite  number  of 
non-equivalent  elements.  The  system  2  coiisequently  contains  an  infinite  num- 
ber of  mutually  non^equivalent  elements. 

86.  Herewith,  however,  the  requirements  of  principle  V  are  by  no  means 
exhausted.  For  since  no  two  elements  of  either  chain  are  mutually  equivalent, 
any  two  successive  elements  of  each  chain,  as,  for  instance,  r^  and  r^^^^  are 
such  that,  by  principle  V,  s^  exists  such  that  F^r^s^)  and  -E'(r^_^^5j),  while 
0(r^r^^,s,).  In  this  case  F{s,\r^r^^^),  while  s,  +  r^  and  s,  +  r^^,.  A 
new  recurrent  process  is  thus  defined,  a  process  which  can  be  employed  to  define 
a  chain  (s^,  s^,  •  •,  s^.,  •  •  •)  where  the  subscripts  again  have  the  stgnificance  of 
the  ordinal  numbers. 

By  72,  no  two  elements  of  this  chain  can  be  mutually  equivalent.  Every 
member  Sj  of  this  new  chain  must  be  non-equivalent  to  any  member  of  the  chain 
(  ^1 » **2 '  *  ■ ' »  ^m '  *  *  * ) '  ^  well  as  to  any  member  of  any  chain  (  5| ,  Sg  •  •  • ,  8^ ,  •  •  • ) ,  or 
(  ^1 1  ^2 '  ■  •  * '  ^A » ■  •  *)  >  ^^^^  ^  ^^^  ^^  formed  by  taking  account  of  those  pairs :(»",,  ^2)  1 
(r^,  r^),  etc.,  which  are  different  from  the  pair  {r^_^_^y  r^),  and  by  applying 
principle  V  recurrently  to  them.  In  general,  if  F(e\r^r^^^)^BXid  F(^g\r^r^^^)^ 
where  m  and  n  are  different  subscript  numbers,  while  m  precedes  n  in  the  ordi- 
nal series,  we  can  express  the  relations  already  considered  by  taking,  if  we 
choose,  rj  as  an  origin,  and  by  employing  the  relation  of  antecedent  and  conse- 
quent.    In  this  case  we  can  write,  upon  the  basis  of  85  (5), 
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Whence  follows  e  — <^j  r„,^i . 

Furthermore :  r„,^i  -<^j  r„  by  85  (5), 

And  so,  if  e  =  gr ,  we  have : 

9  -<r,  »-m+l  -<ri  ^^  -<n  S' • 

This,  however,  is  impossible.  Thus  no  member  of  any  one  of  the  new  chains 
is  equivalent  to  any  member  of  any  other  of  these  new  chains,  or  of  the  original 
chains.  Since  an  infinite  number  of  different  pairs  of  non-equivalent  members 
exist  in  the  chain  ( ^j ,  r, ,  •••,  r^  ,•••),  it  f oUows  that  an  infinite  number  of  new 
chains  can  be  constructed  upon  the  basis  of  these  various  pairs.  The  process  of 
forming  such  chains  is  itself  recurrent. 

In  addition  to  the  chains  thus  far  defined,  other  chains  of  elements  exist  in 
2.  For  since,  by  85,  r-j  +  jb,  it  is  possible  to  treat  the  pair  (rj,  aj)  as,  in  85, 
the  pair  {r^^x  )was  treated.     The  result  would  be  to  define  a  chain  of  elements 

(^1'  -Pi'  i^2'  * '  •»  Phf  *'  •)'  ^^^^  *^**  ^{Phl^i^)^  while,  as  before,  no  two  ele- 
ments of  the  chain  are  mutually  equivalent.  If  any  element  of  S ,  say  v ,  is 
such  that  jP{v\r^x)  and  F(v\r^x)^  we  have -F( v | r^ a; )  and  JP(r^\vx) y  snd 
hence  v  =  r^.  See  also  72.  It  follows  that  no  element  of  the  new  chain 
except  rj  itself  is  equivalent  to  any  element  of  the  chain  {r^^r^,  •  •  •,  r^,  •  •  •). 

General  properties  of  resultants. 

87.  A  very  little  consideration  serves  to  show  that  a  new  application  of  prin- 
ciple VI,  to  the  chains  of  elements  now  defined,  will  lead  to  still  further  results. 
Before  we  are  prepared  to  consider  these  results,  we  must  however  survey  the 
properties  of  a  class  of  elements  defined  in  17.  Of  the  infinitely  numerous 
non-equivalent  elements  now  known  to  exist  in  S ,  collections  can  be  made  com- 
prising any  number  of  elements.  These  may  be  either  ^-collections  or  0-col- 
lections.  If  of  the  former  type,  the  collections  so  made  can  be  enlarged  to 
O-coUections  by  the  adjunction  of  suitable  elements.  To  what  laws  are  such 
adjunctions  subject  ?     This  we  are  next  to  see. 

88.  If  )8  be  any  collection,  any  element  r  such  that  i^(r|^),  is  a  resultant 
of  the  collection  )8,  by  virtue  of  the  definition  stated  in  17.  Since  r  is  thus 
any  element  such  that  O{0r)^  and  since  the  obverse  of  any  element  of  fi  may 
fill  the  place  of  r  in  this  O-coUection,  it  is  obvious  that  every  element  of  j3  is 
also  a  resultant  of  6.  Furthermore,  if  any  element  x  forms  an  O-coUection 
with  any  partial  coUectioi^  of  elements  oi  I3^x  is  a  resultant  of  /3.  For  if 
0{\x)^  then  0(/eXa;),  so  that  if  (#c,  X)  is  the  same  collection  as  jS,  F{0\x). 
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89.  If  F{r\j3)y  F(t\0)  and  F{u\rt)  are  all  true  there  follows,  by  63, 
If^(u\^),  Hence  any  mediator  of  a  pair  of  resultants  of  a  given  collection  is 
itself  a  resultant  of  the  collection.  By  the  reasoning  used  in  85-86,  it  can 
therefore  be  shown  that  any  collection  containing  at  least  two  non-equivalent 
elements  must  possess  an  infinite  number  of  resultants. 

90.  If  p  be  the  collection  consisting  of  all  the  resultants,  r^,  r^,  etc.,  of  a 
given  collection  ^,  then  any  resultant  of  p  is  also  a  resultant  of  ^. 

Let  q  be  such  that  I^(q\p).  Then  0(pq)^  and  hence  0(pq).  By  the  defi- 
nition of  a  resultant,  /8  is  a  collection  which  becomes  an  O-coUection  if  any  ele- 
ment of  p^  that  is,  if  the  obverse  of  any  one  of  the  resultants  of  ^,  be  adjoined 
to  /3 .  Hence  fi  forms  an  0-collection  in  case  any  member  of  the  0-collection 
0{pq)<i  except  y,  is  adjoined  to  ^.     By  36(6)  it  follows  that  0{fiq).     Hence 

J^(/3|2). 

The  collection  p  is  consequently  a  collection  which  contains  all  of  its  own  result- 
ants. It  also  contains  the  resultants  of  all  the  partial  collections  which  can  be 
found  by  selecting  certain  elements  from  the  collection  /3. 

91.  If  2/  is  an  element  of  2,  selected  at  pleasure,  and  if '^8  is  any  collection, 
and  if  a  determinate  element  c  exists  such  that,  whatever  element  &„  of  ^  is 
chosen,  c  is  a  mediator  of  the  pair  (y,  &^),  then  c  is  also  a  mediator  of  any  and 
every  pair  that  t^an  be  formed  by  combining  y  with  any  resultant  whatever,  say 
r^oi  13.  For  if  r^  be  any  resultant  of  ^,  then  O(0r^).  And  if  c  exists  such 
that  J^{c\yb^)  is  true,  whatever  element  6^  of  fi  may  be  chosen,  then  0{cy\) 
is  true  of  every  member  6^  of  /3.  Hence,  by  36(6),  0{cyr^),  And  hence 
F(c\yrJ. 

The  converse  of  this  theorem  is  obvious.  That  is,  if  an  element  c  is  a  medi- 
ator of  every  pair  (y^  r^)  consisting  of  y  and  some  resultant  of  ^,  c is  a  media- 
tor of  (y,  6  J  where  b^  is  any  element  chosen  at  pleasure  from  fi.  For  the  ele- 
ments of  fi  are  themselves  amongst  the  resultants  of  13. 

There  always  exists  an  element  c  having  the  properties  here  in  question,  since 
y  itself  is  such  an  element.  For  F(y\yx)is  true  of  every  element  x.  But, 
as  will  soon  appear,  there  are,  in  certain  important  classes  of  cases,  elements 
possessing  this  property  which  are  not  equivalent  to  the  chosen  element  y. 

92.  If  7  be  the  collection  of  all  those  elements,  c^,  which  possess  the  property 
discussed  in  91,  viz.,  if  7  be  the  collection  of  those  elements  c,,  such  that 
J^{cjyr^)  is  true  for  a  determinate  selected  element  y,  and  for  every  resultants 
r^,  of  )8,  then  every  resultant  of  7  is  itself  a  member  of  the  collection  7. 

For  let  t  be  such  that  i^(<|7),  so  that  0(7^).  Since  (y,  r^)  is  such  that 
O  (  yr^  c^ )  is  true  of  every  element  c^  of  7 ,  while  O  (  7^ ) ,  it  follows  that  O  (  yr^t )  » 
by  36(5).     Hence  F{t\yr^). 

li  phe  the  collection  of  all  the  resultants  of  ^,  and  if  7  be  the  collection  of 
all  those  elements,  such  as  c,,  which  with  reference  to  a  selected  element  y^ 
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have  the  property  of  being,  every  one  of  them,  such  that  F{c^\yT^)  is  true  of 
every  element  r^  of  /?,  then,  as  now  appears,  the  collections  7  and  p  are  collec- 
tions each  of  which  contains  all  of  its  own  resultants. 


Pairs  of  conjugate  resultants. 

93.  We  are  now  prepared  to  consider  more  minutely  the  consequences  of 
principle  VI.  By  that  principle,  if  a  collection  (?  possesses  any  complement  w^ 
so  that  0(^w)^  a  complement  v  also  exists  such  that  0{^)  while,  whatever 
element  t^  of  <?  be  selected,  0{vwt^).  Stating  this  requirement  in  terms  of 
the  jP-coUections,  we  have,  as  the  conditions  set  forth  in  the  hypothesis  of  the 
principle,  the  existence  of  an  element  w^  such  that  JP(w\&).  The  consequence 
according  to  the  principle  is  that  v  also  exists  such  that  JP(^v  { <9),  while,  since 
0{vwt^y^  0{vwt^)^  and  therefore  F(tjvw)  for  every  element  t^  of  <?.  Let 
w  ^  q,  and  v  =^r.  Then  principle  VI  asserts  that  whatever  resultant  ^  of  a 
collection  <9  be  selected,  there  always  exists  a  resultant  of  <^,  namely  r,  such 
that  every  element  of  ^  is  a  mediator  (that  is  a  resultant)  of  the  pair  (^9  ^)  • 
It  readily  follows  that  every  resultant  of  ??  is  a  mediator  of  ( j,  r).  For  if  p^ 
be  any  resultant  of  <?,  then  0{dp^).  And  since  O(vwt^)  is  true  of  every  ele- 
ment of  «?,  while  O(^jt),  it  follows,  by  36  (5),  that  0{vwp^)^  that  is  0{qrpj^)j 
and  hence  F{i)j^  |  y^  )  • 

94.  If  ^  is  any  determinate  resultant  of  &^  and  if  r  is  an  element  related  to  q 
in  the  way  set  forth  in  93,  then  any  element,  r' ,  such  that  F{qr'  \pj^)  is  true  for 
every  resultant  of  <9,  i.  e.  any  element  r'  such  that  F{qr  \t^)  is  true  of  every 
element  of  ??,  is  also  such  that  r'  =2r.  For,  since  r  and  r'  are  both  of  them 
resultants  of  <?,  we  have  jP(grr|r'),  because  of  the  definition  of  r;  and  also 
F(qr'  \r)  because  of  the  definition  of  r' .  Hence  r'  =  r  by  52  (2).  We  may 
consequently  let  r  stand  as  the  unique  representative  of  the  class  of  those  result- 
ants of  ^  which,  when  q  is  given,  fulfil,  with  respect  to  q ,  the  requirement  of 
principle  VI.  With  this  understanding,  we  shall  henceforth  characterize  r  as 
the  conjugate  resultant  of  q  in,  or  with  respect  to  the  collection  «?.  If  r  is 
given  instead  of  q,  some  equivalent  of  q  is  nevertheless  predetermined  as  a 
conjugate  of  r ;  and  if  q  be  selected  as  the  unique  representative  of  the  class  of 
elements  which  are  equivalent  to  itself,  we  may  regard  the  relation  of  q  and  r  as 
wholly  symmetrical;  and  so  we  may  henceforth  speak  of  the  pair  (5^,  r)  as  a 
pair  of  conjugate  resultants  of  the- collection  (?,  or  more  briefly  as  a  conjugate 
pair  in,  or  with  respect  to,  & .  We  shall  symbolize  the  relation  in  question  thus : 
J{qr;  <?).  This  symbol  is  to  be  read  as  the  assertion :  "  The  pair  (5^,  r)  is  a 
pair  of  conjugate  resultants  of  the  collection  ??,"  or  "  is  a  conjugate  pair  in  ??," 
or  "  with  respect  to  <?."  Were  <?  a  pair,  as  for  instance  («,  y ) ,  we  could  write 
J[qr;  (x,  y)]. 
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95.  If  the  collection  d^  is  made  to  include  all  of  the  elements  of  2 ,  the  pair 
{q^T)  becomes  a  pair  of  mutually  obverse  elements  so  that  q^r.  This  appeared 
already  in  27,  when  the  first  use  of  principle  YI  was  made.  If  {9  is  an  0-col- 
lection,  a  conjugate  pair  {q^r)  such  that  0{qrt^)  while  0(i?)  is  true,  is  a  pair 
such,  by  principle  II,  that  0(^7*).  Hence,  in  this  case,  0{qr)^  and  thus  any 
pair  that  is  a  pair  of  conjugates  with  respect  to  an  0-coUection  is  an  0-pair. 
If,  in  case  of  any  collection  t?,  a  pair  {q^r)^  conjugate  with  respect  to  <9  is  such 
that  j'  =s  r ,  then,  since  F{  t^\qr)^  every  element  t^  of  &  is  such  that  t^  =  y  =  r ; 
and  therefore,  in  this  case,  a  single  element  may  be  taken  as  the  unique  repre- 
sentative both  of  the  whole  collection  <9,  and  of  all  of  its  possible  pairs  of  conju- 
gate resultants  (see  52  (1),  and  70). 

96.  In  case  of  any  pair  of  conjugate  resultants  of  a  system  /3,  i.  e.,  in  case  of 
(^,  r)  such  that  J{qr;  ^),  the  resultants  of  the  pair  (9,  r),  and  the  resultants 
of  ^,  form  precisely  identical  collections.  If  /8  is  enlarged  either  to  an  0-col- 
lection,  or  so  as  to  include  all  of  the  elements  of  2 ,  the  entire  system  2  becomes 
the  collection  of  the  resultants  of  any  one  of  the  possible  pairs  of  obverse  ele- 
ments of  2^  such,  for  instance  as  (a;,  x);  any  one  of  these  pairs  being,  as  we 
now  know,  such  that,  if  0(13),  J{xx;  ^). 

97.  If  ^8  is  a  given  collection,  and  if  (9,  r)  is  a  conjugate  pair  of  its  result- 
ants, and  if  u  is  any  third  resultant  of  ^,  not  equivalent  either  to  9  or  to  r,  then 
the  conjugate  resultant  v  oi  u  can  be  found  by  considering  merely  the  triad 
(qy  r^u).  According  to  principle  VI  there  is,  namely,  a  resultant  v  of  this 
triad*  such  that  J^(vu\q)  and  i^(tm|r).  Since  w  is  a  resultant  of  the  triad, 
F(qru\v).  But  meanwhile,  since  J{qr;  /8),  and  jP(^|u),  I^(qr\v)  by  the 
definition  of  a  conjugate  pair,  so  that  from  F(qru\v)  the  element  u  may  be 
stricken  out.  Since  v ,  then,  is  such  that  jP(  qr\v),  while  I^(yu  \  q)  and  F{vu  r) , 
it  is  easy  to  show  that  any  resultant  p^  of  13  is  such  that  F(pf^\vu).  Fop 
i^(p^lyr),  since  (j,  r)  is  a  conjugate  pair.  But  from  F{Pf^\qr)j  F{q\uv) 
and  F(r\uv),  follows,  by  73,  F{pj^\uv). 

If,  then,  a  single  conjugate  pair  of  resultants  of  a  collection  fi  is  given, 
viz.,  (q,  r)y  the  conjugate  of  any  third  resultant  of  ^,  such  as  i^,  is  equiv- 
alent to  the  conjugate  of  u  in  the  collection  of  the  resultants  of  the  triad 
(q,  r,  u).  If  )8  is  an  O-coUection,  or  if  13  includes  all  of  the  elements  of  2, 
the  conjugate  of  x  in  the  triad  (a;,  »,  »)  is  obviously  x. 

98.  If  ()8,  x)  be  any  collection  that  includes  a  given  element,  a?,  the  conju- 
gate resultant  of  x  with  respect  to  the  collection  (j3,  x)  is  one  of  the  resultants 
of  ^.  For  let  q  be  such  a  resultant.  F( q\qx)  is  in  any  case  true  of  q .  But 
q  has,  in  addition,  to  be  such  that  F{q\j3x)y  while,  whatever  element  6^,  of  ^, 

*  Identical  with  what  Eempb  calls  the  **  unsymmetrical  resnltanf  of  the  triad  (9,  r,  ic). 
Ebmpe  does  not  directly  define  our  oonjngate  resultants  in  general,  but  builds  his  theory  upon 
that  of  the  resultants  of  triads. 
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be  selected,  I^(qx\b^);  i.  e.,  0{qxb^).  By  the  adjunction  of  all  elements  of 
13  besides  i^,  we  obtain,  hereupon,  0{qxfi).  But  since  F{q\fix)y  0{qxl3). 
Hence  0{q^).     Hence  F(l3\q). 

99.  If  fi  and  a  are  such  that  F(l3\a),  then  /3  and  a  possess  at  least  one 
common  resultant.  For  let  a  be  an  element  of  a,  chosen  at  pleasure.  Adjoin 
^7  to  the  collection  ^8,  and  consider  the  conjugate  resultant  of  a  in  the  collection 
{a,  13).  Let  this  resultant  be  the  element  b.  By  9S,  F{l3\b).  By  the  defi- 
nition of  a  conjugate  resultant  JP{ab \b^)  is  true  of  every  element  b^oi  fi.  By 
hypothesis,  however,  JP{l3\a).  Hence  by  56,  i^(a|ai).  Since  a  is  itself  an 
element  of  a,  the  superfluous  obverse  a  may  be  omitted,  so  that  jP(a|fe). 
Hence  the  element  &  is  a  resultant  of  /3  and  also  of  a . 

The  importance  of  this  theorem  for  the  geometrical  application  of  our  theory 
(since  the  theorem  may  be  called  the  theorem  regarding  intersections  or  trans- 
versals) justifies  a  proof  directly  in  terms  of  0-collections. 

If,  namely,  0(Se),  there  exists  x  such  that  0{Bx)  while  0(ec).  For  let  us 
select  at  pleasure  any  element  d  oi  S.  Consider  the  collections  (^,  e),  and, 
with  respect  to  that  collection,  define  the  conjugate  resultant  of  ^  in  (J,  e). 
Let  X  be  this  resultant.  By  98,  O(eac)  is  true.  Hence  0{€x).  By  the  defi- 
nition of  a  conjugate  resultant  JP{e^\xd)  is  true  of  every  element  e^  of  e. 
Hence  0{exd)  is  true  of  every  element  e^  of  €,  while  0(S€).  Hence,  by 
24  (4),  0(hxd).  ^  is  a  repetition  of  some  element  of  S,  and  may  be  stricken 
out  (by  37).  Hence  0(&c).  Hence  0{Sx)^  while,  as  above  shown,  0{€x), 
So  the  theorem  is  proved. 

Since  this  process  may  be  repeated  for  every  element  of  h  and  also  of  6,  the 
variety  of  elements  of  the  type  cc,  in  case  the  elements  of  h  and  of  e  include  non- 
equivalent  pairs,  is,  in  general,  by  principle  V,  and  89,  infinite. 

T%e  relations  of  pairs  of  conjugate  resultants  in  various  collections. 

100.  It  is  frequently  important  to  bring  the  various  pairs  of  conjugate  result- 
ants which  exist  in  different  collections  into  relation  with  one  another.  The 
procedure  by  which  this  is  accomplished  wiU  lead  us  at  once  to  the  threshold  of 
the  ordinary  algebra  of  logic,  which,  as  originally  developed,  was  based  upon 
observing  certain  properties  of  the  system  S ,  in  cases  where  this  system  was 
interpreted  as  a  collection  whose  elements  are  either  classes  or  propositions. 

Let  the  conjugate  resultant  of  y  in  the  collection  (y,  ^)  be  cc,  so  that 
J{^y\  (^»y))'  Then,  by  98,  F{x\p)  is  true.  Hereupon,  if  we  select, 
amongst  the  resultants  of  )8,  that  one,  say  2,  which  is  the  conjugate  resultant, 
with  respect  to  ^,  of  the  element  x  just  determined,  so  that,  while  J{xy ;  (^,  y)), 
it  is  also  true  that  J(^xz\  ^),  then  it  follows  that  F{yb^^\z)  is  true  for  every 
element  b^oi  /3.  For  z  is  such  that  F(xz\b^)^  and  is  also  such  that  F{l3\z). 
Since  F{bjxy)  is  true  (by  the  foregoing)  for  every  element  i^  of  ^,  while 
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F{fi\z),  it  follows,  by  36  (5)  and  67,  that  F{xy\z)\  and  since  F{b^\xz),  that 
is  F{b^\x)^  while  F[x\zy)^  we  have  F{b^\zy)^  whence  follows  F{z\hj). 

We  have,  therefore,  the  result,  that,  if  y  be  any  element,  and  y8  any  collection, 
then,  in  case  x  is  such  that  J{xy;  (yS,  y))  and  z  is  such  that  J{xz;  /3),  the 
two  elements  x  and  z  constitute  a  conjugate  pair  of  the  resultants  of  /8,  while 
just  this  pair  stands  in  what  we  may  regard  as  an  unique  relation  to  y.  The 
pair  (x,  z)  is  namely  such  that,  for  the  first,  2^  is  a  mediator  between  y  and  any 
element  b^  of  /3  which  may  have  been  chosen  for  comparison  with  y  and  with  2. 
By  91,  2  is  consequently  also  a  mediator  between  y  and  any  resultant,  r^,  of  /}, 
so  that,  whatever  resultant  r^,  of  y8,  we  may  select  F{r^y\z).  Moreover,  what- 
ever resultant  z  of  jS  possesses  the  property  just  ascribed  to  z,  must  be  equiv- 
alent to  z.  For  if  z  exists  such  that  jP(z'|/8),  while  F{z'\r^y)  is  true,  what- 
ever resultant  r^  of  y8  we  choose  to  consider,  then,  since  z  itself  is  a  resultant  of 
y8,  F(z\zy)^  while,  by  the  definition  of  z,  F{z\zy)^  and  hence  z=sz'.  There- 
fore z  may  be  taken  as  the  unique  representative  of  its  own  class  of  equivalents. 
Meanwhile,  x  possesses,  with  reference  to  j3  and  y,  the  property  of  being  a 
resultant  of  fi  such  that  every  element  of  /3  is  a  mediator  between  x  and  y. 
Consequently,  since  F{ b^\xy)^  F(b^y\x)^  and  hence  x  is  a  mediator  between  y 
and  whatever  element  b^  of  yS  may  have  been  chosen.  By  91,  x  is  accordingly  a 
mediator  between  y  and  whatever  resultant,  r^,  of  )8,  may  have  been  chosen. 
Whatever  resultant,  «',  of  yS,  possesses  the  property  just  ascribed  to  a;,  is  such 
that  x  =  x\ 

101.  Conjugate  limits  of  a  collection  with  reference  to  a  base.  We  may 
sum  up  the  result  of  the  foregoing  thus :  If  any  element  y  be  chosen,  at  our 
pleasure,  as  what  we  shall  now  call  a  base,  and  if  hereupon  any  collection 
y8  be  considered  with  reference  to  this  base,  then  there  exists  a  pair,  and 
(barring  for  the  moment  the  consideration  of  equivalent  elements),  a  single 
pair,  of  conjugate  resultants  of  y8,  which  is  so  related  to  y  and  to  /S  that 
(1)  one  of  these  two  resultants  (which  we  shall  now  symbolize  by  p)  is  such 
that  F{2^\b^y)  for  every  element  of  yS,  and  F{p\r^y)  for  every  resultant 
of  /8;  while  (2)  the  other  of  these  resultants,  which  we  shall  now  symbolize 
by  5,  is  such  that  JP(6^Jys),  and  jP(rJy5),  i.  e.,  such  that  F{b^\s)^  and 
F{r^y\8),  If  7  be  the  collection  of  the  totality  of  those  elements  of  2  which 
are  mediators  between  y  on  the  one  hand  and  each  and  every  element  and 
resultant  of  y8,  separately  considered,  on  the  other  hand  (see  92),  then  p  has  the 
property  of  belonging  at  once  to  the  collection  7 ,  and  to  the  collection  p ;  where 
p  is,  as  before,  the  collection  of  all  the  resultants  of  y8 .  Any  element  possessing 
the  property  of  belonging  at  once  to  7  and  to  /o,  is  equivalent  to  p^  which  may 
therefore  be  viewed,  for  present  purposes,  as  the  unique  representative  of  its 
own  class  of  equivalent  elements.  Barring  equivalent  elements,  then,  the  col- 
lections 7  and  p  have  only  this  element  p  in  common.    If  7'  be  the  collection  of 
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those  elements  of  2'  which  are  mediators  between  y  on  the  one  hand,  and  each 
and  every  resultant  of  /8,  separately  considered,  on  the  other  hand,  then  8  has 
the  property  of  belonging  at  once  to  the  collection  7',  and  to  the  collection  p. 
Any  element  possessing  the  property  of  belonging  at  once  to  7'  and  to  p,  is 
equivalent  to  s ,  which  may  therefore  be  viewed,  for  the  purposes  of  forming 
0-collections  and  -F-coUections,  as  the  unique  representative  of  its  own  class 
of  equivalent  elements.  Barring  equivalent  elements,  then,  the  collections  7' 
and  p  have  only  the  element  8  in  common.  Of  the  pair  (/>,  5),  each  resultant 
oi  13  is  A  mediator.  If,  for  the  collection  yS,  and  for  p^  the  collection  of  the 
totality  of  the  resultants  of  /8,  the  pair  {p^  8)  alone  is  substituted,  and  if  here- 
upon this  pair  is  treated  precisely  as,  in  the  foregoing,  y8  itself  has  been  treated, 
that  is,  if  the  resultants  of  (p,  «)  are  first  defined,  and  then  their  collection, 
viz.,  py  is  compared  with  y,  the  same  pair  (jp,  5),  is  once  more  found  as  that 
pair  of  conjugate  resultants  of  the  collection  {p^  s)  itself,  whose  relation  to  y  is 
the  relation  heretofore  characterized. 

We  shall  now  call  the  pair  (p,  s)  a  pair  of  conjugate  limits  of  /3  with 
reference  to  the  base  y.  For  a  given  collection  /8,  and  for  a  given  base  y, 
principle  VI  thus  requires  us  to  define  one  such  pair,  and  (barring  equivalent 
elements),  but  a  single  pair,  viz.,  (/),  «),  which  may  be  viewed  as  the  pair  of 
conjugate  limits  in  question.  This  pair,  being  a  pair  of  mutually  conjugate 
resultants  of  y8 ,  is  symmetrically  disposed  with  reference  to  the  collection  of  the 
resultants  of  /8.  But,  as  has  appeared  in  the  foregoing,  the  pair  (/?,  s)  is  not, 
in  general,  symmetrically  disposed  with  respect  to  the  enlarged  collection  (/8,  y). 
For  2^  is  a  mediator  between  y  and  each  resultant  of  6  separately  considered ; 
while  each  resultant  of  y8,  separately  considered,  is  a  mediator  of  the  pair  (y ,  s). 
To  mark  this  difference  of  relative  position  of  p  and  s  we  may  call :  p  the  inferior 
limit  of  yS  with  respect  to  y;  s  the  superior  limit  of  yS  with  respect  to  y  ;  while 
y  is  the  base  of  this  pair  of  conjugate  limits  of  yS.  It  is  at  once  obvious  that 
if  we  choose  y  as  base  instead  of  y,  s  would  become  the  inferior,  and  p  the 
superior  limit  of  y8  with  respect  to  y . 

102.  We  are  now  in  a  position  to  extend  our  result  from  the  case  of  a  single 
collection  y8,  to  the  case  of  a  set  of  collections  y8,  7,  S,  etc.,  and  in  fact  to  the 
set  of  all  possible  collections  of  the  elements  of  2 .  Holding  a  given  base,  y , 
chosen  at  pleasure,  constant,  we  may  consider  any  and  all  collections  of  the  ele- 
ments of  2  with  reference  to  this  one  chosen  base.  If  we  do  so,  then,  whatever 
collection,  a,  /3,  7,  8,  etc.,  we  select,  we  shall  find,  by  a  process  wholly  analo- 
gous to  the  foregoing,  that  there  exists  an  unique  pair  of  resultants  of  any  one 
such  collection,  such  that  this  pair  is,  for  that  collection,  the  pair  of  conjugate 
limits  of  the  collection  with  respect  to  y.  Of  this  pair,  one  element  is  the 
superior,  and  the  one  the  inferior  limit  of  the  collection  in  question,  with  respect 
to  this  chosen  and  constant  base,  while  the  choice  of  the  base  is  arbitrary.     The 


Digitized  by 


Google 


394  BOYCE:    RELATION   OF  LOGIC  [July 

limits  are  each  time  functions  of  the  collection  in  question,  and  may  be  regarded 
as  functions  of  that^one,  so  long  as  the  base  is  held  constant.  * 

If,  while  the  base  itself  remains  constant,  a  collection  is  altered,  by  the  ad- 
junction, or  by  the  omission  of  elements,  its  limits  alter  or  remain  invariant,  in 
ways  whose  laws  are  now  to  be  defined.  If  various  collections  are  considered 
with  reference  to  the  same  base,  their  respective  superior  or  inferior  limits  may 
be  considered  as  new  collections,  with  results  whose  laws  are  also  to  be  deter- 
mined. But  if,  instead,  while  any  collection  or  sets  of  collections  remain  con- 
stant, the  base  is  altered,  so  that  an  element  y'  or  y"  takes  the  place  of  y,  then 
the  pairs  of  conjugate  limits  of  any  given  collection  with  reference  to  the  new 
base  remain  invariant,  or  alter,  in  accordance  with  still  other  principles  (which 
we  shall  consider  in  chapter  VI).  We  shall  discuss  these  various  cases  in  order. 
But  in  the  rest  of  the  present  chapter,  the  base  shall  remain  constant. 

103.  Adjunction  of  the  base  to  a  collection.  K,  to  the  collection  /8,  while 
the  base  remains  constant,  the  base  y  is  itself  adjoined,  the  inferior  limit  of 
{^1  y)  becomes  equivalent  to  y  itself;  but  the  superior  limit  remains  invariant. 
This  appears  from  the  reasoning  used  in  100. 

104.  Adjunction  of  the  obverse  of  the  base;  adjunction  of  resultants  ;  other 
cases.  If  the  base  y  is  held  constant,  and  if  y  is  thereupon  adjoined  to  )3, 
the  inferior  limit  remains  constant,  while  the  superior  limit  of  ()3,  ^)  be- 
comes equivalent  to  y.  The  reasoning  used  in  100  can  be  employed  to  prove 
this  also. — If  any  resultant  of  y8  is  adjoined  to  /8,  or  if  any  collection  of 
the  resultants  of  )3  is  adjoined  to  )3,  the  superior  and  inferior  limits  of  the 
enlarged  collection,  so  long  as  the  base  y  is  held  constant,  remain  invariant ;  as 
appears  from  the  reasoning  used  in  91,  92^  Hence,  by  89,  if  to  a  given  collec- 
tion, any  mediator  of  any  pair  of  its  elements  or  of  its  resultants  is  adjoined,  the 
limits  remain  constant ;  as  they  also  do  if  the  elements  of  a  collection  are  repeated 
any  multitude  of  times.  If  y  is  the  constant  base,  and  if  any  element  or  collec- 
tion of  elements  of  the  collection  7,  of  92  and  101,  be  adjoined  to  y3,  then,  while 
the  inferior  limit,  in  general,  alters,  the  superior  limit  of  the  collection  remains 
in  so  far  invariant.  If  any  element  or  collection  of  elements  chosen  from  the 
collection  7'  of  101  be  adjoined  to  y8,  this  adjunction  leaves  the  inferior  limit 
of  the  enlarged  collection  invariant,  while  altering,  in  general,  the  superior  limit. 

Elements  may  be  omitted  from  collections  in  a  manner  which  is  subject  to  these 
same  laws.  Thus,  the  omission  of  such  repetitions  of  elements  as  occur  in  a 
collection  does  not  alter  either  the  superior  or  the  inferior  limits,  etc. 

*The  coDoeption  that  the  elements  nsnally  known  as  the  products  and  sums  of  the  algebra  of 
logic  are  relative  to  a  chosen  constant  base  (the  zero  of  the  usual  algebra  of  logic),  and  that  the 
choice  of  what  element  of  £  shall  be  treated  as  the  zero-element  is  essentially  arbitrary,  is  Kempe's 
But  Kbmpe  develops  this  conception  solely  on  the  basis  of  his  theory  of  the  symmetrical  and 
unsymmetrical  resultants  of  triads.  By  the  more  general  concept  of  the  conjugate  resultants  of 
collections,  I  have  generalized  Kbmpe's  theory  so  as  to  be  able  to  apply  it,  from  the  start,  to  col- 
lections of  any  multitude  whatever. 
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The  operation  of  determining  the  superior  and  inferior  limits  of  a  collection 
is  obviously  independent  of  the  order  in  which  the  elements  are  arranged  or 
considered,  and  may  consequently  be  called  a  commutative  operation. 

106.  I7te  transformation  of  a  collection  into  its  obverse  collection.  If  a 
collection  /3  be  transformed  into  its  obverse  collection  (the  base  y  remaining 
constant),  ii  phe  the  inferior,  and  s  be  the  superior  limit  of  /3,  and  if  j)'  be 
the  inferior  and  s'  be  the  superior  limit  of  /S  then  the  two  equivalences  hold  good : 

j5=  5' ;  and  "5  =jo'. 

For,  by  the  definition  of  an  inferior  limit,  F{p\yr^)  for  every  resultant,  r^, 
of  y8,  while  F{p  |  y8).  Whence  there  follows  (1)  F{p  \  yr J  for  every  resultant 
r^  of  yS ;  while  (2)  F[p  |  /§ ) .  From  (2)  it  follows  that  j5  is  a  determinate  resultant 
of  /8.  From  (1)  follows,  by  transfer,  F{py\'rJ)^  whatever  resultant  r^  of  y8 
may  be  chosen.  Thus  p  is  such  a  resultant  of  B  t^bat  whatever  element  or 
resultant  r^  of  /8  may  be  chosen,  this  element  or  resultant  of  /8  is  a  mediator 
between  p  and  y .  Hence  p  is  equivalent  to  the  superior  limit  of  ^  with  respect 
to  the  base  y.     Hence  5'  =  j5 . 

Furthermore,  since  s  is  the  superior  limit  of  /3  with  respect  to  y,  we  have 
F{r^\sy)^  whatever  resultant,  r^,  of  /3  we  may  choose  ;  while,  at  the  same  time 
F{s\^).  It  follows  that  i^(i|)8),  so  that  s  is  a  determinate  resultant  of  /8; 
while  jP(fJ«y),  i.  e.,  F{r^y\s)^  for  every  resultant  f^  of  )9;  so  that  i  is  a 
mediator  between  y  on  the  one  hand,  and  each  and  every  r^  of  /3  on  the  other 
hand.  Thus  i  is  equivalent  to  the  inferior  limit  of  ^  for  the  base  y .  The 
equivalences  in  question,  viz.,  ^  =  5' ;  and  s=:p\  are  accordingly  proved. 

106.  ITie  combination  of  collections.  The  associative  law  in  the  determi- 
nation of  ])airs  of  conjugate  limits  with  respect  to  a  constant  base.  It 
we  consider  the  inferior  limit  of  a  collection  ySj,  with  respect  to  a  base 
^,  and  also  the  inferior  limits,  with  respect  to  the  same  base,  of  collections 
^2'  '^s'  •  "»  '^fi'  "  •'  ^°  ^'^y  Multitude  of  collections,  and  if  tt  be  the  collection 
of  all  these  inferior  limits,  while  «  is  the  collection  consisting  of  the  totality  of 
collections  (yS,,  ySj'  "  »  '^n*  '  * ')»  ^^^^  ^^^  inferior  limit  of  v  is  equivalent  to 
the  inferior  limit  of  o)  (the  subscripts  1,  2,  --^n,  •••  are  now  no  longer  to 
be  viewed  as  ordinal  numbers,  but  merely  as  distinguishing  marks). 

The  inferior  limit  p^  of  the  collection  co  is,  in  fact,  an  element  such  that 
F(oi)\p^)^  while  if  b[^^  is  any  element  of  any  collection  j3^  in  the  set 
(13^^  13^^  '  •  'y  13^^^  • '  •)^  F{p^  \yb[^^).  Meanwhile,  if  p^  is  the  inferior  limit  of 
any  collection  /8^,  then  jP(yS^|p^),  while  F(pJ  b^^^y)  for  every  element  U^'^  of 
/8^.  If  TT  18  the  collection  (^^p  Pg'  "  '^Pn^  '  ")»  ^^^^  '^^  inferior  limit />^  is  an 
element  such  that  jP(7r|2;,  ),  while,  whatever  p^  may  be  selected,  F(p^  IPnV)' 
Since  F{p^\bfy),  and  F{pjp^y),  it  follows  by  71,  that  F{p,\bfyy, 
and  this  latter  assertion  holds  true,  whatever  element  b^^  of  any  collection  /9^ 
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may  be  selected,  that  is,  whatever  element  of  to  may  be  selected.  Moreover, 
whatever  element  p^  of  tt  may  be  selected,  since  p^  is  a  resultant  of  y8^ ,  p^  is  also 
a  resultant  of  to  (88).  Thus  J^(<»l2\)»  whatever  element  p^  of  ir  maybe 
selected,  while  F{7r\p^).  Hence  (by  57),  i^(<»li>, ).  Thus/>^  is  a  resultant 
of  ct),  while  p^  is  such  that  F{p^  Wn^v)  for  every  element  V^^  of  ©.     Hence 

The  operation  of  determining  the  inferior  limit  of  a  collection  to  which  is 
composed  of  a  set  of  collections  (yS^,  ySj,  •  •  •,  i8„,  •  •  •),  is  consequently  associa- 
tive with  respect  to  the  operation  of  separately  determining  the  inferior  limit  of 
each  one  of  these  collections  (/8j ,  /S^ ,  •  •  • ,  /8^ ,  •  •  • ) . 

By  a  precisely  similar  reasoning,  one  can  obviously  prove  that  the  operation . 
of  determining  the  superior  limit,  s^,  of  the  collection  co,  is  associative,  in  case 
we  separately  determine  the  superior  limits  of  /S^,  /S^,  etc.,  and  use  such  deter- 
mination as  the  basis  for  determining  s„ . 

107.  Cross  collections.  If  a  set  of  collections  (ySj,  ^j,  •  •  •,  y8^,  •  •  •)  is  given 
(where  the  multitude  of  collections  in  question  is  wholly  unrestricted),  and  if  a 
collection  X  is  formed  by  selecting,  at  pleasure,  one  element,  and  one  only  (say 
6^/^),  from  /8j,  one  element,  and  one  only  (say  6^/^),  from  ySj,  and  one  element, 
and  only  one,  from  each  of  the  collections  of  the  set  (so  that,  for  instance,  b*  ■  is 
selected  from  y8^),  then  the  collection  X^,  that  is,  the  collection  (  6^/\  U^\  •  •  •,  ¥^\  •  •  •) 
shall  be  called  a  cross-collection  of  the  set  (ySj,  yS^,  •••,  ^„,  •  ••).  As  many 
distinct  cross-collections  (X^  •••,  X^,  •••,  X^,  •••)  exist  as  there  are  distinct 
possible  combinations  of  elements  selected  one  from  each  of  the  collections  of 
the  set  (/?!,  ySg,  •  •  • ,  /8^,  •  •  •).  Choose  now  a  constant  base  y ,  to  be  retained 
throughout  what  follows  in  this  and  in  the  next  section.  Hereupon,  let  s^  be 
the  superior  limit  with  respect  to  ^  of  the  collection  /3^  of  the  original  set.  Let 
(«j ,  5^,  •  •  • ,  5^,  •  •  •)  be  the  collection  of  all  such  superior  limits,  with  respect  to 
y,  of  y8, ,  /Sg,  etc.  Let  the  collection  («j,  «2'  '  *  '  *n' ' ' ')  ^®  ^^^  called  the  col- 
lection & .  Let  the  inferior  limit  of  <? ,  with  respect  to  the  base  y ,  be  symbol- 
ized by  2^d'  Next,  let  p^  be  the  inferior  limit  of  X^,  that  is,  of  the  collection 
{¥^\  ¥f, ...,  b^^\  • ..).  Let  {2\^-'yPj:'>  '"'>Pz^  •  )  ^^  the  collection  compris- 
ing all  such  inferior  limits  of  the  possible  cross-collections  (  X^ ,  •  •  • ,  X^ ,  •  • ,  X^,  •  •)• 
Let  the  collection  (/^^ ,  •  •  • , ^^^^ ,  '  "'*  Pxt  '")  ^®  called  the  collection  -^ .  Let  the 
superior  limit  of  i^  be  symbolized  by  s^ .  Then  we  shall  next  inquire  how  p^  is 
related  to  s^ ,  that  is,  how  the  inferior  limit  of  the  collection  of  all  the  respective 
superior  limits  of  a  given  set  of  collections,  is  related  to  the  superior  limit  of  the 
collection  of  all  the  respective  inferior  limits  of  the  corresponding  cross-collec- 
tions. To  ask  this  question  is  to  inquire  (in  the  most  general  form  possible) 
whether  the  operation  of  seeking  inferior  limits  is  distributive  with  reference 
to  the  operation  of  seeking  the  superior  limits  of  given  collections. 

108.  The  Distributive  Law.     Using  the  conventions  of  the  previous  section, 
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regarding  the  cross-collections,  and  retaining  the  symbols  used,  we  are  able  to 
assert  that 

For,  by  the  definition  of  an  inferior  limit,  whatever  element  jo^  we  may  select 
from  the  collection  yjr^  the  element  7)^  is  such  that  J^ipjyh^^^)  for  every  element 
¥^^  which  belongs  to  the  cross-collection  X^ .  And,  by  the  rule  according  to 
which  this  collection  X^  has  been  formed,  there  exists,  in  each  of  the  original 
collections  /8^ ,  an  element,  b^^\  for  which  the  foregoing  assertion  is  true.  Mean- 
while, if  we  consider  the  relation  of  the  element  Uj^^  to  its  own  collection  /8^ ,  of 
the  original  set  (/S^,  /Sg,  .  • . ,  y8^,  •  • .),  it  follows,  by  the  definition  of  a  superior 
limit,  that  If'{¥^^\8^y).  Since,  then,  the  element  6^^"^  is  such  that  I^{p,\yb^J^^)^ 
that  is,  such  that  J^m^^\p^y)^  while  J^{b^^^\8^y)^  we  have,  by  the  usual  rule 
for  the  elimination  of  an  element,  I^{s^y\p^y);  whence  follows  F(p^\8^y). 
Since,  whatever  p^  may  be  in  question,  that  element  of  X^  which  X^  has  in 
common  with  any  given  collection  13^  may  thus  be  eliminated,  it  follows  that  the 
relation  i^(/>J«„y)  holds  of  every  element  p^  of  the  collection  '^,  when  the 
relation  of  ^^  to  any  element,  whatever  8^,  of  <9,  is  considered.  Since,  howeveri 
by  the  definition  of  a  superior  limit,  J^{s^\ylt)  is  true,  while  ^(pjs^y)  holds 
true  of  each  element,  p^^  oi  '^,  separately  considered,  in  its  relation  to  each 
element  of  <9,  separately  considered,  it  follows,  by  57,  that,  whatever  8^  be 
chosen,  the  pair  (5^,  y)  is  such  that  (1)  F{8j/\8^). 

Furthermore,  since,  by  the  definition  of  a  superior  limit,  whatever  p.^  we  may 
select  ^{pjs^y)^  while,  by  the  definition  of  an  inferior  limit,  jP(/>^|X^),  it 
follows  that,  whatever  X^  we  may  select,  J^(Ws^y)  is  always  true.  Since  this 
latter  relation  is  general,  and  holds  for  every  collection  X^,  without  exception, 
we  have,  for  every  possible  cross-collection,  i^(  Up  h^^  --  *U^^  - --{s^y);  an  asser- 
tion which  remains  invariant  and  true  if,  instead  of  selecting,  from  any  one  of 
the  collections  ( /3j ,  ^S^  •  •  /S^  •  •  - )  the  element  which  here  appears  in  the  collec- 
tion X^,  we  select  instead  any  other  of  the  elements  of  that  same  collection  ^S^ ,  /S,, 
etc.  Consider,  hereupon,  once  more,  the  element  U^\  here  selected  from  the  col- 
lection y8^ .  Let  Xf,"^  be  what  the  collection  X^  becomes  if  that  element  in  X^  which 
is  derived  from  the  collection  /3^  is  omitted.  In  other  words,  let  X^  be  so  sub- 
jected to  partition  that  X^  is  the  same  collection  as  (X^J'\  U^^)*  Then  we  have, 
from  the  foregoing,  F{X^^^¥^^\8^y),  that  is,  by  transfer,  i^(6l;^|«^yX<;));  while 
this  relation  holds  true  whatever  element  Uj^^  is  selected  from  y3^.  Since,  how- 
ever, 8^  is  such  that  -F(«„  1  y8„)  >  while  for  6^^''^  any  element  whatever  of  y8^  may  be 
substituted,  we  have,  by  67,  the  collection  («^ ,  y,  X^,"^)  such  that  i^(«,  |  s^y^S^^) ; 
so  that,  by  transfer,  jF{  \^"^  sjs^y).  It  follows  that,  while,  as  before,  F{  \  \8^y) 
is  true,  this  relation  remains  invariant  if  we  8uh8titiite  for  any  element  U^\  of  \^ 
the  corresponding  superior  limits  «^,  of  that  collection  13^^  from  which  Uj^^  has 
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been  selected.  Such  substitution  may  be  accomplished  in  case  of  any  element 
b\'\  Nj\  etc.,  independently  of  whether  such  a  substitution  has  been  made  in  case 
of  any  other  element  of  \. 

For  since  both  the  assertions  jP(X^|«^y),  and  ^C^^^^s^ls^y)^  hold  good  in 
case  an  element  6^^  of  \  is  selected  from  any  collection  fi^  which  is  not  the  col- 
lection yS^ ,  we  could,  by  a  repetition  of  the  foregoing  process  of  reasoning,  show 
that  the  relation  expressed  in  F(\\s^y)  not  only  remains  invariant  whichever 
one  of  the  two  elements,  6^"^  or  U^^  is  selected  as  that  element  for  which  the  cor- 
responding 8^  or  8^  is  substituted ;  but  also  remains  invariant  when  for  both  of 
them,  simultaneously,  the  corresponding  superior  limits  of  /3^  and  /3^  are  substi- 
tuted. This  result  can  be  extended,  at  pleasure,  therefore,  to  any  number,  or 
to  any  partial  collection,  or  to  all  of  the  elements  of  X^,  without  regard  to  their 
multitude.  The  relation  F{W8^y)  therefore  remains  invariant  in  case,  for 
each  and  every  member  of  \,  we  substitute  the  corresponding  element  «^,  viz., 
the  superior  limit  of  that  collection  yS^  from  which  the  member  of  \  which  is 
each  time  in  question  was  itself  selected.  Hence  carrying  out  this  substitution, 
we  have  (2)  F{»\8^y). 

But  we  have  seen  above,  by  (1),  that  F{8^y\8^)  is  true.  By  adjunction  it 
follows  from  this  that  F{ih/\s^)  is  true.  Hence  we  have  at  once  true  the  tico 
assertions  (2)  F( y\di^)  and  F{y\&s^).  Hence  F{ &s^ ] 5«^ ) .  Hence  (3) 
i^(^|«J,by54. 

By  (1),  therefore,  F{8^y\s^)  is  true,  whatever  element  «^  of  (?  we  may 
choose:  while,  by  (3),  J<'(«^|<?),  so  that  5^  is  a  resultant  of  ^.  It  follows 
that  8^  is  an  element  such  that  it  is  a  mediator  between  y  and  every  element  of 
(^  separately  considered  while  s^  is  also  a  resultant  of  &,  Hence,  by  the  defi- 
nition of  an  inferior  limit,  s^  =  j9^  ;  and  the  theorem  is  proved.* 

109.  The  second  form  of  the  distributive  law.  Still  retaining  constant  the 
base  y,  let  s^  be  the  superior  limit  of  any  cross-collection  X^,  as  such  collections 
were  defined  in  107.     Let  the  collection  of  all  the  superior  limits  of  the  cross- 

*  The  demonstration  of  the  distributive  law  here  given  may  be  regarded  as  a  generalization 
of  Kbmpe's  treatment  of  the  symmetrical  resultants  of  triads ;  although  this  generalization 
involves  oonsiderations  v?hich  are  somevvhat  peonliar  to  the  present  form  of  the  theory  of  oonja- 
gate  resultants.  When  the  relations  of  the  F-oolleotions  are  regarded  as  degenerating  into  the 
specialized  but  more  familiar  relation  of  anteoedent  and  consequent,  the  proof  of  the  distributive 
law  becomes  subject  to  those  difficulties  v^hose  treatment  by  Mr.  C.  S.  Peibcb,  by  Schroedkb, 
and  by  Dr.  Huntington,  are  summed  up  by  Dr.  Huntington  in  his  Sets  of  Postulates  for  (hi 
Algebra  of  Logic  (these  Transactions,  July,  1904).  The  difficulties  in  question  area  tested 
the  sort  and  of  the  amount  of  information  which  is  surrendered  when,  instead  of  the  F-relations 
viewed,  so  to  speak,  in  their  entirety,  we  confine  ourselves  to  relations  which  are  defined,  for 
all  the  collections  concerned,  merely  with  reference  to  a  common  origin,  and  when  we  thereupon 
define  the  usual  logical  **  sums ''  and  **  products  '*  solely  upon  the  basis  of  the  anteoedent-coDse- 
quent  relations.  Kempe's  Theory,  like  the  usual  one,  extends  the  distributive  law  by  induc- 
tion from  pairs  of  triads  to  any  number  of  cases.  The  present  treatment,  in  this  paper,  applies 
the  distributive  law  at  once  to  collections  of  any  multitude  whatever. 
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collections  ( 5^  •  •  • ,  «^ ,  •  •  • ,  8^ ,  •  •  • ) ,  be  called  the  collection  <f> .  Let  the  inferior 
limit  of  <f>  be  p^ .  Let  the  inferior  limit  of  any  collection  fi^  be  p^ .  Let  the 
collection  {Pi^Pit  *  "'^  Pn'*  '")  ^^  ^  ^^^^^  inferior  limits  be  the  collection  c. 
Let  the  superior  limit  of  c  be  «, .     Then 

2^*  =  ^- 

For  whatever  element  U^  we  may  select  from  the  cross-collection  \, 
F{s^y\V^^)  is  true.  .  And  whatever  collection  y8^  we  may  select,  and  whatever 
\  is  in  question,  there  exists  in  ^^^  an  element  for  which  the  assertion 
F{s^y  I U^^)  is  true.  But,  in  case  of  the  collection  y8^,  the  assertion  F{yh^p\p^) 
is  true.  Hence,  since  F{  U^^  \p^y)  and  F{  U^^  I «,  y )  i  it  follows  that  F{s^y\p^)\ 
an  assertion  which  is  true  of  every  p^  in  its  relation  to  every  s^.  From 
F{8^y\p^)^  follows  F{8^\yp^)^  an  assertion  which  is  true  of  every  element  s^ 
of  the  collection  <^ ,  while  F{<t>\p^).  Hence  the  collection  (y ,  p^ )  is  such  that 
F{yp^\p^)^  or  (1)  F{^p^\p^y)\  an  assertion  which  again  holds  true  whatever 
p^  of  €  may  be  selected. 

Furthermore,  since  F{p^\ys^)y  whatever  8^  may  be  selected,  while,  by  the 
definition  of  s^,  i^(aJ\J,  we  obtain,  by  the  usual  elimination  process, 
F{p^y\\)  or  F{p^y\ Up U^^ . . .  6^^'^ . . . ) .  This  relation  remains  invariant 
whatever  element  of  /S^  be  substituted  for  Ifp ;  whatever  element  of  fi^  be  substi- 
tuted for  V^^ ;  whatever  element  of  /8^  be  substituted  for  U^^ ;  and  so  on.  If,  as 
in  108,  X^"^  be  what  \  becomes  when  U^^  is  omitted,  we  have,  by  transfer  of  the 
entire  collection  X^J*\  ^{'P4>y^^z^Wn)  5  ^^^  ^^^^  holds  true  for  every  element  6['^ 
of  ^^^ ,  separately  considered.  But  F{p^\^^),  Hence  the  collection  {p^^y^  X^"^ ) 
forms  an  -F-collection  with  every  element  of  yS^,  separately  considered,  while 
F{Pn I ^„ )  5  and  hence  F{p^y\^^^\p^)  ;  that  is,  F{p^y\ \fp^).  And  thus  for 
any  element  6^/^  6^/\  &S,f,  6^J\  of  X^,  there  may  be  substituted,  either  simultane- 
ously with  or  independently  of,  any  of  the  other  elements,  the  inferior  limit, 
Pii  P2'^Pm'>  Pn  ^^  the  collection  ySj,  ^g^  '^mi  ^n'  ^^^™  which  the  element  in  ques- 
tion is  selected.  If  the  substitution  is  effected  simultaneously  for  all  the  ele- 
ments of  X^,  it  follows  that  F{p^y\p^p^"  -p^^-  ")\  that  is,  by  transfer  (2) 

P{P^^\y)' 

But  by  (1)  F(^p^\p^y).  By  the  adjunction  of  all  the  elements  of  c  besides 
p^  this  becomes  F{e\p^y)\  that  is  F{€p^\y).  By  the  elimination  of  y  it  fol- 
lows, from  (1)  and  (2),  that  F{ ep^  | ;?^ e ) .  Hence  F{€\p^).  The  element  p^ 
is  so  related  to  e  that  ^^^  is  a  resultant  of  c,  while,  by  (1),  whatever  element  i>^ 
of  e  be  selected,  F{p^\p^y).  Hence  p^  is  equivalent  to  the  superior  limit  of 
6 ,  and : 

as  was  to  be  proved. 

Thus  the  operation  of  seeking  the  superior  limits  is  distributive  with  refer- 
ence to  the  operation  of  seeking  the  inferior  limits  of  given  collections. 
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110.  The  results  of  91-109  may  now  be  summarized  in  the  somewhat  less 
general,  but  (by  virtue  of  some  of  our  best  established  mental  habits)  more 
easily  apprehended  form  of  a  series  of  statements  concerning  the  antecedents 
and  consequents  of  the  members  of  one  or  more  collections. 

Let  an  element  y  be  chosen,  and  held  constant,  hoih  as  the  base  and  as  the 
origin  with  reference  to  which  antecedents  and  consequents  are  to  be  deter- 
mined.    What  we  have  shown  is : 

111.  That  if  a  given  collection  0  be  considered,  then,  whatever  element  c  is 
an  antecedent,  with  respect  to  y,  of  every  element  of  y8,  separately  considered, 
is  also  an  antecedent,  with  respect  to  y,  of  every  resultant  of  y8  (see  91).  More- 
over (by  101 ;  see  what  is  there  said  concerning  the  collection  7'),  whatever  ele- 
ment c  is  a  consequent  of  every  element  of  y8,  is  also  a  consequent  of  every 
resultant  of  /8.  If  we  consider :  (I)  the  collection  7,  consisting  of  all  elements 
c,  each  of  which  is  an  antecedent  of  every  resultant  of  y8 ;  (II)  the  collection  p, 
consisting  of  all  the  resultants  and  of  all  the  elements  of  fi ;  and  (III)  the  col- 
lection 7',  consisting  of  all  the  elements  c\  each  of  which  is  a  consequent  of 
every  element  of  /3 :  then  each  of  these  three  collections  is  a  collection  which 
includes  all  of  its  own  resultants.  Each  therefore  is  an  internally  complete  or 
"  perfect "  collection. 

112.  If  13  includes  y,  or  an  element  equivalent  to  y,  then  the  collection  7 
reduces  to  the  single  element  y  itself.  If  y8  includes  y ,  or  any  element  equiv- 
alent to  y ,  then  the  collection  7'  reduces  to  y .  If  yS  is  an  0-collection,  the  same 
result  obtains  for  both  7  and  7;  that  is  7  reduces  to  y  and  7'  to  y  (95),  all  the 
equivalents  of  an  element  being  here  regarded  as  represented  by  that  element, 

118.  The  collections  7  and  p  have  an  element  in  common  (101).  This  ele- 
ment is  what  we  have  called  p ,  the  inferior  limit  of  y8  with  respect  to  y .  What- 
ever element  7  and  p  have  in  common  is  equivalent  to  p .  The  collections  p  and 
7'  have  an  element  in  common,  viz.,  s ,  the  superior  limit  of  13  with  respect  to  y . 
Whatever  element  7'  and  p  have  in  common  is  equivalent  to  5.  If  all  the  ele- 
ments of  ^  are  mutually  equivalent,  for  instance,  if  they  are  all  equivalent  to  6, 
then  b  =p  =  s.  Otherwise,  7?  4=  s .  The  elements p  and  s  remain  invariant  in 
case  elements  of  /3  are  repeated,  any  multitude  of  times,  or  in  case  any  result- 
ants of  13  are  adjoined  to  /3.  Moreover />  remains  invariant  whatever  elements 
of  7'  are  adjoined  to  J3 ;  and  s  remains  invariant,  whatever  elements  of  7  are 
adjoined  to  j3  (108,  104). 

114.  The  element  p  is  definable  as  an  element  which  is:  (I)  An  antecedent 
of  every  element  (and  so  of  every  resultant)  of  y8;  and  (II)  an  element  such  that, 
whatever  element  of  2  is  an  antecedent  of  every  element  of  yS,  is  also  an  ante- 
cedent at  p.  Or  again,  p  may  be  defined  as  that  antecedent,  of  every  resultant 
of  y8,  which  is  also  itself  a  resultant  of  /S.  Or  finally,  p  may  be  defined  as  that 
antecedent  of  every  element  of  /3  which  is  itself  a  consequent  of  every  element  c 
which  agrees  with  p  in  being  an  antecedent  of  every  element  of  /8 . 
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115.  The  element  s  is  definable  as  an  element  which  is:  (I)  A  consequent  of 
every  element  (and  so  of  every  resultant)  of  y8 ;  and  (II)  an  element  such  that, 
whatever  element  of  S  is  a  consequent  of  every  element  of  y8 ,  is  also  a  conse- 
quent of  5 .  Or  again,  a  may  be  defined  as  that  consequent,  of  every  resultant 
of  /3 ,  which  is  also  itself  a  resultant  of  /3 .  Or,  finally,  s  may  be  defined  as  that 
consequent  of  every  element  of  /8  which  is  itself  an  antecedent  of  every  element 
c   which  agrees  with  8  in  being  a  consequent  of  every  element  of  yS. 

116.  If  /3  is  an  ^-collection,  no  one  of  whose  elements  is  equivalent  to  ^, 
and  no  one  of  whose  elements  is  equivalent  to  y^  while  /8  itself  contains  at  least 
one  pair  of  non-equivalent  elements,  then,  by  89,  and  by  the  reasoning  of  chap- 
ter V,  the  three  collections,  7,  p  and  7',  contain,  each  of  them,  an  infinite  num- 
ber of  elements. 

117.  Of  the  various  collections  here  in  question  a  principle  holds  true  which 
is  statable  in  general,  on  the  basis  of  the  foregoing,  as  a  consequence  of  prin- 
ciple VI,  and  as  holding  throughout  the  system  2 :  If  two  collections  are  such 
that  one  of  them  (say  7)  includes  all  those  elements  of  S  each  of  which  is  an 
antecedent  with  respect  to  a  given  origin  y,  of  every  element  of  the  other  col- 
lection (say  yS),  then  there  exists  in  S  an  element  (the  inferior  limit,  p^  of  /3, 
with  respect  to  y)^  which  is  at  once  a  member  of  the  collection  7 ,  and  also  a 
resultant  of  /8.  Or  again:  If  two  collections  a  and  /3  exist,  such  that  every 
element  of  a  is  an  antecedent,  with  respect  to  y,  of  every  element  of  y8,  then 
there  exists  at  least  one  element  of  S  which  is  a  consequent  of  every  element  of 
a,  and  which  is  also  an  antecedent  of  every  element  of  y8.  The  superior  limit 
of  a  with  respect  to  y,  and  the  inferior  limit  of  /3  with  respect  to  y,  both  of 
them  stand  in  this  position.  If  they  are  not  mutually  equivalent,  all  the  ele- 
ments which  are  their  mediators  agree  in  possessing  the  cl^aracter  in  question. 
Another  and  more  restricted  form  of  the  same  principle  runs  thus :  Whatever 
infinite  sequence  k  ,  consisting  of  elements  of  2*,  is  so  definable  that,  with  "refer- 
ence to  a  chosen  origin,  every  element  k^  of  the  sequence  possesses  a  consequent 
k^  which  also  belongs  to  the  sequence,  there  also  exists  in  2  an  element  which 
is  a  consequent  of  every  element  of  k  .  For  «  is  a  collection  of  elements  of  2 , 
and  consequently  possesses,  by  the  foregoing,  a  superior  limit,  with  respect  to  y , 
which  also  belongs  to  2 .  The  chains  of  elements,  defined  in  chapter  V,  conse- 
quently all  of  them  possess  superior  limits  belonging  to  2.* 

118.  It  is  now  possible,  without  further  difficulty,  to  point  out  that  the  ele- 
ments of  2  possess  the  properties  of  a  system  of  logical  classes,  or  of  entities  to 
which  the  ordinary  algebra  of  logic  applies.     Let  the  arbitrarily  assumed  origin 


^Tbe  definite  relation  thns  bronght  out  between  the  conceptions  of  loj^ical  prodncts  and 
sums,  and  the  conception  of  limits,  is,  so  far  as  I  know,  a  new  feature  of  the  present  discussion. 
It  is  bronght  to  light  by  defining,  from  the  outset,  these  conceptions  with  reference  to  collections 
of  unrestricted  multitude. 

Trans.  Am.  Malh.  Soc.  87 
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y  be  taken  as  the  0  of  the  ordinary  algebra  of  logic.  Let  y  be  taken  as  the  1 
of  that  algebra  (otherwise  symbolized,  by  some,  as  oo ).  Let  the  relatioD 
f  — <y  y  be  regarded  as  the  usual  relation  of  logical  antecedent  and  consequent ; 
and  let  the  subscript  of  the  symbol  — <  be  dropped,  by  virtue  of  that  usual  con- 
vention which  regards  the  reference  to  0 ,  not  as  reference  to  an  arbitrary  origin, 
but  as  such  that  a  — <  h  has  an  invariant  or  absolute  sense.  So  regarded,  the  sys- 
tem S  possesses  an  element,  0 ,  such  that  whatever  element  x  be  chosen,  0  — <  x ; 
and  also  an  element,  1,  such  that  whatever  element  %  be  chosen,  z  — <  1 .  The 
relation  -<;  is  transitive.  If  a  — <  h  and  6  — <  a,  then  a  =  5 .  If  a  — <  6 ,  and 
also  a^hy  the  relation  — <  is  asymmetrical.  Elements  such  as  p  and  %  may 
first  be  viewed  as  determined  by  some  given  pair  of  elements,  e.  g.,  by  the  pair 
(  a ,  6  ) .  The  element  p  is  then  called  the  product^  the  element  s  is  called  the 
sum  of  this  pair ;  and,  ill  the  usual  symbols,  one  may  write 

The  definitions  of  the  operations  of  logical  multiplication  and  of  logical  addi- 
tion, may  assume  the  form  explained  in  114  and  115.  Obverses  will  now  appear 
as  elements  each  of  which  is  what  is  ordinarily  called  the  negative  of  the  other. 
Since,  in  fact,  by  95  and  112,  the  product  of  an  O-coUection  is  the  origin,  and 
its  sum  is  the  obverse  of  the  origin  (see  also  80,  82),  the  obverse  elements  a  and 
a  are  such  that  a  +  a  =  1 ,  while  aa  ==  0 .  We  shall  have  the  known  residts 
(easily  verifiable  on  the  basis  of  the  foregoing) : 

a  -^  a  ==s  a\         aa=s  a;         aO  =  0;         o  +  0  =  a; 

al  =  a;         a-|-l  =  l;         a4-5==a6;         aJ  =  a  +  6; 

(ai)c=:«(6c);         a{b  +  c)  =  ab  +  ac;         a-f6c  =  (a  +  6)(a  +  c). 

Not  only  are  these  results  predetermined  by  the  foregoing  discussion,  but  we 
have  in  fact  given  to  the  principles  in  question  a  form  much  more  general  than 
the  usual  form  by  so  stating  the  principles  from  the  start  that  they  apply  to 
logical  operations  upon  collections  possessing  any  multitude  whatever. 

It  foUows  then,  that  the  usual  algebra  of  logic  applies  without  restriction  to 
the  system  S,  which  is  in  so  far  identical  with  a  totality  of  logical  classes, 
whereof  an  infinity  are  mutually  non-equivalent,  while  all  are  capable  of  an 
unrestricted  combination  by  the  operations  of  logical  addition  and  of  logical 
multiplication. 

It  is  worthy  of  note  that,  in  terms  of  the  ordinary  algebra,  the  conjugate 
resultants  of  a  given  collection  may  be  defined  as  follows :  Let  the  logical  product 
of  a  collection  /8  of  logical  elements  be^>.  Let  s  be  the  sum  of  fi.  Then  any 
element  q  such  that  p  — <  q  — <  5  is  a  resultant  of  y8.     If  r  is  a  resultant  of  /3 
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such  that  qr=:p^  while  y  +  r  =  «,  then  q  and  r  are  conjugate  resultants  of  y8. 
If  /8  is  the  pair  (  a ,  5  )  represented  in  the  diagram  (1),  and  if  y  is  a  resultant  of 
(a,  &)  so  that  q  includes  the  common  part  of  (a,  &),  but  does  not  extend 
beyond  the  limits  of  a  +  6,  then,  by  repeating  (a,  6)  in  the  diagram  (2),  we 
may  indicatiC,  by  shading,  the  portion  of  the  repeated  diagram  where  r  lies,  and 


so  the  extent  of  r,  the  conjugate  resultant  of  9,  in  the  pair  (a,  6).  It  will  be 
observed  that  q  and  r  have  the  product  ab  in  common,  but  supplement  each 
other  as  to  the  remainder  of  a  +  6 .  If  9  expands  so  as  to  coincide  with  the 
whole  oi  a+h^r  shrinks  to  ah ,  and  conversely. 

The  negatives  q  and  r  are  the  elements  whose  existence  is  directly  asserted  in 
principle  VI. 

Chapter  VI.    The  system  2  as  a  generalized  space-form. 

119.  The  inquiry  of  the  previous  chapter  was  primarily  devoted  to  determin- 
ing what  elements  exist  in  S ,  and  how  they  are  arranged.  As  an  incident  to 
this  research,  the  relations  of  our  system  S  to  the  system  defined  in  the  algebra 
of  logic  was  developed.  But  the  consequences  of  principles  V  and  VI,  in  their 
combination,  have  still  other  aspects.  In  particular,  the  properties  of  the  system 
2  to  which  we  have  already  called  attention,  make  its  array  analogous  to  that  of 
the  points  of  space.     This  we  are  next  to  see. 

120.  By  definition,  all  of  the  elements  of  any  collection  are  resultants  of  that 
collection.  But  if  a  collection  /3  contains  at  least  one  pair  of  non-equivalent 
elements,  and  if  /3  at  the  same  time  comprises  only  a  finite  collection  of  the 
resultants  of  some  one  of  those  pairs  of  non-equivalent  elements  which  /3  con- 
tains, then  there  exists  an  infinite  collection  of  resultants  of  /8  such  that  these 
resultants  are  not  themselves  elements  of  /3.  This  appears  from  89,  in  combi- 
nation with  principle  V.  If  /8  is  an  0-collection,  all  the  elements  of  S  are 
resultants  of  /3,  and  are  also  complements  of  /3.  If  /8  is  not  an  O-coUection, 
2  contains  an  infinity  of  elements  whidh  are  not  resultants  of  yS.     For  the 
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obverses  of  the  resultants  of  /3  can  none  of  them  be  resultants  of  /3 ;  since 
if  F{^\x)  and  F{P\x)  are  both  of  them  true,  0(/3).  The  obverses  of 
the  resultants  of  /3  are,  by  definition,  complements  of  /3.  But  if  ^  is  not 
an  0*<K>llection,  2  also  contains  an  infinity  of  elements  which  are  neither 
complements  nor  resultants  of  ^.  For  let  (a,  &)  be  any  pair  of  conjugate 
resultants  of  )3,so  that  J(ab;l3).  Since  fi  is  not  an  0-collection,  £(ab) 
is  true  (by  95).  Every  resultant  of  /8  is  a  mediator  of  the  pair  (a,  b). 
Since  jE(ab)^  a  =|=  6  and  b  ^  a.  No  element  x  such  that  F{x\db)  is  true, 
and  no  element  x\  such  that  F{x'  { a&)  is  true,  can  be  a  resultant  of  /3  unless 
x  =  b  or  x'=:  a.  Since  the  complements  of  /3,  being  obverses  of  the  resultants 
of  y8,  are  mediators  of  the  pair  (a,  6 )  we  can  thus  define  an  infinity  of  elements 
which  are  neither  complements  of  /3  nor  resultants  of  fi .  All  elements,  x ,  such 
that  a;  =1=  tt,  a;  =1=  6  and  F(x\ ab)  ;  and  all  elements  x\  such  that  a;'  =|=  a,  x'  +  ^ 
and  F{x  |  a6 ) ,  are,  namely,  neither  complements  nor  resultants  of  /8 .  An  anal- 
ogous assertion  holds  for  any  other  of  the  pairs  of  conjugate  resultants  of  the  col 
lection  ^.  Whatever  pair  of  elements  (a,  b)  we  may  choose,  an  infinity  of 
pairs  of  elements  of  the  form  (a,  6),  (6,  a)(c,  5),  (cZ,  c){ey  /'),  (/,  e),  etc., 
are  thereby  determined,  such  that  each  pair  consists  of  some  resultant  c,  c?,  6  of 
the  pair  (a,  6),  while  the  other  member  of  each  pair  is  the  obverse  of  the  cor- 
responding conjugate  resultant  of  (a,  6),  No  mediator  of  any  one  of  the  pairs 
(a,  6),  (c,  5),  (e,  y*),  etc.  (except  a,or  c,or^/,  as  theca^emay  be),  is  a  result- 
ant of  the  pair  (  a ,  6  ) . 

If  a,  6,  c,  cZ,  e,  y,  are  mutually  non-equivalent  elements,  while  the  pairs 
(a,  6),  (c,  rf),  (e,y*),  are  each  of  them  pairs  of  conjugate  resultants  of  the 
same  pair,  or  of  the  same  collection  yS,  then  no  resultant  of  (c7 ,  & ) ,  or  of  ( a ,  6 ) , 
or  of  (c,  5),  or  of  (c,  cZ),  or  of  (e,  J^),  can  be  equivalent  to  any  resultant  of 
the  other  pairs  thus  defined.  If  x,  for  instance,  is  a  mediator  of  (c,  ^),  so  that 
F{x\cd)^  F{dx\c)^  then,  with  respect  to  a;,  taken  as  a  base,  the  conjugate 
limits  of  (a,  6),  or  of  the  coUectipp  yS,  in  question,  are,  respectively  c  and  rf; 
c  being  the  inferior  and  d  the  superior  limit  with  respect  to  the  base  a,  of  the 
collection  ^.  If  therefore  x  is  such  that  F{x'  \  e/),  x  can  be  equivalent  to  x 
only  in  case  each  of  these  elements  x  and  a*',  taken  as  base,  determines,  in  the 
manner  shown  in  100,  101,  the  same  pair  of  conjugate  limits  of  )8;  in  which 
case  c  =  e,  d^f.  For  if  F{dx\c)^  and  F{xf\e)^  where  (c,  cZ),  and  («,/) 
are  conjugate  pairs,  this  result  follows. 

121.  If  we  begin  afresh,  with  a  pair  (a,  6),  and  then  choose  a  base,  y,  such 
that  F{y\ab)^  it  is  thus  plain  that,  for  this  base  y,  a  is  the  inferior,  and  b  is 
the  superior  limit  of  the  collection  of  the  resultants  of  ( a ,  6 ) ,  and  that  this 
choice  of  inferior  and  superior  limits  for  (a,  6),  remains  invariant  for  any  base 
that  is  a  mediator  of  ( a ,  6 ) ,  while,  if  the  base  is  changed  to  some  other  pair 
(c,  5),  (cZ,c),  etc.  —  (c,  d)  being  a  pair  of  conjugate  resultants  —  the  inferior 
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and  superior  limits  of  ( a ,  h)  (the  products  and  sums  of  the  ordinary  algebra  of 
logic)  vary  accordingly.  The  totality  of  the  expressions  employed  in  the  ordi- 
nary algebra  of  logic  to  represent  the  relations  of  a  system  of  classes,  will  remain 
invariant  as  to  certain  values,  and  undergoes,  for  other  values,  perfectly  definite 
transformations,  in  case  the  base  with  reference  to  which  products  and  sums  are 
reckoned  is  altered,  so  that  some  class  y  takes  the  place  which  has  been  assigned 
to  the  zero  of  the  ordinary  algebra.  If  the  base  is,  for  instance,  changed  from 
some  element  y\  such  that,  i^(y'  | aft),  to  some  element  y,  such  that,  i^(y|a6), 
the  product  of  the  pair  (a,  6)  is  transformed  into  what  was  formerly  its  sum, 
and  the  sum  into  what  was  formerly  the  product.  If  the  new  base  is  an  element 
y  such  that  F(y\ab)^  the  product  and  sum  of  (a,  &)  are  transformed  into  a 
new  pair  of  the  conjugate  resultants  of  (a,  6).  These  transformations^  some- 
what analogous,  for  the  algebra  of  logic,  to  a  transformation  of  coordinates  in  a 
space  system,  lead  to  results  which  are  predetermined  by  the  i^-relations  of  the 
elements  of  the  system  2 .  However  the  base  may  be  changed,  the  product  of 
any  0-collection  will  be  equivalent  to  the  new  base ;  the  sum  of  an  O-coUection 
wiU  be  equivalent  to  the  obverse  of  the  base ;  and  so  on. 

Meanwhile,  any  pair  (a,  &),  such  that  E{ah)^  while  a  4=  ^i  forms  a  means 
of  an  exhaustive  classification  of  the  elements  of  S .  Given,  namely,  any  ele- 
ment of  2,  say  x,  there  is  some  determinate  pair  of  resultants  of  (a,  6),  say 
the  pair  (i,  Z),  such  F(^x\Jd).  To  the  resultants  of  the  pair  (A,  Z)  belongs 
one  resultant,  A;  of  (  a ,  &  ) ,  and  there  are  also  an  infinite  number  of  possible  bases, 
for  which  k  is  product  and  I  sum,  of  (a,  &).  No  element  of  S  belongs  at  once 
to  two  of  the  distinct  classes  thus  defined  by  selecting  pairs  of  conjugate  resultants 
(^vi))  (^9  0^  ^^^^  ^^^^  i  4^  A;,  i  4^  /,  etc.,  and  by  then  defining  the  class  of  the 
resultants  of  (^,7)  and  of  (A,  I), 

Or,  again,  one  may  express  our  present  result  by  saying  that  if  an  element  x 
is  710^  a  resultant  of  the  pair  (  a ,  & ) ,  then  there  exists  one  and  only  one  pair  of 
conjugate  resultants  of  ( a ,  & ) ,  namely  the  pair  (  A; ,  Z ) ,  such  that,  if  the  obverse 
of  a  determinate  one,  say  £,  of  these  two  conjugate  resultants  of  (a,  &)  be 
chosen,  F{^x\k^  Z),  while  x  ^l. 

122.  If  a  pair  of  elements  (a,  6)  be  chosen  such  that  a  4=  ^i  ^^^  jE(ab)^ 
it  is  always  possible  to  find  a  pair  of  resultants,  (g',r)of(a,6),  such  that  q 
and  r  are  not  mutually  conjugate  resultants  of  the  pair  (a,  6),  while  q  ^  r^ 
and  ^(jr),  and  while  F(a\qr)  and  F(b\qr)  are  both  of  them  false.  In 
order  to  construct  such  a  pair,  it  is  only  necessary  to  choose  any  resultant  q ,  of 
the  pair  (a,  6),  such  that  ^  4^  a,  j  =|=  &,  and  then  to  determine  r  such  that 
r  :^  q^  r  ^  by  Rnd  F(r\qb).  In  this  case,  since  i5^(g|a6),  and  J^(r|y6),  it 
is  impossible  thaX  F(a\qr).  For  ii  F(a\qr)  and  i^(r|26),  it  follows  that 
F{a\qb);  while  since,  at  the  same  time  jP( 9 |a&),  there  results  9  =  a,  con- 
trary to  the  hypothesis.     Moreover,  if  i^(6|yr),  and  F(r\qb)y  it  follows  that 
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r  =  b;  and  this  again  is  counter  to  the  hypothesis.     Hence  q  and  r  are  both  of 
them  resultants  of  (a,  &),  but  neither  a  nor  &  is  a  resultant  of  (^ ,  r). 

Consider,  now,  the  collection  p  of  all  the  resultants  of  the  pair  (a,  &),  and 
the  collection  p^  of  the  resultants  of  the  pair  (q^r).  Every  element  of  /), 
belongs  to  p .  But  there  exists  an  infinity  of  elements  of  p  such  that  no  one  of 
them  either  belongs  to  p^  or  is  equivalent  to  any  of  the  elements  of  p^ .  Smoe 
the  pair  (q^  r)  is  again  a  pair  of  non-equivalent  elements  which  is  not  an 
0-pair,  it  is  possible  to  determine  new  pairs  («,<),(t^,'»;),(to,aj),  etc.,  with- 
out limit,  such  that  the  resultants  of  these  pairs  form  a  series,  or  chain,  of  col- 
lections, P'i  p^t  P21  whereof  each  collection  is  wholly  inclusive  of  all  the  elements 
of  each  later  collection,  while  each  collection  contains  an  infinity  of  elements 
that  are  not  included  in  the  later  collections,  and  that  are  equivalent  to  none  of 
the  elements  so  included. 

It  is,  in  the  reverse  direction,  possible  to  include  any  collection  p  of  the  re- 
sultants of  a  given  pair  (so  long  as  this  is  not  an  0-pair),  in  some  more  inclusive 
collection,  p  ,  which  then  may  be  enlarged,  if  necessary,  to  the  collection  of  the 
resultants  of  some  new  pair,  by  considering  any  of  the  pairs  of  conjugate  result- 
ants of  p  . 

123.  The  structure  of  S  is,  therefore,  such  as  to  permit  this  endless  determin- 
ing of  internally  complete  systems  of  resultants  within  systems,  every  such  collec- 
tion comprising  an  infinite  set  of  elements.  This  being  the  case,  the  question  arises 
whether  there  is  also  any  sense  in  which  the  system  S  may  be  said  to  possess  a 
^^  dimensionality  "  resembling  that  of  space.  The  answer  is  that  such  a  concep- 
tion, in  the  system  S ,  is  capable  of  arbitrary  definition  in  an  infinite  number  of 
ways.  And  such  a  way,  in  fact,  is  suggested  by  the  relation  of  any  inclusive 
system  p  of  the  resultants  of  a  pair  (a,  &),  and  any  included  system  such  as  the 
collection  p^  of  resultants  of  the  pair  {q^r)  defined  above. 

Suppose,  namely,  that  we  arbitrarily  define  the  collection  of  the  resultants  of 
the  pair  (9,  r)  as  a  one-dimensional  collection,  simply  because  the  totality  of 
these  resultants  is  determined  by  the  naming  of  the  single  pair  of  elements 
(  ^ ,  r  ) .  In  precisely  the  same  sense,  it  would  appear  that  the  resultants  of  (  a ,  5 ) 
or  any  other  pair  might  be  regarded  as  also  of  one  dimension.  But  if  we  con- 
sider more  carefully,  it  is  plain  that  the  following  reason  appears  for  a  distinc- 
tion between  the  systems  p  and  p^.  Let  m  be  any  resultant  of  (?,»•),  such 
that  F{qr\m)  while  m  ^  q^m  ^  r.  In  /3,  that  is,  with  respect  to  (a,  6),  m 
possesses  a  conjugate  resultant  /i,  such  that  J\^mn\  (a,  6)]  ,  i.  e.,  e/(mn;  />). 
Now  it  is  plain  that  F{qr\n)  is  false.  For  if  F[qr\n)  and  i^(yr|m)  were 
both  at  once  true,  we  should  have,  by  78,  every  element  of  p  a  mediator  of 
(y,  r),  and  so  (g^,  r)  would  be  a  pair  of  conjugate  resultants  of  (a,  ft),  which 
is  contrary  to  the  construction  as  stated  in  122.  Consider  the  triad  {q^T^  n). 
Since  F{ qr\m)^  any  resultant  of  the  pair  ( m ,  n )  is  a  resultant  of  ( y  1  r ,  n ) , 
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as  can  readily  be  shown  by  the  usual  elimination-process.  Hence  any  element 
of  p  is  a  resultant  of  the  triad  {q,  r,  n).  Hence  the  triad  (y,  /•,  n)  possesses 
resultants  which  are  not  resultants  of  any  of  the  pairs  (y,r),(r,n),(y,n). 
The  triad  (y,  r,  n)  resembles  then  a  triangle,  or  two-dimensional  complex,  when 
viewed  with  reference  to  the  pairs  (y,r),(r,  n),  (3,^).  Thus  p  can  be 
viewed  as  a  two-dimensional  complex  in  relation  to  p^ .  An  analogous  result 
holds  whatever  pair  (a,g'),(6,r),  etc.,  we  choose  from  the  resultants  of  p,  so 
long  as  the  resultants  of  this  selected  pair  form  only  a  portion  of  the  resultants 
of  p ,  while  elements  equivalent  to  none  of  the  resultants  of  the  selected  pair 
belong  to  p. 

But  we  are  not  limited  in  our  selection  to  the  whole  system  p ,  in  order  to  be 
able  to  define  such  triads.  Consider  next  the  triad  (q^  b^  ?i).  By  122,  q  and  r 
have  been  so  defined  that  I^(r\qb).  Since,  by  construction,  F{m\qr)j  it  fol- 
lows that  i^( 7n\qb).  Were  n also  such  that  I^( fi\qb).  every  resultant  of  ( a ,  6 ) 
would  be  also  a  resultant  of  (q^  6),  which  is  false  by  construction.  Hence 
I^(7i\qb)  is  false.  Were  I^(^q\bn)  true,  then  since,  as  just  shown,  I^{m\qb)^ 
we  should  have  true  I^( m\bn)^  and  hence,  since  JP{b  \  mn ) ,  it  would  follow  that 
b  =  m^  which  is  impossible  by  construction.  For  i^(  w  |  jr),  while  m  =(=  y,  and 
7«  4=  r.  Finally,  if  F{b\qn)  were  true,  then,  since  I^[m\qb)^  it  follows  that 
I^(m\q7i)^  and  hence,  since  I^(^q\mn)y  it  would  follow  that  q  =  m^  which  is 
again  false  by  construction. 

Therefore,  no  one  of  the  elements  of  the  triad  (q,  6 ,  n)  is  a  mediator  of  the 
other  pair.  The  conjugate  resultant,  in  this  triads  of  the  element  n,  is  an  ele- 
ment which  is  a  mediator  of  the  pair  {q^  b)  (by  98) ;  and  hence,  since,  m ,  a 
mediator  of  (3,  r),  is  the  conjugate  resultant  of  n  in  p,  it  is  impossible  that  the 
resultants  of  the  triad  (3,  6,  n)  exhaust  the  collection  p.  Meanwhile,  the  triad 
(3,  6,  n)  possesses  resultants  which  are  not  resultants  of  any  one  of  the  pairs 
{Qi  ^)>  i^"  ^)»  (?»  ^)-  ^^^  so  the  triad  (g,  6,  n)  may  be  viewed  as  a  two- 
dimensional  complex. 

It  thus  follows  both  that  the  resultants  of  p,  taken  as  a  whole,  can  be  viewed 
as  the  resultants  of  a  triad,  if  we  choose,  rather  than  as  the  resultants  of  a  pair ; 
and  that  triads  such  as  (3,  6,  n)  can  be  defined,  in  /9,  in  such  wise  that  a  triad 
(3,  6,  n)  possesses  resultants  which  are  not  resultants  of  any  of  its  single  pairs, 
and  which  are  still  but  a  part  of  the  resultants  of  the  system  p.  Any  such 
triad,  however,  may  be  viewed  as  a  two-dimensional  structure. 

The  viewing  of  p  as  a  two-dimensional  complex  with  reference  to  p^  as  a  one- 
dimensional  complex,  is  typical  of  a  process  which  can  be  repeated  any  number 
of  times.  For,  since  p^  is  itself  inclusive  of  /Oj,  etc.,  p^  may  be  viewed,  with 
reference  to  these  included  systems,  as  a  complex  possessing  two,  three,  or  n 
dimensions,  where  n  is  any  whole  number.  According  as  this  is  done,  p  comes 
to  be  viewed,  with  reference  to  a  particular  series  of  included  collections,  as  of 
three,  four,  or  n  +  1  dimensions. 


Digitized  by 


Google 


408  royce:    relation  of  logic  fJuly 

The  result  of  the  foregoing  considerations  is  that,  within  any  portion  of  the 
system  S  which  contains  at  least  one  pair  of  non-equivalent  elements,  we  can 
define,  pairs,  triads,  etc.,  in  brief,  collections  of  any  finite  number  of  mutually 
non-equivalent  elements,  such  that,  if  such  a  collection,  say  a,  possesses  n  ele- 
ments, there  exist  resultants  of  the  whole  collection  which  are  not  resultants  of 
any  partial  collection  of  the  elements,  containing  only  n  —  1 ,  or  ti  —  2 ,  or  any 
less  number  of  these  elements  themselves. 

We  may  call  the  complexes  of  the  resultants  of  such  collections  n-dimensional 
complexes.  But  it  is  observable  that  any  such  complex,  once  given,  may  also 
be  treated,  by  the- proper  choice  of  conjugate  resultants,  as  a  complex  of  the 
resultants  of  a  single  pair,  and  so  as  a  one  dimensional  complex.  So  that  all 
such  dimensionality  is  entirely  relative  to  processes  and  structures  of  the  type 
that  we  have  just  been  defining. 

124.  Such  structures  become,  however,  of  a  more  positive  significance  if  we 
take  account  of  the  following  application. 

By  a  liiie  shall  be  meant  a  structure  of  the  general  type  of  the  chains  of  83, 
only  completed  by  the  insertion  of  certain  mediators.  A  line  shall  be  a  collec- 
tion of  elements  such  that  in  case  of  any  triad  of  the  elements  of  the  collection, 
one  member  of  this  triad  is  the  resultant  of  the  pair  composed  of  the  other  two. 

And,  in  particular,  the  lines  that  we  are  here  first  and  mainly  to  consider  are 
to  be  subjected  to  the  entirely  arbitrary  restriction  (foreign  to  the  first  prin- 
ciples of  our  system  S ,  but  quite  capable  of  being  satisfied  by  a  due  selection  of 
its  elements  as  their  existence  has  now  been  established),  that  if  any  two  non- 
equivalent  entities  of  a  line  are  given,  no  other  line^  in  the  set  of  lines  that  we 
are  to  consider  shall  at  once  contain  both  of  these  elements.  '*'  In  other  expres- 
sion, let  the  collections  which  are  to  be  called  lines  be  so  selected  that,  if 
(a,  6,  c)  is  any  triad  of  elements  belonging  to  the  same  line,  F{ahc)  is  true; 
while,  if  F[apq)  is  true  and  F{hpq)  is  true,  and  if  at  the  same  time  F(abp) 
is  false,  then  we  shall  so  select  that  p  =  q;  so  that  if  {d^p^  q)  is  a  triad  of 
elements  belonging  to  one  of  the  lines  now  to  be  selected,  while  (fc,/?,  y)  is  a 
triad  belonging  to  another  of  these  lines,  and  while  ( a ,  b,  p)  is  no  linear  triad 
at  all,  then  we  shall  be  required  so  to  select  that  p  =  q* 

125.  That  selections  of  this  sort  are  possible  the  theory  of  the  chains,  as 
developed  in  83  sqq.,  has  already  shown.  Such  chains  as  were  there  defined 
might  be  constructed,  as  we  now  may  observe,  intersecting  one  another  any 
number  of  times.  For  if  (c,  c?)  be  any  pair  of  elements  belonging  to  a  chain, 
the  resultants  of  ( c ,  c^ )  form  no  single  chain,  but  lie  in  sets  subject  to  princi- 
ple VI,  which  demands  the  existence  of  conjugate  resultants,  not  only  in  the 
collection  of  the  resultants  of  the  pair  (c,  <Z)  itself,  but  in  every  one  of  the 
countless  collections  of  resultants  of  the  pairs  intermediate  between  c  and  e2,  as 

*The  development  is  here  wholly  dae  to  Kempe^s  initiative. 
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these  pairs. have  been  characterized,  in  their  mutual  relations,  in  122,  123.  It 
is  possible,  within  the  limits  of  any  pair  of  non-equivalent  elements  (c,  rf),  to 
define  any  number  of  segments,  that  is  of  intermediate  pairs  (Pi^2h)^(P2^  Ps)'* 
(/?3,/?^),  etc.,  each  of  which  consists  of  mediators  of  (c,  cZ),  while  all  the  ele- 
ments concerned  form  triads  such  that  F{2^iPjPk)  ^^  ^^^'^  ^^  ^^7  ^^®  ^^  these 
triads.  A  chain,  or  rather  a  series  of  chains,  can  be  run  through  such  a  series 
of  intermediate  pairs,  according  to  any  desired  principle  of  selection  from 
amongst  the  elements  present  in  the  various  systems  of  resultants  encountered. 
By  virtue  of  the  results  stated  in  117,  a  set  of  successive  chains  can  be  enlarged 
to  a  complete  line,  resembling  perfectly,  in  its  structure,  a  continuous  geomet- 
rical line,  by  a  mere  insertion  of  intermediates  and  sets  of  intermediates.  The 
special  principle  of  selection  assigned  for  the  lines  now  to  be  considered  will  not 
only  ensure  that  two  lines  have  never  more  than  one  intersection,  but  in  combi- 
nation with  the  definition  of  a  line  will  also  exclude  that  degree  of  wealth  of 
elements  which  forbids  the  arrangement  of  all  the  resultants  of  any  pair  of  ele- 
ments in  S  in  a  single  linear  serial  order.  For  in  the  system  S  as  a  whole,  if 
m  and  n  are  equivalent  neither  to  a  nor  to  h  and  are  conjugate  resultants  of 
(a,  6),  F{m\ah)  and  F{n\db)^vQ  both  true;  while  F{m\nh)  and  F{n\mh) 
are  both  false.  The  principle  laid  down  for  the  selection  of  line-collections  will 
therefore  forbid  the  inclusion  in  a  given  line  of  more  than  a  single  pair  of  con- 
jugate resultants  of  any  one  pair.  Thus,  if  c  and  d  belong  to  the  line,  c  and  d 
themselves  will  be  conjugate  resultants  of  their  own  pair.  And  the  intermediate 
elements  of  the  line  will  be  in  S  resultants  of  that  pair.  But  no  conjugate  in 
(c,  d)  of  any  such  resultant  of  (c,  eZ)  as  belongs  to  the  line,  will  lie  in  the  line, 
except  c  and  d  themselves. 

126.  Since  collections  possessing  the  dimensional  structure  described  in  123 
exist  in  any  region  of  S ,  it  will  always  be  possible  to  define  systems  of  lines  as 
foUows:  Let  (cZ,  e^  f)  be  any  triad  such  that  it  possesses  i-esultants  not  con- 
tained amongst  the  resultants  of  (eZ,  e),  (e,  f)^  {d^ ./).  If  (d,  e),  (e,  y), 
{d^  f)y  belong  to  lines  that  are  amongst  those  lines  which  are  here  in  question, 
and  if  x  be  any  resultant  of  (cZ,  e,  y)  which  is  not  a  resultant  of  (c?,  e),  nor 
yet  of  (e,  y),  nor  yet  of  (rf,  y),  then  it  will  be  possible  to  regard  (as,  d)  or 
(x,  e),  or  X  united  with  any  element  of  the  lines  (cZ,  e),  etc.,  as  constituting  a 
new  set  of  segments  of  lines.  The  result  will  be  a  two  dimensional  complex  of 
elements.  That  method  of  construction  of  the  7i-dimensional  collections  or  com- 
plexes of  elements  of  S  which  has  been  indicated,  enables  us  to  regard  these 
complexes,  with  all  the  lines,  segments,  etc.,  which  are  involved,  as  possessing  an 
extent  and  variety  of  elements  such  as  to  permit  us  to  define  new  sets  of  ele- 
ments beyond  any  segments  or  bounded  complexes  once  defined.  Therefore,  in 
selecting  elements  for  our  present  purpose,  we  may  regard  these  new  elements  as 
extensions  of  the  lines  and  other  complexes,  while  the  dimensionality  of  the 
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complexes  of  lines  which  we  may  thas  consider  is  subject  altogether  to  our 
pleasure,  under  the  conditions  now  in  general  laid  down. 

If,  in  consequence  of  the  foregoing  considerations,  we  compare  the  set  of 
relations  that  we  can  thus  define  with  the  relations  known  to  geometry,  a  natural 
method  presents  itself  in  the  form  of  a  juncture  that  may  now  readily  be  effected 
between  our  account  and  Dr.  Veblen's  System  of  Axioms  for  Geometry^ 
(Transactions  of  the  American  Mathematical  Society,  July, 
1904). 

Dr.  Veblen's  expression  "in  the  order  ABC^  becomes,  in  our  terms,  the 
assertion  jP(  6  |  ac ) .  If  we  agree,  in  studying  the  constitution  of  our  system  of 
lines,  to  take  explicit  account  only  of  non-equivalent  elements,  if  we  hei*e  call 
our  elements  points^  and  if  we  also  adopt  Dr.  Veblen's  definitions,  his  axioms 
appear  in  our  statement  as  follows : 

Dr.  Veblen's  first  axiom  covers  our  own  principles  III  and  IV,  according  to 
which  our  system  contains  a  pair  of  elements.  Axiom  II  of  Dr.  Veblen's  set, 
interpreted  in  our  terms,  declares  that  if  i^( 6 1  ac ) ,  F( b\ca).  This  needs  for 
us,  no  comment.  Axiom  III  asserts  that,  if  I^(b\ac)^  then  I^{c\ba)  is  false. 
Our  own  principles  require  that,  in  this  case,  b  =  c;  and  the  axiom  may  there- 
fore be  regarded  simply  as  excluding  us  from  treating  certain  pairs  of  equivalent 
elements  as  distinct  elements.  This  is  merely  a  principle  of  selection.  Axiom 
IV  asserts  that  if  i^(5 1  ac),  then  a  =|=  c.  Our  principles  likeKEMPE's,  require 
that  ifa  =  c,  as=  &  =  c.  Axiom  IV,  therefore,  again  excludes  the  regarding  of 
certain  equivalent  elements  as,  for  the  present  purpose,  distinct.  Axiom  V  of 
Dr.  Veblen's  set  requires  that  if  a  =(=  6 ,  c  exists  such  that  F(b\ac),  This 
principle  is  provided  for  by  our  principles,  which  show  that  every  pair  defined  in 
any  of  our  sets  of  lines  may  be  viewed  as  included  in  larger  systems  possessing 
linear  J^-relations.  Axiom  VI  defines  the  important,  but  for  us,  quite  arbitrary 
principle  that  governs  the  selection  of  the  line-elements :  "  If  points  c,  d  (c  ^  d) 
lie  on  the  line  (a,  6),  then  a  lies  on  the  line  (c,  rf)."  This  agrees  with  our 
foregoing  statement  in  124.  Only,  with  us,  this  is  merely  a  principle  of  selec- 
tion. Axioms  VII,  IX,  relate  to  dimensionality,  and  demand  points  existent  in 
triads  and  tetrads  such  as  we  have  provided  for  in  the  foregoing.  For  us,  such 
requirements  are  permitted  by  the  system  S  in  an  infinity  of  ways. 

Axiom  VIII,  the  "  triangle  transversal "  axiom  runs,  in  our  terms,  thus :  If 
the  triad  (a,  6,  c)  is  of  the  two-dimensional  character  described  in  123,  and  if 
d  and  e  exist  such  that  F{e\ac)  and  -F(c|5cZ),  then  /  exists  such  that 
F{f\ab),  and  Fifed). 

This  axiom  for  us  is,  if  we  grant  a  certain  mode  of  selection  of  elements,  a 
theorem,  resulting  from  the  theorem  of  99  —  an  incidental  result,  as  it  may  be 
called,  of  the  theory  of  conjugate  resultants.  That  is,  theorem  99  secures  the 
existence  of  elements  which  may  be  selected  so  as  to  verify  axiom  VIII. 
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The  theorem  of  99  runs  that  if  F{fS\  a) ,  yS  and  a  have  at  least  one  resultant 
in  common. 

By  the  hypothesis  of  axiom  VIII,  If^(c  \ea)  and  JP{ c\bd).  Hence  F(ea  \hd). 
Hence  follows  F{ed\ha).  By  99,  (e,  d)  and  (6,  a)  have  in  the  system  2  at 
least  one  resultant  in  common  (they  have  in  fact,  in  S  an  infinite  number  in 
common).  Call  this  resultant  f.  Then  f  exists  such  that  I^{/\ab)^  and 
F(f\ed);  i.e.,  F{e\fd)  so  that  (at  least)  F(fed)*  That  the  common  re- 
sultants here  in  question  should  belong  as  points  to  the  system  of  lines  that  we 
have  selected  from  the  system  S ,  is  itself  a  matter  of  the  mode  of  selection  used. 
The  properties  of  the  system  S  simply  insure  the  possibility  of  such  a  selection. 

Axiom  XI,  Dr.  Veblen's  form  of  the  postulate  of  continuity,  is  provided  for 
by  our  own  result,  holding  for  the  system  2  in  general,  stated  in  117.  This 
result  ensures  the  possibility  of  the  continuity  of  the  line-collections,  in  case  we 
choose  to  select  suitable  sets,  precisely  as  the  same  result  ensures  in  the  system 
2  as  a  whole,  the  existence  of  '^  products  *'  and  ^^  sums."  Axiom  X,  which 
limits  Dr.  Veblen's  system  to  three  dimensions,  is  for  us  a  perfectly  possible, 
but  again  quite  arbitrary  limitation ;  and  the  same  can  be  said  of  the  parallel 
line  axiom  XII,  which  concerns  wholly  the  limitation  of  the  selection  of  the  lines 
admitted  into  a  given  system. 

Our  own  "  transversal "  theorem,  in  99,  justifies,  in  terms  of  our  principles, 
the  remark  made  by  Mr.  Kempe,  upon  the  basis  of  his  postulates,  to  the  effect 
that  any  jP-collection  which  contains  a  finite  number  n  of  elements  that  belong 
to  the  sets  selected  as  the  lines  of  the  foregoing  discussion,  represents  a  definite 
configuration  of  points  in  a  space  oi  n—  2  dimensions. 

Thus  F(abc)  implies  that  (a,  6,  c)  is  a  triad  of  points  on  one  line. 
F(ab\cd)  is  to  be  interpreted  a^  follows:  The  pairs  (a,  b)  and  (c,  rf).  He  by 
hypothesis,  upon  some  selected  pair  of  lines  of  our  geometrical  set.  The  prob- 
lem is,  how  are  these  two  lines  to  be  related  ?  The  assertion  F{ ab\cd)  requires, 
by  99,  that,  in  2,  a;  should  exist  such  that  F[ab\x)  and  F{cd\x).  If  then 
X  be  viewed  as  one  of  the  selected  elements  of  the  geometrical  set  in  question, 
the  assertion  F(ab\cd)  may  be  viewed  as  the  assertion  that  the  lines  through 
the  segments  (a,  6)  and  (c,  c?)  have  in  common  a  point  of  intersection  which 
belongs  to  the  mediators  of  (a,  6)  i.  e.,  to  the  points  of  the  segment  (a,  5), 
and  also  to  the  segment  ( c ,  c? ) .  On  the  other  hand,  ii  F{ab\x)  and  F( cd  \  x) 
are  given,  our  principles  require  that  F(  ab\cd).  So  that  this  form  of  asser- 
tion defines  a  pair  of  intersecting  lines.  The  assertion  F(x\abc)  defines  a 
resultant  of  the  triad  (^a^  by  c).  If  this  triad  is  to  be  viewed,  in  the  way  here- 
tofore defined,  as  determining  a  complex  of  two  dimensions,  then  a;  is  a  point 


*  Kempr's  theory  is  ezplioitly  based  apon  two  forms  of  the  transversal  theorem,  assamed  at 
the  oatset.  For  this  our  statement  of  the  theory  sabstitntes  the  postnlatcd  existence  of  oon- 
jngate  pairs.     What  Kempe  sets  at  the  beginning  we  thos  reach  at  the  end. 
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lying  within  the  triangle  (a^  h,  c).  If  F(ahc\def)^  wherein  all  the  elements 
are  matually  non-equivalent,  and  wherein  each  triad  is  to  be  viewed  as  a  two- 
dimensional  complex,  then  x  exists  common  to  these  two  areas,  or  two-dimen- 
sional complexes  here  in  question.  Thus  all  the  intersection  theorems  of  geom- 
etry may  be  stated  in  the  form  of  the  assertion  of  jP-relations,  with  a  due  r^;ard 
to  the  limitations  of  the  classes  of  selected  elements. 

The  principle  of  continuity  is,  for  such  a  geometry,  merely  a  principle  of  the 
selection  of  the  elements,  a  principle  which  the  system  S  permits,  but  does  not 
require  to  be  carried  out. 

Instead  of  such  systems  of  lines  as  have  here  been  selected,  systems  of  lines 
whereof  any  two  have  two,  three  or  n  intersections,  are  perfectly  permissible,  so 
far  as  the  system  2  is  concerned.  The  possibility  of  a  free,  but  definite  variar 
tion  of  space-forms  in  a  infinite  number  of  ways,  is  thus  provided  for  by  the 
system  S ;  and  the  outlook  for  a  basis  for  generalized  space-conceptions  is  all 
the  more  attractive,  since  the  structure  of  the  system  S ,  based  as  it  is  upon 
fundamental  logical  principles,  makes  a  test  of  the  logical  possibility  of  any  pro- 
posed geometry  a  perfectly  definite  task — namely  the  task  of  seeing  whether  S 
actually  contains  complexes  which  are  suitable  to  embody  the  desired  spaoe-form. 

Since  0-collections  at  once  possess,  as  their  resultants,  all  of  the  elements  of 
S  at  once,  no  definite  view  of  their  dimensional  structure  is  any  longer  possible. 
Hence  selections  suitable  for  space-forms  must  exclude  0-collections ;  and  so,  as 
Kempe  again  points  out,  no  geometrical  set  contains  the  obverse  of  any  of  the 
elements  of  the  set.  It  follows  that  "  spaces,"  defined  in  the  foregoing  way, 
always  occur  in  2  in  pairs,  such  that  to  any  one  space-form  <r  there  always  cor- 
responds a  space-form,  or  collection  o^,  constituted  of  the  obverses  of  the  elements 
of  a.  These  two  space-forms  are  related,  in  Kempe^s  view,  somewhat  as  two 
hemispheres.  ^ 

Finally,  since  metrical  relations  can  be  reduced',  in  the  known  way,  to  ordinal 
relations,  Kempe  has  briefly  pointed  out  (as  mentioned  in  the  introduction  to 
this  paper),  that  sets  of  the  elements  of  2  can  be  so  selected  that  operations  cor- 
responding to  the  addition  and  multiplication  of  the  ordinary  algebra  of  quan- 
tity, will  enable  us  to  select  elements  that  may  be  viewed  (with  reference  to  cer- 
tain arbitrarily  assumed  constant  triads  of  reference-elements,  i.  e.,  bases),  as  the 
sums  or  as  the  products  of  given  pairs  of  elements.  Hence,  without  introduc- 
ing new  elements^  the  elements  of  2 ,  if  viewed  in  certain  ways,  enable  us  to 
define,  not  only  the  algebra  of  logic,  but  the  algebra  of  quantity. 


Note  on  the  independence  of  the  six  principles. 

That  principle  V  is  independent  of  the  other  principles  is  proved,  in  84,  by 
the  assumption  of  a  system  2'  consisting  of  a  single  pair  of  obverses. 
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That  principle  IV  is  independent  is  proved  by  the  reasoning  used  in  36. 
For  if  we  assume  a  system  2",  all  of  whose  monads  and  possible  collections  are 
to  be  defined  as  O-coUections,  while  the  system  itself  comprises  any  arbitrarily 
chosen  number  of  elements,  all  the  principles  except  IV  and  V  are  satisfied  by 
the  possibly  existent  collections  of  2",  while  principle  V  is  satisfied  "  vacuously," 
since  no  pair  of  non-equivalent  elements  exist.  But  in  such  a  system  principle 
IV  is  false ;  since  all  the  elements  are,  by  the  definition  of  equivalence,  mutually 
equivalent. 

Principle  III,  and  that  principle  alone,  would  be  violated  by  an  empty  sys- 
tem ;  and  that  principle  is  therefore  independent. 

If,  instead  of  the  O-coUections,  we  had  us^d,  as  the  basis  of  our  account  of 
the  system  2 ,  the  indeterminate  jP-collections  of  2 ,  all  the  principles  I,  III,  IV, 
V,  VI  would  remain  true  if  we  viewed  them  as  statements  regarding  indeter- 
minate i^-collections,  and  could  therefore  have  been  used  as  principles  for  the 
system  of  i^-collections.  But  principle  II  is  false  if  interpreted  as  applying  to 
jP-collections.  For  F{xx)  is  always  true,  since  O(xcc).  But  from  F^'qx) 
does  not  follow  F(rj).  Hence  principle  II  is  independent  of  the  other 
principles. 

If  we  consider  the  class  of  those  O-coUections  of  the  system  2  which  are  either 
pairs  or  triads,  but  which  contain  no  greater  number  of  elements  than  three,  we 
may  call  this  class  the  class  of  the  Oj-collections.  For  this  class  of  collections, 
principle  I  is  false,  since  the  O^-triads  cannot  be  enlarged,  by  the  adjunction 
of  any  new  members.  In  order  to  apply  principle  II,  the  hypothesis  of  that 
principle  must  be  read  as  applying  to  a  collection  yS  which,  in  order  that  it 
should  be  an  Oj- collection  at  all,  must  not  exceed  a  triad.  If  0,(y8),  where  13  is 
a  pair  or  a  triad  (so  that  0(13)  is  also  true),  and  if  0^{Sb^J  is  true,  where  b^  is 
any  oiie  of  the  two  (or  three)  elements  of  /8,  then  S  itself  (by  the  definition  of  the 
0^-oollections),  cannot  exceed  a  pair ;  otherwise  ( S ,  b^)  would  be  a  collection  of 
more  than  three  elements.  Principle  II  then  becomes  equivalent  to  the  asser- 
tion that,  if  /3  is  a  pair  or  a  triad,  and  if  8  is  a  monad  or  a  pair,  if  0(y3)  is 
true,  and  if  0{Bb^)  is  true,  then  0(S)  is  true.  Hence  principle  II  is  true  of 
the  Oj-coUections.  Principles  III  and  IV  are  obviously  true  of  the  elements  of 
2 ,  considered  with  reference  to  the  0,-collections.  The  equivalences  and  non- 
equivalences  are,  in  fact  (because  of  what  is  proved  in  27-30),  unchanged  by  the 
limitation  of  our  view  to  the  set  of  O^-collections,  since  all  equivalences  and  non- 
equivalences  are  already  concerned  in  determining  the  relations  of  obverses.  And 
principles  V  and  VI,  which  require  the  existence  of  certain  0-triads  (such  as 
are  also  Oj  collections),  remain  true,  although  the  hypothesis  of  principle  VI 
becomes  limited,  in  its  application,  to  the  mention  of  the  complements  of  pairs 
and  of  monads.     Thus  principle  I  is  independent  of  the  other  principles. 

To  prove  the  independence  of  principle  VI  : 
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Consider  two  pairs  of  mutually  obverse  collections  of  elements  of  2 ,  viz.,  a 
and  a,  such  that  each  is  a  line  of  elements,  defined  as  follows  : 

(1)  Every  element  a^  of  a  is  a  mediator  of  a  pair  (^x^y)  oi  elements  of  2, 
such  that  neither  x  nor  y  belongs  to  a,  while  E{xy)  is  true.  Thus  F{a^\xy) 
is  true  of  every  element  a^oi  a, 

(2)  Whatever  triad  of  elements  of  a  be  chosen,  say  the  triad  (a^,  a^,  a^), 
F{a^a^a^)  is  true  of  this  triad. 

(3)  Whatever  element  a^  of  a  is  chosen,  a^  and  a^  exist,  belonging  to  the  col- 
lection a,  and  such  that  F{a^\xa^)  and  F{a^\yaJ)^  while  a^  +  a^,  and  a^  +  a,. 

(4)  No  two  distinct  elements  of  a  are  mutually  equivalent  elements  of  S . 
(6)  Whatever  pair  (a^,  a^)  be  chosen  from  amongst  the  elements  of  a,  a^ 

exists  such  that  F{a^\a^aJ)  is  true. 

From  this  definition  of  the  line  a,  the  properties  of  the  obverse  collection 
a  at  once  follow.  The  elements  of  a  are  mediators  of  the  pair  {x^y).  No 
element  of  a  can  be  equivalent  to  any  element  of  a ;  for  if  any  mediator  of 
(5,  y)  is  equivalent  to  a  mediator  of  (a;,  y),  then  0{xy)\%  true,  which  opposes 
condition  (1).  If  then  c  and  d  be  distinct  elements,  chosen  in  any  way  from 
the  total  collection  (a,a),c=^^by  construction. 

Whatever  pair  (c,  cf )  of  elements  of  (a,  a)  be  chosen,  it  follows  that  there 
exists  ^,  also  belonging  to  (a,  a),  and  such  that  g  ^  c^  g  ?i^  d^  and  F{g\cd). 
For  if  c  and  d  both  belong  to  a ,  the  existence  of  ^ ,  as  an  element  of  a ,  follows 
directly  from  condition  (6).  If  c  and  d  be  both  chosen  from  5,  a  precisely 
analogous  result  holds  true.  But  if  c  be  chosen  at  random  from  a,  and  d  from 
a,  then  let  c=s  a^^  and  let  d  =  a  ,  where  a  is  such  that  its  obverse  a  is  such 
that  F(a^\xa^).  Hereupon,  choose  in  a  an  element  a^  such  that  F(^a^^a^x), 
This,  by  condition  (3),  is  always  possible.  Since  F{a^\xa^)  and  F{a^\xa^)^ 
it  follows  that  jP(aJa^a^)  is  true;  hence  F(d^\d^a^)  is  true;  and  thus,  if 
g  ^  d^^  F{g\cd)  is  true  of  an  element  g  which  belongs  to  (a,  5).  Similarly, 
were  it  true  that  c^^a^^  and  d  ^  d^^  where  d^  is  an  element  such  that 
F(a^\ya^)^  then  we  might  choose  a^  such  that  F(a^\ya^).  This,  by  condi- 
tion (3),  is  also  possible.  Eliminating y  we  have  F(a^\a^d^);i.  e.,  F{ d^\d^a^); 
so  that,  if  gr  =  5^,  we  again  have  g  belonging  to  the  total  collection  (a ,  a),  and 
such  that  F(g\cd)  is  true.  Since  all  pairs  of  elements  (c,  rf)  thus  chosen 
from  (a,  5)  are,  by  construction  pairs  of  mutually  non-equivalent  elements; 
since  g  always  exists,  belonging  to  (a,  a)  and  such  that  F(g\cd)  is  true;  and 
since  g  also  belongs  to  (a,  a);  it  follows  that  the  collection  (^^  S)  contains 
sufiicient  elements  to  satisfy,  with  respect  to  any  pair  of  elements  of  (a,  a),  the 
demands  of  principle  Y,  without  going  beyond  the  elements  of  this  collection 
(a,  S)  itself.  That  is,  whatever  pair  of  elements  of  (a,  5)  be  chosen,  an  ele- 
ment of  (a,  a)  exists  which  is  no  obverse  of  either  of  the  elements  of  the  pair, 
and  which  forms  an  0-triad  when  adjoined  to  the  pair. 
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Hereupon  let  U8  consider  a  system  2^,  which  shall  consist  solely  of  the  ele- 
ments of  the  collection  (a,  a).  Let  there  be  formed,  of  the  elements  of  this 
system  2^,  collections  which  we  shall  call  the  O^-coUections.  These  O^-coUec- 
tions  shall  be  identical  with  those  collections  of  the  elements  of  (a,  a)  which 
are  O-coUections  in  S .  The  O^-coUections  of  the  system  2^  will  now  conform, 
by  construction,  to  principles  I-V  of  the  system  2 . 

But,  in  case  of  the  O^-coUcctions,  principle  VI  will  be  violated.  For  (return- 
ing to  the  system  2 )  consider  any  element  a^ot  a;  and  consider  the  totality  of 
those  elements  a^,  belonging  to  a,  and  such  that  F(a^\xa^)  is  true  in  respect 
of  the  system  2 .  Call  this  totality  the  collection  a;  so  that  a  is  the  collection 
of  those  elements  of  a  which,  in  2,  are  mediators  between  a^  and  x.  By  condi- 
tion (l)^x  itself  does  not  belong  to  a,  and  so  does  not  belong  to  a\  Now,  in 
the  system  2 ,  the  element  a^ ,  since  it  belongs,  by  construction,  to  the  collection 
a\  possesses  a  conjugate  resultant  with  respect  to  a\  Let  r  be  this  resultant, 
so  that,  in  2 ,  c/^(a^r ;  a')  is  true.  It  is  manifest  that  r  is  an  element  such  that 
I^{r\a^x).  Yet  r  is  no  element  of  the  collection  a  or  of  the  total  collection 
(a,  5).  For  if  r  were  an  element  of  a,  then,  by  conditions  (3)  and  (4),  a^ 
would  exist,  belonging  to  a,  and  such  that  jP(a^|raj),  while  a^^r^  and  a^  4=  cc. 
But  a^  would  also  belong  to  a\  and  by  the  definition  of  a  conjugate  resultant 
jP(a^.|ra^)  would  be  true.  Now  F{r\a^x)  is  true;  and  from  F(a^\rx)  and 
i^( r\a^x)  follows  i^( r  |  a^ a^ ) .  If,  at  the  same  time,  jP( a^  | ra^ )^af^s=:r;  which 
is  contrary  to  the  hypothesis.  Thus  r  is  no  element  of  a ,  and  also  cannot  be 
any  element  of  a .  For  since  jP(r  |  a^jc),  if  there  existed  a^  such  that  r^  a  ^ 
JF(  a  I  a^x) ,  and  hence  i^(  a  |  jcy ) ,  would  be  true  of  some  element  a  of  which 
J^( a  I ajy )  would  also  be  true.  In  that  case  0(xy)^  which  is  contrary  to  con- 
dition (1). 

Since  r  does  not  belong  to  a  nor  yet  to  a ,  r  does  not  exist  in  the  system  2^ . 
There  is  then,  in  2^,  no  element  capable  of  meeting  the  requirements  of  prin- 
ciple VI  as  applied,  in  this  system  2^,  to  the  partial  collection  a.  So  principle 
VI  fails  in  2^ ;  and  is  therefore  independent  of  the  other  principles. 

Harvabd  University, 
Cambridge,  Mass. 
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ON   MULTIPLE  INTEGRALS 

BY 

JAMES  PIERPONT 

§1.  Introduction. 

In  the  theory  of  multiple  proper  integrals  the  chief  difficulty  arises  in  the  con- 
sideration of  the  frontier  points  of  the  field  of  integration  91 .  The  older  writers 
as  Gauss,  Dirichlet,  Jacobi  and  Cauchy,  supposed  the  field  31  to  be  bounded 
by  a  finite  number  of  surfaces  of  simple  nature.  In  later  years  the  theory  of 
point  aggregates  has  made  it  possible  to  consider  more  general  classes  of  fields. 
Stolz,  Pringsheim  t  and  Jordan  %  have  made  valuable  contributions  in  this 
direction.  The  work  of  Jordan  is  particularly  important  as  he  has  not  only 
blocked  out  the  way  for  multiple  integrals  in  any  number  of  variables  but  has 
treated  the  case  of  two  variables  with  great  generality  and  completeness. 

Two  fundamental  theorems  in  this  theory  relate  to  the  reduction  of  a  multiple 
integral  to  an  iterated  integral  and  the  change  of  variables  in  a  multiple 
integral.  As  far  as  the  writer  was  aware  a  year  ago  when  he  began  to  consider 
the  general  treatment  of  these  questions,  none  of  the  existing  methods  admitted 
an  extension  to  n  variables,  at  least  not  without  considerable,  complication.  It 
occurred  to  him  that  by  properly  generalizing  the  definition  of  an  integral  the 
grave  difficulties  which  the  frontier  points  create  might  very  readily  be  obviated. 

The  theory  of  integration  which  is  here  given,  was  presented  by  the  author  at 
the  April  meeting  of  the  American  Mathematical  Society  in  1904.  At  that  time 
Professor  Moore  called  his  attention  to  a  paper  of  Stolz's,  §  published  in  1897, 
where  not  only  the  integrals  considered  in  the  present  paper  but  also  another 
class  of  integrals  are  intix>duced.  The  importance  of  the  integrals  first  men- 
tioned seems  entirely  to  have  escaped  Stolz's  observation.  At  any  rate  he 
seems  to  have  made  no  further  use  of  them,  and  to  have  considered  them  more 
as  curiosities.  The  only  theorem  he  establishes  is  theorem  2  of  the  preseut 
paper. 

♦Presented  to  the  Society,  April  30,  1904.     Received  for  publication  May  19,  1905. 

fSitzuDgsberichte  der  Mdnobener  Akadeniie,  vol.  29  (1899),  p.  39. 

t  Journal  de  Mathematiquea,  ser.  4,  vol.  8  (1892),  p.  69,  and  Cours  d' Analyse, 
vol.  1. 

J  Zwei  Grenzwerihcj  von  welchen  daa  ohere  Integral  ein  beaonderer  Fall  i»/,  Sitzangsberichte 
der  Wiener  Akademie,  vol.  106,  abt.  II,  a,  p.  453. 
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§  2.  Preliminary  definitions. 

It  is  convenient  to  represent  the  points  x  =  (a?j,  •  •  •,  aj^)  of  an  w-way  space 
R^  by  a  set  of  points  marked  off  on  m  axes.  Let  us  divide  each  of  these  axes 
into  intervals  of  length  =  c? ;  in  such  a  manner,  however,  that  no  finite  segment 
of  any  axis  contains  more  than  a  finite  number  of  intervals.  We  shall  say  that 
we  have  effected  a  rectangular  division  of  space  of  norm  d.  It  divides  R^ 
into  rectangular  cells  whose  sides  are  of  length  =  e7.  The  boundaries  of  the 
cells  are  planes  parallel  to  the  coordinate-planes.  When  the  lengths  of  the  inter- 
vals are  all  the  same,  these  cells  become  cubes.  The  corresponding  division  may 
be  called  cubical. 

Let  31  be  a  limited  point  aggregate,  i.  e.,  let  no  coordinate  of  any  point  of  9( 
be  greater  numerically  than  some  fixed  number. 

Let  /(«!  ,•••,«„)  be  a  limited  one- valued  function  defined  over  31 .  Let  D 
be  a  rectangular  division  of  space  of  norm  d.  Let  rfj,  cZ,,  rfj,  •  •  •  denote  those 
cells  of  D  containing  at  least  one  point  of  3( .  Without  ambiguity  we  may 
denote  the  volume  of  these  cells  by  the  same  letters. 

Let 

M.  =  max/,         m.  =  min/*,         in  d^  ; 


f{x„....xJ\-^F,        in  31. 


and 

We  shall  set 

(1)  s„=Y.^,d,,      s^^z^.d,. 


which  may  be  called  the  vp2)er  aud  lower  sums  for  the  division  D.  It  is  some- 
times necessary  to  consider  such  sums  over  different  aggregates  as  2t ,  33 ,  •  •  • . 
These  may  be  indicated  by 

where  the  subscripts  indicate  that  the  sums  (1)  are  taken  over  21,  S,  ••• 
respectively. 

The  difference  M^.  —  m.  is  the  oscillation  of  f  in  the  cell  d. .     We  denote  it  by 

osc/.. 

We  remark  here  once  for  aU  that  all  functions  and  point  aggregates  consid- 
ered in  this  paper  are  supposed  to  be  limited.  The  case  when  either  or  both 
are  unlimited  will  be  considered  in  a  later  paper. 

Let  a  =  ( flj ,  •  •  • ,  a^ ) ,  6  =  ( 6^ ,  •  •  • ,  b^^)  be  two  points.  The  distance 
between  a  and  b  is  defined  by 

dist  ( a ,  6 )  =  i/( «,  -  6.  f  +Tr.TC«:^6~7 . 

Trans.  Am.  Math.  Soc.  28  . 
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If  c  is  any  other  point,  we  have 

dist  (a,  c)  =  dist  (a,  b)  +  dist(&,  c). 

Let  9)  be  a  partial  aggregate  of  3(  •  If  the  distance  between  any  frontier  point 
9t  and  any  frontier  point  of  9)  is  =  p  >  0 ,  we  say  S  is  an  inner  aggregate  of  3; 
also  3(  is  an  outer  aggregate  of  93. 

If  %  contains  all  its  limiting  points,  it  is  complete.  If  it  is  complete  and  con- 
tains only  limiting  points,  it  is  perfect 

A  point  aggr^;ate  embracing  none  of  its  frontier  points  is  called  a  region^ 
The  points  x  such  that  dist  (a,  x)^B  form  the  domain  of  a  of  norm  S. 
We  denote  it  by  jDj( a). 

§  8.  Fundamental  theorems. 
Theorem  1.     Let  /(xj ,  •   • ,  x^)  ^  0  6c  defined  over  the  field  % .     Let 

Is  a«  min  Sj, 

with  respect  to  all  rectangular  division  D  of  norm  c?,  however  small.      Then 

(1)  ^mSj,^S. 

The  points  of  3(  lie  in  a  certain  cube  (S  of  edge  C,  The  representation  of  6 
is  formed  of  m  segments  S^ ,  •  •  • ,  S^  on  the  x^ ,  >  •  * «  ^^  axes.  We  may  suppose 
(S  taken  so  large  that  no  point  of  %  comes  within  a  certain  distance  of  any  side 
of  G. 

Since  S  is  obviously  finite,  there  exists  for  each  6  >  0  a  division  A  such  that 

(2)  S^S^<S^\. 

Let  Z)  be  an  arbitrary  division  of  norm  d.  Let  us  superimpose  A  on  Z>,  form- 
ing a  division  E.  The  division  E  is  formed  by  interpolating  certain  points, 
let  us  say  at  most  /k  in  each  of  the  segments  S, 9  •  —9  S^.  The  interpolation  of 
one  of  these  points  may  be  interpreted  as  passing  a  plane  parallel  to  one  of  the 
sides  of  6.  Its  eflfect  is  to  subdivide  certain  of  the  cells  of  6.  The  volume  of 
the  cells  so  effected  is 

^dC^-K 

Hence  the  superimposition  of  A  on  Z),  being  equivalent  to  passing  at  most  m/t 
planes,  affects  cells  of  S  belonging  to  the  original  division  Z),  whose  volume  is 

(3)  V<mtidC'*'-K 
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Let  A  subdivide  d.^  a  cell  of  D  containing  points  of  ^,  into  the  cells 
containiDg  points  of  3(  and  into  ceUs 

«...««.  •■• 

containing  no  points  of  9(.     Then 

where  R  denotes  the  sum  of  those  terms  common  to  Sj,  and  S,.j  corresponding 
to  ceils  of  D  nnaffected  by  the  division  A .     But 


hence 
Thus 


bN  ^3).    If  we  tike 
websve 


<tntidFC-\ 


d< 


irn^FC-'' 


€ 

2 


i'-' 

v- 


foranyd^J'.    But  regarding  jE"  as  formed  by  superimposing  2>  on  A,  we  have 

JMe/SO. 
Tbns 

*lrid»  pnnet  (1). 

S  =  max  ^'^ 


^>ev. 


«»^   ^ 
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Theorem  2.     Let  f{x^,    ",  x^)  be  defined  orer  the  field  S.      Then  the 
limits 

lim  Sp^         litn  S^, 

exist  and  are  finite.     They  are  called  respectively  the  lower  and  upper  inie- 
g^rals  of  /  over  H  and  are  denoted  by 

J/t/a  -//^-^i  •  •  •  ^-^- ;       //^^«  « J/rfx, . . .  cfx. . 

This  is  a  corollary  of  theorem  1.     We  have  only  to  introduce  an  auxiliary 
function 

( 
and  take  the  constant  c  so  that  g  is  either  ;^  0  or  ^  0  in  9(  according  as  we  wish 
to  show  the  existence  of  the  first  or  second  of  the  above  limits. 
When 

we  say  /  is  integrable  in  31 ;  the  common  value  of  these  two  limits  we  denote  by 

and  call  it  the  integral  of  f  over  3( . 

We  may  now  prove  at  once  the  following  theorem : 

Theorem  3.     Let  D  he  any  rectamjular  division  of  norm  d,  and  |.  any 
point  of  %  in  the  cell  d..      Then  if  f  is  integrahle  in  21, 


however  the  D's  and  ^'s  are  chosen.  Conversely  if  this  limit  exists^  f  is  in- 
tegrahle in  31. 

It  is  now  easy  to  show  that  the  usual  criteria  for  integrability  hold  for  the 
present  case. 

An  important  class  of  integrable  functions  are  those  having  limited  variation. 
In  fact,  let  /{x^'^  •  •  •,  aj^)  be  defined  over  3t.  Let  jD  be  a  cubical  division  of 
norm  d  ^  fZ„.     If  there  exists  a  positive  number  to  such  that 

5^J-'osc/;<a), 
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however  D  be  chosen,  we  say  f  has  limited  variation  in  21 ;  otherwise  J  has 
unlimited  variation. 

Theorem  4.     ^y(Xj,  •  •  •,  a;^)  has  limited  variation  in  31,  it  is  integrablp 
in  31. 
For, 

£  d.  osc/.  ^  E  rf"*  oscy;  <  <od. 
But 

lim  (od  =  0 . 

Hencey  is  integrable. 

§  4.  Content  of  point  aggregates. 

In  all  the  following  work  the  notion  of  content  is  fundamental.  This  has 
been  defined  in  various  ways,  e.  g.,  by  Cantor,  Borel,  Jordan.  The  defini- 
tion we  adopt  is  equivalent  to  that  of  Cantor  and  Jordan,  although  on  the 
face,  it  is  different.  We  have  chosen  it  because  of  its  relation  to  the  definition 
of  a  multiple  integral  just  given. 

Let  21  be  any  limited  point  aggregate  in  M^ .  Let  us  effect  a  division  D  of 
space  of  norm  £.     Let 

C?i,    rfj,    ^3,    ••• 

denote  those  cells  of  D  containing  at  least  one  point  of  21 ,  while 

d[,  (Zg,  c?3,  ... 

denote  those  cells  all  of  whose  points  lie  in  21 . 
Then  the  limits 

2t  =  Hm2:^.;         21  =  lim  £<. 

5=0  -  «=:0 

exist  and  are  finite. 
For,  let 

g(x^,  .. .,  x^)=  1  at  points  of  21, 

=  0  at  other  points. 
Then  obviously 


21 


=  cont2l=  fgd3l;         2l  =  cont2l=  f  gd'H, 


The  number  21 ,  21  are  called  the  upper  and  lower  content  of  21 .     When 

i  =  2l, 

their  common  value  is  called  the  content  of  31 ;  in  this  case  we  say  21  is  measur- 
able. 
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We  obaerve  that  criteria  for  the  integrability  of  /(a?,,  •  •  •,  x^)  give  at  once 
criteria  for  the  measurability  of  3( .  When  no  ambiguity  can  arise,  we  may 
denote  the  content  of  9(  by  the  same  letter,  otherwise  we  denote  it  by 

contS. 

When  Cont  21  =  0,  we  say  that  2t  is  discrete.     We  show  at  once : 

JFor  ^  to  be  measurable^  it  is  necessary  that  the  content  of  its  Jrontier  j}oints 
^  be  0  ;  i,  e  that  g  be  discrete. 

With  the  points  of  an  aggregate  91  let  ns  form  partial  aggr^^ates  9(|,  •  •  • ,  2t^, 
such  that  the  aggregate  of  the  common  frontier  points  of  any  two  of  these  aggre- 
gates is  discrete.  We  shall  say  that  we  have  divided  %  into  the  unmixed  aggre- 
gates "H^,  ...,3l..    . 

Theobem  5.  If  we  divide  %  into  the  unmixed  aggregates  Stj ,  *  •  •  ^  31. ,  then 

a-a,  +  . ..  +  !.;      ««a,  +  ...  +  a.. 

For,  let  Z)  be  a  rectangular  division  of  norm  £.  Let  §x>  ^  ^^^  volume  of 
those  cells  of  D  which  contain  points  of  more  than  one  of  the  aggr^^tes 
Sli)  "1  St.*  Let  §i,/>  be  the  volume  of  those  cells  containing  points  of 
2l.(i=l, 2, ...,«).'   Then 

(1)  31^  =  Kd  +  •  •  •  +  9i..2,  ^  31^  +  «§/>. 

By  hypothesis 

Hence  passing  to  the  limit  in  (1),  we  get  the  first  half  of  the  theorem.  The 
other  half  follows  similarly. 

In  showing  that  certain  aggregates  have  content,  the  two  following  theorems 
are  sometimes  useful.     They  rest  on  the  notion  of  a  total  difference  quotient. 

Let  f{x^y  •  •  -,  x^)  be  defined  over  31.  Let  as  =  (x, ,  •  •  •,  x^)  be  an  arbi- 
trary but  fixed  point  of  21  while  x'  =  (Xj  +  A^ ,  •  •  • ,  x^  +  A^ )  is  a  variable  point 
of  31 .     Let  A/" =/( x')  — /( X  ) ,  and  Ax  =  dist  ( x ,  x').     The  quotient 

Ax 

may  be  called  the  total  difference  quotient  of  f  at  x.     The  point  x   may,  or 
may  not,  be  restricted  to  remain  near  x ,  as  required. 
Let 

be  defined  over  21 .    As  x  =  (x, ,  •    • ,  x,,^ )  ranges  over  31 ,  the  point  y=(yi ,  •  •  • »  y„ ) 
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will  range  over  an  aggregate  93  in  an  r^-way  space  R^ .     We  call  ^  the  image 
Theorem  6.     If  %  is  discrete^  and  the  functions 

have  limited  total  difference  quotients^  the  image  ^  of  3i  is  discrete. 
Theorem  7.     Let  the  functions 

yi=/i(»i'  •••»aj^)i  •    -I  y«=/n(a5n  •••,»«,)        (n  =  m  +  r>m) 

have  limited  total  difference  quotients  in  31  eoccept  at  points  of  a  discrete  aggre- 
gate A .  In  the  cells  of  any  cubical  division  of  norm  d^d^y  let  at  least  m  of 
these  difference  quotients  remain  limited.  Then  S3 ,  th^  image  qf^iyis  discrete. 
We  prove  only  theorem  6,  as  the  demonstration  of  7  is  similar.  Let  us  effect 
a  cubical  division  D  of  the  x-spaoe  of  norm  d.  Since  the  difference  quotients 
are  limited, 

\Af\<dG  (.•=l,2,...m), 

when  X  ranges  over  any  one  of  the  cells  d.oi  D.  Hence  each  coordinate  remains 
in  an  interval  of  length  <  (2G^  as  x  ranges  over  the  points  of  91  in  ef^.  Hence 
y  =  (yj,  •  •  •,  y„)  remains  within  a  cube  of  volume  d'*G'*,  and  thus 

»  ft 

As  lim  az>  =  0,  it  follows  that  »  =  0  ;  hence  cont  33  =  0 . 

It  is  convenient  to  extend  the  terms  cells,  division  of  space  into  cells,  etc.,  as 
follows.  Let  ns  suppose  the  points  of  any  aggregate  91 ,  which  may  be  R^ , 
arranged  in  partial  aggregates  which  we  shall  call  cells  and  which  have  the  fol- 
lowing properties : 

1^.  There  are  only  a  finite  number  of  cells  in  any  limited  portion  of  space. 

2^.  The  frontier  of  each  cell  is  discrete. 

8^.  Each  cell  lies  in  a  cube  of  side  =  S. 

We  shall  call  this  a  division  of^of  norm  S . 

Let  A  be  such  a  division  of  space.  As  in  the  case  of  rectangular  division, 
31^  may  denote  the  contents  of  all  the  cells  which  contain  at  least  one  point  of 
9( ;  while  3[^  may  denote  the  content  of  those  cells  all  of  whose  points  lie  in  31 . 

It  is  now  easy  to  show  that 

Theorem  8.  lim  9t^  =  91 ,         Hm  31^  =  31 . 

6=0  5=0    -  - 

If  31  does  not  contain  all  of  its  limiting  points,  these  may  be  adjoined  to  31 .  The 
resulting  aggregate  is  called  the  completed  aggregate. 
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Theorem  9.  An  aggregate  31  arid  its  completed  aggregate  S  have  the  same 
upper  content 

For,  let  as  effect  a  rectangular  division  D  of  norm  <2.  The  cells  containing 
points  of  9  fall  into  two  classes :  1^  those  cells  c2j,  <2,,  •  •  •  containing  points 
of  9t ;  2^  those  cells  e^^  e^,  •  >  •  containing  no  point  of  9( .  Each  of  these  latter 
cells  as  e.  is  contiguous  to  at  least  one  cell  d^.  If  e^,  •  •  •  are  contiguous  to  d^ 
we  will  join  them  to  c?^  to  form  a  new  cell  8^,  in  such  a  way  that  each  e-cell  has 
been  joined  to  some  one  (2-cell.  The  cells  3^,  £,,•  •  •  together  with  the  cells 
d|)  ^2  9  •••  which  remain  unchanged  by  this  process  of  consolidation  define  a 
division  A.     The  norm  B  of  this  division  converges  to  0  with  d. 

But  for  the  division  A , 

and  by  theorem  8 , 

Hence 

We  may  now  show  at  once  : 

Theorem  10.  ^  ^  is  measurable^  its  completed  aggregate  is  also  measur- 
able ;  and  both  have  the  same  content. 

Theorem  11.  If  ^  is  measurable^  it  has  the  same  content  as  its  deriva- 
tive a'. 

Connected  with  any  complete  aggregate  31  of  upper  content  9  >  0 ,  is  an 
aggregate  93  ^  obtained  from  91  by  a  process  of  sifting,  and  therefore  it  may  be 
called  the  sifted  aggregate  of  91 . 

Let  Z)j,  Z),,  •  •  •  be  a  set  of  rectangular  divisions  of  space  each  formed  by 
superimposing  a  division  on  the  preceding.  Let  the  norms  of  these  divisions 
converge  to  zero.  The  division  D^  effects  a  division  of  %  into  unmixed  partial 
aggregates.  Let  %^  denote  those  partial  aggregates  whose  upper  content  is  >  0 . 
Then  %^^%,  Similarly  Z),  defines  a  partial  aggregate  of  9(| ,  such  that  91,  =  9{ . 
As  this  process  goes  on,  the  cells  of  D^  containing  points  of  3(^  diminish  in  size 
and,  for  n  s  00,  converge  to  a  set  of  points  93 .  The  upper  content  of  the  points 
of  %  in  the  domain  of  any  point  of  93  is  >  0.  Thus  each  point  of  93  is  a  limit- 
ing point  of  %\  and  hence  is  a  point  of  91.  It  is  now  easy  to  show  that  93  con- 
tains no  isolated  points,  and  is  hence  perfect.     Moreover 

§  5.  Some  properties  of  multiple  integrals. 

Theorem  12.  Let  f{x^j  •  •  •»  ^m)  ^^  defined  over  the  field  21.  Let  A  be 
any  division  of  norm  S  into  cells  Sj »  Sj,  .  •  • ,  not  necessarily  rectangular.  Let 
3Jlp  m^  be  respectively  the  maximum  and  minimum  of  fin  8.     Then 
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(1)  lim>5^  =  Um22aW.8.=  f/rfa. 

6=0  J« 

(2)  liin;S^  =  Hm22m,S.  =   ffd%. 

For,  let  Z)  be  a  cubical  division  of  novmd.  Let  c7|,  c?,'  *  **  ^^  ^^^  ^Us  of  Z) 
containing  points  of  31 ;  while  M.^  m.  denote  as  usual  the  maximum  and  mini- 
mum of  f\n  d..  Let  |^/|  =  JF  in  31.  For  convenience,  we  also  take  JF=  1 . 
Then  for  each  e  >  0  there  exists  a  d  such  that 


m 

We  may  also  take  d  so  small  that 

(4)  a^~i<g^. 

Consider  now  the  division  A .     Those  of  its  cells  containing  points  of  31  fall 
into  two  classes :  1^  those  lying  in  only  one  cell  oi  D;  2^  those  lying  in  more 
than  one  cell  of  Z>.     Let  S^i ,  S^,  •  •  •  be  the  cells  of  the  1^  class  lying  in  c?. ;  let 
S| ,  $2 '  "  *  <l6iiote  all  the  ceUs  of  the  2°  class. 
Then  the  content  of  all  the  cells  of  A  containing  points  of  %  is 

(5)  a^=z8*+i:8;. 

But  since  the  frontier  of  %jj  is  discrete,  there  exists  a  S^  such  that 

for  any  B  =  S^^.     As  moreover  %^  converges  to  3t,  we  may  also  suppose  S^  small 
enough  that 

From  (5),  (6)  and  (7)  we  have 
which  with  (4)  gives  finally 

(8)  li:s*-a^l<4^- 

Let  3K,.;fc,  30? [.  be  the  maxima  of  /in  S.j^,  8^  respectively.     Then 
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Ileiice 
With  (6; 

this  gives 

S,^ZMB,,+  FZK 

(9) 

|5,-z:^Ai<4- 

But 

\s^- 

E3/,«„ 

i^i^(2:rf.-z:«.)- 

F{^i 

.-.z:««) 

(10) 

<4.by(8). 

From 

(3),  (9)  and 

1  (10)  we  hare 

\s.-  Tk*. 

«^s.. 

LJuly 


This  proves  (1) ;  in  a  similar  manner  we  may  establish  (2). 

It  is  now  easy  to  prove  the  following  theorems : 

Theorem  18.  Let  ^(a, ,  •  •  •,  ac^)  6e  deHned  over  the  mecLSurahle  fidd  31 . 
Let  A  he  an  unmixed  division  of  %  of  norm  S ,  Let  S  be  the  m^aximum  of 
S^  and  S  be  the  minimum  of  8^  for  all  divisions  A  of  norm  i  =  S^.      Tlien 


S^jfd%,        S^  ffd%. 


Theorem  14.     Letf{x^^  •    ■,  a!^J  6e  integrahle  in  21.     Let  93^  be  a  partial 
aggregate  depending  07i  rjy*  0  such  that  58^  =  31  a«  i;  =  0 .      Then 


lim  f/S^-  ffd^. 


Theorem  15.  Let  f(x^^  ••,»,,)  he  defined  over '^ ,  Let  93  be  a  partial 
aggregate  of  31  such  that  31  =  ^ .      Then 

Cfd%  =  ^fd^:& ;    r /a3i  =  r /a« . 

Theorem  16.  Let  f{x^^",,x^^)he  defined  over  the  measurable  field  31, 
which  is  an  inner  field  of  >8.  Let  5^ (sKi,  •••,»„,)  =  0  in  58,  except  at  the 
poiJits  of  31  lohere  it  =y(5Cj,  •  •  • ,  sc^  ).      Then 

{fd%  =^(gdid;  ffd%  =  r  gd^l] . 
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Theorem  17.  Let  /{x^^    --^  x^)be  defined  over  thefidd  91  which  is  divided 
into  the  unmixed  fields  Sttj ,  •  •  • ,  31, .     TTien 


t/«  *Jni  •Jul, 

f/dM=  [+...+  f. 
Theorem  18.     Letf(x^ ,  •  •  • ,  a;^ )  ^  X  in  31 .     Then 

Jfd^mm. 

Theorem  19.  Let  f{x^,  ••i^m)  ^*  defined  over  the  field  91.  Let  91^ 
denote  the  points  of  31  at  which  \/\  =  <r.  j^^^  is  discrete  for  any  o-  >  0,  y 
is  integrahle  and 

'  fd^^O. 


x^ 


Theorem  20.  Let /(x^^  •••,  x^)  be  integrahle  in  the  complete  .field  91. 
Let  6  be  the  points  of  %  at  which  f  is  continiLOiis.     Then  S  =  ^ . 

For,  if  91  is  discrete,  the  theorem  is  true  even  if  f  has  no  points  of  continuity 
in  91,..  Let  us  therefore  suppose  that  ^ >  0.  Let  ^  be  the  sifted  aggregate 
of  91 .  Let  Z>  be  a  rectangular  division,  and  d  one  of  its  cells  containing  points 
of  S .  We  can  choose  D  so  that  no  cell  has  points  of  99  only  on  its  sides.  Let 
a  be  the  points  of  91  in  {f.  Since  y  is  integrahle  in  91 ,  it  is  in  a .  We  can  there- 
fore choose  a  system  of  cubical  subdivisions  of  a  whose  norms  converge  to  zero, 
such  that  for  each  subdivision  there  is  a  cube  lying  in  one  of  the  preceding  divi- 
sion, in  which  the  oscillation  is  as  small  as  we  choose.  These  cubes  converge 
to  a  point  in  a  at  which  f  is  continuous.  Returning  now  to  the  original  divi- 
sion Z>,  we  see  that  every  cell  of  D  which  contains  a  point  of  S  contains  a 
point  of  6.     Hence  e^,  =  S/,;  hence  6  =  S  =  i. 

Theorem  21.     Letf{x,,  • .  ,  x^)^ 0  m  91.     If 


X 


/rf9t  =  0, 

the  points  31^  at  which  f  is  eqval  to  or  greater  than    an  arbitrarily  small 
positive  number  cr,  form  a  discrete  aggregate.     Let  3  denote  the  points  at 
which  y  =  0 .     If  31  is  complete^  ^  =  3  • 
For, 


<r2l„ 
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Hence,  ^^  »  0 .  To  prove  the  second  part  of  the  theorem,  let  6  be  a  point  of 
the  sifted  aggregate  9  of  91,  at  which  f  is  continuous.  Then  we  can  choose 
8  >  0  so  small  that  y  =  X>  0  in  any  2)^(6).  But  the  upper  content  of  the 
points  a  of  31  in  -D(6)  is  a  >  0.     Hence 


r/cf2l^r/daSXa>0. 


Hence  y=s  0  at  every  point  of  continuity  of  9(  in  93 .  Let  now  Z>  be  a  rectan- 
gular division  of  space.  Any  cell  of  D  which  contains  a  point  of  S  also  con- 
tains a  point  of  continuity  lying  in  ^ .     Hence 

which  gives 

3^^.         or         3  =  «. 

§  6.  Heduction  of  multiple  integrals  to  iterated  integrals. 

Let  31  be  a  point  aggregate  in  H^.  As  sb  =  (aSj,  •  •  -,  x^)  ranges  over  31,  x. 
will  range  over  an  aggregate  ]c.  on  the  a; .  axis  which  we  call  the  projection  of  % 
on  this  axis. 

The  points  of  H^  for  which  one  of  the  co<3rdinates  as  x.  has  a  fixed  value 
X.  =  1^  lie  in  an  (m  —  1  )-way  plane  perpendicular  to  the  x.  axis.  We  denote  it 
by  P^j  or  more  shortly  by  P. .  The  points  of  31  in  P^^  form  a  plane  section  of 
31  corresponding  to  the  point  f  ^  in  f . ,     We  denote  it  by  ^^^  or  by  ^^ . 

Asaj=(xp  "jX^)  ranges  over  31,  the  point  (ajj,  ",x._^,  0»«i+i»  ••»««) 
ranges  over  an  aggregate  Xp  called  the  projection  of  %  on  the  plane  x,.  =  0. 

Let  us  fix  all  the  coordinates  of  a?  —  (  Xp  •  •  • ,  x^  )  except  x. .  Then  x  describes 
a  line ;  the  points  of  31  on  one  of  these  lines  we  call  the  rectilinear  section  of  3( 
parallel  to  the  x.  axis.  We  mention  a  few  properties  of  these  aggregates,  whose 
demonstration  is  readily  given. 

Theorem  22.  If  31  is  complete^  so  are  the  aggregates  5^,  X,.,  a^,  ^.,  above 
mentioned. 

Theorem  23.  Let  31  he  measurable.  Let  i^  denote  those  points  of  r^  for 
which  the  upper  content  of  the  frontier  points  of  ^.is=a',  The7i  r^  is  dis- 
crete. 

A  similar  theorem  holds  for  the  aggregate  3£^ . 

Theorem  24.  Let  f{x^^  •  •  •,  x^)  6e  defined  over  the  measurable  field  31. 
Then 

(1)  ffd3l  ^  fdx,  ffd%  ^  fdx,  ffd%  ^  Ifd^. 

(2)  {fd%  ^  fdx,  ffd^  ^   fdx,  Cfd%  S  f/M. 
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Let  US  prove  (1) ;  the  demonstration  of  (2)  is  similar.  Let  31  lie  in  an  outer 
cube  ^ ,  whose  projection  on  the  x.  axis  is  6 ,  and  whose  plane  sections  perpen- 
dicular to  this  axis  are  iCl .     We  introduce  the  auxiliary  function 

g{x,,  . . .,  x^)  =/(cCp  . . .,  a;^)  in  21, 

=  0  at  other  points  of  9 . 

Let  Z?  be  a  cubical  division  of  H^  of  norm  d.  This  divides  93  into  cells  which 
we  denote  by  S.  It  also  divides  the  plane  section  D  into  cells  8\  and  the  seg- 
ment 6  into  intervals  which  we  denote  by  S^\ 

Let  Mf  M'  be  the  maxima,  and  m,  m!  the  minima  of  g  in  the  cells  S,  h\ 
Let  l/l  =  JFin  31.  Let  (?,  G  denote  the  upper  and  lower  integrals  of  g  in 
the  field  ^ .     Then  for  each  e  >  0  there  exists  a  d^  such  that 

(8)  G?-€<5:^«=z-^«<^+«  (rf^^o). 

Also  for  each  x^  of  6 

or  since  m  =  m' ,  and  M'  =  Jf , 

Multiplying  by  5"  and  summing  over  b  we  have,  since  h  =  S'S", 

Combined  with  (8),  this  gives 

b  c'd 

or 

(4)  Gr<rr<rr<G'. 

t/tt/D        t/b  «/0 

From  (4)  and  theorem  16  we  have 

(5)  f/rfa^   fcZaj,  f^cZD^   frfaj,  f^ciCl^    f/dai. 

«/a  «/b         «/o  «/b         t/Q  «/a 

Let  ^^  denote  the  upper  content  of  the  frontier  points  of  ^,..     Then 


(6)  I  f/ci^P-  fsrdD 


^F%- 
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Let  us  set 

=  0 ,  f or  other  points  of  6  - 
Then  by  (6),  since  the  points  of  j.  for  which  g^^  >  cr  form  a  discrete  set, 

(7)  Chdx,=  fdx,  fgd€i. 
But  obviously 

(8)  1  hdx.=  I  hdx.. 
Hence  from  (7),  (8), 

(9)  fdx,fgd£L^   fdx,ffd%. 

In  the  same  way  we  show 

(10)  f  dx,  r  <7dD  =  f  dx,  fyd^p, . 

By  placing  (9)  and  (10)  in  (5)  we  get  (1). 

In  a  similar  manner  we  may  prove  : 

Th£OB£M  25.     Let  31  be  measurahle.     Let  X.  he  its  projection  on  the  plane 
x.==0.     Let  a.  be  the  rectilinear  section  of  91  parallel  to  the  x^  axis.     Then 

ffd^^  frfx,  ffdx,^  fd?ic,  C/dx,^  f/aa. 

ffd%^  fdJi,  ffdx,^  fdX,  ffd»:,^  ffd^- 

«/9  Jii  J  Pi  «/3Ei  Jen  Jn 

Many  theorems  follow  now  from  24  and  25  as  corollaries.     We  state  only  the 
two  following. 

Theobem  26.     Let  f{x^,  •  •  •,  a^)  6e  integrahle  in  the  measurable  field  S. 
Let  i„  denote  those  points  of  f^  for  which 


Then  j^  is  discrete.     J^  31  is  complete^  the  upper  content  of  the  points  at  which 
the  above  difference  vanishes  is  f.. 

Theorem  27.     Let  /(ajj,  •  • .,  a;^)  6e  integrable  in  the  measurable  complete 
field  21 .     Let  p .  denote  those  points  of  i.  for  which  the  integrals  over  the  cor- 
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responding  plane  sections  ^^  exist.  Let  3)^  denote  the  points  of  X,.  Jor  which 
the  integrals  over  the  corresponding  rectilinear  sections  a,,  exist.     Then 

ffd%  =  fdx,  ffd%  =  fd%  f/dx,. 

§  7.    Change  of  variables. 
Let  the  transformation  T  be  defined  by  the  equations 

T;         a;,  =  <^,(<„  •••,  tj,  ...,  a;„  =  <^„(<„  •••,  <J, 

where  the  <^'s  have  continuous  first  derivatives  in  the  region  i?.  Let  the  cor- 
respondence between  H  and  its  image  i? j  be  uniform.  Let  the  determinant  of 
the  transformation  «/=(=  0 .     We  say  the  transformation  T  is  regular. 

It  is  easy  to  show  now  that  to  any  inner  aggregate  91  in  i?  corresponds  an 
inner  aggregate  Slj  ini  Hj..  To  inner  and  frontier  points  of  3(  oorrespond^sim- 
ilar  points  in  ^It*,  and  conversely. 

As  a  direct  consequence  of  theorem  6  we  have 

Theorem  28.  j[f  either  SI  or  9(7.  i«  measurable^  so  is  the  other.  Also  if  one 
is  discrete^  so  is  the  other. 

We  show  next  how  the  transformation  T  can  be  expressed  as  the  product  of 
two  simpler  regular  transformations. 

Since  J^  Q^  not  all  the  first  partial  derivatives  vanish  at  any  point  of  R. 
Let 

at  a  point  t  and  hence  in  a  certain  domain  2>2(^)  of  t.  Let  us  define  the  first 
of  these  new  transformations  by 

r,;      Wi  =  ^i,  •••,  t^^_,  =  ^«_i,      t^^  =  </>.(«i,  •••,  c)- 

Since  T^  is  regular,  it  can  be  inverted,  giving 

«,  =  w,,  ...,  <,„_,=w^_i,  t^=d{u,,  ...,  uj, 

where  d  is  a  one-valued  function  having  continuous  first  partial  derivatives  in  a 
certain  domain  D^(u).  If  £'  =£  is  taken  sufficiently  small,  the  image  U  of 
Dif{t)  lies  in  D^{u).     The  second  transformation  is 

and  is  defined  over  U. 
Obviously  now 

T^  T,l, 
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when  t  ranges  over  D^,(t)^  and  the  determinant  J^  ot  T^  ia  ^  0^  since  the 
determinants  «/,  J^  of  T  and  Tj  are  ^r  0 ,  by  hypothesis. 

Let  31  be  an  inner  aggregate  oi  R,  It  is  easy  now  to  show  that  we  can  effect 
a  cubical  division  of  the  ^space  of  norm  d  such  that  for  the  points  of  %  in  each 
cell  dj^^  there  exist  two  transformations  T^^^y  T^^^  of  the  kind  just  considered 
such  that 

(1)  1  =  TfTf. 

For  we  can  take  d  so  small  that  not  all  the  first  partial  derivatives  vanish  in 
any  cell,  since  otherwise  «/=  0  at  some  point  in  this  cell.  Next,  making  use  of 
the  uniform  continuity  of  our  functions,  we  show  that  the  norms  ri  of  the  domains 
i)^(w),  and  hence  the  norms  8'  of  D^,(^t)  considered  above,  do  not  sink  below 
some  positive  number,  as  t  ranges  over  any  inner  region  of  R.  Thus  taking 
cZ  >  0  small  enough,  the  relation  (1)  holds  in  each  cell  containing  a  point  of  3(. 
Theorem  29.    Let 

define  a  regvlar  transformation  of  determinant  J  in  the  region  R ,  Let  %  be 
any  inner  perfect  measurable  aggregate  of  R  and  let  X  be  its  image.  Let 
y(a3j,  •  •  •,  sc^)  6e  continuous  in  X.     Then 


(2)  j/{^.^'-^^Jdx,^--dx^^  jy\fdt. 


dt^ 


For  7?*  =  1 ,  the  theorem  is  obviously  true.  Let  us  therefore  assume  it  correct 
for  m  —  1 ,  and  show  it  is  so  for  m .  As  just  shown,  we  can  effect  a  cubical 
division  of  the  ^space  such  that  the.  relation  (1)  holds  in  each  cell  containing 
points  of  2^.  But  if  (2)  holds  for  each  of  these  partial  aggregates  of  2;,  it 
obviously  holds  for  % .  We  may  therefore  assume  without  loss  of  generality 
that  the  relation  (1)  holds  throughout  X .  Let  U  be  the  image  of  X  in  the 
«-space,  while  9^,  ^^  are  the  images  of  p^,  ^^.     Then 


\fdx,''dx^=  I  dx^  I    fdx,'--dx^^, 


<^«„-i 


•  •  •  du. 


The  application  of  the  transformation  T^  to  the  integral  on  the  right  gives  sim- 
ilarly, 
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This  and  the  preceding  equation  give  (2 ). 

As  a  corollary  of  the  last  theorem  we  have 

Theorem  80.  Let  d^  denote  the  volume  of  one  of  the  cells  of  a  rectangular 
diviinon  D  of  norm  d  in  the  t-space.  Let  %  he  any  inner  region  of  R  and  H 
its  image.  To  the  division  D  correspond  a  division  A  of  the  x-space  into  cells 
of  volume  S^,     The  cells  of  bk  following  within  'Si  are  unmixed^  and 

^*=KI^*  +  ^*^         tind^, 

where  |  €^  |  <  e  uniformly^  if  d  is  taken  sufficiently  small. 

Theorem  31.  Let  The  a  regular  transformation  of  determinant  J  defined 
over  a  region  R,  Let  %  he  an  inner  aggregate  of  R  and  let  X  he  its  image. 
Let  y(«i 5  "'^x^)he  limited  in  X .     Then 

(3)  jf{x,,---,xJdlSi=jy\fd%, 

(4)  jf{^',^--^=^„)dJi=jW\fdZ. 

Let  us  prove  (3) ;  the  demonstration  of  (4)  is  similar.  To  the  end  we  effect 
a  cubical  division  of  the  f-space  of  norm  d .  To  it  corresponds  a  division  of  H 
into  cells  of  norm  h . 

Let  us  consider  the  integral  on  the  left  of  (3).  Employing  the  usual  notation, 
and  letting  J.  denote  the  value  of  ^/at  some  point  of  d.^  we  have 

=-i:M,\j,\d,+Y.^,M,d,. 

Here 

(6)  \Y.e,MA,\<eF^^tX^V. 

which  may  be  made  as  small  as  we  choose,  on  taking  d  sufficiently  small. 
Let  us  consider  now  the  integral  on  the  right  of  (3).     In  the  cell  d. , 

max/min|e/|^  max  -  f\J\  =max /max  |e/|, 

if  max/*  is  positive,  while  the  signs  are  reversed  if  it  is  negative.     Let  us  set 

M'.  =  max-yie/"!,  in  d.. 
Then 

where  |  €[.  |  <  e  uniformly. 
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Thus 

(7)  'LM\d,^T.M,\J\d,+  T.<M,d,, 

where,  as  in  (6), 

Thus  (6)  and  (7)  give 

which  proves  (3). 

Outer  Island,  May,  1905. 
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SUR  L'ECART  DE  DEUX  COURBES  ET  SUR  LES  COURBES  LIMITES' 


PAR 


MAURICE  FRECHET 


Definition  de  Varc  de  courbe  continue. 

Appelons  arc  de  courbe  continue  I'ensemble  ordonnS  form^  par  la  suite  des 
points  que  Ton  obtient  en  faisant  croltre  t  de  t^k  t^  dans  les  formules : 

0)  ^=/(0,      y-^ffin,      z  =  h{t), 

0}Xf,g,h  sont  trois  fonctions  de  t  uniform^ment  continues  de  t^kt^.  II  pourra 
d'ailleurs  arriver  que  f,g,h  soient  en  m^me  temps  constantes  dans  un.  inter- 
valle  partiel  (^q,  <| )  de  valeurs  de  t ;  alors  toutes  les  valeurs  de  t  comprises  dans 
cet  intervalle  correspondent  k  un  m^me  point  de  la  courbe.  (II  est  utile  de  ne 
pas  exclure  ce  cas  pour  ne  pas  nuire  h  la  g6neralit4  des  propositions  que  nous 
voulons  6tablir).  En  particulier,  il  pourrait  se  faire  que/,  5^,  h  soient  con- 
stants de  t^kt^;  alors  la  courbe  se  r^duit  k  un  seul  point.  D'ailleurs,  dans 
tout  autre  cas,  les  points  de  la  courbe  occupent  dans  Pespace  une  infinite  non 
d^nombrable  de  positions. 

Lorsque  f,g,hne  sont  en  m^me  temps  constants  dans  aucun  intervalle  de 
valeurs  de  t,  nous  dirons  que  les  formules  (1)  fournissent  une  representation 
normcUe  de  la  courbe. 

II  pent  arriver  que  les  formules  (1)  donnent  k  x,  y^zles  m^mes  valeurs  pour 
deux  valeurs  difi^rentes  de  < :  ^^ ,  <{  sans  que  fyg,h  soient  constants  entre  ces  deux 
valeurs  de  t.  Alors  t'^  et  t[  correspondent  k  deux  points  de  la  courbe  que  noun 
considtrerons  comme  distinds  quoiqu'ils  occupent  la  m^me  position  dans  Tespace ; 
nous  aurons  ainsi  un  point  multiple  de  la  courbe. 

Recherche  de  toutes  lea  repr^entations  paramUriques  d^une  courbe  continue. 

Consid^rons  maintenant,  outre  les  formules  (1),  les  formules  : 

(2)  x^<l>{u),         y=:f(u),         2  =  x(w) 

oH  <l>y  yjr,  X  sont  des  fonctions  de  w,  uniform^ment  continues  dans  I'intervalle 

*  Received  for  publication  May  25,  1905.  Presented  to  the  Society  at  the  samnier  meeting, 
1905. 
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(Ujj,  Wj).  Ces  formules  (1)  et  (2)  repr6sentent  deux  ensembles  de  points 
ordonn^  :  Cet  P.  Nous  dirons  que  ces  formules  repr^sentent  la  m^me  courbe 
lorsque  les  ensembles  ordonnis  C  et  F  sont  superposables.  Xous  entendons  par 
1^  qu'on  pent  ^tablir  entre  les  points  de  C  et  de  F  une  correspondance  univoque  et 
r^ciproque  de  fayon  que  deux  points  correspondants  occupent  la  m^me  position 
dans  I'espace  et  que  deux  points  quelconques  de  C  soient  trouv^s  dans  le  m6me 
ordre  relatif  que  les  deux  points  correspondants  de  F  quand  on  parcourt  C  et  F 
dans  les  sens  des  t  et  des  u  croissants.  Observons  que  d'apr^s  cette  definition, 
les  courbes  C  et  T  peuvent  6tre  form6es  avec  les  mdmes  points  de  I'espace  et 
6tre  cependant  distinctes.* 

Cherchons  les  relations  qui  doivent  exister  entre/,  g,  h;  <^,  '^,  %  pour  que 
les  formules  (1)  et  (2)  repr^sentent  la  m^me  courbe,  au  sens  que  nous  venons 
d'indiquer. 

1°  Pour  cela,  supposons  d'abord  que  les  representations  (1)  et  (2)  soient  nor- 
males.  Alors  k  deux  valeurs  distinctes  de  t  correspoudront  deux  points  distincts 
(quoique  pouvant  coincider  en  position)  de  la  courbe  C  et  reciproquement.  De 
m^me,  tout  point  de  F  correspondra  k  une  seule  valeur  de  u  et  r6ciproquement. 
Par  suite  la  correspondance  entre  les  points  de  C  et  de  F  se  traduira  par  une 
correspondance  univoque  et  r6ciproque  entre  les  valeurs  de  <  et  de  u,  dans 
laquelle  t  etu  croissent  en  m^me  temps.  Autrement  dit,  on  aura,  pour  deux 
points  correspondants : 

0  etant  une  fonction  de  t  qui  croit  constamment  de  u^  jusqu'^  u^  lorsque  t  croit 
de  fQ^t^.  Cette  fonction  doit  passer  par  toutes  les  valeurs  de  u  intermMiaires 
entre  u^  et  u^ ;  comme  elle  est  aussi  croissante,  elle  sera  done  n^cessairement 
continue.     Et  Ton  aura  de  t^ht^i 

(3)      f{t)^4>iO{t)l,      ff{t)^ir[e(t)-],      hii)^x[Ht)l- 

Reciproquement,  6tant  donn^e  la  representation  normale  d'une  courbe  C  les  for- 
mules (1)  definiront  la  m^me  courbe  lorsqu'on  prendra  iK)ur  /,  ^,  A,  les  fonc- 
tions  definies  par  (3)  ot  0{t)  est  une  fonction  continue  et  croissante  de  t;  et  la 
representation  parametrique  (1)  sera  aussi  norraale.f 

2°  Supposons  maintenant  que  les  courbes  Cet  F  soient  donnees  par  les  repre- 
sentations (1)  et  (2)  choisies  arbitrairement,  non  necessairement  normales  et  cher- 
chons encore  la  condition  pour  que  ces  deux  courbes  coincident.  Tout  d'abord, 
si  I'une  se  reduit  k  un  seul  point  il  en  sera  de  meme  de  Tautre.     Dans  le  cas 


*I1  saffitde  prendre: /SB  ^sO,  Asssin  <;  0  s  V  =  0,  ;r  sSi/n-gin*  7r«/2<,  f^  =  iio  =  — ir/a , 
/j  =  Ui  = -h 'r/a .     Voir  Legons  mr  VinUgration,  par  Hbnbi  Lbbesgue,  Paris,  1904,  p.  40. 

t  En  g^n^Tal,  on  se  oontente  de  dire  qae  par  definiiiony  les  formales  (1)  et  (2)  defioissent  la 
mSme  oonrbe,  si  1*  on  pent  trouver  une  fonction  telle  que  d{i)  donnant  lieu  aux  identity  (3). 
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contraire  montrons  que  Ton  peut  ramener  le  probl^me  au  pr6c6dent.  Autreraent 
dit :  une  courbe  continue  qui  ne  se  reduit  pas  d  un  seul  point  a  toujours  au  moins  une 
reprisentaiion  paramitrique  normale.  En  effet,  consid6rons  tons  les  intervalles 
I  oiify  g,  h  sont  h  la  fois  coustants.  Ces  intervalles  sont  sans  points  communs, 
sans  quoi  on  pourrait  les  remplacer  par  de  plus  grands.  Or  il  est  facile  de 
d^montrer  que  si  Ton  se  donne  sur  Taxe  des  t  entre  t^  et  t^  un  ensemble  quel- 
conque  d'intervalles  I  sans  points  communs,  et  n'occupant  pas  tout  le  segment 
(^o>  ^i)'  ^^  P®^^  trouver  une  fonction  continue:  8  =  a(t),  allant  sans  jamais 
d^croitre  de  0  ^  1  quand  t  croit  de  t^  h  t^  et  qui  n^est  constaute  que  dans  chacun 
des  intervalles  I.  Alors  k  chaque  valeur  de  s  correspond  une  valeur  de  t  ou 
une  infinite  de  valeurs  de  t  comprises  dans  un  m^me  intervalle  oil/,  g,  h  sont 
constants.  D^  lors,  k  une  m^me  valeur  de  8  correspond  un  seul  point  de  C  et 
on  peut  6crire  :  / 

/(O  =/o(»),        9{i)  =  ffM>        Ht)  =  A,(8), 

t  variant  de  ^^  ^  ^j  et  8  de  0  H  1 ;  et  h  deux  valeurs  de  8  distinctes  correspon- 
dront  deux  points  de  C  distincts  (mais  qui  coincident  peut-^tre  en  position). 
Alors,  si  nous  consid6rons  les  formules : 

^=/o(«);         y=5^o(«)>         ^='^o(«)  (0<«<1). 

nous  pourrons  dire  qu^elles  constituent  une  representation  normale  de  C.  Car 
lorsque  8  croit,  on  retrouve  les  points  de  C  chacun  une  seule  fois  et  dans  le  m^me 
ordre.  Du  moins  cette  affirmation  sera  compl^tement  justifi^e  d^  que  nous 
aurons  prouv6  que  /o,  ^g,  s^  sont  uniform6ment  continues  de  0  ^  1.  Or  sMl 
n'en  6tait  pas  ainsi,  on  pourrait  trouver  une  infinite  de  valeurs  de  8  distinctes  et 
comprises  entre  0  et  1  :  «j,  «2>  *8^  " '  •>  *nj  *  *  *  V^^  tendent  vers  un  certain  nombre 
8q  et  sont  telles  que  par  exemple  |/o(«^)  — /o(^o)l  ^®^*^  sup^rieur  k  un  nombre 
positif  fixe  €.  Or,  k  tout  nombre  8^  compris  entre  0  et  1,  la  formule  8=  a(t) 
fait  correspondre  au  moins  une  valeur  t^  de  t  compris  entre  t^  et  t^.  Les  points 
^i}^2f  h>  "  '  ^®  I'axe  des  t  ont  au  moins  un  jK)int  limite  t^ ;  autrement  dit,  il  y  a 
dans  la  suite  ^j,  ^j,  ^3,  •  •  •  au  moins  une  suite  <„,,<„,,•••  qui  a  une  limite  d^ter- 
min^e  t^.     Comme  la  fonction  a(t)  est  continue,  on  aura  done : 


«o  =  lim  8^^  =  lim  a{t^)  =  a{t^) 


et  par  suite : 

|/o(s)-/.K)l  =  !/»[«(<»,)] -/o[«(<o)]i=|/(<»,)-/(<o)|. 

Comme  f(t)  est  une  fonction  continue,  le  dernier  terme  tend  vers  z6ro  avec 
l/p;  il  est  done  impossible  que  le  premier  reste  sup6rieur  ke.  La  proposition 
est  ainsi  d^montr^e. 
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Revenons  aux  oourbe  CetT,  D'aprte  ce  qui  pr^c^e  on  pourra,  eo  chois- 
issant  convenablement  deux  (onctions  8^  a(t)y  vtm  a{u)  oontinues  et  allaot 
sans  jamais  d^crottre  de  0  &  1 ,  ^rire  les  formules  (2)  sous  formes  normales : 

(1)' 

(2)' 

Des  lore,  si  les  oourbes  C  et  F  coincident  c'est  que  les  deqxi^mes  membres  de 
ces  formules  sont  ^ux  deux  k  deux  sous  la  condition  : 

(3)  v~e{,), 

0  6tant  une  fonction  continue  et  toujoure  croissante  de  0  ^  1.  Observons 
d^ailleurs  que  la  fonction  ^  [a(^)]  est,  comme  a(^)  une  fonction  continue  allant^ 
sans  jamais  d^roitre,  de  0  A  1  et  qui  n'est  constante  que  dans  les  intervalles  /. 
On  aurait  done  pu  prendre  la  fonction  ^[a(^)]  au  lieudea(£)et  alors  la 
relation  (3)  serait  remplac6e  par  v  »  «. 

En  definitive,  loraqu^aiteune  des  courbes  (1)  et  (2)  ne  se  reduisent  d  un  poiniy 
la  coTidition  nicessaire  et  suffisante  pour  qu^elles  repr^aeixtent  la  mhne  courbe  est 
quHl  existe  deux  fonctioiis  a(t)  et  «(u)  cojitinues  allant  sans  jamais  dScroitre  de 
0  d  1 ,  n'itant  eonstantes  que  daiis  les  intenxiUes  ou  il  en  est  respectivement  de  m^^ 
pour  fyg^het  pour  4>y  "^y  X^  telles  que  P^galit^:  a(^)==a(M)  eniraine: 

/(0-<^(«),      s'(')-'f("),      A(o-x(«). 

En  particulier,  on  voit  que  si  ^(<)  est  une  fonction  continue  de  t  qui  va  sans 
jamais  d^croitre  de  u^  k  u^  quand  t  croit  de  0  d,  1 ,  les  formules  : 

repr^ntent  la  m^me  courbe  que  les  formules  (2)  quand  m^me  la  representation 
(2)  se  serait  pas  normale. 

JEcart  de  deux  courbes. 

Definition  de  V^art,  —  Nous  g^n^raliserons  maintenant  une  notion  introduite 
par  Weiersthass  dans  le  Calcul  des  Variations  sous  le  nom  de  voisinage.  Si 
Ton  consid^re  deux  courbes  infiniment  voisines : 

y^f(x),         z^g{x),         et         y  =  <^(.r),         z^^{x)     • 

on  peut  appeler  voisinage  de  ces  deux  courbes  la  valeur  maxima  de  la  distance 
de  deux  points  de  ces  deux  courbes  ayant  m^me  abscisse.  Pour  parer  an  cas  od 
les  extr^mites  n'auraient  pas  m^mes  abscisses,  on  peut  remplacer  la  correspondance 
entre  deux  points  de  m^me  abscisse  par  une  correspondance  entre  des  points 
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d'abscisses  peu  diflKrentes.  A  chacune  de  ces  correspondances  oorrespondra  un 
nombre  particulier^  mais  ce  qui  est  essentiel  c'est  que  si  les  deux  oourbes  sont 
infiniment  voisines^  tous  ces  nombres  seront  infiniment  petits. 

Nous  allons  t&cher  de  g6n6raliser  cette  notion  de  fa9on  h  Pappliquer  h  deux 
arcs  de  courbes  continues  quelconques  non  n^cessairemeni  tr^  voisins.  Pour 
pr6ci8er,  nous  allons  attacher  h  tout  couple  C,  F  d'arcs  de  courbes  continues 
quelconques  un  nombre  positif  ou  nul  que  nous  d^signerons  par  la  notation 
(C,  F)  ou  (F,  C)  et  que  nous  appellerons  ioart  des  arcs  C,  F.  Ce  nombre 
sera  tel  que :  1°  I'^cart  (C,  F)  n^est  nul  que  si  C  et  F  coincident;  2°  C^,  Cg,  (7,, 
6tant  trois  arcs  de  courbes  continues  quelconques,  si  les  ^arts  (Cj,  C,)  et 
(  Q>  ^s)  s^^*  infiniment  petits,  il  en  est  de  mtoe  de  {C^,  C^).* 

Pour  d^finir  cet  6cart,  consid6rons  deux  arcs  continus  quelconques  distincts  ou 
non  C  et  F.  On  peut  comme  nous  Tavons  vu  les  repr^senter  d'une  infinite  de 
fa5ons  par  des  formules  telles  que  : 

(4)  ^  =  /(0>  y  =  9{t)>  z^h{t)  (0^«<1), 

(5)  x  =  4>{t),       y  =  ir{t),       ^  =  x(0  (o^t^i), 

oiif,g,h}<f>jylr^X  sont  uniform^ment  continues  de  0  ^  1 .  D^ignons  main- 
tenant  par  S{t)  la  distance  de  deux  points  correspondant  k  la  m^me  valeur  de  t: 

8(0  =  VU{t)-<i>it)y+[g{t)-y^it)y+[h{t)-xit)V' 

S(^)  est  une  fonction  continue  de  t  qui  atteint  un  maximum  absolu  d.  A  chaque 
syst^me  de  representations  (normales  on  non)  de  C  et  F  correspond  une  valeur 
determin^e  positive  ou  nuUe  de  d .  J^appellerai  ^art  de  C  et  de  T  la  limite 
infirieure  6  =  (  C,  F)  rfe  P ensemble  des  valeurs  de  d,  Ce  nombre  sera  lui  m^me 
positif  ou  nul. 

Simplification  du  cakul  de  FScart,  Avant  d'6tudier  les  propri6t6s  de  ce 
nombre,  il  nous  sera  utile  de  raontrer  qu'on  peut  simplifier  le  calcul  de  e  en 
restreignant  le  nombre  des  valeurs  de  d  dont  il  est  la  limite  inftrieure. 

Observons  tout  de  suite  que  si  Pune  des  courbes  (7  ou  F,  C  par  exemple  se 
r^uit  k  un  point  A ,  la  quantity  d  est,  dans  un  syst^me  de  repr^entations  quel- 
conque  de  (7  et  de  F,  le  maximum  de  la  distance  de  ^  ^  un  point  quelconque 
de  F .  Done  e  =  d ;  en  particulier,  on  voit  que  pour  calculer  d  on  peut  tou- 
jours  se  restreindre  au  cas  ot  la  representation  de  F  est  normale  si  F  n'est  pas 
aussi  reduite  k  un  point. 

Supposons  maintenant  qu'  aucune  des  courbes  C  ou  F  ne  se  r6duise  k  un 
point ;  je  dis  que  e  sera  ^gal  k  la  limite  inf^rieure  e  des  valeurs  de  d  qui  cor- 
respondent seulement  aux  representations  normalea  de  C  et  de  F  simultanement. 

*  On  ponrra  dono  appliqaer  les  th^rdmes  6nono^  dans  les  Compies-Rendos  du  20  Mars  1905. 
8ur  la  notion  d*Seart  dans  le  Calcul  fonetionnel. 
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Ed  effet,  ooDsid^rons  un  systtoe  (4),  (5)  de  representations  qoeloonqnes  de  C  et 
de  r.  On  a  vu  qu'on  pent  trouver  deux  fonctions  a(t)f  a(^t)  continues  allant 
sans  jamais  d^crottre  deOli  1  ^  a{t)  ei  a(i)  ne  restant  respectivement  constants 
que  dans  les  intervalles  od  il  en  est  respectivement  de  m^me  de  f,  g,  h  et 
^i'^iX'  On  a  vu  aussi  qu'on  pouvait  alors  former  des  fonctions  f^^g^f  h^} 
4>Qf  '^0,  Xo  uniform^ment  continues  entre  0  et  1  et  telles  que 

/.[a(0]-/(0.         !7.[«(0]-fir(0,  A.[a(0]-A(0, 

^.KOJ-^CO,         ir,[<t)]m^(t),         x.[«(0]"X(0- 

Posons  maintenant : 

«.(0-(i-^)«(0  +  i.      «.(0-(i-i)«(0  +  ^ 

les  fonctions  a^(t)  et  a^{t)  seront  des  fonctions  de  t  qui  sont  continues  ioujours 
croiMantea  de  0  li  1  et  qui  tendent  uniform^ment  vers  a(t)  et  a(t).  D^  lors 
puisque  les  formules 

«-/o(^)>  y^9o{^)f  ^^Ki^) 

(0<ii<l) 

doivent  foumir  une  representation  normale  de  (7  et  F,  il  en  sera  de  m^me  des 
formules : 

^-/.[«.(0]»       y-M°.(0],       «-U«.(0]  (^^,^,j 
^-*.[«»(0],      y-'f. [«.(<)]>      ^  =  x.[«.(0] 

Soit  £^(^)  la  distance  de  deux  points  correspondants  dans  cette  correspondance 
particuliere ;  d^  son  maximum,  S  et  d  les  quantit^s  analogues  dans  les  represen- 
tations (4),  (5).  Les  identites  (6)  et  le  fait  que  a^ ,  a  tendent  uniformement 
vers  a^  ay  tandis  que  f^y  ••  •,  Xo  ®^^*  uniformement  continues  montrent  que 
S^(^)  tend  uniformement  vers  S(<).     Autrement  dit,  pour  n  >  p,  on  a : 

S,(0-e<8(0<S,(0  +  « 
d'oii: 

S,(<)-«<d 
quelque  soit  t  et  par  suite  : 

Mais :  d^^e\  done  :  rf >  e'  —  €  quelque  soit  €,  d'oii  :  rf>:  e\  Mais  d  est  une 
qudconque  des  quantit^s  dont  e  est  la  limite  inferieure;  donce^e';  oomme 
on  a  evidemment  e'  >  6,  on  a  e  =  c'. 
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Nous  pouvons  aller  plus  loin  encore.  Au  lieu  de  prendre  pour  calculer  e 
touted  les  representations  normales  simultan^es  de  C  et  de  F ,  on  peut  prendre 
pour  C  une  repi^^sentation  normale  fixe,  faire  varier  seuleinent  la  representation 
normale  de  T  et  prendre  la  limite  inf^rieure  des  quantit^s  d  ainsi  obtenues.  En 
eflPet,  supposons  que  les  formules  (4),  (5)  donnent  une  representation  normale 
simultanee  de  C  et  de  F,  choisie  une  fois  pour  toutes.  Pour  avoir  toutes  les 
autres,  il  suffira  d'y  remplacer  f{t),  g{t),  h{t)  par:  /i(0~/[^(0]> 
9,{t)=g[X(t)],  K{t)  =  h[\{t)]  et  <^(0,  Vr(0,  x(0  P^^  *i(0  =  <^[/^(0], 
i^j(^)  =  i^(At(0],  Xi(0  =  X[/*(0]  o^  ^(0  ^^  /*(0  sont  deux  fonctions  de  t 
continues  et  toujours  croissantes  de  0  ^  1.  Or  si  Ton  pose  u  =  \{t),  la  fonc- 
tion  inverse  ^  =  Xj(u)  sera  aussi  continue  et  croissante  de  0  ^  1  et  il  en  sera  de 
meme  de  la  fonction  0{u)  =  m[\(w)]* 

D^  lors,  on  aura : 

v'[/i(o-<^.T<rr  +  [i/i(o-V'.(0]*+[A.(o-x.(oT* 


pour  u  =  X(t)  et  par  suite  le  maximum  de  ces  deux  quantites  sera  le  m^me  lorsque 
t  variant  de  0  ^  1^  u  varie  aussi  de  0  ^  1.  Autrement  dit^  le  maximum  d 
obtenu  dans  la  oorrespondance  normale  quelconque  est  egal  k  Pun  de  ceux 
que  Ton  obtient  en  laissant  la  representation  normale  de  C  fixe  et  en  faisant 
varier  la  representation  normale  de  F  qui  pourra  etre  en  particulier  la 
suivante : 

x^tt>[0{u)'\,         y=^[^(w)],         2«X[^(^)]       (0<u<l). 

Propria^  de  Vicart. 

Tn^ORfeME  1.  La  condition  niceasaire  et  suffisante  pour  que  deux  arcs  de 
courbes  continues  coincident  est  que  leur  icart  soit  nul.  En  effet,  si  les  deux 
courbes  (7,  F  coincident,  on  peut  leur  donner  la  m^me  representation  parame- 
trique ;  done  Pune  des  quantites  d  dont  leur  ecart  e  est  la  limite  inferieure  sera 
nulle.     Par  suite  e  est  aussi  nul. 

Reciproquement,  supposons  que  Pecart  e  de  deux  arcs  C  et  F  soit  nul.  Si 
Pun  de  ces  arcs,  C  par  exemple,  se  reduit  h  un  point  A,  on  sait  que  e  est  le 
maximum  de  la  distance  de  A  aux  points  de  F.  Done  F  se  reduit  aussi  an 
point  A .  Supposons  maintenant  que  ni  C,  ni  F  ne  se  reduisent  k  un  point. 
Alors,  nous  avons  vu  que  e  sera  la  limite  inferieure  des  quantites  d  obtenues  en 
prenant  pour  C  une  representation  normale  fixe  (4)  et  pour  F  la  represention 
normale : 
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oil  0  est  une  fonetion  de  t  continue  et  toojours  croissante  de  0  ^  1  et  oil  pour 
^(^)  3  ^,  on  obtient  une  representation  normale  fixe  de  P. 

Si  e  est  nul,  ou  bien  Tune  des  quantites  d  est  nulle  et  alors  C  est  identique 
^  r,  ou  bien  I'on  peut  trouver  une  infinite  de  formes  de  la  fonetion  0: 
0^  02J  "  '  y^ni"'  *^11^  q*^®  1^9  valenrs  correspondantes  de  d  :  d^,  d^,  •  ■  • ,  d^ ,  •  •  • 
tendent  vers  z6ro.     On  aura  done,  quels  que  soient  ^  et  n : 

i/(o-<^[^«(0]i<d„,  \9{t)-num<d.»  iMo-x[^.(o]i«- 

Par  eons^quent  <^[^„(0]>  '^[^n(0]^  x[^«(0]  Pendent  uniformement  vers 
f{^)>  9{^)y^{^)'  Cela  prouve  done  que  tout  point  de  (7 est  sur  P;  en  effet 
pour  une  valeur  arbitraire  fixe  de  t:  t^y0^{t^)  reste  eomprise  entre  0  et  1, 
on  peut  done  prendre  dans  6^,  O^y  •••  une  suite  6^^^  0^j  •••  telle  que 
^«i(^2) J  ^»2(^2)j  •  *  •  tendent  vers  une  limite  d^termin^e  p.     Alors  on  a : 

f{U)  =  \im<f>l0^{t,)}=^<l>{p) 
et  de  mfime : 

^(',)-t(p),      Ht,)^x{p) 

ee  qui  prouve  notre  assertion.  Inversement  puisque  C  et  P  jouent  un  r6le 
symm^triquc;  tout  point  de  P  est  sur  C.  Ainsi  C  et  P  sent  form6es  des  m^mes 
points  de  I'espaee,  mais  il  faut  montrer  que  ees  points  sent  ranges  dans  le  mdme 
ordre. 

Pour  eela,  rangeons  dans  une  suite  determine  •  ^u  ^2?  '  * " ?  ^n>  ' ' "  I'eosemble 
d6nombrable  E  des  norabres  rationnels  eompris  entre  0  et  1 .  Je  dis  d'abord 
que  I'on  peut  extraire  de  la  suite  0^y  0^,  ■  •  •  une  suite  ^^^  ^n,?  *  ■  •  q"i  s^^t  con- 
vergente  en  tout  point  de  E.  En  effet,  les  nombres  ^i(<i),  ^^(O*  '  "  pe^vent 
6tre  eonsid6r6es  eomnie  les  abseisses  de  points  eompris  entre  0  et  1 ,  points  qui 
ont  au  moins  un  point  limite  p  (^j ) .  On  peut  done  former  une  suite  ^^,  ^\  .  •  • 
qui  converge  vers  p{t^)  pour  t^  f^.  Mais,  dans  ceUe  nouvelle  suite,  on  pourra 
de  m^me  trouver  une  suite  ff^^,  ^\  •  •  •  qui  converge  vers  un  certain  nombre 
p{t^)  pour  tsszt^  et  qui  continuera  h  converger  vers  p(<i)  pour  t=^t^,  Et  ainsi 
de  suite. 

Si  nous  consid6rons  maintenant  la  suite  S:  ^*,\  ^\  •••,  0^^,  •••  elle  est 
form^e  k  partir  du  rang  n  de  termes  qui  figurent  tons  dans  la  suite  0^^^,  ^1ii>  •  "• 
Par  consequent  la  suite  S  converge  vers  un  certain  nombre  p{t^)  quelque  soit 
n,  comme  nous  voulious  le  montrer.  La  fonetion  />(<)  qui  jusqu'Si  present  n'est 
definie  que  dans  E,  n'est  jamais  d^croissante  dans  E.  Car  si  t.':>t^^  on  a 
quel  que  soit  n  :  ^"j(<..)  -  tf];*J(<,.)  >  0  et  ^  la  limite />(«.)  — p(^J  >  0.  II  en 
r6sulte  que  si  t  est  un  nombre  quelconque  eompris  entre  0  et  1 ,  les  valeurs  p{t.) 
(toutes  comprises  entre  0  et  1)  pourront  se  ranger  en  deux  classes  correspondant 
aux  valeurs  de  p  les  uues  inf^rieures,  les  autres  sup^rieures  ^  ^  et  les  valeurs  de 
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la  premiere  classe  seront  inf^rieures  aux  valeurs  de  la  seconde.  Appelons 
p{t  —  0)etp{t  +  0)lH,  limite  sup6rieure  des  premieres  et  la  limite  inftrieure 
des  secondes.  Enfin  posons  pour  simplifier  :  \{t)  =  ^"XO*  I^'apr^s  ce  qui 
pr6o^e,  on  aura  6videmment  quel  que  soit  i  : 

/(<,)  =  liin^[X,(0]=<^[p(g] 

n=ao 

€t  par  suite  quelque  soit  t : 

nt)^<f>[Pit-o)]^<i>iP{t+o)]. 

Si  je  d6montre  que  quelque  soit  ^j  on  a:  p{i  ^0)  =  p(t  +  0)  Is,  fonction 
^(^)  qui  sera  6gale  ^  cette  valeur  commune  quelque  soit  t  sera  6videmment 
oroissante  et  continue  de  0  H  1  et  telle  que : 

fit)^if>[0it)],       git)^^[0{t)-\,       h{t)^x[Ht)'\     (o^i^i) 

ce  qui  prouvera  que  C  et  F  sont  identiques. 

Or  supposons  quMl  existe  une  valeur  f  de  t  telle  que  p(f— 0)4=p(S'  +  0)j^ 
€t  soit  u  un  nombre  quelconque  compris  entre  les  deux  pr6c^ents.     Si  t[  et 
/y  sont  deux  nombres  rationnels  compris  entre  0  et  1,  Tun  inftrieur  k  f,  I'autre 
sup^rieur  h  f ,  on  aura : 

lim  X  (<:)<p(r-  0),         lim  \(C)SP(?+  0). 

Done  pour  n  >  |) : 

\(<;)<P(?-0)  +  e,         X.(C)>p(f+0)-6. 

En  prenant  e  assez  petit  le  nombre  u  sera  compris  entre  p(?~0)  +  c  et 
p{^+  0)  —  €.  Par  suite,  il  y  aura  une  valeur  ^^\  de  t  comprise  entre  ([^  t'^' 
telle  que  la  fonction  continue  croissante  X^  preune  la  valeur  \{^!^i)  =  w,  d'otl : 

/(r*)=<^(«),    9(^n)=fi^),    Mfi%)=x(«)-  ^ 

Lorsque  n  croit  ind^finiment  les  points  ^i"\  ont  au  moins  un  point  limite  f^ j^ 
compris  entre  t'.  et  t^ ;  done  : 

/(fi.o=<^(«),     </{h^)-n^)^    A(?i.*)=x(^). 

Faisons  maintenant  tendre  f.  et  t^  vers  ?,  on  aura  : 

.    </>(w)  =  Hm/(f,,)=/(f)  =  </>[/,(r-0)]=<^[p(4  +  0). 
et  de  m^me : 
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II  en  r6sulte  que quelque  soit  le  nombre  u  compris entre />(?— 0)et/)(5'+0), 
les  foDctions  ^(t^),  '^(^)f  x{'^)  conservent  chacune  une  valeur  constante. 
Done  la  representation  (5)  ne  serait  pas  normale  ce  qui  est  contraire  k  I'hj- 
poth^se.     Ainsi  Cet  F  sont  bien  identiques. 

TH^ORfeME  2.  Etant  donni9  trois  arcs  de  courbes  continues  qu£lconque» 
(7j,  Cj,  Cj/  on  a  toujours  la  rdation  smvante  entre  leurs  icaris 

(c;,  C7,)<(C.,  (?,)  +  (C„q,). 

En  effet,  consid^rons  trois  repi^eentations  qaeloonques  de  C,,  (7,,  C,: 

«=/i(0»      y^9,(i),      '  =  Mt),      (0<<<i)     (.=1,2,3). 

On  a: 


i/(/i  -AY+iff.  -  ff^y  +  (^  -  Kf  ^  V{f,  -/,)*  +  {g,  -  g^f  +  (4.  -  A,)' 


+  i/(X^=Z7+(s^^^:^7+(VA)*- 


Appelons  d^y  d^y  d^  les  maxima  respectifs  des  trois  radicaux  quand  i  varie. 
On  aura  quel  que  soit  t : 


par  suite  le  maximum  d^  du  premier  membre  sera  au  plus  4gal  2t  d^  +  c^. 
D'ailleurs  quel  les  que  soient  les  representations  adoptees,  on  aura :  d,>  (Cj,  C,) 
et  par  suite : 

(CI,  q)<d,  +  d,. 

Le  premier  membre  est  fixe,  le  second  a  pour  limite  inftrieure  (Cj,  C^)-^{C^}  <^)> 
la  proposition  est  done  etablie. 

Limite  de  courbes  continues. 

II  est  h  peine  utile  de  faire  observer  Panalogie  entre  la  notion  de  distance  de 
deux  points  et  celle  d^^cart  de  deux  courbes,  qui  est  mise  en  Evidence  par  les 
th^or^mes  1  et  2.  Nous  pi*ofiterons  de  cette  analogic  pour  definir  ainsi  la  limite 
d^une  suite  de  courbes  :  Nous  dirons  qu^une  suite  d^arcs  continus 

^ij  O^,  Cj,  ••  •,  C^,  •  ••, 

a  pour  limite  un  arc  continu  C  lorsque  V^cart  (C,  C^)  tend  vers  ziro  axec  !/«► 
Les  theor^mes  1  et  2  montrent  que  cette  definition  satisfait  aux  deux  conditions 
suivantes:  1°  si  Cj,  Cj,  •••,  C^,  •••  sont  des  courbes  continues  identiques  Jt 
une  m^me  courbe  C,  elles  ont  pour  limite  C\  2°  si  C,,  Cj,  C,,  •  •  •,  C^,  .••  ont 
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une  limite  C,  toute  suite  infinie  extraite  de  la  premiere  en  eonservant  Tordre 
tendra  aussi  vers  C* 

On  pent  ramener  oette  definition  k  la  definition  ordinaire  an  mojen  de  la  pro- 
position suivante : 

Th^obIsme  3.  La  condition  nicessaire  et  suffisanfe  pour  qu'un  arc  continu  C^ 
tende  vera  un  arc  continu  diterminS  C  loraque  n  croit  indifinimenty  est  que,  quelle 
que  soil  la  reprlsefniaJtion  paramHrique  de  C: 

(6)  x^f(t),  y^g{t),  z  =  h(t)  {o^i^D, 
on  puisae  choisir  celle  de  C^: 

(7)  ^-/.(O,      y^9n(^)^      ^  =  K(^)  (o^t^i), 

defa^on  quef^^  g^,  h^  tendent  uniformiment  vers  J ^  g^  h  respectivemenL 

En  effety  on  a  en  appelant  d^  le  maximum  de  la  distance  £^(^)  de  deux  points 
correspondants : 

et  comme  S^{t)  tend  uniform^ment  vers  z^ro,  d^  et  par  consequent  (C,  C^)  ten- 
dent  aussi  vers  z^ro. 

B^ciproquement^  la  representation  de  C  etant  fix^e,  en  faisant  varier  celle  de 
C^,  on  obtient  diffferentes  valeurs  de  d^,  dont  (C,  C^)  est  la  limite  inftrieure. 
Par  consequent^  on  pourra  choisir  la  representation  de  C^  de  fa9on  que  Pon  ait : 

Et  alors  pour  une  telle  representation,  on  aura, 

\f-f,\<iC,C,)+l,     \g-g^\<{C,C,)+l,     \h-K\<iC,C,)+l. 

Done  si  (C,  C^)  tend  vers  zero  avec  1/n,  les  fonctions  f^y  g^,  h^  tendront  uni- 
formement  vers  f,g,  A . 

Remarque,  On  voit  que  si  C^  tend  vers  C  (non  reduit  k  un  point),  on  pent 
etablir  entre  les  points  de  C^  et  de  C  une  correspondance  univoque  et  reciproque 
dans  laquelle  Tordre  soit  conserve,  de  fa9on  que  si  M^  de  C;  correspond  ^  Jtf  de 
C,  M^  tend  vers  M  et  cela  uniformement.  On  pent  se  demander,  ce  que  devient 
le  point  M^  qui  correspond  k  M  dans  une  correspondance  quelconqvLe  analogue  k 
la  premiere,  en  supposant  toujours  que  C^  tend  vers  C.     Dans  le  cas  oil  C  se 


*0n  pent  doDO  Ini  appliqner  les  theor^mea  enoDO^a  dans  les  Ck)mpte8-Rendn8  da  21  Nov. 
1904.  QhihvUaoHon  d*un  ihiorhne  de  Weieraircua  et  da  2  Janvier  1905  :  Sur  les  fonctiona  limitea 
et  lea  apSratiana  fanetionnellea. 


Digitized  by 


Google 


446 


M.  fr6chet:  sur  l'^cart  de  deux 


[October 


rMuit  k  UD  pointy  M^  tendra  encore  vers  ce  point.  Si  C  ne  se  r6duit  pas  k  un 
pointy  il  en  sera  de  m^me  de  C^  pour  n  assez  grand ;  il  y  aura  done  parmi  les 
repr^entations  de  C  et  C^,  une  representation  normale  simultan6e  (6),  (7)  de 
Cet  C^,  telle  que  /^,  g^,  h^  tendent  uniform^ment  vers  fyg,h.  On  obtiendra 
une  correspondance  quelconque  en  rempla9ant  dan8/^(<),  g^{t)  et  h^{t)  :  t  par 
0^(^t)  fonction  continue  et  croissaute  de  0  ^  1.  Le  point  M^  qui  correspon- 
dra  ainsi  au  point  M  de  C  donn6  par  une  valeur  t  du  param^tre^  aura  pour 
coordonn^es : 

Lorsque  n  croit  ind^finiment  ce  point  peut  avoir  un  ou  plusieurs  points  limites 
en  g^n^ral  distincts  de  M,  mais :  tons  ces  points  limites  sotU  despoirUs  de  C,  En 
effet,  soit  N  une  point  limite  de  M^:  on  peut  trouver  rij,  n^,  •••  tels  que  la 
suite  M^^f  M^^y  •••  tend  vers  N.  Mais,  pour  la  valeur  de  t  consid6r6e,  les 
nombres  ^„j(0>  ^«t(0^  '*'  ^^^  ^^  abscisses  de  points  oompris  entre  0  et  I 
qui  ont  par  suite  un  point  limite  0{t).  II  y  a  done  dans  ^nx(0>  ^»i(0>  **• 
une  suite:  0p^{t)j  Op^{t),  ...qui  tend  vers  un  nombre  determine  0{t).  Or 
on  a : 

l/p.[^,<(0]-/[^(0]|<l/p.[^p.(0]-/K(0]l  +  l/[^P.(0]-/[«(0]i- 

Puisque  /^  tend  vers  /  unifot^mSment  le  premier  terme  du  second  membre  tend 
vers  z6ro.  II  en  est  de  m^me  du  second  puisque  f(t)  est  continue.  Done 
fpi  [^pXO]  *®"^  vers  /[^(O]  f  ^^  ni6me  pour  les  deux  autres  coordonn6es ;  par 
consequent  les  points  Jl^,  Ji^,  •  •  •  qui  tendent  vers  N,  tendent  aussi  vers  le 
pointde  Cdecoordonn^s:  f[e(t)'],  gie{t)]yh[0{t)'\.  Done  JVestsur  0, 
La  r^ciproque  de  cette  proposition  n'est  pas  vraie :  toiU  point  de  C  n'ed 
vas  rUcessairement  point  limite  de  poiivts  M^.     Ainsi   prenous  en  particulier 


pour  0^{t)  une  fonction  continue  croissante  de  0  ^  1  mais  qui  tend  vers  0  pour 
^  =1=  1  et  vers  1  pour  <  =  1 .  Alors  on  voit  que  Von  etablit , entre  C  et  C^  une 
correspondance  telle  que  tout  point  M^  de  O^  correspondant  k  un  point  31  fixe 
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queloonque  de  C  tend  vers  I'origine  de  Pare  C,  sauf  si  M  est  I'extr^mite  de  C, 
cas  oil  M^  tend  vers  cette  extr^mit^.  [11  suffit  pour  construire  les  fonctions  0^y 
de  oonsid^rer  P^quation  y  =  ^^(a:)  comme  P^quation  dans  le  plan  Oxy  de  la 
ligne  brieve  ^B^A  otl  A  est  un  point  fixe  de  coordonn^s  (1,  1)  et  oil  B^  est 
un  point  du  triangle  rectangle  QA'A  tendant  vers  le  point  A\  (1 ,  0).] 

Th^ohIsme  4.  La  condition  nicessaire  et  suffiaante  pour  qu*  un  arc  continu 
C^  tende  vers  un  arc  continu  diterminS  C  lorsque  n  eroit  indifiniment  est  que,  quel 
que  soil  €,  on  puisse  trouver  un  nombre  entier  n  tel  que  quel  que  soit  Peniier  p 
P6cart  (  C^,  ^„+p)  *^  infhieur  d  e. 

Cette  condition  est  ^videmment  n^ssaire,  car  si  C^  tend  vers  un  arc  continu 
C,  on  pourra  prendre  un  entier  g  tel  que  Ton  ait  (C,  C^)  <  e/2  pour  n>g. 
Alors  on  aura : 

quel  que  soitp  pour  n> g, 

R^iproquement,  supposons  qu'une  telle  condition  soit  v6rifi6e.  Alors  quel 
que  soit  Pen  tier  n,  on  pourra  trouver  un  entier  croissant  r^,  tel  que  Pon  ait  quel 
que  soit  p : 

Appelons  T^  la  courbe  C7^^;  on  voit  que  Pon  aura  quels  que  soient  n  etpi 

Ceci  6tant,  choisissons  les  repr^ntations  param^triques  de  Fj,  F^,  •  •  •;  on  sait 
qu'6tant  donn6e  la  representation  d'une  arc  continu  F^,  on  pent  toujours  choisir 
oelle  de  F^^^  de  fapon  qu^en  appelant  d»,n+i  ^^  maximum  de  la  distance  de  deux 
points  correspondants,  on  ait : 

"»,  n+l  <  (  F,»  ,   F^^i  )  +  ^  • 

Nous  pourrons  ainsi  choisir  successivement  les  repr^entations  de  F^,  F^,  • .  • 
de  fa9on  k  satisfaire  k  cette  condition  et  par  cons^uent  k : 

"»,  n+l  <  ^2  • 

D'ailleurs,  on  aura  ^videmment  par  un  raisonnement  analogue  k  celui  employ^ 
pour  le  th^rtoe  2 : 

quels  que  soient  n  et  p  et  par  suite  : 
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2  2  2 

p^  6tant  le  reste  de  la  s^rie  dont  le  terme  g^n^ral  est  2/n^.  Si  done  la  repr6- 
sentatioD  choisie  pour  T^  est : 

on  voit  que  I'on  aura  quels  que  soient  n  et  p: 

\fn-fn+J<Pny  \  ffn  ^  9n^p\  <  Pn>  I  ^n  "  ^n+p  I  < />„        (0<<<1). 

p^  6tant  un  nombre  ind^pendant  de  t  qui  tend  vers  z^ro  avec  1/n.  Par  conse- 
quent f^y  g^y  h^  convergent  uniform^ment  vers  trois  fonction  continues/,  g^  h 
(d'apr^  un  th6or^nie  connu  de  Cauchy).  D5s  lors  F^  tend  vers  un  arc  con- 
tinu  r.     Alors  il  en  aussi  de  m^me  des  courbes  (7j,  C\,  •  •• .     En  effet,  on  a : 

(r,  c,)<(r,  c;j  +  (a.,  0,). 

Done  en  prenant  p  >  i\  et  r^  assez  grand,  on  pourra  rendre  cbacun  des  deux 
derniers  ternies  plus  petit  qu'une  quantity  arbitraire  donn^e.  Par  suite  (  F ,  C^) 
tend  vers  z6ro :  il  est  bien  d^moutr^  que  C^  tend  vers  un  arc  continu  quand  p 
croit  indefiniment.  D'ailleurs  il  pourra  fort  bien  arriver  que  cet  arc  soit  r^uit 
h  un  point. 

Ensembles  compacts. 

Nous  dirons  qu'un  ensemble  E  d'arcs  eontinus  est  compact  s'il  ne  oomprend 
qu'un  nombre  fini  d'^l^ments  ou  bien,  dans  le  cas  contraire,  si  tout  ensemble  H 
form6  d'une  infinite  de  courbes  de  E  admet  au  moins  une  courbe  limite.  *  II 
-est  entendu  qu^un  ensemble  H  admet  une  element  limite  F,  s'il  existe  dans  H 
une  infinite  d'^l^ments  distincts  :  C'j,  C^,  •  •  •,  C^,  •  •  •  qui  tendent  vers  F. 

Nous  aliens  maintenant  chercher  la  condition  pour  qu'un  ensemble  de  courbes 
soit  compact.  Pour  y  arriver  nous  introduirons  IHndice  de  compadU  d'un 
•ensemble  de  courbes :  Nous  appellerons  ainsi  un  nombre  v  6gal  k  z^ro  si  I'en- 
semble  E  consider^  ne  comprend  qu'un  nombre  fini  de  courbes  distinctes  et  d6fini 
ainsi  dans  le  cas  contraire :  Soit  S  une  suite  infinie  de  courbes  distinctes 
Cj,  Cj,  •  •  •,  (7^,  •  •  •  de  I'ensemble  E;  appelons  e^  la  limite  sup^rieure  des  hearts 
{C^f  C'n+i)?  (C'nj  ^n+2)>  ' ' '  ©t  X^  k  plus  graudc  dcs  limites  de  e^.  Si  JFf  est  un 
ensemble  form^  d'une  infinite  de  courbes  de  -B,  h  toute  suite  infinie  8  contenue 
dans  H  correspondra  un  nombre  determine  Xg  ^^  ^^^^  pourrons  prendre  la  limite 
inferieure  ft^des  nombres  X^.  Par  definition,  I'indiee  de  compacite  de  E  sera 
la  limite  superieure  v  de  fi^  quand  H  est  queleonque  dans  E.  Les  quantites 
^^,  X^,  fiffy  V  sent  d'ailleurs  positives  on  nulles,  finies  on  infinies,  mais  bien 
determinees. 


*  Voir  la  note  deja  cit^e  des  Comptes-ReDdus  da  21  Nov.,  1904. 
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Th6orI:me  5.  La  condition  n^essaire  et  suffisante  pour  qu'un  ensemble  E 
d^arcB  continus  soil  compact  est  que  son  indice  de  compadti  soil  7iul, 

La  condition  est  n^essaire.  En  effet,  si  E  n'a  qu'un  nombre  fini  d^^l6ments, 
V  est  nul  par  definition.  Dans  le  cas  contraire,  quel  que  soit  H  dans  -B,  il  y  a 
une  suite  convergente  8  de  courbes  de  H  et  d'apr^s  le  th^or^nie  V,  on  aura 
^videmment  X^  =  0  d'od  /ijj  =  0.  Alors  fi^  ^tant  constamment  nul,  sa  limite 
sup6rieure  v  sera  aussi  nuUe. 

R^iproquement  supposons  nul  Tindice  de  compacit^  de  E.  On  bien  E 
n'a  qu'un  nombre  fini  d'4l6ments  et  alors  c'est  un  ensemble  compact,  on  bien 
/Xjy  sera  nul  pour  tout  ensemble  Hiovm^  d'une  infinite  de  courbes  de  E.  Con- 
sid^rons  Tun  quelconque  d^entre  eux ;  je  dis  qu'il  admet  une  courbe  limite 
(ce  qui  suffit  pour  d^montrer  le  th^ordme).  En  effet,  dans  le  cas  contraire,  il 
n'y  aurait  aucune  suite  infinie  S  de  courbes  de  H  telles  que  X^  soit  nul. 
Puisque  la  limite  inferieure  v  des  Xg  est  nulle,  il  faut  done  que  quel  que  soit  le 
nombre  positif  €j ,  on  puisse  trouver  dans  Hy  une  suite  8^  telle  que  0  <  X^  <  €j . 
Mais  /Sj  etant  form^e  d'^l^ments  de  -Bj,  on  a  fis^  =  0  et  le  m^me  raisonnement 
s'applique  k  8^  comme  h  H.  8^  n'admet  aucune  limite  sans  quoi  il  en  serait  de 
m^me  de  H.  On  peut  done  trouver  dans  la  suite  8^ :  C^/^,  Cy^  C^^,  •  •  •,  C^^\  •  •  • 
une  suite  infinie  8^  de  courbes:  C^^\  Cf,  Cf,  .-.,  C<f^•••  telle  que 
0  <  X^  <  Cg .  On  peut  m6me  supposer  que  les  elements  de  la  suite  8^  se  trou- 
vent  disposes  dans  le  m6me  ordre  que  dans  8^ .  On  pourra  r6p6ter  le  m6me  raison- 
nement sur  /Sj  et  ainsi  de  suite.  On  formera  ainsi  des  suites  8^,8^,  •  •  -,  S^,  •  •  • 
telles  que  X^^  <  €^  quel  que  soit  n .  Prenons  par  exemple  6^  =  1/n  et  consid^rons 
la  suite  8:  C'^\  C^^,  Cf\  •  •  • ,  (?i'*^  •  •  •  •  A  partir  du  rang  n,  elle  est  form6e 
d^el^ments  qui  figurent  tons  dans  8^  et  dans  le  m^me  ordre.  On  en  d6duit 
facilement  I'in^galite  X^  <  X^^  quelque  soit  n  et  par  suite  X^  =  0 .  Done  il  y 
aurait  dans  H  une  suite  8  telle  que  Xg  =  0 ;  nous  arrivons  ainsi  k  la  contra- 
diction annonc^e. 

Remarque.  C'est  h  M.  AscoLi  que  revient  le  m^rite  d^avoir  trouv6  le  pre- 
mier une  condition  n^essaire  et  suffisante  pour  qu'un  ensemble  de  courbes  con- 
tinues soit  compact.*  Mais  la  condition  que  nous  avons  donn^e  au  th^ordme  5 
nous  parait  preferable  au  point  de  vue  theorique.  En  effet,  il  est  n6cessaire  de 
connaitre  une  representation  parametrique  determin^e  des  courbes  de  I'ensemble 
pour  s'assurer  si  la  condition  de  M.  AscoLi  est  satisfaite.  Au  contraire,  il 
suffit  pour  calculer  notre  indice  de  compacite  de  connaitre  I'ensemble  des 
valeurs  des  hearts  des  courbes  de  E  deux  ^  deux.  Toute  autre  indication  sur 
la  forme  ou  la  position  des  courbes  de  E  est  superfine  pour  ce  calcul.  Nous 
n'utilisons  done  que  des  elements  g^ometriques  et  seulement  ceux  qui  sont 
essentiels. 

Paris,  itfai,  1905. 

*  G.  AscoLi,  Sulle  curve  limite  di  una  variety  data  di  curve,  Aocademia  dei  Linoei,  1884.  Voir 
aaasi :  C.  AkzelI  :  Funzioni  di  Hnee,  Aooadeoiia  dei  Lincei,  1889. 
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ON  A  CERTAIN  SYSTEM  OF  CONJUGATE  LINES  ON  A  SURFACE 
CONNECTED  WITH  EULER'S  TRANSFORMATION* 

BY 

JOHN  EIESLAND 

In  a  paper  published  in  vol.  26  of  the  American  Journal  of  Mathe- 
matics I  have  proved  a  number  of  theorems  concerning  curves  and  two-dimen- 
sional surfaces  in  five-dimensional  space  which  belong  to  a  so-called  asymptotic 
complex  whose  lines  satisfy  the  differential  equations 

dx^  +  x^dx^  -  x^ dx.^  +  x^dx^  —  x^dx^^O, 
rfiCj  rfjCj  +  dx^dx^  =  0 . 

If  (u)  and  {v)  are  the  coordinate  lines  on  a  surface  belonging  to  such  a  com- 
plex,t  and  if  we  make  use  of  the  transformation  | 

P  P 

where  X^^  X^^  Xj,  P^,  Pj,  —  1  are  the  coordinates  of  a  surface-element  in 
ordinary  space,  we  obtain,  as  I  have  shown,  a  surface  in  three  dimensional  space 
on  which  the  lines  (u)  and  {yt)  are  asymptotic  lines. 

The  geometry  of  asymptotic  complexes  is  thus  seen  to  be  closely  connected 
with  the  general  theory  of  surfaces ;  in  fact,  in  five  dimensions,  to  any  geometric 
property  of  a  two-dimensional  point-manifoldness  belonging  to  an  asymptotic 
complex  corresponds  a  property  of  surfaces  in  ordinary  space. 

In  the  first  part  of  this  paper  it  is  shown  that  a  certain  single  projective 
transformation  of  the  complex  (1)  will  lead  to  Ecjler's  classical  transformation 

*  Presented  to  the  Society  nnder  a  slightly  differeut  title  at  the  Boston  summer  meeting, 
September  1,  1903.     Received  for  publication  October  24,  1903,  and  April  10,  1905. 

t  A  surface  is  said  to  belong  to  the  complex  (1)  whenever  the  linear  tangents  along  the  «  and 
V  lines  are  lines  of  the  complex. 

:(This  transformation,  which  was  used  by  Lib,  when  generalized  for  dr-f  1  variables  estab- 
lishes a  correspondence  between  two  spaces  ifsr+i  and  j(fr  of  such  a  nature  that  the  projective 
group  of  the  linear  complex  dx%r-\-\-\-'^{xvdx,t.  —  Xpidxv)=0  becomes  a  group  of  irreducible 
contact-transformations  in  the  space  Mr.  See  Lib,  Theorie  der  TYansformaiionsgruppeny  Absohnitt 
II,  p.  522. 
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in  three-dimensional  space.  This  transformation,  moreover,  transforms  the 
asymptotic  lines  on  a  surface  into  a  definite  system  of  conjugate  lines  having  a 
well-defined  geometric  propeily  which  characterizes  the  system.  I  have  called 
these  lines  Evler^s  lines^  since  they  are  inseparably  bound  up  with  the  transfor- 
mation that  bears  his  name. 

The  problem  to  find  all  surfaces  such  that  Euler's  lines  are  lines  of  curva- 
ture is  then  considered,  and  it  is  found  that  the  determination  of  such  surfaces 
leads  to  the  integration  of  a  partial  differential  equation  with  equal  invariants 
and  quadratures.  It  follows  as  an  immediate  corollary  that  on  these  surfaces 
the  lines  of  curvature  correspond  to  asymptotic  lines  on  the  transformed  surface 
by  Euleb's  transformation. 

While  in  Lie's  sphere-geometry  asymptotic  lines  correspond  to  lines  of  curva- 
ture by  virtue  of  the  well-known  contact-transformation  that  transforms  all  the 
oo"^  lines  in  space  into  oo^  spheres,  in  the  case  of  Euler's  transformation  such 
correspondence  is  established  only  in  the  case  of  certain  surfaces.  It  is  also 
worthy  of  notice  that  while  in  Lie's  sphere-geometry  to  a  real  surface  corre- 
sponds in  general  an  imaginary  surface  (the  sphere  being  imaginary),  in  Euler's 
transformation  corresponding  elements  are  either  both  real  or  both  imaginary.* 

The  second  pi^rt  has  been  devoted  to  the  geometrical  definition  of  Euler's 
lines  and  the  derivation  of  their  differential  equation  from  this  definition. 

In  the  third  part  it  is  shown  that  Euler's  transformation  is  only  one  among 
00*^  which  change  asymptotic  lines  on  a  surface  into  Euler's  lines  on  the 
corresponding  surface.  A  group  of  contact-transformations  leaving  Euler's 
lines  invariant  is  also  considered,  and  it  is  shown  that  it  contains  oo*^  such 
transformations. 

Part  1. 

Let  there  be  given  in  the  space  M^  a  two-dimensional  surface  belonging  to 
the  complex 

(3)  dx^  +  x^dxy  —  ajjrfsCj  -f  x^dx^  —  x^dx^  =  0 , 

and  let  it  be  written 

(4)  x^^(f>,{u,v)  (t  =  l,2,...,6). 

The  following  conditions  must  evidently  be  fulfilled : 
(6) 


*See  Lie,  Geometrie  der  Beruhrungstrangformationenf  vol.  1,  pp.  411-480. 
Trani.  Am.  Math.  Soo.  31 
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Using  the  tranafonnation  (2)  we  obtain  in  the  space  M^  a  sur&oe 

which  is  the  image  of  the  surface  (4)  considered  as  a  point-locas  in  3/^.  If  the 
complex  (3)  be  asymptotic,  that  is,  if  the  additional  Monge  equation 

be  satisfied,  and  if  the  surface  (4)  belongs  to  this  complex,  we  obtain,  as  I  have 
proved  in  the  paper  mentioned  above,  a  surface  in  M^  on  which  (ti)  and  (r  )  are 
asymptotic  lines.  The  analytical  conditions  which  must  be  satisfied  by  the  func- 
tions 4>i  A^)  besides  (5),  the  following 


(6) 


du    du        cu    £^?i  °"     '  dv    dv        dv    dv  ' 

du    dv         dv    du 


From  this  it  may  be  proved  that  the  coordinates  ^^  and  ^^  must  satisfy  the  dif- 
ferential equation  with  equal  invariants  * 

d^e  d  dO  d  dO 


dudv      ^  dc     ^        du       ^  du     ^        dv 


where 


Si>, 

5*, 

du 

dv 

du 

dv 

Conversely,  whenever  particular  solutions  ^,  and  ^^  of  this  equation  can  be 
found,  the  other  functions  <f>^ ,  ^3  and  <f>^  can  be  obtained  by  quadratures  and  the 
corresponding  surfaces  thus  be  determined  |.     It  may  also  be  proved  that  to 
*  A  partial  differential  equation  of  the  second  order 

/.^Ua|^  +  *!-*  +  c^  =  0 
dado         du         do 

18  said  to  be  one  of  equal  invariants  whenever 

da.     .  dh.     - 

■^   -\-ab  —  c  =  --»    -f-ab  —  e. 

du  do 

See  Dabboux,  ThSorie  des  Surfaces,  vol.  II,  chapter  2. 

t  It  shonld  also  be  noticed  that  that  the  fnnction  X,  =  ^1  ^,  +  ^s^i  +  ^5  satisfies  (7). 
t  American  Journal  of  Mathematics,  vol.  26,  pp.  130-134. 
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any  surface  in  M^  referred  to  its  asymptotic  lines  corresponds  in  M^  a  two- 
dimensional  surface  belonging  to  an  asymptotic  complex. 

Closely  associated  with  an  asymptotic  complex  is  a  complex  defined  by  the 
•equations 

cfajg  +  ajjdajj  —  JCj  dx^  +  x^dx^  —  x^dx^  =  0 , 

dXy  cfecj  —  dx^dx^  =  0  ; 
in  fact,  if  we  employ  the  transformation 

X 

<9)  ajj  =  2^,  »,  =  -  2S,,  ajg  =  S3,  x^  =  «„  x^  =  S^, 

we  obtain  an  asymptotic  complex.     In  the  space  M^  this  transformation  is  equiv- 
alent to  the  well-known  £uL£b's  transformation  * 

{9')       -Pj  =  Xp  Xj  =  —  Pj ,  -P2  ~  -^a»  ^2  ~  -^2»  -^j  =  -^s  "~  ^\^\ 

which  transforms  the  surface-elements  of  M^  into  the  surface-elements  of  the 
•corresponding  space  M^\  moreover,  it  is  a  contact-transformation^  since 

<io)         dx^  -  p^dx,  -  p^dx^ = djT,  -  p^dx^  ~  p^dz;. 

Let  there  now  be  given  a  surface  in  M^  belonging  to  the  complex  (8).     We 
have 


<ii) 


^   ^  du  du      du  du       '       a^  a^      at?   a^ 

In  order  that  d<l>^  shall  be  an  exact  differential,  we  must  also  have 

du    dv         dv    du        du    dv        dv    du  ' 

which^  by  the  aid  of  the  two  equations  (12),  reduces  to  the  form 

\  du     dv         dv     du  J  \  du     dv         dv     du  J "     ' 


*  See,  for  example,  Lie,  Beriihrungsiransformaiionen,  p.  645. 
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We  shall  aasume  that  the  second  factor  is  different  from  zero,*  so  that  we  may  I 

put 

(18)  ^^  -^  +  -fA  -  ^  «  0 

which  may  be  replacc^xl  by  the  equivalent  one 

^      ^  du     dv         du     dv 

obtained  by  eliminating  d<f>^/dv  and  d<f>Jdv  from  (13)  and  the  second  of  (12). 

If  now  we  transform  the  surface  aj^.  =  ^^  (w,  v)  by  the  transformation  (2)  we  , 

obtain  in  M^  a  surface  on  which  (w)  and  (v)  are  conjugate  lines.     In  fact,  ! 

introducing  the  coordinates  of  M^  in  (13')  we  get 

dv     du  dv     du  ' 

which  is  the  condition  that  {u)  and  (v)  shall  be  conjugate  lines.     Hence  the 
Theorem.     To  a  surface  in  M^  belonging  to  the  complex 

dx^  +  x^dx^  —•  x^dx^  +  x^dx^  —  x^^dx^  =  0, 

rfajj  dx^  —  dxj^dx^  =  0 

corresponds  by  virtue  of  the  transformation 

P  P 

a  surface  in  M^  on  which  {u)  and  (i?)  are  conjugate  lines. 

Suppose  now  that  M^  be  a  space  with  coordinates  x^  and  let  a  one-to-one  cor- 
respondence be  established  between  it  and  the  space  M^  by  means  of  the  trans- 
formation (9).  Since  the  complex  (8)  is  transformed  into  an  asymptotic  complex 
in  Jlf^,  any  surface  belonging  to  the  former  is  transformed  into  a  surface  belong- 
ing to  the  latter,  and  conversely ;  hence,  if  we  obtain  the  images  in  M^  and  Jf, 
of  the  respective  surfaces  S^  and  /S3,  using  the  transformation  (2),  these  will  be 
of  such  a  nature  that  Euler's  transformation  transforms  S^  into  S^  and,  more- 
over, to  the  conjugate  lines  on  S^  correspond  asymptotic  lines  on  S^  and  con- 
versely, so  that  we  may  ss.j : 

By  means  of  Euler'^s  transformation  a  one-to-one  correspondence  is  estab- 
lished between  two  spaces  M^  and  Jf,  such  that  all  the  surfaces  S^  in  M^  whose 
images  in  M^  are  surfaces  belonging  to  the  complex 

*It  may  easily  be  proved  that  if  this  factor  vaDishes  the  snrfaoe  jpf  =^«  ( t  =  1 ,  •  •  •,  5)  will 
degenerate  into  a  carve ;  hence  the  aasamption. 
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dXf^  +  x^dx^  —  x^dx^  +  x^dx^  —  aJjdsB^  =  0,         dw^daSj  —  dr^da;^ «  0, 

are  transformed  into  surfaces  in  M^  whose  images  in  Jh^  are  surfaces  belong- 
ing  to  an  asymptotic  complex.  To  the  conjugate  curves  (u)  and  (v)  on  S^ 
correspond  the  asymptotic  lines  (u)  and  (t?)  on  S^^  and  conversely^  to  the 
asymptotic  lines  (u)  and  {v)  on  S^  correspond  a  set  of  conjugate  lines  (u) 
and  {v)  on  S^. 
If  now  we  put 

(14)  ^  =  #!— "--;&^ 


du 

dv 

the  oonditions  (12)  and  (13')  may  be  writtea 

dv  ~~^  dv  ' 

(16)                             _^-  =  i?__, 

dv                 dv  ' 

Eliminating  d(f>Jdu^  d(f>Jdv^  d<l>Jduj  d<f>Jdv  we  find  that  <^^  and  <^^  must  sat 
isfy  the  differential  equation 

Conversely,  if  we  know  two  particular  solutions,  <f>^  and  <^p  of  this  equation,  ^^ 
and  <^,  may  be  obtained  by  quadratures  from  (15)  and  (16)  and  (f>^  likewise  from 
(11).*     The  surface 

(18)  X,  =  <^„         X,^<f>,,         X,^<f>,  + <!>,<!>,  + <f>,<f>,, 

has  (u)  and  (v)  for  conjugate  lines  and  is  transformed  by  Euler's  transforma- 
tion into  a  surface  on  which  (u)  and  (v)  are  asymptotic  lines. 

Since  the  surface  (18)  is  referred  to  a  set  of  conjugate  lines  the  differential 
equation  of  its  asymptotic  lines  must  take  the  form  t 

Adu*+  Bdv^^O; 

in  fact,  we  find  by  an  easy  calculation  that  this  equation  is 

(1^)  du    du^""  +  Sir   StT'^'^"^- 


*  It  may  also  be  shown  that  the  fanction  ^5  +  ^1^4  —  ^1  ^s  Mtisfles  the  above  eqaaMon. 
tSee  Dabboux,  Le^ouB^  ▼•!.  1,  p.  139,  §  \\%. 
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JBhcample  L  Let  £=  const,  then  ^i  =  f>i(t*)  +  <rj(t?)  =  Cj(u  —  tj),  and 
^4  — A^4(^)  + ^4(^)-  From  (16)  we  find  that  ^3  must  have  the  form 
♦s  —  ^i{^  +  ^)5  likewise  from  (16)  we  get  ^,  ==  c [f>/w)  —  <r^(«?)]  and  from 
(11) 


If  now  we  put 


j  Pidu=--F(u),  \a^dv^-F^{v),         c=rA,         c,= 


we  obtain  in  M^  the  surface 


(20)   Xj |(J^'-i?';),  X, F--F[,  X, uF'-vF[+F+F,. 


By  means  of  Euleb's  transformation  we  obtain  the  sur&ce 


X^  =  —J— ,        X^=  —  F'  —  F[, 


(21) 


X,^---^F'-^--^-^F[  +  F+F',, 


which  may  also  be  obtained  directly  by  considering  a  translation  surface  in  M^ 
belonging  to  an  asymptotic  complex.*  Da^rboux  |  has  derived  the  same  sur- 
face by  a  different  method. 

The  equation  of  asymptotic  lines  reduces  in  the  case  of  the  surfaces  (20)  to 
the  form 

which  may  be  integrated  by  quadratures ;  it  follows,  therefore,  that  the  corre- 
sponding set  of  conjugate  lines  on  (21)  may  be  so  obtained.  | 

If  we  take  note  of  the  fact  that  the  surface  (20)  is  the  most  general  form  of 
a  translation  surface  whose  generating  curves  are  in  planes  forming  a  constant 
angle  0  =  tan"^  Sk/{k^  —  16 )  with  each  other,  we  have  the 

Theorem.  The  asymptotic  lines  of  all  translation  surfaces  whose  generat- 
ing curves  lie  in  two  intersecting  planes  may  he  found  by  quadratures.  If 
A;  =  4 ,  the  planes  are  perpendicular  to  each  other  for  which  special  case  this 
theorem  has  been  proved  by  Bianchi.  § 

^Amerioan  Jonrnal  of  MathematioB,  vol.  26,  p.  131. 

'\  Legona^  vol.  1,  pp.  141-142. 

t  As  is  shov^n  by  Dabboux's  method  the  lines  (11  —  9  )/ik  =  a,  («  + v)/2  =  i?  are  also  aeet 
of  ooDJagate  lines  whioh  may  be  oonstruoted  by  Koenio's  method.  On  all  snrfkoes  (21)  we 
know  therefore  two  different  sets  of  conjugate  lines. 

J  Lezioni  di  geometria  differemiaUf  p.  Ill  ^  German  edition,  p.  113. 
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Example  II.  Let  jB  =  1 ;  <^j  =  w  —  v,  <^^=  m  +  v,  <^i  =  --</>i(v),</>3  =  ^j(t?) 
and 

In  M^  we  get  the  cylinder 

(22)  Xj  =  w-v,        X^^u  +  v,        X3=f(v) 

whose  elements  are  v  —  const.     In  M^  we  obtain  the  ruled  surface 

(22)  X,  =  2<l>,(v),  X,^u  +  v,  X,^^{v)-2(u-v)4>,{v) 

on  which  (w)  and  (v)  are  asymptotic  lines.  In  this  case  then  we  observe  that 
to  the  lines  of  curvature  {u)  and  (v)  on  the  cylinder  correspond  asymptotic 
lines  on  the  ruled  surface  (22'). 

This  particular  example  raises  the  question  whether  it  is  possible  to  determine 
all  the  surfaces  on  which  there  is  a  one-to-one  correspondence  between  lines  of 
curvature  and  asymptotic  lines  by  virtue  of  Euler's  transformation.  To  do 
this  we  must  introduce  the  condition  that  the  conjugate  lines  shall  be  at  right 
angles.     We  find 

(23)  F=  (1  +  4<^f  )|i'  It*  +  (1  +  4^1)  'ei:  t-^^ 
which  by  virtue  of  (14)  may  be  written 

(24)  (l+4<^J)i?'-(l+4<^J)  =  0. 

This  equation  may  be  satisfied  if  we  assume  (f>^  and  (f>^  functions  of  only  one 
yariable,  but  we  shall  exclude  this  case,  since  the  surface  then  degenerates  into 
a  curve.  Introducing  the  value  of  li  obtained  from  (24)  in  (15),  we  obtain  the 
two  equations 

(26)  y    ^  V, 

i^^log(2^.  +  ^l-T-4^)  =  -.|_, 

from  which  we  obtain  the  following  differential  equation  for  <f>^^ 

5-1   +  i  :.   log  -  -  =r  ^=  - .  V'  +  i  .,-log .  -^  =  0. 

dudv         dv     ^  yl  ^  4<^2     du       ^  du        ]/  1  +  4<^2     dv 


Digitized  by 


Google 


458  J.  EifSLAND:   CONJUGATE  LINES  [October 

When  simplified,  this  becomes 

dudv      l  +  4<f>l  dv   du~    ' 
which  integrated  gives 

^»         4p(«)o-(«)     ■ 
Substituting  this  value  in  (25)  and  integrating,  we  also  find 


*. 


4/w    ' 


p  and  <r  being  arbitrary  functions  of  u  and  v  respectively.  The  value  of  jS  is 
now  found  to  be 

In  order  to  find  ^^  and  <^^  we  substitute  this  value  of  li  in  (16)  and  eliminate 
d(f>Jdu  and  d<\>Jdv.     We  obtain  a  differential  equation  of  the  form 

which  has  equal  invariants  and  of  which  we  know  one  particular  solution,  ^,,  as 
may  be  easily  verified.  Having  obtained  a  particular  solution  ^^  (different  from 
<f>^  we  may  obtain  (f>^  from  (16)  by  quadratures  and  (f>^  may  then  be  found  from 
(11)  as  before.  We  have  thus  found  a  surface  on  which  the  lines  of  curvature 
by  Euler's  transformation  correspond  to  asymptotic  curves  on  the  transformed 
surface. 

If  we  put  p{u)  =  u  and  ^{v)  =  v,  remembering  that  <f>^  =  X^  =  JT^  and 
2<^3  =  Pj  =  Xj ,  we  may  state  the  preceding  result  thus : 

If  a  surface^  referred  to  its  lines  of  curvature^  (t^),  (v),  i«  transformed  by 
Euler's  transformation  into  a  new  surface  on  which  (u)  and  (v)  are  asymp- 
totic lines^  the  cartesian  coordinates  X^  and  X^  of  the  surface  must  satisfy 
the  differential  equation 

^4>_  i?(l-^*) d^  u{l--v')  ^ _  0 

(^^^      di[di  +  {u^  +  v'){l  +Vv*)  du  "^  (u'  +  v*)(l  +  wV)  "ai^  " 

Conversely  J  whenever  two  particular  solutions^  X^  and  X^^  of  (20)  can  be 
obtained^  a  surface  can  be  found  such  that  JSuler's  transformation  transforms 
the  surface  into  a  new  surface  on  which  the  asymptotic  lines  {^u)  and  (v)  cot- 
respond  to  the  lines  of  curvature  on  the  original  surface. 
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There  is  one  particular  case  not  included  in  the  aboye  theorem,  viz.,  when 
either  />  or  o-  is  a  constant.  We  shall  consider  this  case  later.  The  case  where 
R  s=  const,  was  considered  on  p.  457,  where  for  £  »  4  lines  of  curvature  on 
a  cylinder  were  obtained. 

Surfaces  of  this  class  are,  as  a  rule,  transcendentaL  It  is  not  at  all  difficult 
to  obtain  a  particular  solution  of  (26)  differing  from  (f>^  and  depending  on  an 
arbitrary  constant.     In  fact,  putting 

<^,=  <^s  +  *[^(^)  +  ^(^)]  (*=oon8t.), 

and  substituting  in  (26)  we  obtain 

which  may  be  satisfied  by  putting 


dw""l-t«*'         dv  ""l-v^' 

so  that  <^2  will  have  the  form 

-   r   udu        _   r   vdv 

We  may  now  determine  <f>^  from  (16)  by  quadratures.     We  find 

w*  —  v^     J  rr  u^  +  v^       u      ,        u^  +  v^      V         1 

**=  -4u^ — *J  Lr:r^^'n^^    "^iT^^^^ 

so  that  we  have  the  following  functions 


w*  — v*  .       w^v*— 1      k.      1— w^    1+v' 


.2 


*^i  =  -T,;^ '        *«  — 4,7,r-  +  2  ^°? 


,2' 


4wu    '  ^«~      iuv     ^2     "l  +  M*    1-v 

<^g  may  then  be  calculated  without  difficulty  from  (11).     In  M^  we  obtain  the 

surface 

«««*  — 1      k        1  —  u*   1+v* 

««-«*    ;fe        (i  +  i^v*f 
(^^^  "^»  =  ~47i^;     4'°^(i-tt*)(i-««)' 

^»  -=  8^ +  *  **°     «"' 
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on  which  (i/)  and  (v)  are  lines  of  curvature.  For  it  ss  0  we  obtain  the  qnadric 
surface  2^jXja=X3  whose  rectilinear  generators  are  (u*r^— l)/4ut7  =  u', 
(w*  —  v^)/4tuv  =  v\     Transforming  (27)  into  M^  we  get  the  surface 

(28) 

^      ^  ^  iu2-i^%       (l-2^2)(l+t?^)        .  , 

X.  =  —  J  log  pr— — ^)^ -j[  +  k  tan-*  wr, 

'  4       wr        °  (1  +  w-)(l  —  ir) 

on  which  {u)  and  (t?)  are  asymptotic  lines.  For  i  =  0  we  obtain  the  straight 
line  Xj  =  0 ,  Xj  =  Xj  which  is  the  transform  of  the  quadric  2X,  X,  —  X3  =  0 . 
We  shall  now  consider  the  case  where  jR  is  a  function  of  one  variable  only, 
say  V.  For  this  purpose  it  will  be  sufficient  to  put  p  =  1/l/c  and  cr  =  t?*/c, 
so  that  R  will  take  the  form 


i?  = 


c{i-\-v'y 


Introducing  this  value  in  (16)  and  eliminating  d<\>Jdu  and  d<f)Jdvj  we  obtun 
the  differential  equation 

By  integrating  this  we  find,  putting  the  arbitrary  function  of  u  which  occurs  in 
the  integral  equal  to  u , 

and  from  (26)  and  (16), 

*.-j(„^-:).      *,-l(«-,-).      *.-;,"g-'.. 

where  o-j  is  an  arbitrary  function  of  v .     The  surface  in  M^  is 


X,  =  t*i/i?  +   fa'^Jidv,         X,  = 


7i? 


a  ruled  surface  on  which  (^u)  and  (v)  are  lines  of  curvature.     It  is,  moreover, 
developable  as  may  easily  be  proved  by  forming  the  differential  equation  of  the 
asymptotic  curve.  *     In  M^  we  get  the  ruled  surface, 
*  Since  d^i/da  =  0,  the  differential  equation  (19)  becomes 

ov    do 
which  means  that  the  surface  is  developable. 
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=  _  c'-l  uv (t?^-l)m/]g 

' "    Vc    1/(1  +~v')(c'~^v^) "  2^ 

on  which  v  =  const,  are  the  rectilinear  generators  and  u  =  const,  the  family  of 
asymptotic  lines  corresponding  to  the  generators.  It  will  be  noticed  that  all 
the  rectilinear  generators  lie  in  a  plane  parallel  to  the  X^Xj-plane.  For  the 
special  value  c  =  1 ,  jR  becomes  equal  to  unity  and  we  obtain  in  J/^  a  cylinder 

Xj  =  1^  +  0-2,  X2  =  M  —  O-j,  X3==|(t?) 

whose  elements  are  parallel  to  the  plane  JC3  =  0 .  If  we  put  <rj( v)  =  —  v'  this 
surface  takes  the  form 

Xi  =  w  — V,         X^=^u  +  v,         X3  =  f(v) 

which  is  the  cylinder  obtained  on  p.  457.  The  transform  of  this  surface  is  the 
surface  (22'). 

Part  2. 

Since  through  any  point  on  a  surface  there  pass  two  asymptotic  lines,  and 
since  Euler's  transformation  establishes  a  one-to-one  correspondence  between 
the  asymptotic  lines  on  a  surface  in  M^  and  a  set  of  conjugate  lines  on  the 
transform  in  M^^  it  is  clear  that  this  system  must  be  a  definite  one  of  all  the 
00'  pairs  of  conjugate  lines  that  can  be  made  to  pass  through  a  given  point. 
The  question  is^  therefore,  what  geometric  property  distinguishes  this  system 
from  all  the  others.     To  answer  this  question  we  proceed  as  follows : 

Suppose  given  in  M^  any  surface  S^  and  let  it  be  referred  to  a  family  of 
conjugate  lines  [u)  and  (v).  This  surface,  considered  as  an  ensemble  of  00^ 
surface-elements,  will  when  subjected  to  the  transformation  (2)  become  a  two- 
dimensional  point-locus  in  M^  whose  coordinates  (t^),  (v)  belong  to  the  null- 
system 

dx^  +  x^dx^  —  a:,  dx^  +  ^4  ^^3  —  ^s^^4  =  0 . 

If  the  coordinates  of  S^  be  written 

(30)  ^.  =  <A.,       ^,=  <A,»       x,^4>. 

the  image  in  M^  will  be 

P  P 


Digitized  by 


Google 


462  J.   EIESLAND:    OONJUOATE  LnOBB  [Oototaar 

where 

Since  (t^)  and  (v)  are  conjugate  lines,  we  have 


from  which  it  also  follows,  since  dX^  must  be  an  exact  differential, 

0. 


(88) 

dv     du         dv     du 

We  now  put 

ax. 

ax, 

du  dv 

(84)  ^    ^^  ^R^{u,v),         ^^  =i?,(w,t7), 

SO  that  the  equations  (32)  and  (33)  take  the  form 

(35,     n^^.^^-.,  ^,^.-r^+^^'-«. 

Eliminating  dXJdu,  dXJdv  from  (84)  and  dPJdu,  dPJdv  from  (86),  we 
find  that  X^  and  P^  must  satisfy  the  differential  equation 


dB, 

dR^ 

8*0            dv         d$ 

du      ae 

chtdv  "*"  ~R~-  R^'  du~ 

R^-rR.'dv-^ 

(86) 

Conversely,  if  two  particular  solutions  of  this  equation  can  be  found,  we  obtain 
from  (84),  (85)  and  (31)  by  means  of  quadratures  a  surface  on  which  (u)  and 
(v)  are  conjugate  lines.  Now  suppose,  in  particular,  that  —  H^^  Ji^ss  H. 
Since  H^  and  S^  are  the  respective  slopes  of  the  tangents  drawn  to  a  point  of 
intersection  of  the  projections  of  any  pair  of  conjugate  lines  on  the  JT^^^-plane, 
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this  relation  expresses  the  geometrical  property  that  the  triangle  formed  by  any 
pair  of  such  tangents  and  either  axis  is  isosceles."^ 
The  equation  (86)  may  now  be  written 

d^0  d  d0  d  d0 

But,  since  -X^  =  <^^(w,  «),  and  Pj  =  2<^j,  this  is  the  equation  (17)  on  page 
465.     We  have  therefore  the 

Theorem.  If  a  surface  possesses  a  set  of  corrugate  lines  (w)  and  ( v)  such 
that  the  pair  of  tangents  drawn  to  the  point  of  intersection  of  the  projection 
of  the  curves  on  the  X^  X^-planeform  with  either  axis  an  isosceles  triangle^  then 
will  Euler's  transformation  transform  it  into  a  surface  on  which  the  asymp- 
totic lines  correspond  to  this  family  of  conjugate  lines.  We  shall  call  such  a 
set  of  conjugate  lines  Euler^s  lines. 

The  relation  jBj  =  —  jBj  may  be  written 

du      dv         dv      du 
from  which,  by  the  use  of  (32)  and  (33)  we  deduce  the  equations 

du     du  du      du  '  dv     dv  dv      di^ 

That  is  to  say,  the  image  of  the  surface  in  M^  belongs  to  the  complex  (7)  which 
we  shall  call  a  conjugate  complex.  Conversely,  the  relation  R^^  -^  R^  is  satis- 
fied for  all  surfaces  in  M^  whose  images  in  M^  by  the  transformation  (2)  belong 
to  a  conjugate  complex,  so  that  we  may  say : 

The  necessary  and  sufficient  condition  that  a  surface  in  M^  referred  to  a  set 
of  conjugate  lines  shall  have  as  image  in  M^  a  surface  belonging  to  a  conju- 
gate complex  is  that  the  conjugate  lines  shall  be  a  family  of  Euler's  lines. 

Let  there  be  given  on  any  surface  in  M^  a  system  of  lines  satisfying  the  dif- 
ferential equation 

(37)  dX, dP,  -  dX^ dP.^O, 

which  expanded  may  be  written 

*ll]i8  may  also  be  expressed  thas :  The  ood jugate  lines,  when  projected  on  the  XjXi-plane 
form  infinitesimal  parallelograms  whose  areas  equal  . 


da      do  ' 


tbis  may  easily  be  proved  geometrically. 


Digitized  by 


Google 


464  J.   EIE8LAND:    CONJUGATE  LINES  [October 

\    dv     du         du      dv  dv     du  du      dv  )  • 

We  shall  investigate  some  of  the  properties  of  these  lines.  Since  the  differen- 
tial equation  is  of  the  second  degree  it  is  satisfied  by  an  infinite  system  of 
curves  <^i  =  c,,  <^j=  c^.  Let  us  suppose  that  the  surface  be  referred  to  this 
system ;  since  now  u  =  const.,  v  =  const,  must  be  integrals  of  the  equation  we 
have 

/39^  ^^.^._^.^2^»=o  ^'^'_?^'^»  =  o. 

^     ^  du     du         du      du  '  dv      dv         dv      dv 

But  we  also  have 

du~^  du  "^     ^  &u  '  dv   ~  ^  dv    '^     *  dv  ' 

Eliminating  d  XJdu  and  d  XJdv  we  get 

^     ^  du     dv  du     dv  du     dv  du     dv  * 

and  eliminating  dPJdu^  dP^Jdv  from  equations  (89)  and  (40)  we  obtain  the 
equation 

\  du     dv  dv      du  J\  du     dv  dv      du  J 

If  the  second  factor  vanishes  we  find  l^at  combined  with  (39)  it  will  cause 
the  coeiBcient  of  dudv  in  (88)  to  vanish,  in  which  case  every  line  on  the  surface 
will  satisfy  the  equation ;  this  can  happen  only  for  special  surfaces.  Excluding 
this  case  we  have 

/41^  ^5  --'  J.  ^-5  ^1  _  0 . 

^^^  du     dv    "^'dv      du  '^     ' 

•combining  this  again  with  the  second  of  equations  (39)  we  obtain 

du     dv  du     dv 

This  is  the  condition  that  (u)  and  (v)  shall  be  conjugate  lines.     Moreover, 
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these  lines  constitute  a  family  of  Euler's  lines,  since  the  condition  (41)  is  just 
the  relation  jB^  =  "-  ^v     Hence  the 

Xb£OR£H.     If  an  infinite  family  of  curves  (f>^^  c^^  <^2  =  c^  on  a  surface 
satisfy  the  differential  equation 

\  du     du         du     du  ) 

(Z%\  {-^    ^?^  ^^^   ^^'^-^  ^^3_?-F2   ^^\dudv 

^      ^  \  dv      du         Du      dv         dv      du         du     dv    ) 

\  dv     dv    "   dv      dv    J        ~     ' 


then  will  these  lines  he  a  family  o/Euler's  lines.* 

Conversely,  a  family  of  Euler's  lines  on  a  surface  satisfies  the  differential 
equation  (38). 

Proof.  Let  the  curves  befj(w,v)  =  c,,  fjC^*^)  —  ^2'  w^^^*^  ^1  hypothesis 
are  !Euler's  lines.  Introducing  the  curvilinear  coordinates  ^^  =  u\  ^^  =  v  in 
the  rectangular  coordinates  of  the  surface,  we  have  by  hypothesis 

du'    dv'  "^'du'    dv'  ~     ' 
(42) 

du     dv'         dv'    du  ' 

to  which  we  may  also  add  the  condition 

^*^>  'dv''~dir^'d^~d^''  =  ^' 

since  dX^  must  be  an  exact  differential  also  after  the  introduction  of  the  new 
coordinates.     The  conditions  (42)  and  (48)  reduce  to  the  following 

^^"^  ^  du'    du         du'    du'  ~"'  dv'~  dv'  "  dv'    Dv'  ^ 

Expressing  dP./Du',  dP./dv\  dX./du,  dX./dv  (i  =  l,  2)  in  terms  of 
dP./du,  dP.jdv,  dX,ldu,  dXJdv,  f,  and  f,  and  substituting  in  (48') 
we  get 

*  I(  II  and  V  are  a  set  of  asymptotio  lines  on  the  snrfaoe  this  equation  is  simplified ;  in  fact, 
an  easy  oaloolation  will  show  that  it  red  noes  to 

cu     du  ov     cv 
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\  dv     cv  dv     dv  J\  dv  J 

\  ^?^     ^v  dv     du         du     dv  dv     &n  J  du    dv 

\  du     du         du     du  )\du  )       ^ 


+  \ 


and  an  equation  of  identically  the  same  form  in  d^Jdu^  ^^2/^'     ^nt,  siofl 
fj  =  Cj  and  fj  =  Cj,  we  have 

e?w  5?/  ^w 

dv  dv  I 

I 
I 

and  substituting  these  ratios  in  the  above,  we  obtain  the  differential  equatiio 

(38).  Q.  E.  P. 

The  theorem  on  p.  458  may  now  be  stated  thus : 

The  problem  of  finding  all  surfaces  on  which  Euler*s  lines  are  lines  of  currr- 
ture  depends  on  tfie  integration  of  the  equation  (26)  and  quadratures,  T/a.^^ 
surfaces  have  the  following  geometric  property.  The  projection  of  the  lines '/ 
curvature  on  the  X^  X^-plane  form  a  system  such  that  the  two  tangents  dra*rh 
at  a  point  of  intersection  of  any  pair  of  curves  form  with  either  axis  an  isu^ 
celes  triangle. 

If  the  system  S^  be  referred  to  a  set  of  asymptotic  lines,  the  equation  (38)  d 
Euler's  lines  takes  the  simple  form 

If  S^  be  transformed  into  S^  the  asymptotic  curves  u=:c,  v  «=  c  become 
EuL£R*s  lines  on  /Sji  and  the  equation  of  asymptotic  lines  on  S^  will  be  identi- 
cally of  the  same  form  as  (38'),  since  by  Euler's  transformation  X^=  X^  ami 
P^^  P^.  It  follows  therefore  that  if  on  any  surface  S^  we  know  the  asymp- 
totic lines,  the  Eulee  lines  are  known  on  the  corresponding  surface  S^. 

Part  3. 

The  following  question  now  presents  itself :  Are  there  oontact-transformatioiii 
other  than  Euler's  that  will  change  asymptotic  lines  into  Euler's  lines  ?  We 
shall  find  that  there  exist  00'^  such  transformations.  To  establish  this  it  will  be 
convenient  to  go  back  to  the  space  M^  from  which  we  started. 
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A  null-system  in  JK^,  defined  by  the  equations 

x,^p,x^+(r.  (t  =  l,2,3,4), 

cPM:  (44) 

will  when  subjected  to  the  transformation  (2)  become  an  ensemble  of  surface- 
elements  consisting  of  element-bands  formed  by  oo^  parabolae 


&^- 


ti'if. 


Pa ^1  -  P'l^i  =  ^2Px  "^aPi^ 

^^^'>    yr       P^P^+PsPif^^        ^^2   .    2(/>,cr,  +/>,<7/.  ,r\u.^^u.^^ 

^3  = -2 (A,  —  o-J   + (A,  ~crj  + 0-^0-2  + (TjO-^, 

r2  r-i 

lying  in  planes  parallel  to  the  ^^-axis.  *     Moreover,  the  coordinates  of  the  plane 
of  each  surface-element  are  subject  to  the  conditions 

Pz    2     =P\^\   +^1^2  -^2^1' 

(46) 


P2-2   =PAx+^zPz-^2Py 


To  each  line  of  the  nuUsystem  corresponds  one  of  the  parabolae  considered  as 
an  element-band,  or,  in  other  words,  to  the  00^  points  of  the  line  correspond 
the  00*  surface-elements  of  the  parabolas.  We  shall  now  consider  the  effect  of 
Euler's  transformation  on  these  element-bands  when  the  nuUsystem  becomes  a 
conjugate  complex,  that  is,  when  the  additional  Monge  equation 

^l^  t.^.  dx^  dx^  —  dx^  dx^  =  0 

is  satisfied.  Now  in  order  that  the  lines  (44)  shall  be  lines  of  such  a  complex 
we  must  have 

PlP2-P'APi=^' 

Introducing  this  condition  in  (45)  we  obtain  the  parabolae 

^'Z  P4^l-P2^2=  ^2Pi  -  "^iPi^ 

(47)       A3  =  -~(Ai- o-J   -f ^A^  —  o-J +  (rjcr2  +  (r3(r^, 

r2  r2 


while  the  conditions  (46)  become 
(46') 


P2    9"  '=Pl^l  +  ^1^2  -  ^2Pl  » 


PA-^^Pi^l  +  <^zPi-'^2Pl^ 


*Amerioaxi  Jonrnal  of  Mathematics,  vol.  26. 
Trans.  Am.  Matb.  80c.  39 


Digitized  by 


Google 


468  J.  EIESLAND :   CONJUGATE  LINES  [October 

Next  I  shall  show  that  Euler's  transformation  transforms  these  oo*  paraholee 
into  00*  straight  lines.  In  fact,  transforming  (46')  and  (47)  and  reducing,  we 
have 

r\  ri 

which  represent  oo*  straight  lines  in  M^. 

In  the  same  way  we  may  prove  without  difficulty  that  if  the  null-system  (44) 
becomes  asymptotic  so  that  p^P2+  P^Pa^^^  ^^^  ^^  straight  lines 

P4^1-P2^2  =  ^2P4~<^4P2' 

r2 

are  by  Euler's  transformation  transformed  into  oo^  parabolas  of  a  form  similar 
to  (47). 

Since  all  the  contact-transformations  that  transform  (47)  into  (48)  also  trans- 
form Euler's  lines  into  asymptotic  lines  and  vice  versa  our  problem  is  now 
simplified.  Let  us  consider  an  asymptotic  complex  in  M^.  There  exist  oc^^ 
projective  transformations  which  leave  it  invariant.  *  In  M^  we  get  a  group 
of  00^^  contact  transformations  which  leave  invariant  the  differential  equations 

dX^  ~  P,dX,  -  P^dX^  =  0, 

(50) 

"^     ^  dX,dP^  +  dX,,dP^^(^. 

These  transformations  have  the  form 

X^  =  a^X,  +  \X^  +  d,, 

^2  =  ^2^1  +  ^2-^2  +  ^2' 

(61)  X3  =  a^X,  +  63  a;  +  C3X3  +  ^3, 

^1""   A  ^"^    A      2"^  A   '     ' 

p  -~^^3  p  ,  «if3  p  .  «i \r_?3^i 

^2—        A  »  "^     A  2+  ^  » 

where  A=^  a^b^^  a^b^.     We  notice  that  they  are  projective  point-transforma- 
tions since  the  coordinates  X^^  X^^  ^3^0  not  involve  P^  and  P^;  all  these 
'American  Journal  of  Mathematics,  vol.  26,  p.  146. 
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transformations  form  a  subgroup  of  the  general  linear  group.     We  shall  denote 
any  one  of  them  by  the  symbol  T^ . 

If  now  we  superpose  Euler's  transformation  on  (51)  we  obtain  oo^^  contact- 
transformations 

X,^a^P,  +  b,X^  +  d,, 
(52)  ^3=  «,^,  +  63^2+63(^3-^^1)  +  ^3* 

p  ^2^3  XT  ^2^3  p      ,    ^362-^2^ 


"       ^1^3  V    ,^1^3-       a.6.  —  a,6. 


p              1    »  •?-      I        1    3  p      ,    **t^3~  "^3^1 
^2  =  ~A~  ^l  +  "a"  ^  2  H 


which  change  the  differential  equation 

(58)  dX[dP,  +  dX,dF^  =  0 , 

into 

(64)  dX, dP,  -  dX,dP^  =  0 , 

an(^,  therefore^  also  asymptotic  lines  into  Euler's  lines.  They  also  change 
00'  parabolas  (47)  into  the  oo^  straight  lines  (48);  we  shall  denote  them  by 
2^^.  The  transformations  (52)  do  not  form  a  group,  for,  if  so  we  should 
have  T^ET^E^  T^E,  where  T  ,  2;,  T^  are  transformations  of  the  group 
(51),  that  is,  T^ET^^  T^.  But  the  succession  of  T^,  E  and  T^  cannot  be 
equivalent  to  a  projective  transformation. 

All  the  transformations  leaving  the  equation  (58)  invariant  are  included  in 
the  group  (51)  and  Legendre's  transformation.*  The  transformation  EL  will, 
therefore,  have  the  same  property  as  any  one  of  (52).  But  the  succession  of 
two  Euler's  transformations  is  a  Legendre's  transformation  so  that  the  com- 
bination of  a  Legendre  transformation  with  any  one  of  the  transformations  (52), 
or,  what  is  the  same  thing,  the  succession  of  T^  and  an  odd  number  of  Euler's 
transformations  wUl  transform  Euler's  lines  u  =  c,  v  =  c  on  S^  into  the 
asymptotic  lines  u  ^  c,v  =sc  on  S^. 

If  we  transform  the  coordinates  on  the  left  hand  side  in  (52)  by  Euler's 
transformation  we  obtain  oo^^  contact-transformations  which  leave  invariant  the 
equation  (54).  These  transformations  form  a  group  ;  in  fact  calling  any  one 
of  them  T  we  have  T  =  E'^  T  E  and  E"'  T  E  E-'  T.E^  E'"^  T  E.     This 

e  0  a  a  o  c 

*See  p.  148  of  my  article,  Amerioan  Jonrnal  of  Blathematios,  yoL  26.  Byacnrions 
mistake  the  name  Ectlbb'b  tiazuformation  is  tbere  given  to  the  well-known  one  of  Lbobndrb  : 
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group  is  a  subgroup  of  a  group  of  contact-transformations  connected  with  the 
projective  group  of  the  non-special  nuUsystem  in  M^ 

which  has  been  discussed  by  Lie  in  the  second  volume  of  his  Theorie  der  Trans- 
formationsgruppen.     The  transformations  are 


(56) 


^«"      A      ■*"   A       »'^         A       " 


X,  -  P,  A-,  -  a,P,  +  b,X,  +  c,(  a; -  P, X.)  +  d,. 

Now  since  Legendke's  transformation  also  leaves  (54)  invariant,  all  the  trans- 
formations that  leave  this  equation  invariant  are  obtained  by  superposing  Legen- 
DE£*s  on  any  one  of  the  00^*^  transformations  (55).  We  have  thus  found  all  the 
transformations  which  change  the  00°  parabolse  (47)  into  themselves.  It  should 
be  noticed  that  the  group  (55)  is  similar  to  the  projective  group  (51).  * 

In  conclusion  we  shall  give  the  following  resum^  putting  in  evidence  the 
relations  of  the  spaces  M^  and  M^: 


M,. 


I. 

n. 

III. 


IV. 


(a)  dx^  +  x^dx^ «0,       i 

(  6  )     dx^dx^  +  dx^dx^  =  0 .       i 

Projective  group  of  nuUsystem  " 

(a)  (21  parameters).  ' 

I 
Sub-group  G^  of  00*®  transfer-  j 

mations  leaving  the  asymp-  1 

totic  complex  I  invariant.       ' 


Special  projective  transforma-  ' 
tion  not  included  in  II  | 
leaving  I  invariant  (x^^2x^^  I 


I. 

n. 

III. 


IV. 


«4=  —  2iCi, 
2«,  =  aj,,  X'- 


2x  = 


«^j- 


^4»    I 


Ua)  rfX,-PjrfXj-P,dA>0, 
1(6)      dX.dP,  +  dX^dP^^Q. 

Irreducible  group,  C3,  of  con- 
tact transformations. 

Subgroup  C^  of  Cj  leaving  I 
invariant,  i.  e.,  transform- 
ing asymptotic  lines  (ti), 
(v)  on  S^  into  asymptotic 
lines  (m),  («)  on  S^. 

Legendre's  transformation 
leaving  I  invariant. 


*See  LlB-8CHEFFKB'8  Oontinuierliche  Gruppen,  p.  427. 
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M, 


(a)  dx^+x^dx^ =0, 

(6)     dx^dx^-- dx^dx^^Q. 

VI.  Linear  projective  group  of 
00^®  transformations  leaving 
V  invariant  (denoted  by  G^. 


YII.  Special  projective  transforma- 
tion not  included  in  VI, 
changing  I  into  Y. 

VIII.  00^^  projective  transformations 
transforming  an  asymptotic 
complex  I  into  a  conjugate 
complex  V. 

ANNAPOLIS,  April  7,  1905 


M,. 


dX,dP,^dX^dP^^O. 

VI.  Group  of  contact  transforma- 
tions similar  to  C^^  leaving 
V  invariant,  i.  e.,  chang- 
ing Euler's  lines  (w),  («) 
on  S^  into  Euler's  lines 
(w),  (v)  on  S^. 

VII.  Euler's  transformation 
changing  Euler's  lines  into 
asymptotic  lines. 

VIII.  00^°  contact  transformations 
changing  I  into  V,  or 
changing  Euler's  lines  (t^), 
(v)  on  S^  into  asymptotic 
lines  (w),  (v)  on  S^. 
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SURFACES  OF  CONSTANT  CURVATURE  AND  THEIR 
TRANSFORMATIONS' 

BY 

LUTHER  PFAHLER  EISENHART 

BiANCHi  f  has  called  attention  to  the  fact  that  upon  a  surface  of  positive  total 
curvature  there  is  an  infinity  of  conjugate  systems  of  lines  which  are  character- 
ized by  the  property  that  when  such  a  system  is  parametric  the  parameters  can 
be  chosen  so  that  the  second  quadratic  form  becomes 

Xidu^  +  dv"), 

where  X  is  generally  a  function  of  both  u  and  v ;  Bianchi  calls  such  a  system 
isothermal-conjugate.  In  a  similar  manner  it  can  be  shown  ^  that  an  infinity 
of  conjugate  systems  exist  on  a  surface  of  negative  curvature  such  that  the 
second  quadratic  form  is  reducible  to 

X(rfw*-dv2); 

we  call  these  also  isothermal-conjugate.  When  the  total  curvature  is  constant 
and  positive,  the  surface  is  called  spherical.  We  find  that  when  a  spherical 
surface  is  referred  to  an  isothermal-conjugate  system  the  fundamental  quantities 
for  the  surface  and  the  equations  which  they  satisfy  take  very  simple  forms — 
forms  which  suggest  transformations  carrying  the  given  surface  into  new  spher- 
ical surfaces.     This  paper  is  given  over  to  a  study  of  these  transformations. 

In  §  1  we  derive  the  fundamental  equations  for  a  spherical  surface  referred  to 
isothermal-conjugate  lines,  show  that  its  lines  of  curvature  and  characteristic 
lines  §  are  isothermal-conjugate,  derive  the  expressions  for  the  spherical  repre- 
sentation of  the  given  isothermal  system  and  for  the  fundamental  functions 
when  this  given  system  is  composed  of  the  lines  of  curvature  or  the  character- 
istic lines. 


*  Presented  to  the  Society  April  29,  1905.     Received  for  pnblicatioD  January  10,  1905,  and 
May  4,  1905. 

fLezioni,  vol.  I,  p.  167  ;  German  translation  by  Lukat,  p.  135. 

X  Iwthemud-cor^ugale systems  of  Hnes  on  surfaces,  A m erioan  Journal,  vol.  525  (1903),  p.  220. 
§  TTiree partieuiar  systems  oj  ines  on  a  surface,  TransaotlonB,  vol.  5  (1904),  p.  429. 
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In  §  2  we  discover  a  transformation  which  changes  a  spherical  surface  into  a 
surface  of  the  same  curvature  with  the  same  second  quadratic  form  as  the  given 
surface  and  the  lines  of  curvature  are  in  correspondence  on  the  two  surfaces. 
^When  the  given  surface  is  referred  to  its  lines  of  curvature  it  is  found  that  this 
is  the  transformation  of  Hazzidakis.  *  The  new  transformation  is  the  trans- 
formation of  Hazzidakis  in  a  general  form,  for  it  can  be  shown  that  the  latter 
is  the  only  transformation  of  spherical  surfaces  leaving  the  total  curvature  and 
second  quadratic  forms  unaltered  and  preserving  lines  of  curvature.f 

An  interesting  example  of  the  effect  of  the  Hazzidakis  transformation  is 
afforded  by  applying  it  to  the  spherical  surfaces  of  revolution.  In  addition  to 
this  study  §  2  is  given  over  to  the  consideration  of  surfaces  of  constant  mean 
curvature,  which  are  always  associated  with  spherical  surfaces,  as  Bonnet  has 
shown. 

In  §  4  another  transformation  is  found  which  changes  a  spherical  surface  into 
another,  leaving  the  total  curvature  and  the  second  quadratic  form  unaltered, 
and  changing  lines  of  curvature  into  characteristic  lines  and  vice  versa.  After 
a  study  of  the  effects  of  combinations  of  these  and  Hazzidakis  transformations, 
it  is  shown  that  these  transformations  or  transformations  of  the  two  kinds  are 
the  only  ones  leaving  the  total  curvature  and  second  quadratic  forms  altered 
and  interchanging  the  lines  of  curvature  and  characteristic  lines. 

In  §  5  the  pseudospherical  surfaces  are  considered  and  their  equations  of  con-^ 
dition  are  given  forms  analogous  to  those  in  §  1  for  spherical  surfaces,  but  one 
cannot  find  transformations  similar  to  the  above. 

§  1.   Spherical  surfaces  referred  to  isothermal-conjugate  lines. 

Consider  a  surface,  S^  of  constant  positive  total  curvature,  1/a*.  Let  the 
parametric  curves  form  an  isothermal-conjugate  system  X  upon  the  surface  and 
choose  the  parameters  of  these  lines  in  such  a  way  that 

(1)  D^D\         2)'  =  0, 

where  these  Z)'s  are  the  coefficients  of  the  second  quadratic  form  of  the  surface. 
The  Gauss  §  and  Codazzi  ||  equations  can  then  be  written  in  the  respective 
forms 

*  BiANCHi,  Lezioni,  II,  p.  436 ;  German  translation,  p.  472. 

t  In  a  snbseqnent  paper  we  shall  show  the  part  which  the  Hazzidakis  transformation  plays 
in  the  theory  of  the  deformation  of  snrfaoes. 

X  BiANCHi,  Lezioni,  I,  p.  167 ;  German  translation,  p.  135. 
Jlbid.,  I,  p.  93;  p.  68. 
II  Ibid.,  I,  p.  119  ;  p.  91. 
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and 

where  the  Christoffel  symbols  { 7  ]  are  formed  with  respect  to  the  linear  ele- 
ment of  S  written 

(4)  ds'  -  B(hi'  +  2FJudv  +  Gdv", 

and  we  have  put  for  the  sake  of  brevity 

(5)  H^VEG--F', 
Since  now 

ly^     1 

(6)  ^^-ip-a^^ 
we  have 

d  log  n      d  log  // 


cv 


dlog  n^d  log  II 
du      ^      du      ' 


When  these  equations  are  combined  with  (S),  the  latter  may  be  replaced  by 
J^F  ^<^E  _^G  2^^-^^-^^ 

From  this  it  follows  that  the  functions  F  and  F^  G  are  solutions  of  the  equa- 
tion 

The  general  integral  of  this  equation  is 

where  the  functions  <f>  and  "9  are  arbitrary  in  form ;  moreover,  in  order  that 
the  surface  be  real  ^  must  be  conjugate  to  <f> .     Consider  this  case  and  put 

<b{u  +  iv)  +  <P^{u  -  iv) 
F 2 ' 

when  <f>Q  denotes  the  conjugate  function  of  <f> ;  from  (7)  it  foUows  that 

Since  equations  (7)  have  replaced  the  Codazzi  equations,  the  only  other  equation 
of  condition  to  be  satisfied  is  the  Gauss  equation  (2).     Hence  <f>  can  be  chosen 
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arbitrarily  and  there  remains  a  partial  differential  equation  of  the  second  oider 
to  be  satisfied  by  G;  this  equation  is  found  by  substituting  the  values  for  2)^, 
^,  and  B  in  (2). 

As  equation  (8)  is  satisfied  by  ^  =  0 ,  it  follows  that  a  solution  is 

(9)  i^=0,         ^-(?  =  const. 

Since  the  latter  constant  is  zero  only  in  case  aS'  is  a  sphere,  we  have  the 
theorem : 

ITie  lines  of  curvature  upon  a  spherical  surface  form  an  isothermal-con- 
jugate  system  ;  these  lines  are  isothermal-orthogonal  only  in  case  of  the  sphere. 
Another  solution  of  equations  (7),  suggested  by  the  solution  ^  =  0  of  equation 
(8),  is 
(9')  E^G,         i^'^  const., 

where  the  constant  is  equal  to  zero  only  for  the  sphere.     Now 

But  the  latter  are  the  conditions  that  the  conjugate  parametric  system  is  com- 
posed of  the  lines  cutting  one  another  under  the  minimum  angle  between  con- 
jugate lines;*  REiNAf  has  called  the  latter  Uta^  characteristic  lines.  Hence 
the  theorem : 

The  characteristic  lines  upon  a  spherical  surface  are  isothermal-conjugate. 

From  the  general  expressions  for  the  coefficients  of  the  linear  element  of  the 
spherical  representation  of  a  surface  referred  to  a  conjugate  system,  namely ,| 

GD"  FDD'  ED'^ 

(10)  5-^^_^,,         9 EG-F^'         ^"EG-F'^' 

it  is  seen  that  for  the  present  case 

G  F  E 

(11)  s^%.         ^=«-« 


a^'  a''  ^"a^' 


In  consequence  of  (7)  one  has 

^     ^  du  ^  dv  "  dv  ^  dv  '^  du        du  ^ 

that  is,  Sy  ^j  §  satisfy  equations  (7).     Conversely,  when  S^  ^^  §  are  three 
functions  satisfying  (12),  one  has 

*  Three  particular  gystenu  of  lines  on  a  surface,  TraDsaotionSi  vol.  5  (1904),  pp.  9,  443. 
f  Di aleune  propriety  delle  linee  caraiterische,  Roma  Aocademia  Linoei  Rendiconti  (4) 
V  (1899),  pp.  881-5. 

t  BiANCHi,  Lezioni,  vol.  I,  p.  150  ;  German  tranalatioD,  p.  120. 
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where  the  Christoffel  symbols  { ^ ' } '  are  formed  with  respect  to 

da^  =  Sdu^  +  2^dudv  +  §dv^. 

Hence  if  ^ ,  ^,  ^  satisfy  also  the  Gauss  equation  for  the  unit  sphere,  the  par- 
ametric lines  upon  the  sphere  represent  an  isothermal-conjugate  system  of  lines 
on  a  unique  spherical  surface.  * 

§  2.   The  transformation  of  Hazzidahis, 

The  results  of  the  last  section  suggest  a  transformation  of  spherical  surfaces. 
Let  S  be  such  a  surface  with  the  linear  element  (4),  whose  coefiBcients  satisfy 
equations  (7).  We  remark  that  the  latter  equations  are  satisfied  also  by  E^  * 
jPj,  G^j,  where 

(18)  E,^G,        F,^-^F,         G,^E. 

If  these  values  be  subtituted  in  an  equation  similar  to  (2),  namely, 

when  the  Christoffel  symbols  are  formed  with  respect  to 

ds\  =  E^dvJ'  +  2F^dudv  +  G^dv\ 
and  one  remarks  that 

it  follows  in  consequence  of  (7)  that  this  becomes 

where  now  the  symbols  are  formed  with  respect  to  (4).  But  the  right-hand 
member  of  this  equation  is  equivalent  to  the  similar  member  of  (2).f  Hence, 
the  Gauss  equation  is  satisfied  by  taking  7>j  =  2)'/  =  Z).  This  gives  the 
theorem : 

When  a  spherical  surface  is  referred  to  an  isothermal-conjugate  system  and 
the  parameters  are  chosen  so  that  (1)  is  satisfied^  there  exists  another  spherical 
surface  of  the  same  total  curvature  and  with  the  same  second  quadratic  form 
as  the  given  surfaces  ;  the  linear  element  is 

(14)  dsl  =  Gdu^  -  2Fdudv  +  Edv\ 

♦Ibid.,  p.  168 ;  p.  136. 
tibid.,  p.  77;  p.  53. 
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It  will  be  oonveDient  to  refer  to  the  new  surface  S^  as  the  conjugate  of  the 
given  one.  One  remarks  that  the  relation  between  the  two  surfaces  is  entirely 
reciprocal. 

If  the  linear  element  of  the  spherical  representation  of  S^  is  written 


da\  = 

S^dv. 

*+  2^^dudv+§^dvl 

it  follows  from 

(10),  (11)  and 

(18) 

that 

(16) 

E 

^1  =  ?  =  ^ 

9 

^i  =  -^»         §1  = 

Hence  the  coefficients  of  the  spherical  representation  of  S  and  S^  bear  the  same 
relation  to  one  another  as  the  first  fundamental  quantities  of  these  surfaces. 
A  comparison  of  the  formulas  (11),  (13)  and  (15)  leads  to  the  theorem : 
A  spherical  surface  of  unit  total  curvature  is  applicable  to  the  unit  sphere 
'in  such  a  way  that  an  isothermal-conjugate  system  of  lines  on  the  former  cor- 
respond to  the  spherical  representation  of  the  corresponding  isothermal-conju- 
gate system  on  its  conjugate. 

From  the  general  equation  of  the  lines  of  curvature 

{BD'  -  FD)du*  +  (BD"  -  GD)dudv  +  {FU' -  GD')dv^  =  0, 

it  is  seen  that  for  both  S  and  S^  the  lines  of  curvature  are  given  by 

(16)  Fdu^  +  {G^  E)dudv  -  Fdv^  =  0 . 

Hence  the  lines  of  curvature  correspond  upon  a  spherical  surface  and  its 
conjugate. 

Suppose  that  the  isothermal-conjugate  lines  on  S  are  the  lines  of  curvature : 
from  (9)  it  is  seen  that  we  can  put 


(17) 

^=a*oo8h*^, 

G^c^nmVe, 

or 

(18) 

^  =  a*sinh»^, 

G^a'coaVe, 

F^O 

according  as  the  constant  in  (9)  is  positive  or  negative,  a^  being  the  absolute 
value  of  the  constant.*     Now  in  either  case 

D^D'  ^a  sinh  e  cosh  ^, 
and  equation  (2)  becomes 


*Lezioiii,  vol.  II.,  p.  436 ;  p.  472. 
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One  sees  that  the  values  (18)  lead  to  the  conjugate  of  the  surface  whose  first 
fundamental  coefficients  are  given  by  (17)  and  vice  versa.  But  this  is  the  trans- 
formation which  BiANCHi  has  called  the  transformation  of  Hazzidakis. 

In  order  to  show  that  the  transformation  which  we  have  been  considering  in 
this  section  is  the  transformation  of  Hazzidakis  in  a  more  general  form,  we 
have  only  to  prove  the  theorem : 

The  transformation  of  Hazzidakis  is  the  only  one  changing  a  spherical 
surface  into  one  of  the  same  curvature  in  such  a  way  that  the  lines  of  curva- 
ture on  the  two  surfaces  correspond  and  the  second  quadratic  forms  are  the 
same. 

Let  aS  and  S^  be  two  surfaces  of  curvature  1/a^  referred  to  their  correspond- 
ing lines  of  curvature  and  let  the  second  quadratic  forms  of  the  two  surfaces  be 

(19)  D{du^-\-dv'). 

If  no  distinction  is  made  with  regard  to  homothetic  surfaces,  the  most  general 
integrals  of  equations  (7)  for  S  and  S^  are 

(20)  E^G^±a\        E,^G^^±(f. 

Since  the  total  curvatures  of  S  and  S^  are  equal  and  (19)  is  the  second  quad- 
ratic form  of  both  surfaces,  we  must  have  also 

<21)  E,G,^EG. 

In  conformity  with  this  we  put 

Substituting  these  values  in  the  second  of  equations  (20)  and  taking  aocount  of 
the  first,  we  get 

VJFiF  a'\  4-  (±  a'  -  ^)  =  0, 

of  which  the  solutions  are 

\=±1,         dz~. 

Since  E^  and  G^  must  be  positive,  the  only  possibility  is 

which  proves  the  theorem.  Hence  the  Hazzidakis  transform,  or  conjugate,  of  a 
spherical  surface  may  be  defined  to  be  the  surface  with  the  same  total  curvature 
and  second  quadratic  form  and  such  that  the  lines  of  curvature  on  the  two  sur- 
faces are  in  correspondence. 

We  shall  find  that  on  the  two  surfaces  S  and  S^  the  characteristic  lines  also 
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are  in  correspondence.  For,  the  general  equation  of  the  characteristic  lines  upon 
a  surface  referred  to  a  conjugate  system  is  * 

D{  GD  -  ED')dv?  -  ^FDU'dudv  +  U^EU'  -  GD)dv''  ==0. 

When  the  system  is  such  that  the  second  quadratic  form  is  (19),  this  reduces  to 

(22)  ( G -  E)du^ -  ^Fdiidv  +  {E^  G)dv'  =  0, 

which  in  consequence  of  (18)  is  the  equation  of  these  lines  on  S^  also.  Hence 
the  characteristic  lines  correspond  upon  two  conjugate  spherical  surfaces. 

§  8.   Surfaces  of  revolution  and  surfaces  of  constant  mean  curvature. 

The  spherical  surfaces  of  revolution,  referred  to  their  meridians  and  parallels, 
lend  themselves  readily  to  the  transformation  of  H azzidakis.  Bianchi  f  shows 
that  these  surfaces  are  defined  by  the  equations 

(28)  33=  r  cos  10,         y=srsinto,         »  =  <^(r), 

where 

(24)  r=/ccosw,         2J=J  i/l  — /c^sin^  wrfw, 

in  which  k  denptes  a  constant.  When  k  is  equal  to  one,  /S"  is  a  sphere  of  unit 
radius.  The  other  surfaces  of  this  kind  are  divided  into  two  classes  according 
as  /c  is  less  or  greater  than  one.     From  (28)  and  (24)  it  is  found  that  the  linear 

element  of  S  has  the  form 

dr^ 
(26)  ds'^^^-^  +  r^dm' 

and  for  the  second  quadratic  form  we  have 

(26)  ^  =  .  Vi--  ^  +  ^  [  ( ^^y(f-«^- -:,-^y  +  dJ\ . 

As  the  case  of  the  sphere  does  not  afiFord  any  particular  interest,  we  pass  to  the 
consideration  of  the  two  remaining  cases  in  turn. 

1**.  #c  <  1.     In  order  to  have  D  =  D"  we  change  the  parameters,  putting 

dr 

^  i/fi -^2  +  7^)(^2'-:  ^y 

Upon  integration  we  have  r  ^  iccnt^  with  k  the  modulus.  When  this  change  is 
effected  upon  (25)  and  (26),  they  become 

*  Three  particular  systems  of  lineSy  L  c,  p.  429. 

t  L.  0.,  vol.  1,  p.  233  ;  German  translation,  p.  197. 
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(27)  d^  =  dn^tdf  +  if(m^tdw^ 

(28)  *  =  #c  cntdnt{df  +  dw^). 
2°.  /Cj  >  1.     For  this  case  we  put 

dt  dr 

which  gives  by  integration  r^  =  /cj  --  «n'«,  and  the  modulus  is  l/«j .     Now  the 
linear  element  and  second  quadratic  form,  after  putting  w^^  ic^w^  reduce  to 

(29)  rf«2  ^jLlaf  +  dnHdw\, 

rft/vv  "  ^      cnt'dnt ,  _-       ,   «v 

(30)  *  = {df  +  dw\). 

If  we  take  for  k^  the  inverse  of  ^,  the  elliptic  functions  have  the  same  modu- 
lus. Again,  if  we  take  the  same  t  for  both  cases  and  to  a  line  w  =  const,  on 
one  of  the  first  case  make  correspond  a  line  w^  =  const,  on  a  surface  of  the 
second  kind,  the  forms  (28)  and  (30)  are  the  same,  and  (30)  is  obtdned  by 
interchanging  the  coefficients  in  (28)  and  vice  versa.     Hence : 

Given  a  surface  of  revolution  of  constant  positive  curvature  corresponding 
to  a  certain  k;  its  conjugate  is  the  similar  surface  corresponding  to  1/k. 

Bonnet  has  shown  that  there  is  a  surface  of  constant  mean  curvature  l/2a 
parallel  to  a  surface  of  total  curvature  1/a*  and  at  the  distance  o.  If  the  para- 
metric curves  be  the  lines  of  curvature  for  these  surfaces  and  the  fundamental 
functions  for  the  former  surface  be  denoted  hj  e^  g^  d^  d'\  the  following 
relations  hold :  '*' 

.=,_X<.[<.(l  +  J-)-2], 

where 

\ss  d  =  d" . 

Let  S  and  S^  be  two  surfaces  of  unit  total  curvature  which  are  the  trans- 
forms of  one  another  and  denote  by  S  and  S^  the  two  surfaces  of  constant  mean 
curvature  respectively  which  are  associated  with  the  former,  as  remarked  by  the 
theorem  of  Bonnet.  Now  a  in  the  above  formulae  has  the  value  unity.  If  the 
functions  for  S^  be  denoted  by  E^^  G^j,  2>j,  2>i',  the  above  relations  lead  to 
the  following  in  consequence  of  the  relation  between  S  and  S^ : 

6  =  jr  =  Cj  =  f7i ,         rf  =  c?i' ,         d"  =^d^. 


*  Knoblauch,  Einleitang  io  die  allgemeine  Theorie  der  krammen  Flaohen,  p.  234. 
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We  have  then  the  theorem : 

Given  any  surface  of  constant  mean  curvature^  there  is  another  surface  of 
this  kind  applicable  to  it  in  such  a  way  that  lines  of  curvature  correspond ; 
when  the  latter  are  parametric  and  the  parameters  are  suitably  chosen 

Bonnet  *  has  shown  that  every  surface  of  constant  mean  curvature  is  appli- 
cable to  an  infinity  of  surfaces  of  the  same  mean  curvature  with  preservation  of 
the  principal  radii.  It  has  just  been  seen  that  to  every  surface  of  this  kind 
there  is  applicable  a  surface  of  the  same  mean  curvature  with  preservation  of 
the  lines  of  curvature  and  equality  of  the  principal  radii  in  inverse  order. 
Hence  the  theorem : 

driven  a  surface  S  of  constant  mean  curvature^  there  are  two  families  of 
surfaces  of  the  same  mean  curvature  applicable  to  it ;  for  the  surfaces  of  the 
one  family  the  principal  radii  are  equal  to  the  corresponding  radii  of  S^  and 
for  the  surfaces  of  the  other  family  the  2}i*incipal  radii  are  equal  to  those  of  S 
in  reverse  order. 

§4.-4  new  transformation  of  spherical  surfaces. 

Let  JE^  F^  G  be  three  functions  satisfying  equations  (7).  These  equations 
are  satisfied  also  by 

E+G-^2F            E-^G             E+G  +  2F 
{6\)  ^1  = 2 ,  ^^  ==  —  2    -  5  ^1  = 2 • 

We  find  that 

(32)  E,G, --F\^EG^  F\ 

so  that  we  are  led  to  inquire  whether  there  exists  a  suiiace  S^  whose  first  funda- 
mental coefficients  are  given  by  (31)  and  whose  second  quadratic  form  is  the 
same  as  for  S.  In  order  that  this  be  true,  it  is  necessary  and  sufficient  that 
these  functions  satisfy  the  Gauss  equation  (13'),  which  in  consequence  of  (6), 
(31)  and  (32)  can  be  given  the  form 


(33) 

o 


*  Memoire  tur  la  iMorie  des  surfaces  applicables  sur  une  surface  donnSe,  Jonrnalde  I'Eoole 
Polyteohniqae,  Cahier  42,  p.  77. 
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The  Gaubs  equation  for  S  can  be  re^aced  to  either  of  the  equivalent  forms 

m^   o  2/T__^  ^^i/^\      1.(}l^^\      ^(1_^\      \^?^(l\ 
(6^)    ^an^  j^  ^^  ^^  yj^j  -  Q^y  jj^^  )-  d^\H  dv  )^  ~E  du  dv\H)' 

(6Q)  ^^  ^-  Q  ^^^[jirj- ^^yjjr^^  )''du\ffdu)~'  G  dv  du\H)' 

If  these  equations  be  added  and  the  result  be  subtracted  from  (33),  we  will  be 
brought  to  an  equation  which  vanishes  identically  in  consequence  of  (7).  Hence : 
Given  a  spherical  surface  referred  to  an  isothermal-conjugate  system  of  lines 
and  let  the  parameters  be  so  chosen  that  the  second  fundamental  functions  D 
and  D'  are  equal ;  there  exists  a  second  spherical  surface  with  the  same  second 
quadratic  form  and  the  coefficients  of  its  linear  element  are  given  hy  (31).  For 
convenience  we  shall  call  the  new  surface  S^  the  adjoint  of  S.  When  the  ex- 
pressions (31)  are  substituted  in  the  equation  of  the  characteristic  directions  on 
/Sj,  namely  (22) 

(  G,  -  E,)du^  -  ^F^dudv  +  {E,  -  G,)dv''  =  0, 

this  equation  reduces  to  (16).  Hence  the  characteristic  lines  on  S^  correspond 
to  the  lines  of  curvature  on  S.  And  the  equation  of  the  lines  of  curvature  on 
S^  reduces  to  (22).  Hence  upon  a  spherical  surface  and  its  adjoint  the  lines 
of  curvature  of  one  surface  correspond  to  the  characteristic  lines  upon  the 
other. 

For  the  spherical  representation  of  S^  we  have 

G,  -i^,  E, 

^1  -  ^2  »  ^1  -    -^2  ■  1  ^1  -  a-  ' 

which  in  consequence  of  (31)  and  (11)  may  be  written 

^i—  2  '  ^1  —       2      '  ^1  ~  2 

Hence  the  coefficients  of  the  spherical  representation  of  corresponding  isother- 
mal-conjugate lines  on  a  spherical  surface  and  its  adjoint  bear  the  same  rela- 
tion to  one  another  as  the  first  fundamental  functions  for  these  surfaces. 

For  the  sake  of  convenience  we  shall  refer  to  the  transformation  of  Hazzi- 
DAKis  and  the  one  treated  in  the  preceding  section  as  the  transformations  JI 
and  /  respectively.  First  of  all  we  remark  that  throughout  any  number  of 
operations  of  IT  and  /  separately  or  conjointly  the  second  quadratic  form  is 
invariant.  Since  the  relation  between  a  surface  and  its  transform  by  either  ff 
or  /  is  completely  reciprocal,  it  follows  from  (13)  and  (31)  that  the  same  sur- 
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face  is  obtained  when  H  and  /  are  applied  consecutively  as  when  their  order  is 
reversed.  And  also  that  one  is  brought  back  to  the  original  surface  by  any  one 
of  the  sets  of  combined  transformations 

HH,        nil,         IHI,         IIH. 

Denote  by  T  any  transformation  of  a  spherical  surface  into  a  second  surface 
of  this  kind  which  preserves  the  total  curvature  and  second  quadratic  form 
and  interchanges  lines  of  curvature  and  characteristic  lines.  Then  IT  leaves 
lines  of  curvature  unaltered  and  consequently  is  either  identity  or  an  ZT  trans- 
formation. Therefore  T  is  either  an  /  transformation  or  a  combination  of  an 
/and  one  or  more  ^transformations.     Hence  the  theorem : 

The  ordy  transformation  which  changes  a  spherical  surface  into  a  spherical 
surface  of  the  same  curvature  and  the  sam^  second  quadratic  form  and  inter' 
changes  the  lines  of  curvature  and  characteristic  lines  is  the  I  transformation 
or  a  combination  of  the  latter  and  Haxzidahis  transformations. 

§6.  Surf  aces  of  negative  curvature. 

In  this  section  we  study  surfaces  of  negative  curvature  in  a  manner  similar  to 
the  preceding.  We  have  shown  "*"  that  upon  such  a  surface  there  is  an  infinity 
of  conjugate  systems  such  that,  when  these  lines  are  taken  as  parametric,  the 
parameters  can  be  so  chosen  that 

The  Gauss  equation  can  be  written 

<-)       --M^(?l"l)-£(fl"l)]- 

and  proceeding  as  in  §  1  we  find  that  if  we  put 

IP 

(37)  ir---g.,=  -i, 

the  CoDAZZi  equations  can  be  put  in  the  form 

^     ^  du        dv        dv  ^  ^  dv        du        du  ' 

From  this  it  is  seen  that  F  and  E  +  O  are  solutions  of 


* laothermal-coi^ugate  SjfUemt,  American  JoarDal  of  Mathematios,  vol.  25  (1903),  p. 
220. 

Tram.  Am.  Math.  Soc.  88 
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When  either  of  these  functions  is  known,  the  other  is  given  by  a  quadrature 
from  (38)  and  then  it  remains  to  find  E  ov  G  from  (36).  This  shows  that 
every  solution  of  (39)  leads  to  surfaces  of  constant  negative  curvature.  The 
most  general  form  which  F  can  have  is 

<I>(^-f  t?)  +  ^(^~t?) 
^-  2  ' 

and  then 

E+  G ^  ^{u  +  v)  --"^ {u  "  v). 

It  is  clear  that  equations  (38)  are  satisfied  by 

(40)  E,^G,        G,^E,        F,^F. 

When  these  values  of  jE',  G,  F  are  substituted  in  (36)  with  ^replaced  by  —  1 , 
and  it  is  noted  that  they  satisfy  (38),  we  get 

where  the  Christoffel  symbols  {  7  }i  ^^^  formed  with  respect  to 

(41)  E^  du"  +  2F,  du  dv  +  G^  dv\ 

But  the  left-hand  side  of  the  above  expression  is  equal  to  the  total  curvature  of 
the  surface  with  the  linear  element  (41)'*'  Hence  when  these  coefficients  have 
the  values  (40),  the  surface  S^^  has  positive  curvature,  so  that  for  pseudospher- 
ical  surfaces  a  transfonnation  analogous  to  the  transformation  of  Hazzidakis 
does  not  exist.  The  linear  element  of  the  spherical  representation  of  S  is  readily 
found  to  be  f 

da^  =  Gdu"  +  2Fdudv  +  Edv", 

which  is  the  same  as  (41)  when  the  coefficients  in  the  latter  have  the  values 
given  by  (40) ;  this  accounts  for  the  above  result. 

It  is  of  interest  to  determine  whether  there  is  a  surface  with  total  curvature 
equal  to  one  whose  linear  element  takes  this  form  when  the  parametric  lines 
form  an  isothermal  conjugate  system.  The  conjugate  of  this  surface  would  have 
for  linear  element 

ds^  =  Edu^  -  "HFdudv  +  Gdv\ 


so  that  E,  F^  G  would  have  to  satisfy  equations 

(42)                    2f/_£«'_?^,         i'^.-'f. 
^     '                          du        OV         OV                 ov         ou 

dG 

'  du 

*BiANCHi,  1.  0.,  vol.  I.,  p.  77;  Gennan  translation,  p.  53. 
tibid,  p.  150;  p.  120. 
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as  well  as  (38).  For  these  to  be  satisfied  it  is  necessaiy  that  ^  be  a  function  of 
u  alone  and  Cr  of  -u  alone.  In  consequence  of  (42),  we  have  for  the  forms  of 
these  functions 

JE^au^  +  2yu  +  e,     F  =  auv  +  fiu  -^  yv  +  S,     G  ^  av^  +  2fiv  +  fCy 

where  a,  ^,  7,  £,  e  and  k  are  constants.  For  no  values  of  these  constants  does 
the  formula  (36)  make  jE^  equal  to  —  1,  which  shows  the  non-existence  of  such 
a  transformation. 

One  sees  also  that  if  ^,  G^  F  are  solutions  of  equations  (38)  so  also  are 

E-^G^2F  G^E^2F  E+G 

A=  2  '  »°°'  2~  '         ^^       2 ~  ' 

But  now 

E,G,^Fl=^{EG^F'); 

hence  the  transform  is  imaginary. 
Princeton  University. 
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VOLUMES  AND  AREAS* 

BY 

N.  J.  LENNES 

Professor  Uilbert's  Festschrift  (1899)  contains  a  theory  of  areas  of  plane 
polygons  independent  of  every  axiom  of  continuity,  and  dependent  on  the 
remaining  axioms  of  plane  geometry,  viz.,  those  of  incidence,  order,  parallelism, 
congruence.  The  main  results  obtained  by  Hilbert  in  this  connection  are  the 
following : 

{a)  The  measure  of  area  of  a  triangle  [(base  x  altitude)/ 2]  is  independent 
of  the  selection  of  the  base. 

(b)  The  measure  of  area  of  any  polygon  is  independent  of  any  particular 
decomposition.  [The  measure  of  area  of  a  polygon  being  defined  as  the  sum  of 
the  measures  of  area  of  a  set  of  triangles  into  which  the  polygon  may  be  deoom- 


(c)  If  two  polygons  have  equal  measures  of  area  it  does  not  follow  that  there 
exists  a  decomposition  of  them  into  finite  sets  of  polygons  which  are  congruent 
in  pairs.  If  such  decomposition  does  exist  the  polygons  are  said  to  be  deoom- 
positionally  congruent. 

{d)  li  two  polygons  have  equal  measures  of  area  then  it  is  always  possible  to 
add  polygons  decompositionally  congruent  such  that  the  resulting  polygons  shall 
be  decompositionally  congruent.f 

The  measures  of  volume  are  expressed  in  terms  of  elements  which  satisfy  cer- 
tain conditions  imposed  upon  a  segment  calculus.  Amotig  other  conditions  they 
satisfy  such  conditions  of  order  as  are  usually  adapted  for  scalar  quantities,  viz. : 

*  Presented  to  tlie  Sooiety  (Chicago)  Deoember  29,  1904.  Reoeived  for  publication  Jannary 
3,1905. 

t  We  notice  here  that  Hilbbrt's  theory  requires  a  slight  modification.  Hilbbbt  defines  as 
follows :  '*  Sind  P  nnd  Q  zwei  inhaltsgleiohe  Polygene  so  mns  es  nach  der  Definition  zwef 
fiaohengleiohe  rdeoompositioDally  congruent]  Polygene  /^  und  Qf  geben,  so  dass  das  ans  P  und 
P^  zusammengetetzte  Polygon  mit  dem  aua  Q  und  Qf  zusammengesetzten  Polygon  flaohengleiofa 
ausfallt."     F(9ischHfl,  p.  45. 

In  developing  the  theory  it  becomes  necessary  to  adjoin  polygons  which  are  entirely  prede- 
termined,  but  this  is  not  always  possible.  Following  is  an  example  of  two  polygons  which  can- 
not be  thus  adjoined  :  A  regular  sharp  pointed  star  with  a  large  number  of  sides  and  a  regular 
convex  polygon  of  a  large  number  of  sides. 

If  we  regard  the  sum  of  a  number  of  polygons  not  as  one  polygon  formed  by  adjoining  these 
polygons  but  as  an  aggregate  of  polygons  which  may  be  decomposed  separately  there  is  no  such 
difficulty. 

486 


Digitized  by 


Google 


N.    J.    LENNES:    VOLUMES   AND   AREAS  487 

If  a ,  6  and  c  are  any  such  scalar  quantities  then 

(1)  Of  the  three  relations  a  =  6,  a<6,  6<a  one  and  only  one  is 
valid. 

(2)  If  a  ss  6  and  6  x=  c  then  a  ==  c . 

(3)  If  a  <  6  and  6  <  c  then  a  <;,€, 

The  proposition  listed  as  (d)  makes  it  possible  to  define  equal  and  unequal 
areas  in  terms  of  geometric  congruence  of  a  finite  number  of  polygons  in  such 
manner  that  it  shall  correspond  to  the  definition  stated  in  terms  of  measure  of 
area. 

In  space  the  situation  is  difiFerent.  M.  Dehn  has  proved*  the  following 
condition  necessary  in  order  that  two  polyhedrons  shall  be  decompositionally 
congruent : 

If  two  polyhedrons  P'  and  P"  are  decompositionally  congruent  then  there 
exists  a  linear  homogeneous  function  f('n-[^  tt^,  •  •-,  tt^',  tt^,  ••  •)  with  integral 
coefficients  all  different  from  zero  such  that 

/(^Ii  '^2f  •••»  ^^  ^2»  •••)  =  0(mod2^) 

•(where  li  denotes  a  right  angle)  in  which  ttJ  ,  tt^,  • .  •  are  the  plane  angles  of  the 
dihedral  angles  of  P'  and  tt^  ,  tt^' ,  • .  •  are  the  plane  angles  of  the  dihedral  angles 
of  P". 

In  the  article  cited,  M.  Dehn  further  shows  that  this  condition  is  also  neces- 
sary in  order  that  it  shall  be  possible  to  adjoin  to  P'  and  P"  polyhedrons 
decompositionally  congruent  so  that  the  resulting  polyhedrons  shall  be  decom- 
positionally congruent.  Since  it  is  not  difficult  to  find  two  polyhedrons  such 
that  this  condition  is  not  satisfied  no  matter  what  may  be  their  measures  of 
volume,  it  follows  that  in  respect  to  the  volumes  of  such  polyhedrons  the  theory 
must  be  essentially  different  from  the  theory  of  areas  of  polygons. 

More  recently, t  S.  O.  Schatunovsky  has  discussed  the  measure  of  volumes 
of  polyhedrons.  He  considers  a  scalar  function  fi  (base  x  alt.)  of  a  tetrahedron 
(ft  is  ultimately  given  the  value  ^)  which  is  called  the  measure  of  volume  of  the 
tetrahedron.  The  measure  of  volume  of  any  polyhedron  is  defined  as  the  sum 
of  the  measures  of  volume  of  the  tetrahedrons  into  which  the  polyhedron  may 
be  decomposed.  A  proof  is  then  given  that  this  measure  of  volume  of  a  poly- 
hedron is  independent  of  any  particular  decomposition  of  the  polyhedron.  Hence 
to  every  polyhedron-P  there  corresponds  a  unique  segment  (number),  denoted 
by  it/(P),  which  is  the  measure  of  volume  of  the  polyhedron.  Evidently  these 
measures  of  volume  satisfy  the  conditions  of  order  enumerated  above. 

It  follows  that  if  two  polyhedrons  P,  and  P^  are  decompositionally  congruent 
then  J!/'(P,)  =  M(P^).     If  Pj  and  P^  are  decomposable  into  sets  of  polyhe- 


^Matheraatiscbe  Annalen,  vol.  55  (1902),  p.  465. 
fMathematiaohe  Annalen,  vol.  57  (1903),  p.  496. 
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drons  P[  and  P'^  such  that  the  elements  of  P[  are  congruent  in  pairs  to  part  of 
the  element  of  P;  then  M{P^)  <::M{P^). 

The  converses  of  these  propositions  proved  by  Schatunovsky  do  not  fol- 
low  without  the  use  of  the  archimedian  axiom.  From  the  hypothesis  that 
M{P,)=^hM{P^),  k  being  any  segment  (number)  whatever  different  from 
zero,  we  can  draw  no  conclusion  whatever  as  to  whether  or  not  there  exist 
P[  and  Pj  such  that  the  elements  of  P[  are  congruent  in  pairs  to  a  part  or  all 
of  the  elements  of  P'^  or  vic«  versa. 

The  proof  of  this  statement  is  identical  with  that  suggested*  by  Hilbert  f  in 
proof  of  the  proposition  that  two  parallelograms  of  equal  base  and  altitude  cannot 
be  proved  decompositionally  congruent  without  the  use  of  the  archimedian  axiom. 
Hence  it  does  not  appear  possible  without  the  use  of  the  archimedian  axiom  so 
to  define  volume  of  polyhedrons  in  terms  of  geometric  congruence  of  a  finite 
number  of  polyhedrons  that  it  shall  correspond  to  the  measure  of  volume. 

The  object  of  this  paper  is  to  state  a  theorem  provable  only  by  means  of  the 
archimedian  axiom  and  to  base  upon  it  a  definition  of  volume  in  terms  of  con- 
gruence which  shall  correspond  to  the  current  definition  in  terms  of  measure  of 
volume. 

*  A  detailed  proof  runs  as  follows : 

Consider  an  equilateral  triangle  ABC  whose  sides  are  nuity.  It  follows  readily  from  the 
axioms  at  our  disposal  that  any  decomposition  (into  polygons)  of  this  triangle  will  result  in  a 
set  of  polygons  such  that  a  segment  connecting  any  two  points  in  one  of  them  will  be  equal  to, 
or  less  than,  unity. 

On  a  non-arohimedian  line  consider  three  points  A,  B,  (/,  in  the  order  ABC/,  such  that 
AB=1  while  the  point  C*^  cannot  be  reached  from  B  by  laying  off  unit  segments  any  finite 
number  of  times.  AtCX  erect  a  perpendicular  to  the  line  A(y  and  on  this  perpendicular  lay  off 
a  segment  (/!)  =  }  V3  (J  the  altitude  of  the  equilateral  triangle  described  above).  Connect 
^/;and  BD. 

The  following  lemma  follows  directly  from  the  theory  of  proportion  :  Let  3/ ,  JV,  JU^,  JV^  be 
four  points  on  the  segment  BC/  such  that  MN=  M^N\  Erect  perpendiculars  to  the  line  BCy 
at  these  points.  These  perpendiculars  intersect  the  sides  AD  and  BD  of  the  triangle  ABD  form- 
ing  quadrilaterals.  The  quadrilateral  two  of  whose  sides  lie  on  the  perpendiculars  at  if'  and  A"' 
is  congruent  to  part  of  the  quadrilateral  two  of  whose  sides  lie  on  the  perpendicnlare  at  M  and 
N,  provided  at  least  one  of  the  points  M  and  N  lie  between  B  and  both  M^  and  A^^ 

Any  decomposition  of  the  triangle  ABD  into  polygons  which  shall  be  congruent  in  part  with 
polygons  of  a  decomposition  of  ABC  must  be  such  that  a  segment  connecting  any  two  points  in 
one  of  them  is  equal  to  or  less  than  unity.  Hence  any  such  polygon  lies  between  a  pair  of  lines 
perpendicular  to  BC^  and  not  more  than  a  unit  distance  apart.  It  follows  from  the  lemma  that 
any  set  of  n  such  polygons  may  be  obtained  by  suitably  decomposing  that  part  of  the  triangle 
A  BD  which  lies  between  the  perpendiculars  to  AC^  at  A  and  at  a  point  E  between  B  and  C^  such 
that  BE=n{AB).  By  this  process  we  cannot  reach  a  point  P  between  B  and  C  such  that 
PC^  ^n{AB)  for  any  value  whatever  of  n.  Hence  any  decomposition  of  the  triangle  ABC  and 
ABD  into  polygons  of  which  any  number  n  are  congruent  in  pairs  will  always  have  a  set  of  poly- 
gons resulting  from  the  decomposition  of  ABD^  not  included  in  these  n  polygons,  the  sum  of 
whose  measures  of  area  is  greater  than  the  measure  of  all  of  that  part  of  the  triangle  ABD  which 
lies  between  a  perpendicular  to  the  line  BC^  at  P  and  the  perpendicular  to  that  line  at  C.  Con- 
sequently ABD  cannot  be  exhausted  even  by  an  infinite  limiting  prooess,  in  spite  of  the  foot  that 
its  measure  of  area  is  only  one  half  that  of  A  BG. 

t  FtsUchrifty  p.  42  ;  TowNSEND's  translation,  p.  60. 
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Theorem.  If  M(P^)  denotes  the  measure  of  volume  of  a  polyhedron 
P^  and  M{P^)  the  measure  of  volume  of  a  polyhedron  P^  and  if 
M{P^)<^M{P^)  then  there  exists  a  decomposition  of  P^  and  P^  into  sets  of 
polyhedrons  P[  and  P'^  such  that  the  elements  of  P'^  are  congruent  in  pairs 
toith  part  *  of  the  elements  of  P[  • 

Proof:  Denote  by  S^  and  S^  the  areas  of  the  surfaces  of  P,  and  P^  respec- 
tively, by  l^  and  l^  the  total  lengths  of  their  edges  and  by  v^  and  v^  the  numbers 
of  their  vertices.  Consider  a  division  of  space  into  a  set  [c]  of  equal  cubes,  f 
Denote  by  [c^]  a  subset  of  the  set  [c]  such  that  every  cube  of  [Cj]  has  at  least 
one  point  in  common  with  P^  and  by  [Cj]  a  subset  of  [c]  such  that  every  cube 
of  [Cj]  has  at  least  one  point  in  common  with  P^.  Denote  further  by  \_c[  J  all 
cubes  each  of  which  has  at  least  one  point  in  common  with  the  boundary  of  P^ 
and  by  [Cj]  all  cubes  each  of  which  has  a  point  in  common  with  the  boundary 
of  P^,  Denote  the  diagonals  of  such  cubes  by  k.  Then  all  cubes  of  the  set 
[c]  which  have  a  point  in  common  with  a  segment  of  length  I  lie  within  a 
rectangular  parallelepiped  of  length  I  +  2k  its  other  dimensions  being  2k. 
Hence  the  total  volume  of  such  cubes  is  less  than  ik^(l  +  2k).  Therefore  the 
total  volume  of  all  cubes  of  the  set  [c]  which  have  a  point  in  common  with  an 
edge  of  the  polyhedron  P^  is  less  than  4PZj  +  8Pv .  It  is  readily  seen  that  if 
we  add  to  this  2ks^  we  shall  have  a  sum  greater  than  the  measure  of  volume  of 
the  set  [Cj]  . 

Denote  hj  f(^k)  the  expressions  4P/j  +  S^v^  +  2^5^,  and  by  f2(k)  the 
similar  expression  ^i^l^  +  SA^VgH-  2A«2»  which  is  greater  than  the  measure  of 
volume  of  the  set  [  Cg  ] . 

Let  M{P^)  -  M{P^)  =  a.     Take  k  so  that/,( A)  +/2(>fc)  < o-.J     Then 


or 

and  therefore 


Hence  for  such  values  of  k  there  is  a  larger  number  of  cubes  of  the  set  [c] 
which  contain  interior  points  of  P^  without  containing  any  point  of  its  boundary 
than  there  is  in  the  complete  set  [c^].  Hence  there  exists  a  decomposition  of 
jPj  and  P^  into  P[  and  P'^  such  that  the  elements  of  P'^  are  congruent  in  pairs 
to  part  of  the  elements  of  P[  which  was  to  be  proven. 

We  arrange  a  relation  between  any  two  polyhedrons  P^ ,  Pj  as  to  volume, 
so  that  in  every  case  at  least  one  of  the  relations 

*  By  part  is  meant  proper  subset  (not  denoting  the  whole  of  P{ ) . 

t  This  division  is  effected  by  means  of  parallel  planes.  The  parallel  line  axiom  is  also  used 
in  forming  the  oaloalns  of  segments  here  nsed. 

t  It  is  at  this  point  that  the  archimedian  axiom  is  nsed. 
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vol(PJ>vol(P,),         vol  (P,)- vol  (P,),         vol(P,)<vol(P,) 

holds  by  the  following 

Definition.     The  relation 

vol(P,)>vol(PJ         or         vol(P,)<vol(P,) 

implies  that  the  two  polyhedrons  P^ ,  P^  are  decomposable  into  sets  P[^P'^of 
polyhedrons  such  that  part  of  the  elements  of  P[  are  in  a  one-to-one  way  con- 
gruent to  all  of  the  elements  of  P'^ .     The  relation 

vol(P,)  =  vol(P,) 

implies  that  neither  of  the  relations 

vol(P,)>vol(P,),         vol(P,)<vol(P,) 
holds. 

It  follows  from  the  above  theorem  that  if  J[f(Pj)  =  J[f(Pj),  then  in  jthe 
sense  of  the  definition  just  given  vol  (Pj)  =  vol(Pj)  and  conversely  that  if 
vol  (Pj)  =  vol  (PJ  then  M{P,)^  ^(^2)- 

We  have  thus  obtained  in  terms  of  congruence  a  definition  of  equal  and 
unequal  volumes  such  that  if  a  and  h  represent  the  volume  of  any  two  polyhe- 
drons then  between  a  and  6,  there  exists  one  and  only  one  of  the  following  rela- 
tions 

a  =  6,         flr  <6,         6  <a. 

Obviously  these  relations  are  transitive,  as  required  by  the  statement  on  page 

487. 

Thb  Univsbsitt  of  Chicago, 
Octcifer  31,  1904. 
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ON  A  PROBLEM  INCLUDING  THAT  OF  SEVERAL  BODIES 
AND  ADMITTING  OF  AN  ADDITIONAL  INTEGRAL* 

BY 

EDGAR  ODELL  LOVETT 

In  the  problem  of  three  bodies  BEBTRAXDf  introduced  certain  quadratic 
functions  of  the  coordinates  of  the  bodies  and  of  quantities  proportional  to  the 
projections  of  the  velocities  on  the  axes  of  coordinates.  BouR  J  showed  that 
Bertrand's  variables  satisfy  a  certain  system  (S)  of  ordinary  diflerential  equa- 
tions of  the  first  order,  and  pointed  out  that  the  problem  of  three  bodies  may 
be  considered  as  a  particular  solution  of  a  more  general  problem  whose  equations 
are  those  of  S  and  of  which  a  certain  integral  D  is  known. 

It  is  the  object  of  the  following  note  to  write  out  the  extension  of  these  re- 
sults to  the  case  of  any  number  of  bodies. 

Given  a  system  of  n  +  1  bodies  consisting  of  a  fixed  body  (0,0,0;/*)  and 
n  others  {x.,  y.,  z.;  m.),  mutually  attracting  one  another  by  central  forces  vary- 
ing directly  as  the  masses  and  as  any  arbitrary  function  of  the  distance ;  to  deter- 
mine the  motion  of  the  n  bodies  about  the  fixed  center  we  arrive  at  a  system 
of  6n  diflerential  equatioife  of  the  first  order  in  the  canonical  form : 


(1) 


dx,          dF 

-di--d^,' 

dy,         dF 
dt--'df,,' 

dz,          dF 
'dt~~dl:,' 

df,      dF 

dt  ~dx.' 

df)^     dF 
dt  ~Dy/ 

d?,      dF 

di~  dz,' 

(i  =  l,2,      -.n). 


where  f^  rf.,  f.  are  proportional  to  the  projections  of  the  velocities  of  the  bodies 
on  the  axes  of  coordinates,  and  the  function  F  is  of  the  form 

(2)  F^u-t^^^^^, 

the  force-function  being  designated  by  U. 

*  Presented  to  the  Sooieliy  April  29,  1905.  Received  for  publication  in  revised  form,  March 
19,  1905. 

f  Bbutband,  MSmoiretur  VinUffratian  de$  Squaiions  diffkreniitlles  de  la  mScanique,  Joarnal 
de  LioQTille,  ser.  1,  vol.  17  (1852),  pp.  393-436. 

tBouB,  Mhnoire  8ur  le  probUme  dea  troia  eorpa,  Journal  de  I'Eoole  Polyteohniqne, 
▼01.21  (1856),  pp.  3&-68. 
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Let  new  variables 


(3) 


be  introduced.  These  variables  are  of  the  same  form  as  those  employed  by 
Bertraxd  in  the  memoir  cited.  They  are  n(2n  +  1)  in  number  and  are  not 
all  distinct.  The  relations  among  them  may  be  set  up  by  the  aid  of  the  follow- 
ing well  known  theorem  of  the  theory  of  determinants  :  If  A;  is  a  given  number 
and  i,j  two  numbers  which  may  take  all  values  from  1  to  n,  the  determinant 
of  n^  elements  whose  general  element  is 

k 

(4)  «</=Z«i.*^i.A 

A=l 

is  equal  to  the  product  of  the  determinant  of  the  o^s  by  that  of  the  )8's  for  i  =  n, 
and  is  identically  equal  to  zero  for  all  values  of  A;  less  than  n. 

From  this  theorem  and  the  forms  (3)  it  readily  appears  that  the  symmetrical 
determinant 

(5)  ^-i'«  ■" 


\^ij     ^if 


(t,i=ri,2,  •••,»), 


where  q^  represents  the  square  of  n*  elements  obtained  by  giving  to  /,  j  the  values 
1,  2,  ••  •,  n,  and  all  its  minors  down  to  and  including  all  the  i(  4*)  {  (*4*)+  ^  } 
which  are  determinants  of  the  fourth  order  vanish,  and  that  no  one  of  the 
i(  3*)  {  (  3*)  +  ^  }  which  are  of  the  third  order  vanishes. 

These  i(  V)  (  ( V)  +  ^  }  conditions  among  n(2n  +  1 )  quantities  are  far  too 
numerous,  but  they  can  be  reduced  to  proper  bounds  by  means  of  the  following 
theorem  given  in  1869  by  Kronecker*  :  If  in  the  determinant  of  the  nth 
order 

3/=|ay|  (f,i=l,2.  ...,n), 

the  minor  of  the  mth  order 

does  not  vanish,  and  the  minors  of  the  (m  +  1  )th  order 

|«1U    «22J        "y    ^mm>    «.*  I       (  t ,  fc  =  m  +  1,  HI  +  2,  •  • -,  «) 

do  vanish,  then  all  the  [m  +  l)th  order  subdeterminants  of  3f  vanish. 

*Kbonecksr,  Bemerkungen  zur  Determinanten'Thearie,  Crelle's  Journal,  vol.  72  (1870), 
pp.  152-175. 

My  oolleagne  Dr.  O.  D.  Kellgoo  gave  me  a  proof  of  the  above  theorem,  believing  the  theorem 
to  be  new.     Later  I  foand  that  Kroneckeb  had  published  it  as  juat  cited. 
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Accordingly  the  vanishing  of  all  the  i('?){(^)  +  l}  fourth  order  sub- 
determinants  of  the  above  symmetrical  determinant  A  is  a  consequence  of  the 
vanishing  of  (n  —  l)(2ii  —  3)  properly  chosen  independent  fourth  order  sub- 
determinants,  and  this  choice  can  be  made  inK?)!^?*)-^!}  ways.  Then  by 
the  aid  of  these  independent  relations  (n— l)(2n  —  3)of  the  variables  (3)  can 
be  eliminated  if  they  be  employed  in  problem  (1);  there  would  remain  6n  —  3 
independent  variables  which  would  be  sufficient  since  a  loss  of  three  from  the 
original  6n  independent  variables  can  be  accounted  for  by  change  in  orientation. 
On  making  n  ==  2  in  A  we  have  Bour's  determinant  D,  the  vanishing  of  which 
expresses  the  single  relation  among  Bertrand's  ten  variables  (3)  in  the  prob- 
lem of  three  bodies. 

In  the  variables  (3)  the  force-function  U  becomes 

(6)  U^±  ^raJ{Vq^)  -±±m,  m.fiy/q,,'+  'q;~-2q~') ; 

accordingly  the  partial  derivatives  of  F  are  of  the  form 

dF  "  dF  f 

where  the  quantities 


(8) 


are  coefficients  depending  on  the  forces  and  expressed  in  terms  of  the  g's  alone. 
Then  in  virtue  of  (1)  the  variables  (3)  satisfy  the  following  system  of  ordi- 
nary differential  equations : 

at        mij      m. 
dr-  n  n 

(<.i  =  i.2,--.n); 

these  equations  are  the  generalizations  of  Bour's  equations  in  the  problem  of 
three  bodies. 
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It  may  now  be  shown  without  difficulty  that  the  determinant  A  equated  to  a 
constant  gives  an  integral  of  the  equations  (9).  This  can  be  done  perhaps  most 
simply  on  remarking  that  A  does  not  contain  the  /a's.  Let  <^  be  a  function  of 
all  the  *f%y  r^B  and  a's ;  if  it  is  an  integral  not  containing  the  /i's  its  total  deriva- 
tive with  regard  to  the  time 

^'""^  kk\^9ij   dt    -^dr,^   di  ^ds,^    dt   \ 

should  vanish  independently  of  the  /a's  when  the  total  derivatives  are  replaced 
by  their  values  (9). 

From  the  absolute  term  of  the  equation  thus  formed  we  have  the  equation  * 

from  the  coefficients  of  the  /i^  the  following  n  equations  : 

(12)  6.s2w,^..  +  «,^„.  +  i:(«y^,^+gy<^.J  =  0       (.•=1.2,  •••,«); 

and  finally  from  the  terms  in  which  the  /a^  appear  the  following  Jn(n—  1) 
equations : 

+  %A»H  +  9ki^»v)^^        (t,i=l,2,  •••,fi), 
where  for  brevity  we  have  put 

(14)  r,,  =  t;,, 

Combining  these  \n{n+  1)  +  1  equations  (11),  (12),  (13)  in  all  possible 
pairs,  by  Poisson's  operation,  we  obtain  the  following  complete  system  of 
n(2n.  +  1)  linear  partial  differential  equations  of  the  first  order  : 

*  In  a  previoTiB  oommnnioatioo  to  Professor  E.  W.  Brown  this  eqaatioo  was  immediately 
broken  up  into  the  n  equations  ai  =  0  which  follow  above.  He  pointed  out  to  me  that  this  led 
to  confosion  since  the  f 's  contain  the  mavKS.  The  correction  was  made,  bnt  onriooaly  enongh  it 
left  the  resulting  complete  system  unchanged. 
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(15) 


a,  m  2w, <f>^  +  V,  <^„,  +  g  («,, <^,^  +  r^ ^.J  =  0 ;      6,  =  0  ; 

These  equations  (15)  are  the  generalizations  of  those  given  by  Grav6  *  for 
the  case  n  =  2  . 

On  replacing  (^  by  A  in  equations  (15)  it  is  at  once  seen  that  they  are  iden- 
tically satisfied  in  virtue  of  the  well-known  theorem  of  the  theory  of  determi- 
nants which  states  that  the  sum  of  the  products  of  the  elements  of  any  line  of 
a  determinant  by  the  algebraic  complements  of  the  minors  of  the  corresponding 
elements  of  a  parallel  line  is  zero. 

We  have  then  in  equations  (9)  a  problem  including  the  problem  of  several 
bodies  and  admitting  of  the  integral  A  »  constant. 

In  virtue  of  the  existence  of  this  solution  the  determinant  of  the  system  (15) 
'  of  n(  2n  +  1 )  equations  in  n(  2n  -h  1 )  variables  vanishes. 

It  may  be  added  that  the  equations  (15)  admit  of  another  integral  which  is  a 
quadratic  function  of  the  integrals  of  areas  in  the  n-body  problem. 

The  reader  will  have  little  difficulty  in  verifying  that  the  n(2n  -h  1 )  oper- 
ators 
(1^)  <^i}  *i;  <^i>  ^ijj  ^ijj  fij 

constitute  a  continuous  group  of  transformations  in  Lie's  sense.    It  is  hoped  to 
study  this  group  in  detail  in  a  subsequent  note^ 
Princeton,  New  Jersey.  • 


*Grav£,  Sur  U  proftldme  des  irois  corps,  Noavelles  Annales  de  Math^matiqaes, 
aer.  3,  vol.  16  (1806).  pp.  637-647. 
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ON  THE  STABILITY  OF  THE  MOTION  OF  A  VISCOUS  LIQUID* 

BY 

FRANCIS   ROBERT  SHARPE 

§1.  Introduction.  Reynolds  f  has  established  an  energy  criterion  for  the 
stability  of  the  motion  of  a  viscous  liquid,  and  has  applied  it  to  the  case  of  a 
liquid  moving  between  two  parallel  planes.  For  a  liquid  of  density  p  and  vis- 
cosity /i,  moving  between  two  planes  2b  apart  with  mean  velocity  U  he  found 
that  the  motion  is  unstable  when 

Using  the  principle  that  the  critical  velocity  is  inversely  proportional  to  the 
hydraulic  mean  depth  he  inferred  that  for  a  cylindrical  pipe  of  radius  a  the 
critical  velocity  is  given  by 

?^>1034, 

and  he  compared  this  with  his  experimental  value  1900.  In  the  following  paper 
I  discuss  directly  the  case  of  the  cylindrical  pipe  and  find  that  the  motion  is 
unstable  when 

2apU^ 


M 


>470. 


I  also  find,  by  using  a  different  solution  of  the  equation  of  continuity  and  the 
boundary  conditions,  that  the  motion  between  two  parallel  planes  is  unstable  when 

^-^>  167, 

instead  of  517  as  found  by  Eetnolds. 

§  2.  Rectilinear  flow  through  a  pipe.  When  the  motion  through  a  pipe  is 
symmetrical  the  equations  of  motion,  expressed  in  cylindrical  coordinates  r^O^z^ 
aret 


*  Presented  to  the  Society  Febniary  25,  1905.     Received  for  pablication  May  5,  1905. 
IRbynolds,  Philosophical  Transactions  of  the  Royal  Society,  toI.  186  (1895) 
A,  pp.  123-164. 

:tL0VE,  Mathematieal  Theory  of  Elasticiip,  vol.  1,  p.  217. 
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/^v  /^^  ^'^  du\        dp^       5»         P^r—PM 


The  extensions  are*  du/dr^  ufr^  dw/dz.  and  the  shear  du/dz  +  dw/8r. 
Hence  t 

Prr^-P  +  ^t^^^         Pee^-P  +  ^f^-^         P„^-P  +  2/*-^  y 

(du       dw  \ 

The  equation  of  continuity  is:( 

W  a7  +  -.  +  -&=<»' 

and  the  boundary  conditions  are 

(4)  t/  = «?  =r  0         when         r  =  a . 

The  simplest  solution  of  these  equations  is  §  % 

dw       dw      dp       -  dp 

u  =  -^--  =  -3—  =  -^-  =  0 ,         -^  ==  constant, 


^  1  a;> 

and  the  mean  velocity  of  flow  is 


^''-i^-fe^"'-^)' 


u «'  ^. 

§  8.  Steady  non-rectilinear  motion.  For  some  minimum  value  of  i7,  to  be 
determined,  permanent  eddying  motion  is  possible,  that  is,  the  rectilinear  motion 
is  unstable.  The  mean  motion  is  still  rectilinear  but  u  is  no  longer  zero  at  any 
particular  instant.     We  assume  then  that 

(5)  w  a=  w',         w==iB  +  w\ 

where  te?  is  a  function  of  r,  and  u  and  w'  are  periodic  functions  of  r  and  z  whose 
mean  values  are  zero. 

The  method  used  by  Reynolds  is  to  calculate  the  average  rate  of  increase  of 
the  motion  u^u\w^  w\  which  is  the  motion  relative  to  the  mean  motion 
t^  ss  0 ,  t^  =  tS ,  for  a  volume  of  liquid  extending  to  the  boundaries  of  the  liquid. 

*LovE,  loo.  oil,  p.  216. 
fLAHB,  Hydrodynamics,  p.  512,  52L 
X  Lamb,  loo.  oil,  p.  134. 
J  Lamb,  loo.  cit.,  p.  521. 
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§  4.  The  equations  of  mean  motion.     Using  a  bar  to  denote  a  mean  valae 
we  have,  on  substituting  (5)  in  (1),  (2)  and  (8), 

JSu'  du'  du\      d(p„  +  p'„)      d{p„+p'J 


■   Prr+Prr—Pt»—P$» 


dr 


du       u'      dw 


Multiplyiug  (6)  by  pu'  and  pw'  respectively  and  adding  to  the  preceding  eqnations, 

[dw  ,  d{u'u')  ,  d{uw')         du'      u'u'  \      d{p^^+p'^^) 

,     ^{P^+P',r)     ,    Prr-^Prr-Ptt-PM 

'^  dz  ^  r   "  ' 

\dw'  ,  d{u'w')      d(w'v)')         dw'          dw    ,  u'w    1       8{p^  +  p^ 
Pydt+'-dr-^-  dz—  +  '"-dz+''    ar  +  -7~t" Sr 

,     £(P»  +P'.,)    ,Pr,+P'r. 

'^  dz  '^        r       ■ 

Taking  mean  values,  we  have  the  equations  of  mean  motion 

/-s  Jd{lIV)  JUIT]     Sp^    dp,     p^ 

/8\       „I^(W^),«^1  ^Pr,,^P»,P»  ^P     .,J^^     ,^^^\ 

Multiplying  (8)  by  r  and  integrating 

— -—  r^  dp  dw        ^ 

rpuw  =_^-^-  +  ^r-^-+  C. 

Since  this  holds  for  r  =  0 ,  we  have  (7=0.     Hence 

dw       r  dp         — — - 
(9)  ^-^^^-^  +  ,mw. 

§5.   The  energy  of  the  relative  motion.     Subtracting  (7)  and  (8)  from  the 
preceding  equations  we  have  for  the  relative  motion, 
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{du        5    ,    ,    ,       -T-Tv       -  ^t*'       d{uw\       %iU*  ^UU   \ 


dr   "^   dz    '*'        r       ' 


{dto'         .dto'       5/    ,    ,       -7— 7^      _  5m'        ,dfb      u'w'  —  u'w'  1 

Multiplying  these  equations  by  u' ,  and  w'  respectively,  adding,  and  taking  mean 
values, 

mean  value  of  w  ^-^  +  -^— + ^^ j+w,  ^__  +  _+_J. 

Integrating  over  the  section  of  the  pipe  and  by  parts  on  the  right  hand  side, 
dividing  by  27r,  and  remembering  that  u\  w'  vanish  on  the  boundary,  we 
obtain  the  equation 

where,  in  the  second  integral  on  the  right,  mean  values  are  to  be  taken. 

The  left  hand  side  of  this  equation  is  the  average  rate  of  increase  of  the  energy 
of  the  relative  motion  of  a  length  l/2ir  oi  liquid  in  the  pipe. 

Hence  we  have  Reynold's  criterion  for  the  possibility  of  permanent  eddying 
motion  expressed  in  cylindrical  coordinates,  namely, 

(10,  -jr^^-.....jr[.(^^-)v.(-)' 


where,  in  the  integrand  on  the  rights  mean  values  are  to  be  taken. 

The  interpretation  of  equations  (9)  and  (10)  is  that  in  order  to  maintain  the 
relative  as  well  as  the  mean  motion  an  increased  pressure  gradient  is  necessary 
and  the  additional  energy  is  dissipated  in  the  relative  motion,  the  right-hand 

Trans.  Am.  Math.  Soc.  84 
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integrand  of  (10)  being  Stokes's  dissipation  function  expressed  in  cylindrical 
coordinates. 

§  6.  Determination  of  a  possible  relative  motion.  The  solution  of  the  con- 
tinuity equation  (6)  with  the  boundary  conditions  u'ssto'  =  0,  for  r=sa, 
which  leads  to  a  minimum  value  of  U  is 

u'  =  LA  gy-  (sin  p  +  sin  3/>)  sin  -^ LB  ^  (sin  2jp  +  J  sin  4p)  cos  -^—  , 

{77T  I  TtLz 

2 (sin  jt?  +  sin  3^)  +  ^  (cos  ^  +  8  cos  3p)  [  cos -^ 

{irr  1        irL/z 

2(sin  2;?  +  J  sin  4p)  -f  o"  ( 2  cos  2/?  +  2  cos  4p)  [  sin-g- , 

as  is  easily  seen  on  substitution,  j9  being  7rr/2a. 
These  give 

uw  =  — qo""2 —  (3  voip  +  3  sm  3/?  — •  sin  bp  —  sm  7p). 

Hence  from  (9)  we  find,  neglecting  uw  ,  the  left-hand  side  of  equation  (10) 
equal  to 

hj7-2  — -  I    ^*(3  sin^  +  3  sin  3/)  —  sin  bp  —  sin  7p)dr  =  ,21bLABapU, 

Substituting  the  values  of  u  and  w'  in  the  right  hand  side  of  (10),  taking  mean 
values,  and  integrating,  we  obtain  the  condition 

+  (4.26.4»  +  6.675')Z»  +  35.7^»  +  16.845*. 

Hence  for  a  minimum  value  of  U  we  have  to  minimize 

/•304       ^„„   \  ^,      /4.26      „„„   \^       /35.7      ^„„,    \1 
(-^    +.127x]i»  +  (-^+6.67x)z  +  (-^-  +  16.84xj^ 

where  X  =  5/-4 . 

Differentiating  with  respect  to  L  and  X  we  find 

3 (.304  +  .127X2 )i^  ^  (4  26  +  6.67X*)i/»  -  35.7  -  16.34X2  ^  q, 

(_  .304  +  .127X^)2;^  +  (~  4.26  +  6.Q1\^)L^  -  35.7  +  16.34X2  =  0. 

Eliminating  X^ , 

.4633Z*  +  20.55i«  +  151.67Z*  -  2333.35  =  0. 
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Hence  2^  =  1.798,  Xa=  1.158,  approximately.     The  minimum  value  of  Vis 
therefore  given  by 

?^_4T0. 

Reynolds'  experiments  gave 

2apU 

Reynolds'  result  for  the  flow  between  two  parallel  planes  a  distance  26  apart  is 

2bpU 


=  1900, 


M 


=  517, 


and  because  the  hydraulic  mean  depth  for  a  cylinder  radius  a  is  ^a  and  for  two 
parallel  planes  is  6  he  inferred  that  for  a  cylinder 

2apU 


1034. 


§  7.  Flow  between  parallel  planes.     When  the  motion  is  the  same  in  planes 
parallel  to  the  xy  plane  the  equations  of  motion  are  *, 

(du         du        du\      dp         dPur 

''\dt^''  dx^'^dy)-    dx    ^   dy  ' 
du  „     du 


where 


/ dn      dv\ 
P,^'=P^-t'\By  +  dx)- 
The  equation  of  continuity  is 


du      dv 
-.-  +  ^    =0. 

ex        OIJ 

In  the  case  of  liquid  flowing  between  two  parallel  planes  y  =i  ±ib  the  bound- 
ary conditions  are  w  =  v  =  0  when  y  ^  dbb. 
The  simplest  solution  of  these  equations  is 

V  =  -J-  =  ^  -  =  0 ,  ^-  =  constant,  u  =  v.-    --  (y^  —  b^). 

ex      ay         ^  dx  '  2^1  dx^^  ' 


and  the  mean  velocity  of  flow  is 


3ft  dx' 


*Lamij,  Hydrodynamics^  pp.  512-520. 
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Using  the  method  of  the  preceding  problem  we  find  for  the  equation  of  mean 
motion 

d(uv')  dp         d^u 

and  the  criterion  of  stability, 

(12)    -£K.'^<iyS<.£{2(-^)+2(^)+(^  +  ^)py. 

§  8.  Determination  of  a  possible  relative  motion.  The  solution  of  the  con- 
tinuity equation,  with  the  boundary  conditions,  which  leads  to  a  minimum  value 
of  Z7is 

u  =  -4(sinjt?  +  sin  3j? )  cos   ^ ,     +  5(2  sin  2p  +  4  sin  4p)  sin-^v- , 

v'  =  —  Z-4 (cosp  +  J  cos  Sp)  sin  -x,-  +  LB(cos  2p  +  cos  4p)oos-^,-  , 

where  p  =  iryjih . 
These  give 

4tu  v'  =  —  LAB  { -y-  sin/}  +  6  sin  ^p  +\  sin  bp  +  \  sin  1p  }  . 

To  determine  du^  dy  we  have,  on  integrating  (11), 

—7-7  dp         du       ^ 

Now  u'v'  is  an  odd  function  of  y  and  so  is  du/dy  since  the  mean  motion  is 
symmetrical  with  respect  to  the  planes  y  =  d=  6 .  Hence  C  is  zero  and  approxi- 
mately 

du      y  dp  ^Uy 

dy'^  fA  dx  b^    ' 

Hence  the  left  hand  side  of  (12)  reduces  to 

^IS.GLABpU 

Substituting  the  values  of  u'  and  v'  in  the  right  hand  side  of  (12),  taking  mean 
values,  and  integrating,  we  have  the  condition 

--18^  ABpU 

abiiT^L*  2t^U  tt'  1 

-\\  -4V-(V-^^+25^)  +  -4J2-  (2^^+20^)  -f  J-,(10^«+2725«)  |, 


or 
8 


SbpU^  /tt Y(-VM'  +  2B')L*  +  (4^'  +  40^)X»  +  lOA*  +  272^ 
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Reynolds  takes  the  solution 

IT  Lx  IT  IjX 

u  =  -4 (cos^  +  3  cos  3/>)  cos  -^t-  +  -B(2  cos  2p  +  2  cos  4p)  sin  -^,  - , 

X)  =  LAimxp  +  sin  3/> )  sin -^r 2/-B(sin  2p  +  J  sin  4p)  cos -^t-  , 

and  obtains  the  condition 


■K^y 


-1.325Z^5 


The  coefficients  of  A^  and  B'^  being  nearly  equal,  he  determines  the  minimum 
value  of  ?7by  assuming  A^=^  B. 

It  is  interesting  to  notice  that  his  value  for  v'  vanishes  midway  between  the 
planes  and  u  is  there  a  maximum  whereas  the  values  here  adopted  give  a  maxi- 
mum value  of  v'  midway  between  the  planes,  which  seem  to  be  more  in  accord- 
ance with  experiments. 

Using  the  method  of  the  preceding  problem  we  find  a  minimum  value  of  U 

given  by 

UUp 


'-?-^^is)' 


when  L  =  1.398  and  AjB  =  4.03. 

Hence  our  final  result  is  that  the  motion  is  unstable  when 


^^S167. 


Reynolds'  result  is  517. 
Cornell  University,  Aprity  1905. 
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tJBER   DIE   VOLLSTANDIG   REDUCIBLEN   GRUPPEN, 

DIE  ZU   EINER   GRUPPE   LINEARER   HOMOGENER 

SUBSTITUTIONEN   GEHOREN* 

VON 

ALFRED  LOEWY 

J^inleitunff. 

Unter  einer  Gruppef  W  liiiearer  homogener  Substitutionen  verstehen  wir 
eine  Gesamtheit  linearer  homogener  Substitutionen  von  der  Vollstandigkeit,  dass 
das  Produkt  irgend  zweier  Substitutionen  sowie  die  reciproke  Substitution  jeder 
Substitution  von  &  in  (^5  enthalten  ist.  Die  Abgeschlossenheit  einer  Gesamtheit 
linearer  homogener  Substitutionen  inbezug  auf  die  Productbildung  ist  fiir  den 
Gruppencharakter  nicht  ausreicheud.  t)ie  Substitutionen  von  &  sollen  keiner 
Annahme  unterworfen  sein,  die  Gruppe  kann  also  coutinuirlieh  oder  discontinuir- 
lich  sein,  jedoch  soil  durch  die  Voraussetzung,  dass  Qi  stets  das  wirkliche  Produkt 
irgend  zweier  seiner  Substitutionen  enthiilt,  ausgeschlossen  sein,  dass  &  eine 
Congruenzgruppe  ist.  Eine  Gruppe  &  linearer  homogener  Substitutionen  in  n 
Variablen  heisst  reducibel,  wenn  man  1/  <  w  lineare  homogene  Combinationen 
der  Variablen  mit  constanten  Coefficienten  finden  kann,  die  durch  jede  Substi- 
tution von  0  nur  unter  einander  transformirt  werden.  Anders  ausgedruckt, 
eine  Gruppe  &  linearer  homogener  Substitutionen  in  n  Variablen  heisst  reducibel, 
wenn  man  eine  constante  Matrix  T  von  nicht  verschwindender  Determinante 
angeben  kann,  dass  alle  Matrices  der  zu  &  ahnlichen  Gruppe  &  =  T&T^^ 
gleichzeitig  von  der  besonderen  Form : 

fs5„     0 

werden  und  W,j  einen  Inbegriflf  von  Matrices  mit  i'  <  7i  Zeilen  und  Colonnen 
bedeutet.  Die  angewandte  symbolische  Bezeichnung  sagt  aus :  man  kann  die 
Gruppe  (^3  durch  Einfiihrung  neuer  Variablen  in  die  Gruppe  @  transformiren,  so 
dass  jede  Substitution  der  transformirten  Gruppe  (•>)  von  der  besonderen  Form 

♦Presented  to  the  Society  (Chicago)  April  22,  1905.  Received  for  publication  December  26, 
1904. 

t  Fiir  Grnppen  sowie  Gesamtheiten  von  Matrices  beniitze  ich  deatscbe,  fiir  eine  einzelne 
Matrix  lateinische  Buchstaben. 
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K 

V  n 

yi^ll9iiy'j^      yk  =  Y^9kjy'j     {1=1,  •••,v;fc=v+i,  ...,n) 

wird. 

Eine  jede  reducible  Gruppe  @  linearer  homogener  Substitutionen  lasst  sich 
durch  Einfiihrung  linearer  homogener  Functionen  der  Variablen  mit  constan- 
ten  Coefiicienten  stets  derartig  in  eine  ahnliche  Gruppe  21  =  Ii®R~'^  transfor- 
miren,  wobei  R  eine  eonstante  Matrix  ist,  dass  gleichzeitig  alle  Matrices  der 
Substitutionen  der  Gruppe  31 ,  oder,  wie  ich  statt  dessen  kurz  sage^  die  Gruppe 
21  von  der  besonderen  Form : 


flu 

0 

0 

0 

..     0 

flu 

tta 

0 

0 

•  •    0 

a»i 

fls2 

03.1 

0      . 

..     0 

^Al        ^k2        ^AS        <1a4        •  •  •        ^AA 

wird.  Sind  die  X  mit  @  isomorphen  Gruppen  linearer  homogener  Substitu- 
tionen, die  durch  die  Matrices  a^,  Qjq,  •  •  •,  a^^  bestimmt  werden,  was  stets  zu 
erreichen  und  worauf  fiir  das  Folgende  besonderes  Gewicht  zu  legen  ist,  irre- 
ducible Gruppen,  so  sagen  wir :  0  iat  unter  Hervorhehung  seiner  irreduciblen 
Bestandteile  oder  Teilgrujypen  in  eine  ahnliche  Gruppe  transformirt.  Die 
irreduciblen  Gruppen  a,,,  ajj?  •••»  ci^a  heissen  die  irredxvcihlen  Bestandteile 
oder  Teilgruppen  von  @,  die  sich  bei  der  Darstellung  von  @  in  der  Form 
21  ergeben. 

Fiir  die  irreduciblen  Bestandteile  von  @  habe  ich  den  auch  fiir  die  Theorie 
der  linearen  homogenen  Differentialgleichungen  wichtigen  Satz  hergeleitet,  dass, 
wie  auch  immer  &  unter  Hervorhehung  seiner  irreduciblen  Bestandteile  in  eine 
ahnliche  Gruppe  transformirt  wird,  die  irreduciblen  Bestandteile  von  @ ,  falls 
man  ahnliche  Gruppen  als  nicht  verschieden  ansieht,  bis  auf  die  Beihenfolge 
eindeutig  bestimmt  sind.* 

Unter  den  Gruppen  linearer  homogener  Substitutionen  verdienen  diejenigen 
besondere  Aufmerksamkeit,  die  ich  nach  einem  brieflichen  Yorschlage  von  Herrn 
W.  BuRNSiDE  f  als  vollstandig  reducibel  bezeichne.  Eine  Gruppe  0  linearer 
homogener  Substitutionen  heisst  vollstandig  reducibel,  wenn  man  wenigstens  eine 

*  A  LoEwr,  Vberdie  Beducibilitdt  der  Gruppen  linearer  homogener  SubatUutionen^  Transactions 
of  the  American  Mathematical  Society,  vol.  4  (1903),  p.  44.  Eine  Anwendung  dieses 
Satzes  aaf  hohere  complexe  Zahlen  giebt  Herr  Epsteen  in  seiner  Arbeit :  Semireducible  hyper* 
complex  number  gyatema.  Transactions,  vol.  4,  p.  444. 

t  Inzwiscben  hat  Herr  W.  Bubnsidk  diese  Bezeicbnang  anch  in  seinen  Arbeiten,  On  the  reduc- 
tion of  a  group  of  homogeneous  linear  subtlitiUiona  of  finite  order  ^  Acta  mathematioa,  vol.  28,  369- 
387,  und  On  the  representation  of  a  group  of  finite  order  as  an  irreducible  group  of  linear  substitutions 
and  the  direct  establishment  of  the  relations  bettoeen  the  group-cliaracleristicsj  Proceedings  of  the 
London  Mathematical  Society  (2),  vol.  1  (1903),  117-123. 
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constante  Matrix  J?  von  nicht  verschwindender  Determinante  finden  kann,  dass 
die  ZU  ®  ahnliche  Gruppe  JR^JR"^  von  der  besonderen  Form 

a^,    0      0      0      ...      0 

0      a^    0      0      ...      0 

{a„,a22,  •••,axx}:         0      0      0,3    0      ...  -  0 


wird,  also,  abgesehen  von  der  Diagonale,  die  nur  irreducible  Bestandteile  enthalt, 
lauter  Nullmatrices  stehen.  Eine  voUstandig  reducible  Gruppe  ist  also  auf  fol- 
gende  Art  charakterisirt :  Man  kann  durcb  Einfiihrung  neuer  Yariablen  stets 
erreicben,  dass  nacb  der  Transformation  die  Yariablen  in  Systeme  zerfallen,  die 
Yariablen  eines  jeden  Systeraes  sich  nur  unter  einander  transformireu  und  die 
Gruppen  linearer  homogener  Substitutionen,  die  jedes  Yariablensystem  fiir  sich 
allein  definirt,  irreducibel  sind.  In  der  Bezeichnung  "  volhtdndig  reducibel " 
sollen  auch  die  irreduciblen  Gruppen  eingeschlossen  sein;  bei  den  irreduci- 
blen  Gruppen  ist  in  dem  zuletzt  hingeschriebenen  Schema  X  =  1 . 

Bei  einer  grossen  Klasse  von  Gruppen  folgt  aus  ihrem  Charakter  unmittelbar 
ihre  voUstandige  Eeducibilitat.  Eine  derartige  Klasse  von  Gruppen  babe  ich 
in  den  Transactions*  mitgeteilt,  und  Herr  L.  E.  Dickson f  hat  hieran 
anschliessend  das  von  mir  erhaltene  Besultat  in  weitgehendster  Weise  verallge- 
meinert.  Auf  Grund  der  Dicksonschen  Arbeit  kann  mit  Hiilfe  des  Begriffes 
der  vollstandigen  Beducibilitat,  wenn  wir  ihn  noch  auf  Gruppen  linearer  homo- 
gener Substitutionen  mit  CoefBcienten  aus  einem  Korper  (vgl.  S.  509)  erweitem, 
der  folgende  Satz  ausgesprochen  werden :  Ist  JF  irgend  ein  Bationalitatsbereich, 
der  kein  endlicher  Korper  ist,  und  JP{Pq)  der  aus  JF  durch  Adjunction  einer 
Wurzel  p^  einer  Normalgleichung  r-ten  Grades  im  Rationalitatsbereiche  F 
hervorgehende  Rationalitatsbereich,  so  ist  jede  Gruppe  linearer  homogener  Sub- 
stitutionen mit  Coefficienten  aus  i^,  die  in  JF  irreducibel  ist,  in  dem  weiteren 
Bationalitatsbereiche  F{p^)  vollstandig  reducibel  und  zwar  kann  sie,  wenn  sie 
nicht  auch  in  F^p^)  irreducibel  ist,  in  eine  Gruppe  {  ®,j,  @[j,  &[^ , .  • .,  ©j*"!"*^} 
linear  transformirt  werden.  ©„,  ©Jj,  •••,  ©i/'""^^  bedeuten  in  F{Pq)  irre- 
ducible Gruppen  linearer  homogener  Substitutionen,  deren  Coe£Bcienten  nicht 
ausnahmslos  F angehoren.  Die  Substitutionen  von  ®i/'^(*  =  l,2,...,r  —  1) 
werden  erhalten,  indem  man  in  den  Coefficienten  jeder  Matrix  der  Substitu- 
tionen der  Gruppe  ©,,  die  Wurzel  p^  durch  p^  ersetzt ;  hierbei  ist  angenommen, 
dass  die  Normalgleichung  r-ten  Grades  in  F^  die  p^  zur  Wurzel  hat,  ansser  p^ 
noch  die  Wurzeln  Py^  p^^  •  •  •,  p^^  besitzt. 

*  A.  LoKWY,  iJher  die  RedueihUitai  der  reellen  Oruppen  linearer  homogener  Svbth'ivHoneny  Tran9- 
aotions,  vol.  4  (1903),  171-177. 

fL.  E.  Dickson,  O/i  the  redueihUity  of  linear  group^y  TraDsaotions,  vol.  4  (1903),  434-43S. 


Digitized  by 


Google 


y 


1905]        EINER  GRUPPE  LINEARER  HOMOGENER  8UB8TITUTIONEN  GEHOREN      507 

Aaf  voUstandig  reducible  Gruppen  linearer  homogener  Substitutionen  ist 
auch  Herr  I.  Schur  *  in  seiner  ausgezeichneten  Dissertation  gefiibrt  worden. 
Er  bat  sich  dort  das  Problem  gestellt  und  aucb  voUig  erledigt,  das  wir 
folgendermassen  formuliren:  AUe  Gruppen  ^(0)  linearer  bomogener  Sub- 
stitutionen zu  finden,  die  der  allgemeinen  Gruppe  @  linearer  bomogener  Sub- 
stitutionen in  m  Variablen  isomorph  sind,  und  bei  denen  die  Substitutions- 
coefficienten  ganze  rationale  bomogene  Functionen  7i-ter  Dimension  der  rr? 
Coefficienten  der  Gruppe  @  sind.  Von  Herm  Schur's  Eesultaten  fiibreu  wir 
an :  Jede  Gruppe  T(  ©  )  ist  vollstandig  reducibel  (Vgl.  S.  71).  Die  Gesamtbeit 
aller  irreduciblen  Bestandteile  der  Gruppen  T(@)  ist,  wenn  man  ahnliche 
Gruppen  als  nicbt  verscbieden  ansiebt,  endlicb  und  zwar  gleich  der  Anzabl  Tc  der 
2ierlegungen  der  ganzen  Zabl  n  in  boebstens  m  gleiebe  oder  verscbiedene  posi- 
tive Summanden.  Zwei  Gruppen  T(  @  )  sind  dann  und  nur  dann  abnb'cb,  wenn 
stets  in  zwei  entsprecbenden  Matrices  der  zwei  isomorpben  Gruppen  die  Summen 
der  Glieder  ibrer  Hauptdiagonalen  einander  gleicb  sind.  Die  Ergebnisse  des 
§  1  und  §  2  meiner  Arbeit,  Zur  Gruppentheorie  7nit  Anwendungen  auf  die 
Theorie  der  linearen  homogenen  Differentialgleichungen,  Transactions,  Bd. 
5,  S.  61,  sind  nur  ganz  specielle  Fiille  der  Scburscben  Tbeorie.  Aus  Schur's 
Untersucbungen  ergiebt  sicb  aucb,  dass  man  auf  S.  65  in  Formel  (6)  meines 
Aufsatzes  H^A  nocb  weiter  linear  derartig  transformiren  kann,  dass  A^y^  =  0 
wird ;  dies  ist  mir  bisber  nicbt  mit  so  einfacben  Hiilfsmittein,  wie  icb  sie  am 
angefiibrteu  Orte  anwandte,  zu  beweisen  gelungen. 

Im  §  1  der  vorliegenden  Arbeit  beweise  icb  iiber  vollstandig  reducible  Grup- 
pen das  folgende  Tbeorem :  Jede  Gruppe  linearer  homogener  Substitutionen^ 
die  eine  definite  Hermitesche  Form  in  sich  trans/ormirty  ist  vollstandig 
reducibel. 

Nacb  einen  von  Herrn  Moore  und  mir  f  in  der  gleicben  Wocbe  veroffent- 
licbten  Satze  gebort  zu  jeder  endlicbeu  Gruppe  linearer  bomogener  Substitu- 
tionen eine  invariante  definite  Hermitescbe  Form.  Aus  dem  mitgeteilten  Tbe- 
oreme  folgt  daber  der  von  Herm  Frobenius  J  im  Verlaufe  seiner  tiefgehenden 
Untersucbungen  iiber  die  endlicben  Gruppen  linearer  bomogener  Substitutionen 
erbaltene  und  aucb  biervon  unabbangig  von  Herrn  Maschke  §  gefundene  Fun- 


*I.  SCHUB,  Vber  eine  Klaaae  von  Matrizen,  die  aich  einer  gegebenen  Matrix  zuordnen  laasen, 
Berlin,  1901. 

fA.  LoEWY,  Comptes  Rendus,  vol.  123  (1896),  168-171;  E.  H.  MooRE,  Mathe- 
matische  Annalen,  Bd.  50,  8.  213-219. 

X  G.  Frobenius,  Uber  die  Darstellung  der  endliehen  Oruppen  durek  lineare  Substitutionen,  I  nnd 
II,  Sitznngsberichte  der  Preassisohen  Akademie  der  WisRensohaften,  1897  n. 
1899.     Ygl.  Jahrgang  1899,  S.  483. 

§  H.  Maschke,  Beweia  dea  Satzea,  dasa  diejenigen  endlicKen  linearen  Subatitulionagruppen,  in 
welchen  eihige  durchgehenda  verackwindende  Coefficienten  auftreten,  intranaiiiv  nnd,  Mathe- 
matisohe  Annalen,  Band  52,  S.  363.  Einen  neaen  Beweis  hat  W.  Bdbnsidb  in  der  S.  002 
znerst  oitirten  Arbeit  g^eben. 
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damentalsatz :    Jede  endliche  Gruppe  linearer  homogenen  Substitutionen  ist 
volhtiindig  reducibel. 

Nicht  jede  reducible  Gruppe  linearer  homogener  Substitutionen  bt  vollstan- 
dig  reducibel.  Ich  leite  in  der  vorli^enden  Arbeit  im  §  2  und  den  folgenden 
Paragraphen — die  Lecture  des  §  1  ist  fiir  das  Verstandnis  der  folgenden  Para- 
graphen  entbehrlicb — den  fiir  die  Theorie  der  unendlichen  Gruppen  linearer 
homogener  Substitutionen,  wie  mir  scheint,  f undamentalen  Satz  her :  Zu  jeder 
Gruppe  W  linearer  homogener  Substitutionen  gehoren  fi  voUstdndig  reducible 
Gruppen  linearer  homogener  Substitutionen  ;  diese  sind  ebenso  wie  die  irre- 
duciblen  Bestandteile  von  {>i ,  wenn  man  iihidiche  Gruppen  als  nicht  verschie^ 
den  ansieht^  vbllig  eindeutig  bestimmt.  Die  ft  volht'andig  reduciblen^  zu  0 
gehorigen  G^*uj)pen  sindy  was  fiir  die  irreduciblen  Bestandteile  von  (>5  nic?it 
ztitrijfty  auch  ihrer  Reihenfolge  nach  eindeutig  festgelegt.  Man  kann  also 
von  der  ersten^  zweiten^  u.  s.  w.  bis  fi-ten  vollstandig  reduciblen  zu  W  gehorir- 
gen  Gruppe  sprechen.  Die  Gesamtzahl  der  Variablen  der  fi  Gruppen  ist 
gleich  der  Variablenzahl  von  (>5 .  Ist  fjLs^l^  so  ist  die  Grupj)e  &  vollstandig 
reducibel.  Zu  den  fi  vollstaudig  reduciblen  Gruppen,  die  zu  &  gehoren,  gelangt 
man  auf  folgende  Weise:  Jede  Gruppe  (>5  linearer  homogener  Substitutionen 
kann  durch  eine  constante  Matrix  P  von  nicht  verschwindender  Determinante 
in  eine  ahnliche  Gruppe  21'  «  P&P~^  der  besonderen  Form : 

3i:»      0       0       0       ...       0 
aji     94    0      0       ...      0 

(r):      K    91-3,  r33  0     ...     0 


3i:,    K,  3t;3 K. 

transformirt  werden,  so  dass  die  Gesamtheit  von  Matrices  St*},  bez. 
%i  21^,  . .  •,  9t;^  vollstandig  reducible  Gruppen  deBniren.  31,,  %,  •  • .,  T^^ 
lege  ich  als  gewisse  Maximalgruppen  ihrer  Art  fest.  (Vgl.  §  6.)  Eine  Trans- 
formation von  &  in  eine  ahnliche  Gruppe,  wie  sie  eben  geschildert  wurde, 
bezeichne  ich  als  eine  Transformation  von  W  in  eine  ahnliche  Gruppe  unter 
Hervorhebung  aller  auf  einander  folgender  grbsster  vollstandig  reducibler 
Gruppen. 

Eine  Darstellung  der  Gruppe  &  in  der  Form  31",  also  unter  Hervorhebung 
aller  auf  einander  folgender  grosster  vollstandig  reducibler  Gruppen,  ist  durch- 
aus  nicht  eindeutig.  Es  gilt  nun  folgender  Satz :  Wie  auch  imnier  eine  Grupjje 
&  linearer  homogener  Substitutionen  unter  Hervorhebung  aller  auf  einander 
folgender  grosster  vollstandig  reducibler  Gruppen  in  eine  Hhnliche  transfor- 
mirt wirdy  so  sind  die  vollstandig  reduciblen  Gruppen^  die  sich  bei  einer  derarti- 
gen  Darstellung  von  6J  ergeben^  den  vollstandig  reduciblen  Gruppen^  die  sich 
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bei  irgend  einer  anderen  Darstellung  von  ®  unter  Hervorhebung  alter  auf 
einander  folgender  grbsster  volhtdndig  reducibler  Gruppen  ergeben^  der 
Reihe  nach  zugeordneU  so  dass  zwei  zugeordnete  volhtdndig  reducible  Grup- 
pen  gleichviele  Variablen  haben  und  dhnliche  Gruppen  sind. 

Im  §  6  setzen  wir  voraus,  dass  eine  Gruppe  &  linearer  homogener  Substi- 
tutionen  vorgelegt  sei,  bei  der  alle  Coefficienten  samtlieher  Substitutionen 
Zahlen  aus  einem  unendlichen  Zahlkorper  oder  Bationalitatsbereiche  H  sind. 
Den  BegrifiF  der  Reducibilitat  einer  Gruppe  linearer  homogener  Substitutionen 
mit  Coefficienten  aus  ft  beziiglicli  des  Korpers  ft  habe  ich  im  §  4  meiner  Arbeit? 
tJ^ber  die  Seducibilitdt  der  Gruj)pen  linearer  homogener  Substitutionen^ 
Transactions,  Bd.  4,  S.  58  fiF.,  auseinandergesetzt.  Die  lineare  homogene 
Substitutionsgruppe  @  in  n  Variablen,  deren  Substitutionscoefficienten  aus- 
nahmslos  dem  Korper  ft  angehoren,  ist  beziiglich  ft  reducibel,  wenn  man  m  <  ti 
lineaje  homogene  Functionen  der  Variablen  mit  constanten  G)efficienten  finden 
kann,  wclche  durch  eine  jede  Substitution  der  Gruppe  nur  unter  sich  transfor- 
mirt  werden  und  dabei  ausschliesslich  Transformationen  mit  Coefficienten  aus 
ft  erleiden.  Eine  Gruppe  0  linearer  homogener  Substitutionen  mit  Coeffi- 
cienten aus  ft  nenne  ich  beziiglich  des  Korjjers  ft  volhtdndig  reducibel^  wenn 
man  wenigstens  eine  Matrix  R  von  nicht  verschwindender  Determinante  finden 
kann,  dass  die  zu  @  ahnliche  Gruppe  Ii(>ili~^  von  der  besonderen  Form 
{ <^ii»  ^22'  "  •»  ^AA }  wird,  a^i,  a^i^  •  •  •,  a^^  beziiglich  des  Korpers  ft  irreducible 
Gruppen  linearer  homogener  Substitutionen  mit  Coefficienten  aus  ft  bedeuten 
und  entsprechend  dem  beniitzten  Symbole  rechts  wie  links  von  jedem  beziiglich 
ft  irreduciblen  Bestandteile  a,.^(i  =  l,  2,  ••-,  X)  Nullmatrices  stehen.  Eine 
Gruppe  linearer  homogener  Substitutionen  mit  Coefficienten  aus  ft ,  die  beziig- 
lich ft  voUstandig  reducibel  ist,  ist  also  auf  folgende  Weise  charakterisirt :  Man 
kann  durch  Einfiihning  neuer  Variablen  stets  erreichen,  dass  nach  der  Trans- 
formation die  Variablen  eines  jeden  Systems  sich  nur  unter  einander  transfor- 
miren,  die  Gruppen  linearer  homogener  Substitutionen,  die  jedes  Variablen- 
system  fiir  sich  allein  definirt,  nur  Coefficienten  aus  ft  haben  und  beziiglich  ft 
irreducible  Gruppen  sind.  In  der  Bezeichnung  "beziiglich  ft  vollstandig  redu- 
cibel" soUen  auch  die  beziiglich  ft  irreduciblen  Gruppen  mit  Coefficienten  aus 
ft  eingeschlossen  sein.  Im  §  6  wird  die  Erweiterung  der  im  §  2-§  5  gegebenen 
Untersuchungen  auf  Gruppen  mit  Coefficienten  aus  ft  behandelt. 

§  1.     Gruppen^  die  eine  definite  JSermitesche  Form  in  sich  transformiren. 

Fiir  die  in  der  Uberschrift  genannten  Gruppen  soil  der  auf  Seite  507  der  Ein- 
leitung  angegebene  Satz  bewiesen  werden.*     Nach  Voraussetzung  transformirt 

*  Inzwiachen  bat  Herr  I.  Schue  einen  etwas  einfachereD  Beweis  des  Herrn  Frobknius  ver- 
oflentlioht.  Schur,  Sitzungsberichte  Preuss.  Akad.  der  Wiss.,  April  6,  1905,  S.  416. 
Kacbsobrift  vom  August  1905. 
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die  Gruppe  @  linearer  homogener  Substitutioaen  eine  definite  Hermitesche 
Form  H^  in  sich.  Ist  die  Gruppe  ®  eine  irreducible  Gruppe,  so  gehort  (3  zur 
Klasse  der  voUstandig  reduciblen  Gruppen,  und  der  Satz  ist  bewiesen.  Sei 
daher  @  eine  reducible  Gruppe.  In  diesem  Falle  giebt  es  eine  constante 
Matrix  T  von  nicht  verschwindender  Determinante,  dass  die  Matrices  aller 
Substitutionen  der  transformirten  Gruppe  0  =  T&T~^  gleichzeitig  von  der 
Form :  _ 

®,i    0 

{my.      _    _ 

werden ;  hierbei  bedeuten  ©j^  ©^^ ,  (^^  Matrices  mit  v  Zeilen  und  v  Colonnen, 
bez.  n  —  v  Zeilen  und  v  Colonnen,  bez.  n  —  v  Zeilen  und  n  —  v  Colonnen.  Da 
die  Substitutionen  von  0  nach  Voraussetzung  eine  Hermitesche  Form  H^  inva- 
riant lassen,  existirt  auch  fur  die  zu  @  ahnliche  Gruppe  &  eine  invariante  Her- 
mitesche Form.  Sie  sei  mit  H  bezeichnet.  Man  findet  sie  aus  der  Her- 
miteschen  Form  i/|  durch  Einfiihrung  der  neuen  Variablen  der  Gruppe  OJ 
in  ZTj .  Ist  G  die  Matrix  einer  beliebigen  Transformation  aus  ©  und  bedeutet 
stets  der  obere  Index  0  das  Ersetzen  aller  Terme  durch  die  conjugirt  ima- 
gindreUy  so  ist  nach  der  Frobeniusschen  *  Symbolik: 

{GPyHG  =  H,  und  es  wird:  H^^^T'^yHT.  In  den  obigen  Formeln 
bedeuten  (T°)'  bez.  {G^y  die  zu  T^  bez.  G^  transponirten  oder  conjugirten 
Matrices.  Da  H^  eine  definite  Hermitesche  Form  ist,  folgt,  dass  auch  die  .aus 
H^  durch  Transformation  hervorgehende  Hermitesche  Form  jBT,  die  durch  die 
Gruppe  @  in  sich  transformirt  wird,  definit  sein  muss.     H  moge  lauten  : 

i=n    *=n 

Wir  f iihren  auf  H  die  Substitution  : 

^i^Vi  (i=l,2,  •■.,v), 

2.+*  =  \+*.l2<^l  +  \+k,2y2  + 1-  \+k,  vVv  +  Vy+k      (*  =  1,  2,  .  •  .,  »  — V), 

aus.     Wir  finden  dann  als  Coefficienten  von  y^ yj+t  (i  =  i',A:  =  n  —  v): 

^y+k,  i  +  ^1.+*,  y+l  \+h  *  ^"    ^y+k,  y+2\+2,  <  + 1"   ^y+k,n\l,  i  ' 

In  der  verwandten  Substitution  (1)  bestimmen  wir  die  Grossen  \^t,i  derartig, 
dass  der  soeben  hingeschriebene  Coefficient  von  y,y"+fc  Null  wird.  Die  fiir  die 
(^n^v)v  Grossen  X^.^  getroffene  Wahl  ist  auch  stets  mbglich;  denn  bei  einer 
definiten  Hermiteschen  Form : 


*G.  Frobbnius,  Vber  linmre  Substitulumen  und  billneare  Formerly  JourDal  fur  Mathe- 
matik,  Bd.  84,  8.  1 ;  ferner  G.  Fbobbnius,  Uber  die  principaU  Transformation  der  Thelafunctumen 
mehrerer  Variablen,  ibid,,  Bd.  95,  8.  264.  Vgl.  anch  A.  LoEWY,  Vber  bilineare  Formen  mit  eom- 
jugiri  imagindren  Variablen,  Nova  Acta  der  Eel-Leopold.  Carol.  DeutscheD  Aka- 
demie  der  NatnrfoTseher,  Bd.  71  (1898),  No.  8. 
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i=sn    kssn 


muflsen  alle  Hauptunterdeterminanten  von  Null  verschieden  sein,  mithin  ist  auch 
die  Determinante : 


*v+l,  v+l 


^v+2,  v+l 


^y+l,  n 


*i'+2,  n 


ungleich  Null. 

Wahlt  man  die  Substitutionscoefficienten  fiir  die  Substitution  (1)  ,  wie  ange- 
geben,  so  geht  IT  in  die  neue  Herniitesche  Form  : 


(2) 


iiber.     Da  die  neue  Hermitesche  Form  (2)  aus  der  definiten  Hermiteschen  Form 
H  durch  Transformation  hervorgebt,  so  ist  sie  ebenso  wie  JB  definit. 

Durch  Ausf iihrung  der  Substitution  (1)  wird  die  recbts  oben  bei  (  @  )  stehen- 
de  Nullmatrix  nicht  zerstbrt,  und  &  geht  in  die  ahnliche  Gruppe  &  der  Form : 


(@): 


iiber ;  die  Gruppe  &  transformirt  die  Hermitesche  Form  (2)  in  sich. 

Durch  lineare  homogene  Transformation  der  Variablen  y^,  yj'  '  "•»  Vv  ^^^^  ^^^^ 
und  gesonderte  lineare  homogene  Transformation  von  y^+i,  y^+j,  *  •  •<•  ^n  kann 
wegen  des  definiten  Charakters  der  Hermiteschen  Form  (2)  bewirkt  werden, 
dass : 

E  £/3«y?y*        in        «,<  +  x,xl  +  ...  +  xX 
und 

£   £  ^.»y?y*       in 


^I'+l^i'+l  +  ^v+2'^y+2  "f"   *  *  *  "I"  "^'n^n 


iibergehen,  wir  also  die  Hermitesche  Form  Y^iZi ^i^^i  erhalten. 

Durch  Einf  iihrung  der  neuen  Variablen  geht  @  in  eine  neue,  zu  &  und  daher 
auch  ^u  &  ahnliche  in  den  Variablen  x  geschriebene  Gruppe  iiber ;  sie  sei  mit 
&  bezeichnet.  Durch  Einfiihrung  der  neuen  Variablen  wird  die  Nullmatrix, 
die  bei  &  rechts  oben  auf  trat,  nicht  zerstort ;  daher  wird  &  von  der  Form : 


{&): 
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Wir  behaupten,  dass  jetzt  auch  (^^i  ^^^^  Nullmatrix  ist.  Die  Gruppe  (^5  fiihrt 
die  Hermitesche  Fornl 

in  sich  uber.  Daher  muss,  wenn  &  eine  beliebige  Substifcution  aus  (3  ist,  nach 
der  Frobenius'scben  SymboKk : 

oder  folglich 

sein.  Diese  Gleichung  aber  besagt,  dass  jeder  Coefficient  der  Substitution  G 
gleich  dem  conjugirt  imaginaren  Werte  der  ihm  zugeborigen  Unterdeterminante 
n  ~  1  ten  Grades  dividirt  dureb  den  conjugirt  imaginaren  Wert  der  Substitu- 
tionsdeterminante  ist.  Die  Unterdeterminanten,  die  aber  zu  Coefficienten  der 
ersten  v  Colonnen  und  letzten  n-^v  Zeilen  gehoren,  sind  Null,  da  jede  derselben 
die  v(^n^v)  Nullen  der  rechts  oben  stehenden  Nullmatrix  entbalt;  folglich 
ist  ^21  ^^1  ^^  setzen.* 

Sind  (5,1  und  &^  irreducible  Gruppen  linearer  bomogener  Substitutiouen,  so 
ist  unser  Satz  bewiesen.  Sind  ©n  und  0)22  ^^^  '^^^  ^^^^  dieser  Gruppen  redu- 
cibel,  so  fiihrt  jede  von  ihnen  eine  definite  Hermitsche  Form,  namlich 

bez. 

in  sich  iiber.  Die  Teilgruppen  sind  folglich  von  demselben  Charakter  wie  die 
urspriinglichen.  Eine  eventuelle  wiederholte  Anwendung  des  gleichen  Yerfah- 
rens  wie  oben  erweist  daher  sicher  die  Richtigkeit  unseres  Satzes,  indem  sie 
schliesslich  zu  irreduciblen  Teilgruppen  mit  sich  gesondert  transformirenden 
Variablen  fiihrt. 

Im  Voraufgehenden  babe  ich  den  gleichen  Gedankengang  benutzt,  der  Herm 
Maschke  in  der  oben  citirten  Arbeit  dazu  fiihrt,  die  vollstandige  Reducibilitat 
der  endlichen  Gruppen  linearer  bomogener  Substitutiouen  zu  zeigen.  Die  von 
Herm  Maschke  verwandten  Schliisse  musste  ich  jedoch  etwas  modificiren,  da 
seine  Darstellung  ein  kleines  Versehen  entbalt,  auf  dass  ich  aufmerksam  zu 
machen  nicht  unterlassen  kann.  Herr  Maschke  will  nachweisen,  dass  man  Je(2e 
Hermitesche  Form : 


*Vgl.  hierza  das  von  Herrn  Sticeelbgbgeb  im  §2  der  Programraabhandlung  dea 
Ziiricher  PoIyteohnikamSf  Ueher  reeUe  orthogonale  SubstUulionen  (1877),  bewieaene  Lemma: 
**  Wenn  in  einem  (nicbt  notweDdig  reellen )  orthogonalen  System  alle  CoefficieDten  veiBchwiiiden, 
'welcbe  m  Zeilen  mit  n  —  m  Colonnen  gemeinsam  haben,  so  verschwinden  aaob  alle  diejenigeo, 
welche  die  iibrigen  n — m  Zeilen  mit  den  iibrigen  m  Colonnen  gemeinsam  haben." 
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i=l  *=1 

durch  eine  lineare  homogene  Substitution  von  nicht  verscbwindender  Determi- 
nante: 

^i^^^^ikVu  (i=l,  2»--,  v), 

in  die  Form : 

i=v   k^v  i=:n       k=n 

transformiren     kann.     Dies     trifft    nicbt     zu,    wie    das    einfache     Beispiel 

^1^1  +  25i«2  +  ^2^1  ^^'^^^ '  durch  25j  =  Xjj^j »  ^2  =*  3^2  +  ^1^1  1^°^  di®  Form  nie  so 
transformirt  werden,  dass  der  Coefficient  von  y^  y^ ,  der  \^  lautet,  verschwindet. 
Thatsachlich  liegt  in  der  Festsetzung  von  Herm  Maschke  auf  Seite  368,  Zeile 
8:  "Sei  dies  die  Determinante  \X.j^\  fiir  i,  A=l,2,---,r"*  eine  Bestim- 
mung,  die  man  nicht  nach  Willkiir  machen  kann. 

§2. 
Die  Gruppe  &  linearer  homogener  Substitutionen  in  n  Variablen  sei  reducibel 
und  durch  die  Matrix 'S  von  nicht  verschwindender  Determinante  in  die  ahnliche 
Gruppe  21  =  S&S''^  transformirt^  so  dass  diese  die  Form : 

a„   0 

(21): 


*11 


3t„  3r« 

annimmt ;  dabei  bedeute  9l|i  einen  Inbegriff  von  Matrices  mit  i^  <  n  Zeilen  und 
Colonnen,  eine  weitere  Yoraussetzung  wird  iiber  31^  in  diesem  §  nicht  gemacht. 
2I21  bez.  2I22  bezeichnen  einen  InbegriflE  von  Matrices  mit  71  —  1/  Zeilen  und  v 
bez.  71  —  V  Colonnen.     @  moge  ferner  in  die  ahnliche  Gruppe  33  der  Form : 

in     0 
(»)  = 

transformirt  sein ;  hierbei  bedeute  bj^  eine  Gesamtheit  von  Matrices  mit  ^i  <  ^ 
Zeilen  und  Colonnen  und  demnach  621  bez.  622  einen  Inbegriff  von  Matrices  mit 
71  —  gTj  Zeilen  und  g^  bez.  ti  —  gr^  Colonnen.  Uber  6^  sei  die  fiir  das  Folgende 
wesentliche  Voraussetzung  gemacht,  dass  b^  eine  irreducible  Gruppe  linearer 
homogener  Substitutionen  in  g^  Variablen  definire. 
Die  Substitutionen  von  21  mogen 

*  Herr  Masckke  hat  statt  meines  v  den  Bnohstaben  r . 
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(1)  y.='f<V;  (i=i,2.-..,«). 

lauten ;  t  babe  hierbei  die  Werte  1 ,  2 ,  8 ,  •  •  •  und  charakterisire  die  einzelnen 
Substitutionen  der  Gruppe  St.* 

Da  die  Gruppe  91  die  Form  (9()  hat,  werden  sicb  in  (1)  die  ersten  p  Vari- 
ablen  in  der  Form 

(2)  y,=i:^:iy'u  (.•=!,  •••.-) 

transformiren ;  es  wird  also  fiir  i  =  v^h'^v  stets  o^'^  =  ^  ^^^'** 
Die  Substitutionen  von  ^  mogen : 

(3)  ^i'-'f^^lK  «  =  l. 2, -..,») 

«=1 

lauten;  der  obere  Index  t^  der  die  Werte  1,  2,  8,  ••  •  annehmen  moge,  soli 
dabei  die  einzelnen  Substitutionen  von  $  angeben. 

Die  ersten  g^  Yariablen,  welche  die  Substitutionen  der  nach  Voraussetzung 
irreduciblen  Gruppe  b^  bestimmen,  werden  Substitutionen  der  Form : 

(4)  «.  =  Z&7X  (»  =  1,  •••.^n  <  =  1,  2,  ••;  9,<n) 
erleiden. 

Die  Gruppe  @  ist  den  Gruppen  %  und  9  ahnlicb ;  daher  werden  die  zwei 
Gruppen  31  and  9  unter  einander  ahnlicb  sein,  d.  h.  es  wird  eine  Transformation: 

(5)  ^i  =  ?«yi  +  Jijya  +  •  •  •  +  iinVn  (»  =  1,  2.  .  .,  n). 

von  nicht  verschwindender  Determinante  {j,.^|  existiren,  die  mit  der  za  ihr 
cogredienten  Substitution : 

(5')  <  =  f.iuy'.  (i=i,  2,  ••..«) 

alle  Substitutionen  der  Gruppe  SI  in  die  entsprechenden  von  %  iiberfiihrt.  Es 
wird  also  die  symbolische  Gleichung  $  =  QSl  Q"^  statthaben.  Die  sich  ent- 
sprechenden Substitutionen  von  31  und  ^  sind  durch  gleiche  Werte  des  oberen 
Index  t  charakterisirt. 


*  Eine  solcbe  CharakterisirHDg  der  einzelnen  Sabetitationen  von  tl  duroh  einen  oberen  Index 
( ist  eigentlioh  nar  zalassig,  wenn  3(  eine  endliche  oder  abzahlbare  nnendlicbe  Menge  von  8ab- 
stitntionen  entbalt.  Beeitzt  91  eine  nioht  abzahlbare  Menge  von  Snbsliitationen,  so  kann  man 
die  einzelnen  Substitutionen  von  3(  nicbt  derartig  duroh  einen  oberen  Index  t  oharakteriairen. 
XJnsere  Sohltisse  gelten  auoh  fiir  unendliobe  Gruppen  linearer  homogener  Snbstitntionen  mit 
einer  nicht  abzahlbaren  Menge  von  Substitutionen,  denn  unaere  Betraohtnngen  hangen  ^ar  nidd 
von  der  OharcJcterUirung  der  SubatittUionen  dureh  den  Index  t  ah,  Wir  haben  nur  der  Bequemlioh- 
keit  w^en  im  Texte  den  oberen  Index  t  beniltzt,  um  auf  die  Zuordnung  der  entspreohenden 
Substitutionen  von  ^  und  9  gelegentlioh  hinweisen  zu  konnen. 
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Wir  woUen  folgenden  Hilfsatz  beweisen :  Sind  31  und  'S  dhnliche  Gruppen 
linearer  homogener  ^ubatitutionen  der  Form  (31)  und  (33)  und  werden  durch 
irgend  eine  Transformation  (5)  von  nicht  verschwindender  Determinante  und 
die  zu  ihr  cogrediente  (5')  die  Substitutionen  der  einen  Gruppe  in  die  der 
anderen  ubergefiihrt^  so  miissen^  wenn  h^^  eine  irreducible  Gruppe  linearer 
homogener  Substitutionen  ist  und  zwischen  y^  J/a'  " ''  ^i*  '^^^  ^it  h^  " ' )  ^n 
auch  nur  eine  einzige  lineare  homogene  Relation  mit  constanten  Coefficienten 
besteht^  in  der  iiberfiihrenden  Transformation  (6)  die  ersten  g^  Gleichungen 
{9i<n): 

V 

(6,)  Zi  =  Z?.ty»  («•=  I,  ••.•■!?.) 

A"=l 

lauten^  also  fur  i  =  jr^,  A  >  i/  miissen  die  Grbssen  q^  notwendig  Null  sein. 

Den  Beweis  zerlegen  wir  in  zwei  Teile : 

(I)  Angenommen,  es  bestehe  fiir  eine  der  Zahlen  1,  2,  •  •  •,  ^j,  die  ich  mit 
I  bezeichne,  in  der  Substitution  (5)  die  Relation : 

(6)  ^i^qnVi  +  qi2y2  +  -+qiyyv' 

Infolgedessen  wird  fiir  die  cogrediente  Substitution : 

(6')  ^I^^nyl +9/23/2+ •••  +  5'/..  2/k- 

Nach  Voraussetzung  ist  also  y^^^^  =  y,^^^  =  •  •  *  =  ?/n  =  0 . 
Nach  (6)  und  (2)  wird : 

(7)  z,  =  E  q,Aly[  +  £  q^Allv^  +  ' '  •  +  Z  9.<?y:- 

Aus  (4)  und  (5')  ergiebt  sich: 

Der  Vergleich  von  (7)  und  (8)  lehrt,  dass  die  Coefficienten  von  y^^i ,  y^^.2»  "'iVn 
in  (8)  verschwinden  miissen,  d.  h.  es  miissen  die  Kelationen  bestelien : 

(9)  26V.'9.,  =  0  (i  =  v+l,...,n;<  =  l,2,...). 

Wir  betrachten  die  erste  dieser  Relationen  ( i  =  i/  +  1 )  und  bedenken,  dass 
infolge  von  (6)  qi^^i  =  0  sein  muss.     Daher  erhalten  wir : 

(9i)    *W9iv+i  +  Wiq2.^x  +'"  6i;ii?/-iK4-i  +  &^/;ii9/4-i.+i  +  •  •  •  +  Kq^ny-^x  =  0- 

Da  bii  eine  irreducible  Gruppe  linearer  homogener  Substitutionen  in  g^  Vari- 
ablen  ist,  muss  nach  den  Untersuchungen  von  Herrn  Maschke  *  t  mindestens 

t'MASCHEB,  a.  a.  O.,  S.  365,  366. 
Trans.  Am.  Math.  Soc.  35 
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gleich  ^1  —  1  sein ;  denn  jede  Gruppe  linearer  homogener  Substitutionen,  bei  der 
die  Anzahl  der  Substitutionen  gleich  oder  kleiner  als  die  um  2  verminderte  Zahl 
der  Substitutionsvariablen  ist,  ist  notwendig  reducibel.  Daber  stellt  (9^)  ein 
System  von  t  =  g^^l  linearen  homogenen  Gleichungen  f iir  die  ^^  —  1  Grossen 

?iMi ^  ?2.+i  1  •  •  •  1  ?/-i v+i .  ?/+! .+1 1  •   • »  g^nv+i  ^^ '  '  is*^  ^^^^  «!»«  d"rch  (6) ganz 
bestimmt  fixirte  Zabl  aus  der  Reihe  der  Zahlen  1,  2,  •  •  -,  ^^ 
SolleD  nicht  samtlicbe  der  J'l  —  1  Grossen : 

verscbwinden,  so  muss  jede  der  Determinanten : 


ik^' 

6[!'' 

••    6i/i\ 

6L%'.    • 

••  K' 

bif' 

&;,'«)        . 

••    ^f2^ 

m    ■ 

••  *»> 

jf«»,-i) 

J^"-')     . 

■■  6{a-'> 

6LV    • 

••  ft^T-' 

die  man  erhalt,  wenn  man  t,,  ij,  •  •-,  i^_,  irgend  welche  g^i  —  1  verschiedene 
Werte  aus  der  Zahlenreihe,  die  t  durcblauft,  beilegt,  Null  sein.  Anders  aus- 
gedriickt :  Man  muss  aus  der  /-ten  Zeile  der  Substitutionsgrnppe  b^  die  S^i  —  1 
Coefficienten : 

herausgreifen  konnen,  dass  jede  der  Determinanten,  gebildet  aus  den  entspre- 
chenden  Coefficienten  jeder  moglichen  Combination  von  je  ^^  —  1  Substitutionen 
der  Gruppe  bn,  versohwindet.  Tritt  dies  aber  ein,  so  ist  die  Gruppe  6,^,  wie 
aus  einem  Satze  von  Herrn  Maschke  *  folgt,  reducibeL  Infolgedessen  bleibt 
nur  iibrig,  dass  die  g^  —  l  Grossen : 

samtlich  gleichzeitig  verscbwinden. 

Mit  Hiilfe  der  weiteren  Gleichungen  des  Systems  (9)  wird  auf  genau  die 
gleiche  Weise  der  Nachweis  gef iihrt,  dass : 

(10)  q^^^q^^=  . . .  ^  q^_^^^  q^^^^^  . . .  =  y^^  =  0      (»  =  v-|-2,  •• ..  n) 

ist. 

Unter  Beriicksichtigung  von  (10)  und 

?/.+!  =  ?/.'+2  =  •  •  •  =  ?|^  =  0 

ergiebt  sich  daher,  dass  im  Falle  (I)  die  ersten  g^  Gleichungen  von  (5)  notwen- 
dig die  Form  (  5, )  haben  miissen. 

(II).  Wir  setzen  jetzt  voraus,  dass  zwischen  y^,  yji  '"'iVyi  ^\^  ^»    "^^fi 
irgend  eine  lineare  homogene  Relation : 

*  H.  Maschke,  a.  a.  O.,  S.  364,  366. 
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(11)  d^yy  +  d^y^  + h  d^y^  +  e^Zy^  +  e^z^+ f-  e^^z^^  =  0 

bestehe.  Hierbei  bedeuten  cZ,,  cfo*  •  •  •,  rf„5  Cj,  ggi  '  "'>  ^gi  Constante,  von  denen 
weder  alle  d  noch  alle  e  Null  sind.  Wir  fiihren  Fall  (II)  auf  (I)  zuriick.  Zu 
dein  Zwecke  setzen  wir : 

(12)  5.  =  ei'm-e',"2j  +  ...  +  e(X 

nnd  verstehen  unter  e^j^\  fl^\  •  -  • ,  e^^^^  dieselben  Grbssen  wie  unter  e^,  Cj,  •  •  •,  e^^. 
Die  Auderung  der  BezeichnnDg  ist  nur  aus  Griiuden  des  Symmetrie  vorgenom- 
men.  Wir  fuhren  g^i  —  1  neue  weitere  Variablen  5^,  Zg,  •••,  5^  durch  die 
Oleichungen : 

<12)  2*=£e^*S  (*  =  2,3,.-.,yi), 

«in,  hierbei  sind  die  eff*  ganz  willkiirliclie  Constante,  die  nur  so  gewahlt  sein 
fiollen,  dass  die  Determinante  | ei?^ |  (i  =  1 ,  2 ,  •  •  • ,  gr^ ;  A  =  1 ,  2 ,  •  •  • ,  gr, )  von 
Null  verschieden  ist.     Durch  die  Formel  : 

<12')  .  z\  =  c('><  +  e^,*>z;  +  .. .  +  6^>z;  (t-=l,2,  ...,y,) 

definiren  wir  die  sich  mit  z^^z^^  '"'^^gi  <^gi*^i6nt  transformirenden  Variablen 
z[^z'^^  • '  * »  ^A  •  Fiihrt  man  in  der  Gruppe  35  f iir  2^ ,  a^ »  •  •  •  i  2;^,  die  Variablen 
i, ,  Sj ,  •  •  • ,  i^  ein,  ersetzt  femer  asj ,  «2 »  * '  * »  ^^i  '^^^'^  (^^  )  ^^'^reh  5J ,  Sj ,  •  •  • ,  S^^ , 
behat  hiugegen  2j^,^i,  z^^^^,  ..-,  i8«  sowie  2^,+i,  »^+2'i  •  •»<  bei,  so  geht  die 
Gruppe  33  in  eine  ahnliche  Gruppe  3  iiber;  die  letztere  ist  dann  in 
den  Variablen  Zj,  z^^  •••,  i^,  ^^j+n  ^gi-^ii  "'1  ^n  ^z.  den  Variablen 
2I »  «i »  •  •  • .  «^p  2^,+i »  »^+2 »  •  •  • »  <  geschrieben.     Bedeutet : 

(18)  q-^  =  e^;>?i;fc  +  efi'q,^  +  •  •  •  +  c(;;>y^,;t      (t  =  l,  2,  ••  -,  ^i ;  *  =  !,  2,  • ...  n), 

so  ergiebt  sich  aus  (5)  und  (12) : 

<14) 

Die  hierzu  cogrediente  Substitution  ist  nach  (6')  und  (12')  gegeben  durch : 

{14  ) 

<  =  y.iyi  +  ?«y2  +  •  •  •  +  ?.„yn        (t=^i+i,  •••,»«). 

Die  Formeln  (14)  und  (14')  vermitteln  den  Ubergang  von  der  Gruppe  31  zu  der 
ihr  ahnlichen  Gruppe  33.  In  33  transformiren  sich  die  Variablen  ii,  ig,  •  •  •»  2^,1 
nach  der  irreduciblen  Gruppe  b,i,  die  aus  der  irreduciblen  Gruppe  6,^  in- 
folge  der  Transformation  (12)  hervorgeht.  Ersetzt  man  in  (11)  die  Variablen 
ZiyZiy  "'t  ^g^  durch  ihre  Werte  nach  (5),  so  erhiilt  man  durch  Nullsetzen  der 
Factoren  von  yi^  yzy  '"t  Vn  ^^  Gleichungssystem : 
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(11,)  rf.  +  «i?w  +  ^iqu  +  ••  •  +  e^q^,  =  0         (t  =  i,  2,  .  .,  »). 

wobei  (f^^i  »  (2^^2 »  *  •  -  »  (^«  »  0  ist.  Beachtet  man  (18),  so  wird  die  Rela- 
tion :  Zi  ^  ^  {dxyx  +  d^yt  +  "  '  +  d^y^)  durck  Beniitzung  der  ersten  v  Glei- 
chungen  (11 J  iibergehen  in : 

(I4i)  ^i  =  ?Iiy,  +  ?I«yi  +  ■  ••  +  yi^yr- 

Da  b^j  eine  irreducible  Gruppe  linearer  hotnogener  Substitutionen  ist  und  die 
Gleichung  (14,)  besteht,  muss  nach  dem  in  (I)  dieses  §  bewiesenen  Resultate : 

(16)  ?u-?«-----9;i-0  (•  =  v+ !,...,«) 

werden.     Unter  Beachtung  von  (13)  lauten  die  ersten  g^  Gleichungen  von  (15): 

Da  die  Determinante 

von  Null  verschieden  ist,  miissen  die  Grossen 

samtlich  verschwinden.     Ebenso  schliesst  man  aus  den  Gleichungen  (15)  weiter, 

dass: 

9u  =  ?2.-  =  •  •  •  =  ?M  =  0  (t'=»'  +  2,  •  •  •,  n) 

wird. 

Hiermit  ist  gezeigt,  dass  bei  den  uber  die  Gruppen  9(  und  33  gemachten  Yor- 

aussetzungen^  wenn  y^^y^i  "  -^  y^^  ^ly  ^2^  '"'^91  ^^^^^  linear  unabhangig  sind, 

in  der  Transformation  (5)  die  ersten  g^  Variablen  sich  notwendig  nach  (5,) 

transformiren. 

§3. 

Die  Gruppe  &  linearer  homogener  Substitutionen  in  n  Variablen  sei  in  die 
ahnliche  Gruppe  31*  der  Form  : 

(3f) 

transformirt,  dabei  soUen  31*^,  Slji  9  ^22  ^^^^^  lubegriff  von  Matrices  mit  v  Zeilen 
und  p  Colonnen,  bez.  n  —  v  Zeilen  und  v  Colonnen,  bez.  n  —  v  Zeilen  und  n—  v 
Colonnen  bedeuten. 

Definirt  9lJi ,  fiir  sich  betrachtet^  eine  vollstdndig  reducible  Gruppe  linearer 
homogener  Substitvtioneny  und  existirt  keine  Matrix  L  von  nicht  verschwinden- 
der  Determinante,  welche  die  Gruppe  0  in  eine  ahnliche  LQiL~^  der  Form : 

3ln  0  0 

0  a.+,.^,     0 

3t:i       21:2       r^ 
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iiberfiibrt,  wobei  o.^i^  ,+i  eine  irreducible  Gruppe  Imearer  homogener  Substitu- 
tionen  in  ft+i{f^+i >  0  )  Variablen  bedeute  und  demnach  3lJi ,  % ,  21^  Matrices 
mit  n-^v  — •/,+!  Zeilen  und  v  bez.  /^^^  bez.  n-—v  —f^+i  Colonnen  vorstellen, 
so  sagen  wir :  die  Gruppe  @  ist  unter  Hervorhebung  ihrer  grossten  voUstdn- 
dig  reduciblen  Ghruppe  2lJi  in  die  Gruppe  ST  transformirt  warden . 

Hat  man  eine  Gruppe  @  linearer  homogener  Substitutionen,  so  kann  man 
offenbar  durch  wiederbolte  Einfiihrung  linearer  homogener  Functionen  der  Vari- 
ablen mit  constanten  Coefficienten  die  Gruppe  @  mit  Hiilfe  einer  Matrix  S  von 
nicht  verschwindender  Determinante  in  eine  ahnliche  Gruppe  91  =  Si^S"^  trans- 
f ormiren,  so  dass  diese  ahnliche  Gruppe  die  Form : 


(16)     (31): 


Oil 

0 

0 

0 

■  ■     0 

0 

0 

0 

a„ 

0 

0 

..    0 

0 

0 

0 

0 

Om 

0 

..    0 

0 

0 

0 

0 

0 

0 

•;    fl.-i..-i 

0 

0 

0 

0 

0 

0 

..    0 

a., 

c 

0 

-^t+i.i 

-^€+1.2 

-'^c+i.a 

■^•+1,  * 

•  •    -^.+1,  .-1 

A 

+!>« 

^.. 

annimt.  an,  0221  -  -  -9  d^,  sollen  hierbei  irreducible  Bestandteile  sein,  deren  Vari- 
ablen sich  ausnahmslos  gesondert  fiir  sich  transformiren  (rechts  und  links  von 
jedem  a,.^.  stehen  lauter  Nullmatrices).  Unter  Umstanden  kann  €  =  1  sein. 
Ist  es  unrnoglich^  die  Gruppe  31  durch  weitere  Einfiihrung  neuer  Variablen 
in  die  Form 


flu 

0 

0 

0 

0 

0 

0 

tta 

0 

0 

0 

0 

0 

0 

0 

K. 

0 

0 

0 

0 

0 

0 

fl.+l,. 

+1 

0 

A. 

+8.1 

A 

+«,» 

-^.+»,s 

-^«+«,  € 

-^e+2, 

•  +1 

-^t+2,  .+2 

zu  bringen,  so  ist  (31)  eine  Darstellung  der  Gruppe  @  unter  Hervorhebung  der 
grbsaten  vollstdndig  reduciblen  Gruppe  {a^,  0221  ••  -i  ci,,}.  Die  soeben  hinge- 
schriebene^  vollstdndig  reducible  Gruppe  bezeichnen  wir  mit  Slj,  und  demgemass 
beniitzen  wir  auch  fiir  die  Darstellung  (31)  dieses  §  die  Bezeichnung: 


(16.) 


(«): 


a„    0 
3r«  3i«- 
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Ich  suche  bierdurcb  Anlehnung  an  die  fiezeichnung  des  §  2,  nur  ist  in  diesem  § 
3X^11  ^^^^  vollstandig  reducible  Gruppe,  wohingegen  im  §  2  keine  derartige  Bedin- 
gung  stattbatte. 

Die  Transformafcion  einer  Gruppe  ®  in  eine  abnlicbe  unter  Hervorbebung 
einer  grossten  Tollstandig  reduoiblen  Gruppe  ist  durcbaus  nicbt  eindeutig.  Die 
Gruppe  @  sei  unter  Hervorbebung  der  grossten  yoUstandig  reduciblen  Gruppe 
in  analoger  Weise  wie  in  die  Gruppe  31  aucb  in  die  abnlicbe  Gruppe  35  trans- 
formirt.     33  nibge  die  Form 


(17)     (S): 


K 

0 

0 

0 

.     0 

0 

0 

0 

K 

0 

0 

.     0 

0 

0 

0 

0 

K 

0 

.     0 

0 

0 

0 

0 

0 

0 

^'.'-l,  e'-l 

0 

0 

0 

0 

0 

0 

.     0 

b.'. 

e' 

0 

£. 

'+1.1 

s. 

+!.« 

5. 

'+1,S 

■^.'+1.4      •• 

-°«'+l,  •'-! 

B. 

'+»,  •' 

■O.'+l.  e'+l 

baben.  hn^,  6229  '"9  b^v  bedeuten  bierbei  irreducible  Bestandteile  von  @. 
Die  Darstellung  (  33  )  werde  icb  aucb  mit 

93„     0 
(17,)  (S8): 

bezeicbnen.  Hierbei  bedeutet  33^  die  vollstandig  reducible  Gruppe 
{  bn » ^229  •  " » b,/,/ } .  Um  Anscbluss  an  den  §  2  zu  gewinnen^  soil  die  Gruppe 
33  der  Form  (  33  )  aucb  mit : 

bi,     0 
(1^2)  (»):         ,,       ,, 

bezeicbnet  werden. 

Die  Gruppen  31  und  33,  die  durcb  (16j)  und  (ITg)  dargestellt  werden,  sind 
abnlicbe  Gruppen,  ferner  ist  bn  eine  irreducible  Gruppe.  Wir  konnen  daber 
die  Ergebnisse  des  §2  anwenden.  Wir  tun  dies  und  beniitzen  bierbei  die 
gleicben  Bezeicbnungen  wie  im  §  2.  Infolge  der  Abnlicbkeit  der  zwei  Gruppen 
31  und  33  giebt  es  Ubergangsformeln  (5)  und  (6'),  welcbe  die  Substitutionen  der 
zwei  Gruppen  in  einander  iiberfiibren.  Angenommen,  es  bestebe  zwiscben 
»i 9  2^2,  •  •  -9  2J^i9  yi  9  ^2  9  '  "^yv  ^'^^  Voraussetzung  aucb  nur  eine  einzige  lineare 
bomogene  Belation  mit  constanten  Coefficienten,  so  miissen  die  Gleicbungen  (Sj) 
besteben,  d.  b.  jede  der  Variablen  »i  9  ^2  9  •  *  *  9  ^^1  ist  von  yi ,  y2  9  •  •  •  9  y^  linear 
abbangig.  Mitbin  sind  nur  zwei  Falle  moglicb:  entweder  sind  »i,  »2,  ••  -9  ^^^ 
▼on  yi  9  y2  9  •  •  •  9  y„  gleicbzeitig  linear  abbangig  oder  gleicbzeitig  linear  unabbangig. 
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Die  Unmoglichkeit  des  zweiten  Falles  ergiebt  sich  daraus,  dass  in  diesem  § 
die  Gruppe  &  unter  Hervorhebung  ihrer  grossten  voUstandig  reduciblen  Gruppe 
3l|i  in  die  Form  (31)  iibergefiihrt  sein  soil.  Angenommen  namlich,  jede  der 
Variablen  Zi^  z^y  • --^  z^sei  von  den  Variablen  yi^  yo^  "  ^  y^  linear  unabhangig. 
In  diesem  Fall  kann  man  eine  zu  31  und  daher  auch  zu  Qi  ahnliche  Gruppe  auf 
folgende  Weise  bilden :  Wir  halten  y^^  yj'  *  *  *'  ^v  ^^>  nehmen  hierzu  noch  die 
nach  Annahme  von  diesen  v  Variablen  sowie  aucn  unter  einander  unabhangigeu 
Variablen  z^^z^^,  -  "^Zg^^  die  lineare  homogene  Functionen  von  y^  yj'  * "'  ^n 
mit  constanten  Coefficienten  sind,  und  fiihren  zu  diesen  v  +  g^  Variablen  noch 
n  —  v  —  g^  linear  unabhangige  Functionen  von  yi»  y,'  "  *'  ^^  ^^^  constanten 
Coefficienten  ein.  Die  Gesamtheit  der  Matrices  der  auf  diese  Weise  gewon- 
nenen,  zu  31  und  @  ahnlichen  Gruppe  lasst  sich  dann  in  der  Form : 


9tn 

0 

0 

0 

K 

0 

K 

»^ 

K 

schreiben;  dabei  bedeuten  ^^^^  &^^  &^  einen  Inbegriff  von  Matrices  mit 
n  —  V  ^  g^  Zeilen  und  v  bez.  g^  bez.  n  —  v  —  g^  Colonnen.  Die  zuletzt 
erhaltene  Darstellung  steht  im  Widerspruch  damit,  dass  31  eine  Darstellung  der 
Gruppe  ®  unter  Hervorhebung  der  grossten  voUstandig  reduciblen  Gruppe  31^^ 
sein  soil.  Mithin  sind  die  Variablen  in  S,  die  sich  auf  bj^  beziehen,  nicht  von 
Vi'*  Viy  '"'»  Vv  l^n^^i^  unabhangig,  und  es  gelten  die  Gleichungen  (5^). 

In  genau  der  gleichen  Weise  ergiebt  sich,  da  die  Gruppe  S  ja  auch  die  Form 
(17),  hat,  dass  die  Variablen  von  ^,  die  zu  den  irreduciblen  Bestandteilen 
622 9  653,  •  •  •,  b,/,^  gehoren,  nicht  von  yi,  ya?  •  •  •»  y^  linear  unabhangig  sein  kon- 
nen;  denn  durch  blosse  Variablenvertauschung  kann  jeder  der  irreduciblen 
Bestandteile  b^y  bs^,  •  •• ,  6,/,/  an  die  Stelle  von  b^^  treten. 

Nehmen  wir  an,  dass  sich  23jj  auf  v'  Variablen  bezieht,  so  werden,  weil  wir 
fiir  die  zu  b^^  gehorigen  Variablen  die  Giiltigkeit  der  Gleichungen  (5j)  und  fiir 
die  zu  b^^  bag,  •  •  •,  b,^,/  gehorigen  Variablen  die  Richtigkeit  der  zu  (5^)  ana- 
logen  Gleichungen  nachgewiesen  haben,  die  ersten  v'  Gleichungen  der  Transfor- 
mation (5) : 

(18)  «,  =  ?nyi  +  ?i2y2+  "•  +  qiuyy  (i=i,.-,vo 

lauten.    v'  kann  nicht  grosser  als  v  sein,  denn  sonst  wiirden  die  v'  unabhangigeu 
Variablen  Zj,  z.^,  -••,  2^,,  die  zur  Gruppe  Sjj  gehoren,  in    Dependenz  sein. 
Hieraus  folgt : 
(19)  v'^v. 

^  und  31  sind  ahnliche  Gruppen ;  dieser  Begriff  ist  aber  ein  wechselseitiger. 
Ferner  spielen  31^  und  3^^  in  31  und  !3  genau  die  gleiche  Rolle.     Infolge  dieser 
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Gleichberecbtigung  ist  der  Schluss:  v^v  gestattet.  Unter  Beriicksichtigang 
von  (19)  ergiebt  sich  daher:  i/'  =  v^  d.  h.  in  (16j)  und  (ITj)  baben  Sin  und  9},i 
die  gleiche  Anzahl  Zeilen  und  Colonnen. 

Setzt  man  in  (18)  v^v\  so  sieht  man  die  Richtigkeit  des  folgenden  Resultats 
ein:  Wird  die  Gruppe  %  der  Form  (16,),  wobei  3l,i  die  grbsste  vollstandig 
reducible  Gruppe  {a„,  ttjj?  '"•>  a,  J  voti  &  iaty  in  eine  dhnliche  Gruppe  S  der 
Form  (17,),  wobei  23„  die  grosate  vollstandig  reducible  Gruppe  {6„,  bgj,  •  •  •,  6,.,/} 
bedeutetj  iibergefUhrty  so  muss  jede  Matrix  Q  von  nicht  verschwindender  Deter- 
minantCy  welche  die  tlberfiihrung  der  einen  Gruppe  in  die  andere  leistetj  not- 
wendig  die  Form: 

(20) 

haben.  Hierbei  besitzt  die  Matrix  Q„  genau  ebensoviele  Zeilen  und  Colonnen 
wie  die  Gruppen  31,,  und  93„. 

In  (20)  ist  Q„  die  Matrix  von  (18).  Die  Determinante  von  Q  ist  von  Null 
versebieden ;  mitbin  kann  infolge  der  Form  (20),  die  Q  bat,  aucb  die  Determi- 
nante von  Q,,  nicbt  Null  sein.  Hieraus  folgt  die  Ahrdichkeit  der  zwei  Gruppen 
2l„  und  33„.  Fs  ist  23,i  =  Qn^nQn'  Nacb  dem  in  der  Einleitung  ange- 
gebenen  Satze  (Transactions,  vol.  4,  p.  46)  wii*d  e  =  e.'. 

§4. 
Die  Gruppe  &  linearer  bomogener  Substitutionen  in  n  Yariablen  sei  unter 
Hervorbebung  der  grossten  vollstandig  reduciblen  Gruppe  31',  in  die  abnliche 
Gruppe  91*  der  Form : 

at:,   0 

(21)  (3r): 

transformirt.  Ferner  moge  die  Gruppe  0  unter  Hervorbebung  der  grossten 
vollstandig  reduciblen  Gruppe  S^,  in  die  abnlicbe  Gruppe: 

(22)  (»•): 

'^21         "^22 

libergefiibrt  sein. 

Wir  wollen  uns  in  diesem  Paragrapben  von  einer  im  vorigen  gemacbten  Vor- 
aussetzung  befreien.  Wir  batten  im  vorigen  §  die  Gruppe  @  unter  Hervor- 
bebung der  gr<3ssten  vollstandig  reduciblen  Gruppen  31,,  und  99,^  in  die  zwei 
abnlicben  Gruppen  31  und  93  der  Form  (16,)  und  (17,)  transformirt  angenommen 
und  bierbei  fiir  31,,  und  33,i  die  Form  {a„,  Ogj,  •  •  •,  a„}  bez.  {b,i,  bjj,  •  •  •,  b.v} 
vorausgesetzt,  man  sollte  also  3I„  und  93,|  den  Cbarakter  der  vollstandigen  Beduci- 
bilitiit  auf  den  ersten  Blick  ansehen.     St^,  und  93^  soUen  aucb  grosste  voll- 
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standig  reducible  Gruppen  von  &  vorstellen,  jedoch  braucht  ihr  Charakter  der 
vollstandigen  Reducibilitat  nicht  unmittelbar  evident  zu  sein. 

Die  Gruppe  31*  moge  in  den  Variablen  yl,  2/J,  •  •  •,  y»  bez.  y^^  yl\  .  • .,  y)^,  die 
Gruppe  93*  in  den  Variablen  »I,  »J,  •  •• ,  ««  bez.  «J',  zj',  •  •  •,  2^  geschrieben  sein.* 
Eine  Substitution  von  nicht  verschwindender  Determinante,  die  mit  ihrer  cogre- 
dienten  Substitution  den  Ubergang  der  ahnlichen  Gruppen  91*  und  33*  in  einan- 
der  vermittelt,  sei  mit  Q*  bezeichnet,  und  laute : 

(23)  »:=  yliyl  +  qlzVl  +  •  •  •  +  qlVn  (i  =  l,  •  ••,  n). 

Die  sich  auf  die  Gruppe  9(ii  in  91*  beziehenden  Variablen  seien  die  Variablen 
yl^ylt  '•  ''^yl  bez.  y^,  yj',  •  •  • ,  y^ •  Nach  Voraussetzung  ist  3lli  eine  vollstandig  re- 
ducible Gruppe.  Daher  muss  man  ein  neues  Variablensystem  y^,  yji  •  *  •»  2/1^  fi'i^len 
konnen,  das  sich  durch  yl^yl^  '  "^vl  linear  homogen  mit  constanten  Coefficienten 
ausdriickt,  so  dass  durch  Einfiihrung  von  yi^y^t-  "^  y^  fiir  y\^y\i  '"^y\  sowie 
der  zu  yi,  y2»  •  •  •,  yy  cogredienten  Variablen  y'l,  yi,  •  •  •,  y^  fiir  y^,  yX^  -',yX 
die  Gruppe  2l*i  in  eine  ahnliche  Gruppe  3ln  ^^^  Form  {an,  a22  9  •  •  •»  Cl„}  iiber- 
geht ;  hierbei  soUen  an,  0221  •  •  -i  Cl,,  irreducible  Gruppen  sein. 

Fiihrt  man  fiir  die  zwei  Variablensysteme  yl,  yji  * '  'i  y*  ^^^  yX't  yz^  '"t  y^^ 
wie  wir  soeben  angaben,  die  zwei  neuen  Variablensysteme  y^  y^,  •••,  y^  und 
yii  3^21  •••»  y^  ein,  behalt  hingegen  die  Variablen  yl^^,  yl^^^  .-.,  yl  und 
y*'+i'  y*+2i  •  "I  y»  l>ei,  so  geht  die  Gruppe  31*  der  Form  (21)  in  eine  ahnliche 
Gruppe  3t  der  Form : 

(24) 

31^,     31^, 

iiber.     In  (24)  ist  3I22  ubrigens  mit  31^2  identisch ;  nur  der  Symmetric  wegen 
haben  wir  3I22  statt  31^  gesetzt.     Die   Gruppe  31  erscheint  in  den  Variablen 

2^1 »  2/2'  •••»  y.i  y*+i»  2/'+2i  •••.  2/»  bez.  y;,  y'2,  ...,  y;,  y^^i,  y*;^2i  ---I  yr 

geschrieben. 

In  analoger  Weise  transformiren  wir  die  Gruppe  33*  in  eine  ahnliche  Gruppe 
93 .  Die  sich  auf  die  Gruppe  93n  in  33*  (vgl.  22)  beziehenden  Variablen  mogen 
25*,  2J,  •••,  2*.,  bez.  «7i  ^r?  •*•»  V  lauten.  SJi  ist  eine  vollstandig  reducible 
Gruppe.  Man  muss  daher  ein  neues  Variablensystem  2, ,  z^^  •  •  • ,  z^r  finden 
konnen,  das  sich  linear  homogen  mit  constanten  Coefficienten  durch  ss*,  25^,  •  •  • ,  z*/ 
ausdruckt,  so  dass  durch  Einfiihrung  der  Variablen  z^^z^^  -  "^z^,  fiir  z%zl^  "  -^zl, 
sowie  der  zu  2jj ,  Zg*  '  •  'i^y'  cogredienten  Variablen  zj ,  z.^ ,  •  •  • ,  v  fiir  2J',  zj',  •  •  • ,  z^/ 
die  Gruppe  33u  in  eine  ahnliche  Gruppe  S^  <l®r  Form  {6,1,  622 >  '  *  -i  ^t'c'}  uber- 
geht.  bii,  6229  •  •  -1  6,'e'  bedeuten  irreducible  Gruppen. 


*  Wir  benatzen  fiir  die  Qruppen  ^*  and  ®*  die  gleiohen  Variablen  wie  fiir  die  Gruppen  ^  und 
IB  dee  vorigen  {,  nnr  baben  die  Variablen  der  Qruppen  ^  and  ^*  noch  einen  Stern  beigefngi 
erbaltcn. 
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Die    neu    eingefiihrten    Variablen     21,221  *  "9  V    n^ogen    mit    den   alien 
2i,  ^2  9  -"t  K'  durch  die  Transformation : 

(25)  Zt  =  niiizl  +  mt^z^  +  •  •  •  +  m<^,v  ( t=  1,  •  •  -,  »^> 

zusammenhangen ;  die  Grossen  m^  sind  dabei  Constante  von  nicht  yerschwin- 
dender  Determinante.     Die  zu  (25)  cogrediente  Transformation  lautet : 

(25')  «i= Wii2r  +  ^12^  +  — I-  '^i^'V        (»=i,  •••,1^). 

Fiihrt  man  in  der  Gruppe  93*  die  durch  (25)  und  (25')  definirten  Variablen 
»! ,  252 ,  •  •  ,  2J^/  bez.  »i ,  2^ ,  •  •  1  2^/  ein,  behalt  hingegen  die  Variablen 
V+19  25*/+2,  •  •  •»  2»  bez.  «^/+i,  v+21  •  •  *»  25^  bei,  so  geht  die  Gruppe  33*  der  Form 
(22)  in  eine  ahnliche  Gruppe  93  der  Form : 


(S): 


3921        ^22 


iiber ;  hierbei  ist  librigens  33^2  mit  3322  identisch. 

Die  Gruppen  31*  und  ©*,  femer  91*  und  %  sowie  33*  und  33  sind  ahnliche 
Gruppen.  Mithin  ist  die  Gruppe  31  ahnlieh  zu  33 .  Da  31^^  und  9^^  grosste 
Yollstandig  reducible  Gruppen  von  21  und  33  der  Form  {  an,  022?  •  •  •»  a«e }  ^^^^ 
{  b]i,  622,  -  ",  be/c' }  sind,  so  beziehen  sich,  wie  im  §  3  bewiesen  wurde,  die  zwei 
Gruppen  3l„  und  33n  auf  gleichviele  Variablen,  folglich  ist  v  =  v' 

Die  Substitution,  welche  die  in  den  Variablen 

•         •  • 

gesehriebene  Gruppe  33  in  die  in  den  Variablen 

yi9  2/29  '"'>  Vvt  y^+ii  2^1^+29  •'•9  Vn 

gesehriebene  Gruppe  3(  iiberf iihrt,  moge  lauten : 

«i  =  ?iiyi+?i2y2+  •  •  •  +?<.y.+?<.H-i2/*+i+?<.+2y'.+2+  •  •  •  +?i»2/n     (i= i,  •  •  •,  .^k 
<= ?iiyi+?i2y2+  •  •  •  +?<.y,.+?«K+iy'+i+?tv+2y'+2+  •  •  •  +?i«y»  (t=»'-hi,  •  •  •, »). 

Nach  dem  Besultat,  das  wir  im  §  3  in  der  Formel  (20)  erhalten  haben,  muss 
(26)  q,^  =  y.,,  =  . . .  =  2^  =  0  (t  =  v-f  1,  •  ••,  n), 

sein.  Aus  (25)  und  (23)  finden  wir,  wenn  man  noch  1/  =  1;'  beachtet,  dass : 

»=i 

wird.     Die  Determinante  |  m  .^  {  ist  von  Null  verschieden ;  daher  schliessen  wir 
aus  dem  Verschwinden  von  ji^+i,  §'2^+19  •  •  *9  ?ki.+i9  dass: 
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wird.  In  genaa  analoger  Weise  ergiebt  sich  aus  den  weiteren  Gleiohungen 
(26),  dass : 

J  u  =  ?«=•••  =  ?;^  =  0  ( i  :=  V  +  2 ,  . . . ,  n  > 

wird.     Die  Gleichungen  (23)  lauten  daher: 

(27) 

A  =  qnVi  +  qWi  +  •  •  •  +  ?ly*  +?l+iy*+i+  •  •  •  +?inyn  («=''+ 1.  •  •  •, »). 

Die  Matrix  der  durch  (27)  gegebenen  Substitution  ist  folgUch  in  der  Form  : 

Ct.    0 

zu  schreiben ;  hierbei  ist  Q\^  eine  Matrix  mit  ebensovielen  Zeilen  und  Colonnen,. 
wie  sie  die  Gruppen  3ln  und  33*i  habeu,  namlich  v.  Q^^  ist  folglich  eine  Matrix 
mit  71  —  1/  Zeilen  und  Colonnen.  Da  Q*  eine  nicht  versehwindende  Determi- 
nante  hat,  verscbwinden  auch  die  Determinanten  der  zwei  Matrices  Qli  und  Q^ 
nicht,  wie  aus  der  Form  (Q*)  der  Matrix  Q*  unmittelbar  ersichtlich  ist. 

Die  Ahnlichkeit  der  Gruppen  ST  und  33*,  welche  durch  die  Matrix  Q*  ver- 
mittelt  wird,  kann  symbolisch  durch  die  Gleichung : 

(28)  »•  =  Q^r(Q*)-'         Oder         ©•Q*  =  Q^T 

ausgedriickt  werden.  Da  ST  und  33*  die  Form  (21)  und  (22)  haben  und  Q*y 
wie  wir  eben  sahen,  analog  gebaut  ist,  folgt  aus  (28)  unmittelbar,  dass : 

(29)  »nC:,=  Cn3t:. 

und 

(30)  %%=g*^2ir^ 

wird.  Da  Ql^  und  Q^  von  Null  verschiedene  Determinanten  haben,  so  sagen 
die  Gleichungen  (29)  und  (80)  aus,  die  Gruppe  3lti  ist  mit  der  Gruppe  33li  und 
die  Gruppe  91^,  die  aus  31*  durch  Streichen  der  ersten  v  Zeilen  und  v  Colonnen 
hervorgeht,  ist  mit  der  Gruppe  33^1  die  sich  durch  Streichen  der  ersten  v  Zeilen 
und  V  Colonnen  aus  33  ergiebt,  ahnlich. 

Wir  konnen  daher  folgenden  Satz  formidiren :  Hat  man  irgend  eine  G-ruppe 
@  Unearer  homogener  Substitutionen  in  zwei  dhnliche  Grvppen  31*  und  33* 
unter  JETervorhebung  der  grossten  vollstandig  reduciblen  Gruppen  transformirt^ 
80  dass  91*  die  Form : 


und  33*  die  Form : 


K   0 

3la     2l« 
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'021        <J'22 

hat  und  bedeuten  SlIi  u^  33*1  groaste  volhtdndig  reducible  Gruppen^  so  beziehen 
sich  2ln  und  33*1  ^^f  ^*^  gleiche  Anzahl  von  Variablen  und  sind  dhrdiche 
Gfruppen.  Das  Gleiche  trifft  fur  die  zwei  Gruppen  3152  ^^^  33^2  25t/»  Jede 
Matrix  Q*  von  nicht  verschwindender  Determinante^  die  bewirkt^  doss 

wird^  ist  notwendig  von  der  Form  : 

Oil  ist  hierbei  eine  Matrix  mit  gleichvielen  Zeilen  und  Colonnen^  wie  sie  SSn 
und  S3Ji  haben.  Die  Ahnlichkeit  der  Gruppen  33^  und  3l][i  sowie  der  Grup- 
pen  Sm   '^'^   9I22  y^^^d  durch  die  Matrices  Q\i  bez.   QI2  bewirkt.     Es   ist 

Obgleich  im  Voraufgehenden  schon  enthalten,  sprechen  wir  noch  besonders 
das  Theorem  aus :  Wie  auch  immer  eine  Gruppe  0  linearer  homogener  Sub- 
stitutionen  unter  Ilervorhebung  ihrer  grbssten  vollstdndig  reduciblen  Gruppe 
in  eine  dhnliche  transfoi*mirt  urird^  so  hat  die  grbaste  vollstdndig  reducible 
Gruppe^  die  sich  bei  irgend  einer  derartigen  Darstellung  der  Gruppe  ® 
ergiebt^  gleichviele  Variablen  wie  die  grbsste  vollstdndig  reducible  Gruppe^ 
die  sich  bei  irgend  einer  anderen  Darstellung  von  ©  ergiebt^  und  beide  Ghrup- 
pen  sind  dhnlich.  Sieht  man  dhnliche  Gruppen  linearer  homogener  Substi- 
tutionen  als  nicht  verschieden  an^  so  ist  die  grosste  vollstdndig  reducible  Gruppe 
von  ®  eindeutig  bestimmt 

§5. 

Durch  eine  Matrix  P  von  nicht  verschwindender  Determinante  sei  die 
Gruppe  @  linearer  homogener  Substitutionen  in  n  Variablen  in  eine  ahnliche 
Gruppe  r  =  PiSP-'^  der  Form : 

gill       0       0       0        ...       0 
Ha        %     0        0         ...        0 

(a*):      %     %    aj,    0      ...     0 


a*,     a*,  a*,  a*.   ...     a* 

transformirt.*     ^d  soil  die  grosste  voUstandig  reducible  Gruppe  von  ST  sein. 
31^  soil  die  grosste  voUstandig  reducible  Gruppe  der  Gruppe : 
*  Die  Bezeiobnang  ist  gegen  2  4  geandert. 
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r«     0     0      ...     0 

3t«       31:,     0        •  •       0 


seiD. 


2f 

K.  K*   ■■■ 

K. 

21J,  soil  die  grosste  voUstandig  reducible 

Gruppe  der  Gruppe 

3t« 

0        0 

0 

2r« 

r«    0     ... 

0 

3C, 

K.  K.  ••• 

3l*M 

Yorstellen.  Auf  diese  Art  soil  die  BilduDg  weitergehen.  Man  kann  die  Gruppe 
@  offenbar  stets  dureh  wiederholte  Einfiihrung  linearer  homogener  FunctioDen 
der  ursprilDglichen  Yariablen  mit  constanten  Coefificienten,  also  dureh  eiue 
Matrix  P  von  nieht  versehwindender  Determinante,  auf  die  eben  beschriebene 
Weise  in  eine  ahnlicbe  Gruppe  91*  transformiren.  Hat  man  die  Gruppe  & 
linearer  homogener  Substitutionen  in  eine  ahnliehe  Gruppe  transformirt,  so 
dass  alle  in  der  Diagonale  stehenden  Gnippen  auf  die  geschilderte  Art  fest- 
gelegte,  grosste  vollstiindig  reducible  Gruppen  der  auf  einander  folgend  dureh 
Streichung  aus  ST  entstehenden  Gruppen  sind,  so  sagen  wir :  die  Gruppe  &  ist 
unter  Hervorhebung  aller  auf  einander  folgender  grosster  vollstdndig  redvcihler 
Gruppen  in  eine  ahnliehe  Gruppe  transformirt  worden,  Wir  nennen  auch  die 
zu  (H  ahnliehe  Gruppe  21*  der  ohen  beschriebenen  Form  eine  Darstellung  der 
Gruppe  OJ  unter  Hervorhebung  aller  auf  einander  folgender  grosster  voll- 
stdndig reducibler  Gruppen.  Sin  bezeichnen  wir  als  die  erste^  31^  als  die 
zweite^  3(^3  als  die  dritte^  u.  s.  w,^  31*  ^  als  die  /i-te  zu  &  gehbrige  vollstdndig 
reducible  Gruppe^  die  sich  bei  der  Darstellung  der  Gruppe  ®  in  der  Form 
(3r)  ergiebt. 

@  moge  ausser  in  die  Form  ( 3(* )  auch  unter  Hervorhebung  aller  auf  einander 
folgender  grosster  voUstandig  reducibler  Gruppen  in  die  ahnliehe  Gruppe  S* 
der  Form : 

Sli       0         0         0 


»2i      SBL      0         0 
(33*)=        %      %     %      0 


0 
0 
0 


•^M'V 


-O^/j        '0^'2       '^tk'Z       "^^'4 

transformirt  sein.  35Ji,  33^,  •••,  33];^/^,  bedeuten  grosste  voUstandig  reducible 
Gruppen  der  auf  einander  folgend  aus  33*  dureh  Streichung  entstehenden 
Gruppen. 


Digitized  by 


Google 


528  A.  loewy:  uber  die  vollstandig  beduciblen  qruppen  die  ZU  [October 

Wir  woUen  jetzt  den  auf  Seite  508  der  Einleitung  ausgesprochenen  Satz 
beweisen.  Wir  haben  also  den  Nachweis  zu  fiihren,  dass  die  zwei  Gruppen  SI*, 
und  35n,  die  zwei  Gruppen  31^  und  33^2 1  u*  s.  w.,  schliesslieh  die  zwei  Gruppen 
"21*  ^  und  S* /^/  ahnliche  Gruppen  sind,  also  auch  /a  =  /a'  wird. 

Die  Gruppen  3{*  und  $*  sind  mit  &  ahnlich,  folglieh  sind  sie  auch  unter  ein- 
Ander  ahnlich.  Mithin  existirt  eine  Matrix  IC  von  nicht  verschwindender 
Determinante,  dass  S*  =  A^Sl*^""^  wird.  ^\  und  33n  sind  grosste  vollstandig 
reducible  Gruppen  der  iihnlichen  Gruppen  31*  und  S*.  Daher  miissen  nach  dem 
letzten  Satze  des  §  4  die  Gruppen  3Iu  und  ^^^  ahnlich  sein,  und  die  Matrix  K 
muss  notwendig  die  Form  : 

<31.) 

haben.  K^^  bedeutet  eine  Matrix  mit  ebensovielen  2ieilen  und  Colonnen,  wie 
jede  der  zwei  ahnlichen  Gruppen  3l^i  und  35n  Variablen  hat.  Bezeichnen  wir  die 
Anzahl  der  Variablen,  auf  die  sich  3ln  und  demnach  auch  ^\^  bezieht,  mit  v^ ,  so 
^ind  K'^y^  und  K'^^  Matrices  mit  ti  —  i/j  Zeilen  und  i/^  bez.  n  —  i/j  Colonnen. 
Nach  dem  sohon  citirten  Satze  des  §  4  fiihrt  die  Matrix  Ky^  die  Gruppe  3tli  in 
-die  Gruppe  33n  iiber,  es  ist  35n  =  K^^^^^K:^^ .  Das  Gleiche  leistet  ^^  fur  die 
^wei  Gruppen,  die  aus  21'  und  33*  durch  Fortlassen  der  ersten  v^  Zeilen  und  p^ 
Colonnen  aus  alien  Matrices  der  Gruppen  2(*  und  33*  resultiren,  d.  h.  die  Matrix 
JTjj  transformirt  die  Gruppe : 


91^ 

0 

0      .. 

0 

<82)                       ai 

K 

0 

0 

K. 

•        • 

K.  ■■ 

Kh. 

in  die  ahnliche  Gruppe : 

»;. 

0 

0 

0 

<83)                              % 

»« 

0 

0 

33^»2 

S^-s 

».'4         • 

®mV 

31^  und  33'^  sind  nach  Voraussetzung  grosste  vollstandig  reducible  Gruppen  der 
zwei  ahnlichen,  durch  (32)  und  (33)  dargestellten  Gruppen.  Daher  miissen 
nach  dem  im  §  4  bewiesenen  Satze  die  Gruppen  31^  und  33^  ahnlich  sein,  also 
im  besonderen  gleichviele  Variablen  haben ;  femer  muss  die  Matrix  K^^i^  welche 
-die  Gruppen  (32)  und  (33)  in  einander  transformirt,  die  Form : 
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(34) 


K^     0 


haben.  Hierbei  bedeutet  K^  eine  Matrix,  die  ebensoviele  Zeilen  und  Colonnen 
hat,  wie  jede  der  zwei  ahnlicheD  Gruppen  31^  und  S^  Variablen  besitzt.  Hat 
jede  der  Gruppen  %^  und  SJ,  die  Anzahl  v^  Variablen,  so  bedeuten  K'^^  und 
K'^^  Matrices  mit  n  —  i/j  —  r^  Zeilen  und  v^  bez.  n  —  i/j  —  i/^  Colonnen.  Die 
Matrix  .ff^  fiihrt  die  Gruppen  31^2  ui*d  Sm  ^^  einander  iiber ;  es  ist 
95 J2  =  ^22%^M^«  ^^^8  Gleiche  leistet  die  Matrix  K'^^  fur  die  zwei  ahnlichen 
Gruppen  : 

31^       0        0        ...       0 


(36) 


und 


(86) 


9r«    3r«   0 


31^3 

9i;. 

21^5   •• 

21^^ 

S-83 

0 

0 

0 

^43 

»« 

0 

0 

33*^ 

K-^ 

S3* '8    •  • 

S*V' 

31^  und  33m  sind  grosste  vollstandig  reducible  Gruppen  der  zwei  durch  (35)  und 
(36)  dargestellten  ahnlichen  Gruppen.  Daher  sind  die  Gruppen  31^  und  35m 
ahnlich ;  femer  muss  die  Matrix  K\^  notwendig  von  der  Form : 


(37) 


^33         0 
^43        -^44 


sein.  K^  bedeutet  eine  Matrix  mit  gleichvielen  Zeilen  und  Colonnen,  wie  jede 
der  zwei  ahnlichen  Gruppen  Sljg  und  35^  Variablen  hat.  Die  Matrix  K^  f uhrt 
die  zwei  Gruppen  31^8  und  35^  in  einander  iiber;  es  ist:  35^  = -ff'jjSlJs^^j'. 
Fiihrt  man  so  fort,  so  sieht  man,  dass  /^  ==  /^'  wird.  Ferner  ergiebt  sich,  dass 
stets  die  t-ten  (i=l,2,.--,/A)zu@  gehorigen  vollstandig  red  uciblen  Gruppen 
2l*i  und  S«,  die  sich  bei  den  Darstellungen  der  Gruppe  (3  in  den  Formen  31* 
und  35*  ergeben,  ahnliche  Gruppen  sind.  Hiermit  ist  der  am  Schluss  der  Ein- 
leitung  ausgesprochene  Satz  voUig  bewiesen. 

An  das  Voraufgehende  kniipfen  wir  noch  eine  Bemerkung  uher  die  Form 
irgend  einer  Substitution  £^  von  nicht  verschwindender  Determinante^  welche 
die  Gruppe  31*  in  die  ahnliche  Gruppe  8*  uherfuhrt^  so  dass  35*  =  K^K~^ 
wird.     Die  Matrix  K  muss  notwendig  die  Form : 
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^n 

0 

0 

0 

K,, 

^^ 

0 

.      0 

K^ 

^« 

■             •             • 

0 

•             • 

K^ 

K,. 

^.,  •• 

•     K. 
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(38) 


habeD,  also  analog  wie  die  Gruppen  3(*  und  93*  gebaut  sein.  Zur  Herleitung  von 
(38)  sind  nur  die  Formeln  (31),  (34),  (37)  und  die  (34),  (37)  analog  gebildeten, 
sich  weiter  ergebenden  Formeln  beniitzt  worden ;  ferner  sind  die  Matrices  JT^, , 
JTgj,  K'^^  und  die  sich  dann  weiter  einstellenden  Matrices  K^^^  -^w>  •  *  **  ^^m-i 
etwas  anders  geschrieben  worden.  Wir  spalteten  namlich  K[^  in  Matrices  mit 
sovielen  Zeilen,  wie  sie  K^^  jff^,  •  •  • ,  K^^  angeben ;  auf  diese  Weise  erhalten 
wir  JTj^,  ^3j,  • .  •,  -iff^i*  Ebenso  spalteten  wir  K'^^  in  Matrices  mit  sovielen 
Zeilen,  wie  sie  die  Matrices  j5^,  JT^^,  •  •  •,  -ff^^i  angeben  ;  auf  diese  Weise  gewin- 
nen  wir  die  Matrices  K^ ,  K^^ ,  •  •  • ,  K^^^ .  •  Analog  wurden  K\^ ,  K'^^ ,  •  •  •,  JE'^^^i 
behandelt. 

Die  Matrices  K^^ ,  JE^,  •  •  • ,  K^^  transformiren  die  Gruppen  21h,  21^,  •  •  •,  21^^ 
der  Reihe  nach  in  die  ahnlichen  Gruppen  93Ji,  S^,  •••,  S]l^-     Es  ist  symbo- 

lisch  «:,  =  K,,  %\,  kt,\  33;2  =  ^22%^^^  •  •  • ,  »;^  =  K^  a;^  k-i  . 

§6. 
Es  sei  irgend  ein  unendlicher  Zahlkorper  oder  Rationalitatsbereich  Q  gegeben. 
Unter  einem  Zahlkorper  oder  Rationalitatsbereich  H  verstehen  wir  im  Folgen- 
den  ein  System  von  unendlich  vielen  Zahlen,  das  von  der  YoUstandigkeit  ist, 
dass  die  Addition,  Subtraction,  Multiplication  und  Division  (ausgenommen  die 
Division  durch  Null)  irgend  welcher  Zahlen  des  Systems  nur  wieder  zu  Zahlen 
desselben  Systems  fiihrt.  @  sei  in  diesem  Paragraphen  irgend  eine  Gruppe 
linearer  homogener  Substitutionen,  bei  der  die  Coefficienten  samtlicher  Substitu- 
tionen  dem  Korper  fl  angehoren.  Die  in  den  §§  2-5  angestellten  Untersu- 
chungen  lassen  sich  erweitem,  wenn  man  jetzt  sein  Augenmerk  auf  die  zu  @ 
gehorigen  grossten  inbezug  auf  den  Korper  fl  vollstandig  reduciblen  Gruppen 
linearer  homogener  Substitutionen  richtet.  Im  §  2  wurden  zunachst  Satze  aus 
der  Arbeit  von  Herrn  Maschke  im  52ten  Bande  der  Mathematischen  An- 
nalen  verwandt.  Zu  ihrer  Herleitung  beniitzt  Herr  Maschke  nur  Opera- 
tionen,  die  sich  mittelst  rationaler  Verbindungen  der  Substitutionscoefiicienten 
der  vorgelegten  Gruppe  durchfiihren  lassen.  Die  Maschkeschen  Satze  sind 
daher  auch  fiir  Gruppen  mit  Coefficienten  aus  £i  giiltig.  Man  hat  mithin  die 
Resultate:  Jede  Gruppe  linearer  homogener  Substitutionen  mit  Coefficienten 
aus  n,  deren  Ordnungszahl  um  wenigstens  zwei  kleiner  als  die  Anzahl  der  Sub- 
stitutionsvariablen  ist,  ist  eine  inbezug  auf  den  Korper  Q  reducible  Gruppe. 
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KsLun  man  aus  irgend  einer  Gruppe  b^  linearer  homogener  Substitutionen 
mit  Coefficienten  aus  il  aus  einer  Zeile,  etwa  der  Z-ten,  ^^  —  1  Coefficienten  : 

herausgreifen,  dass  jede  der  Determinanten,  gebildet  aus  den  entsprechenden 
Coefficienten  jeder  moglichen  Combination  von  je  g^  —  l  Substitutionen  der 
Gruppe  bjj  verschwindet,  so  ist  die  Gruppe  bu  eine  inbezug  auf  den  Korper  fl 
reducible  Gruppe  linearer  homogener  Substitutionen. 

Bei  der  Erweiterung  der  Betracbtungen  des  §  2  ist  ferner  zu  beachten,  dass 
zwei  iihnliche  Gruppen  linearer  homogener  Substitutionen  mit  Coefficienten  aus 
einem  Korper  CI  stets  durch  eine  lineare  homogene  Substitution  Q  von  nicht 
verschwindender  Determinante  mit  ausschliesslich  nur  dem  K(3rper  il  ange- 
horigen  Coefficienten  in  einander  iibergefiihrt  werden  konnen ;  denn  die  Substitu- 
tionscoefficienten  sind  in  diesem  Falle  nur  durch  Auflosen  mit  einander  vertrag- 
licher  linearer  Gleichungen  mit  Coefficienten  aus  H  zu  finden.  Geht  man  die 
Untersuchungen  des  §  2  durch,  so  sieht  man,  dass  falls  31  und  S  Gruppen  mit 
Coefficienten  aus  n  sind  und  die  iiberfiihrende  Substitution  Q  ebenfalls  nur  Coef- 
ficienten aus  n  hat,  alle  im  §  2  verwandten  Operationen  auch  kein  Heraustre- 
ten  aus  fl  erfordern,  z.  B.  sind  auch  die  Grossen  rf^,  c?2,  •  •  -^  ^„i  Cj,  62,  •  •  •<»  ^^^ 
der  Gleichung  (11),  da  sie  im  Fall  ihrer  Existenz  durch  die  linearen  Gleichun- 
gen (11  j)  mit  Coefficienten  aus  H  bestimmt  sind,  innerhalb  des  K<3rpers  il 
bestimmbar.  Wir  gewinnen  daher  aid  Erweiterung  des  Seite  515  gegebenen 
Satzes  das  Eesultat : 

Sind  91  und  S  ahnliche  Gruppen  linearer  homogener  Substitutionen  der  Form 
(31)  und  (33)  (vgl.  S.  513)  mit  Coefficienten  aus  fl  und  werden  durch  irgend 
eine  Transformation  (5)  von  nicht  verschwindender  Determinante  mit  Co- 
efficienten aus  fl  und  die  zu  ihr  cogrediente  (5')  die  Substitutionen  der 
einen  Gruppe  in  die  der  anderen  iibergefiihrt,  so  miissen,  wenn  bj^  eine  beziig- 
lich  des  Korpers  H  irreducible  Gruppe  linearer  homogener  Substitutionen  ist 
und  zwischen  ^1,^3'  "'  Vv  ^^^  ^1'  ^2'  * "»  ^j7i  ^^^^  ^^^  ^^^^  einzige  lineare 
homogene  Relation  mit  constanten  Coefficienten  besteht,  in  der  iiberfiihrenden 
Transformation  (5)  die  ersten  g^  Gleichungen  (gr^  <  ») : 

lauten,  also  fiir  i^g^^  k'>v  miissen  die  Grossen  q.^  notwendig  Null  sein. 

Nach  Erweiterung  des  Resultats  des  §  2  definiren  wir,  was  es  heissen  soU : 
die  Gruppe  &  linearer  homogener  Substitutionen  mit  Coefficienten  aus  il  ist 
unter  Hervorhehung  ihrer  inbezug  auf  den  Korper  il  grbssten  voUstdndig 
reduciblen  Gruppe  3ln  in  die  Gruppe  ST,  deren  Substitutionen  auch  nur  aus- 
schliesslich  Coefficienten  aus  ft  besitzen  sollen^  transformirt,  Wir  beniitzen 
die  angegebene  Bezeichnung,  wenn  die  Gruppe  ©  linearer  homogener  Substi- 
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tutionen  in  n  Variablen  mit  Coefficienten  au8  fl  in  die  ahnliche  Gruppe  3(*9  die 
auch  nur  ausschliesslich  Coefficienten  aus  fl  haben  soil  und  die  Form  : 

%y      0 

21;,  at;, 

hat,  transformirt  ist,  dabei  sollen  Sin,  Sl^i,  31^  einen  Inbegriff  von  Matrices  mit 
Coefficienten  aus  ii  mit  v  Zeilen  und  v  Colonnen,  bez.  n  —  1/  Zeilen  und  v 
Colonnen,  bez.  n  —  1/  2ieilen  und  n  —  v  Colonnen  bedeuten,  31^1  soil  ferner  eine 
inbezug  auf  den  Korper  fl  vollstandig  reducible  Gruppe  linearer  homogener 
Substitutionen  (vgl.  wegen  des  Begriffes  S.  509)  definiren,  und  es  soil  keine 
Matrix  L  von  nicht  verschwindender  Deter minante  existiren,  welche  die 
Gruppe  6)  in  eine  ahnliche  Gruppe  L&L''^  iiberfiihrt,  die  auch  nur  ausschliess- 
lich Coefficienten  aus  H  hat  und  die  Form : 

%\,  0  0 

.2I31  91L  % 

besitzt,  wobei  a^^.!,  .+1  eine  inbezug  auf  den  Korper  fl  irreducible  Gruppe 
linearer  homogener  Substitutionen  mit  Coefficienten  aus  fl  in  f^^^^  (/,+!  >  0) 
Variablen  bedeute,  und  demnach  9tJi,  31^?  %  Matrices  mit  n  —  v  —f^^i  Zeilen 
und  V  bez.y^^i  bez.  n  —  r  — y.+i  Colonnen  vorstellen. 

Geht  man  die  Betrachtungen  der  §  3  und  §  4  durch,  so  sieht  man,  dass  man 
alle  dort  verwandten  Operationen  innerhalb  des  Korpers  fl  ausfuhren  kann. 
Daher  erhalt  man  als  Erweiterung  der  im  §4  gegebenen  Satze  folgendes  Besul- 
tat :  Hat  man  irgend  eine  Gruppe  &  linearer  homogener  Substitutionen  mit 
Coefficienten  aus  fl  in  zioei  ahnliche  Gruppen  %*  und  S*,  die  auch  nur  Coeffi- 
cienten  aus  ft  haben^  unter  Hervorhebung  ihrer  inbezug  auf  ft  grossten  volU 
stdndig  reduciblen  Gruppen  transformirt^  so  dass  21*  die  Form : 

%^      0 
ttfirf  S'  die  Form : 

»;,  0 

haty  und  bedeuten  2ln  und  SIi  inbezug  auf  den  Korper  ft  grossU  vollstandig 
reducible  Gruppen  von  9t*  und  33*,  so  beziehen  sich  Sl'i  und  33u  auf  die  gleiche 
Anzahlvon  Variablen  und  sind  ahnliche  Gruppen*  Das  Gleiche  irifftfUr  die 
zwei  Gruppen  31^  '^'^d  33^  ^^^  Coefficienten  aus  ft  zu,  Jede  Matrix  Q*  von 
nicht  verschwindender  Determinante  mit  Coefficienten  aus  ft ,  die  bewirkty  dass 
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»*=e3r((2*)-' 

wird^  ist  notwendig  von  der  Form : 

Qn     0 

Q[i  ist  hierbei  eine  Matrix  mit  gleichvielen  Zeilen  und  Colonnen^  vne  sie  2l*i 
und  3S\i  haben.  Die  Ahnlichkeit  der  Gruppen  Su  und  2lli  wird  durch  die 
Matrix  Q[i ,  die  von  33^  ^^^  2I22  durck  die  Matrix  QI2  hewirkt.     Es  ist : 

Es  gilt  ako  das  Eesultat :  Wie  auch  immer  eine  Gruppe  @  linearer  homogener 
Suhstitutionen  mit  Coefficienten  aus  fl  unter  Hervorhehung  ihrer  inbezug  auf 
il  grossten  vollstandig  reduciblen  Gruppe  in  eine  ahrdiche  Gruppe  mit  Coef- 
ficienten aus  fl  transforrnirt  wird^  so  hat  die  inbezug  auf  ft  grosste  vollstan- 
dig reducible  Gruppe^  die  sich  bei  irgend  einer  derartigen  Darstellung  der 
Gruppe  &  ergiebt^  gleichviele  Variablen  wie  die  inbezug  auf  ft  grosste  voll- ' 
standig  reducible  Gruppe^  die  sich  bei  irgend  einer  anderen  derartigen  Dar- 
stellung  von  &  ergiebt^  und  beide  Gruppen  sind  ahrdich,  Sieht  man  ahrdiche 
Gruppen  linearer  homogener  Suhstitutionen  als  nicht  verschieden  an^  so  ist  die 
inbezug  auf  ft  grosste  vollstandig  reducible  Gruppe  von  &  eindeutig  bestimmt. 

Eine  Gruppe  &  linearer  homogener  Suhstitutionen  mit  Coefficienten  aus  ft 
kann  analog  wie  ira  §  5  in  eine  ahnliche  Gruppe  mit  Coefficienten  aus  ft  trans- 
forrnirt werden,  so  dass  hierbei  jetzt  alle  auf  einander  folgenden  inbezug  auf 
ft  grossten  vollstandig  reduciblen  Gruppen  hervorgehoben  werden.  Wir  bezeich- 
nen  eine  derartige  Transformation  von  @  in  eine  ahnliche  Gruppe  mit  Coeffici- 
enten aus  ft  als  eine  Darstellung  der  Gruppe  ®  unter  Hervorhebung  aller 
auf  einander  folgender  inbezug  auf  Si  grbsster^  vollstandig  reducibler  Gruppen. 

Da  zwei  ahnliche  Gruppen  mit  Coefficienten  aiis  ft  stets  durch  eine  lineare 
homogene  Substitution  von  nicht  verschwindender  Determinante  mit  Coef- 
ficienten aus  ft  in  einander  transformirbar  sind,  so  bleiben  auch  alle  Resultate 
des  §  5  fiir  Gruppen  &  mit  Coefficienten  aus  ft,  wie  wir  sie  jetzt  betrachten, 
giiltig. 

Zujeder  Gruppe  @  linearer  homogener  Substitutionen  mit  Coefficienten  aus 
ft  gehoren  /jl  inbezug  auf  ft  vollstandig  reducible  Gruppen  linearer  homogener 
Substitutionen  mit  Coefficienten  aus  ft  ;  diese  sind^  wenn  man  ahnliche  Grup- 
pen als  nicht  verschieden  ansieht^  sogar  ihrer  Reihenfolge  nach  eindeutig  fest- 
gelegt  Man  kann  also  von  der  ersten^  zweiten^  u.  s.  w.  bis  fi4en  inbezug  auf 
ft  vollstandig  reduciblen  zu  6J  gehbrigen  Gruppe  sprechen.  Die  Gesamtzahl 
der  Variablen  der  fi  Gruppen  ist  gleich  der  Variablenzahl  von  @ . 
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ON  THE  CAYLEY-VERONESE  CLASS  OF  CONFIGURATIONS* 

BY 

WALTER  B.    CARVER 

Cayley,  in  his  paper  Sur  quelques  theoremes  de  la  geometrie  de  poaition^f 
first  calls  attention  to  the  figures  obtained  by  taking  the  section,  by  a  plane  or 
3-dimensional  space,  of  the  complete  n-point  (viz.,  n  points,  and  the  (,)  lines, 
(3)  planes,  etc.,  determined  by  them)  in  a  flat  space  of  v  dimensions. 

Later,  Veronese  discusses  more  fully  j:  the  nature  of  this  class  of  configura- 
tions, treating  in  general  the  configuratipns  thus  obtained  in  r  dimensions. 
Both  Cayley  and  Veronese  state  that  these  same  configurations  can  also  be 
obtained  as  projections  of  higher-dimensional  figures. 

Among  the  posthumous  papers  of  Caporali  is  a  paper :  Sulla  teorid  delle 
configurazioni  §  (1879),  giving,  without  proof,  a  number  of  theorems  concerning 
a  certain  class  of  plane  configurations.  Although  there  is  no  mention  of  space 
of  higher  dimensions  in  Caforau's  paper,  his  configurations  may  be  regarded 
as  projections  upon  a  plane,  or  sections  by  a  plane,  of  simple  higher-dimensional 
figures;  and  they  belong,  in  fact,  to  the  Cayley- Veronese  class  indicated 
above.  Caporali's  theorems  become  almost  self-evident  when  viewed  from  this 
standpoint. 

In  a  paper  Ueher  Polyedrale  Conjigurationen^^  de  Vries  discusses  a  special 
sub-class  of  the  Cayley- Veronese  configurations,  viz.,  the  plane  sections  of  com- 
plete n-points  in  ordinary  space. 

It  is  n^y  purpose  in  this  paper  to  state  a  number  of  general  theorems  for  the 
Cayley- Veronese  configurations  in  space  of  r-dimensions  (extensions,  for  the  most 
part,  of  Caporali's  theorems  for  the  plane  case)  ;  to  give  a  construction  for  the 
quadric  polarity  in  the  plane  and  in  3-dimensional  space,  based  upon  certain  of 
these  configurations ;  and  finally  to  call  attention  to  certain  peculiar  sets  of 
conies  in  the  plane^  connected  with  plane  configurations  of  this  class.  ^ 

*  Received  for  pablioation,  Aagast  23,  1904.     Presented  to  the  Society  October  28,  1905. 

fCrelle's  Joarnal,  vol.  31  (1846);  Collected  Papers,  vol.  1,  p.  317. 

X  Behandlung  der  projeciiviscken  Verhdlinisse  der  Edume  von  verschiedenen  DimeMionen  dureh  dtu 
Princip  des  Prqjicirens  und  SchneidenSy  Mathematische  Annalen,  vol.  19  (1882). 

§  Memorie  di  Geomfiria^  p.  262. 

I  Mathematische  Annalen,  vol.  34  (1889). 

^  There  may  be  mentioned  a  few  of  the  very  many  instances  of  the  incidental  oooarrenoe  <^ 
these  configurations. 

The  well-known  figure  of  two  perspective  triangles  with  their  center  and  axis  of  perspeotioa 
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In  this  paper,  S^  denotes,  as  usual,  a  linear  or  flat  space  of  v  dimensions  (in 
points).  The  words  "  copoint,"  "  coplane,"  etc.,  are  used  to  specify  the  dual  of 
the  point,  plane,  etc.,  in  the  space  S^ ;  thus,  in  /S"^,  a  copoint  is  an  S,_^^  and  a 
<x>mplete  n-copoint  is  the  dual  of  the  complete  n-point.  The  number  of  combi- 
nations of  n-things  taken  i/  at  a  time  will  be  denoted  by  (D),  with  the  usual  con- 
vention that  (;)  =  (;)  =  1 . 

§  1.      General  Theorems. 

Let  r^  ^  denote  the  configuration  obtained  in  an  S^  by  cutting  a  complete 
n-point  in  S^  by  the  S^.  The  incidence  relations  of  the  configuration  *  may  be 
«hown  by  means  of  the  square  matrix  of  the  rth  order 

(«„)  (P,9  =  0,  l,...,r-l) 

in  which  a^  denotes  the  number  of  SJb  in  the  configuration,  and  «p^  (/>  +  ?) 
•denotes  the  number  of  /SL 's  incident  with  each  /SI  .t     For  the  P'  ,  we  have 

If  each  of  the  T^points  in  S^  is  denoted  by  a  single  letter,  any  S^  of  the 
Pj;  ^  is  denoted  by  a  combination  oip  +  v-^r+loi  these  n  letters ;  and  any 
particular  S^ and  S^{p'>q)oi  the  configuration  are  incident  if  the  y  + 1/  —  r  +  1 

belongs  to  this  class.  It  was  probably  first  mentioned  by  Desabguks  in  1636  (of.  ENESTBoir, 
Bibliotheca  Mathematioa,  1885),  and  is  discussed  in  the  aforementioned  paper  of 
-Caylbt,  and  also  in  Kantob's  paper  on  (3,  3)io  Configuraiiont^  Sitznngsbericbte  der 
K.  Akad.,  Wien,  vol.  84  (1881).  Vbbonese shows,  in  his  memoirs,  Nuoviteoremi  wW  hexa- 
^amtnum  mysticumf  Atti  della  R.  Aooad.  dei  Linoei,  vol.  1  (1877),  and  Interpritations 
g^omitriquea  de  laiheorie  dea  gubMuiiona  de  n-JetterSy  etc.,  Annali  di  Mathematioa,  vol.  11 
(1881 ),  that  the  sixty  lines  of  the  Pascal  hexagram  form  six  of  these  Desargnes  figures. 

The  configuration  of  two  perspective  tetrahedra  with  their  center  and  plane  of  perspeotion 
•occurs  in  Klein's  memoir,  Zur  Theorie  der  Linieneomplexe  des  ersten  und  zweiien  Grades^  Mathe- 
matische  Annalen,  vol.  2  (1870)  ;  and  also  in  Richmond's  paper  On  the  figure  of  six  points 
in  space  of  four  dimensions,  Quarterly  Journal  of  Pure  and  Applied  Mathematics, 
vol.  31  (1900). 

Whitehead  treats  of  the  figure  of  two  perspective  reference  figures  in  space  of  any  number 
of  dimensions  ( Universal  Algebra,  vol.  1,  p.  139). 

Catley,  loc.  oit.,  shows  that  a  peculiar  special  case  of  the  plane  figure  of  fifteen  lines  and 
twenty  points,  obtained  as  a  section  of  the  figure  of  two  perspective  tetrahedra,  ocoars  in  the 
Pascal  hexagram. 

*Cf.  Veronese,  Mathematische  Annalen,  vol.  19  (1882),  p.  171;  or  Grundziige  der 
Geometrie,  p.  615. 

tThis  is  the  notation  suggested  by  Professor  Moobb,  Tactical  Memoranda,  American 
Journal  of  Mathematics,  vol.  18  (1896),  p.  265. 
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letters  belonging  to  the  latter  are  contained  among  the p  +  v-^r  +  1  letters 
belonging  to  the  former. 

Suppose,  on  the  other  hand,  that  one  starts  with  the  complete  n-oopoint  in 
S^y  and  projects  it  upon  an  S^^  taking  a  co-S^^  or  *5^.^^i,  as  the  projection- 
center.  By  such  a  projection**  each  point,  line,  plane,  .*•  or  /S^_,  of  the 
original  figure  is  sent  into  a  new  point,  line,  plane,  •  •  •  or  S^_^  in  the  S^.  The 
/S/s,  aS^^.i'8,  •  •  •  and  >S',._/s  of  the  original  figure  are  lost.  The  configuration 
thus  obtained  in  the  S^  is  evidently  the  dual  of  the  T^^  ^ ,  and  may  be  repre- 
sented by  the  symbol,  C^^  ^ . 

The  incidence  relations  of  the  C^^  ^  ^^7  ^  shown  by  the  matrix 

(«„)  (P,9=0,l....,r~l) 

where 

Any  element,  S^^  of  a  C;  ,.  is  named  by  a  combination  olv^p  letters  out  of 
71.  If  we  re-name  all  the  elements,  assigning  as  a  new  name  to  each  S  the 
n^  V  +  p  letters  not  contained  in  its  old  name^  we  see  at  once  that  the  C;^ ^ 
under  this  new  lettering  becomes  a  Fj"""^'""' .  A  F;;^,  with  a  similar  change  of 
lettering,  becomes  a  Ciy^''^^ .  (It  will  be  convenient  hereafter  to  write  /i  for 
n  —  i/-fr  —  1.)  Since  a  F;^  and  a  C;;^  are  dual  figures,  it  follows  that  a 
(7;  ,.  and  a  C^^r  are  dual,  as  are  also  a  Fj^  and  a  F;^^.  Also  a  F;^  or  a  C;  ,. 
is  self-dual  if  /i  —  i/  -)-  r  —  1  =  r,  i.  e.,  if  2j/  =  7i  -f-  r  —  l.f 

While  the  symbols  C J^  ^  and  F^  ^  represent  the  same  configuration,  it  is  con- 
venient to  have  both.  One  may  use  F;j  ^ ,  when  considering  the  figure  as  a  sec- 
tion of  a  /t-dimensional  figure,  and  C;^  ^  when  regarding  it  as  a  prelection  of  a 
i/-dimensional  figure.  \ 

Theorem  I.  If  in  a  C^  ^  we  sejxirate  all  those  elements  whose  names  con^ 
tain  a  certain  letter  from  those  ivhose  names  do  not  contain  i7,  tfie  latter  form 
«  C»-i.  r  «^^  the  former  a  C^zl^^  Each  S^  of  the  C;_,,  ^  (;?=1 ,2,3,-..,  r— 1 ) 
IS  incident  with  an  /Sp_i  of  the  C^zl^r- 

*Thi8  is  what  Veronese  calls  an  eindeuUge  projection.     Cf.  Qrundziige  der  Qeomeiriey  p.  614. 

fCf.  Veronese,  loo.  cit.,  p.  164  ;  alao  OrundzUge  der  Geometrie,  p.  623. 

t  These  confignrations  may,  of  coarse,  be  deQned  without  reference  to  space  of  higher  dimen- 
sions than  the  8r  in  which  they  lie  ;  but  it  should  be  understood  that  the  matrix  giving  their  inci- 
dence relations  ia  not  sufficient  so  to  define  them.  We  must  add  the  condition  that  they  be  so 
arranged  that  they  can  be  lettered,  p-\-v  —  r+  1  letters  to  each  Sp^  in  such  a  way  that  the 
q-\-v~r-\-l  letters  of  any  Sq  incident  with  a  given  Sp  ( p  >  9 )  shall  be  contained  among  the 
p  +  V  —  r  + 1  letters  of  the  Sp, 
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When  a  C^^^^r  ^^^  ^  Cln-\,r  ^^^  so  related  we  may  speak  of  them  as  being 
chiastically  incident^  or,  for  present  purposes,  simply  as  chiastic* 

Theorem  II.  With  respect  to  two  letters^  say  a  and  b ,  the  C^^  ^  breaks  up 
into  a  C^_2,  r »  ^^^  names  of  whose  elements  contain  neither  a  nor  b  ;  two  C^ll  r'*i 
one  containing  a  but  not  b ,  the  other  b  but  not  a  ;  and  a  C^ll  r  containing 
both  a  and  b . 

The  two  C^zl^  r's  are  both  chiastic  with  the  C^_2.  r  and  also  with  the  (7;r|,  r  • 
Moreover  each  S^  of  the  C^_2. ,.  (i5  =  2,3,-.-,r  —  l)i8  incident  with  an  S^^^ 
af  the  C^r2,r5  *^d  we  may  speak  of  a  (7^_2,r  ^md  a  C^zl^^  so  related  as  being 
chiastic. 

In  general,  any  two  configurations  whose  symbols  have  the  same  subscripts 
but  different  superscripts,  as  C^  ^  and  (7;~* ,  are  chiastic  if  each  Sp  of  the  C^^  ^ 
is  incident  (in  a  certain  order)  with  an  Sp_^  of  the  (7j;7;f .  It  is  evident  that  we 
cannot  have  chiasm  between  these  two  figures  unless  «  =  r  —  1 .  If  a  C^J'";:* 
is  chiastic  with  a  Cv,",.,  and  the  C^,.  is  chiastic  with  a  Cn.tS  ^^^^  ^^^  O^'"  is 
chiastic  with  the  C„*;V. 

Theorem  III.  The  breaking  up  of  a  Cj  ,.  with  respect  to  S  given  letters 
may  be  symbolically  expressed  by  the  formula : 


C;..  s  Ci_.,r  +  «C;iJ,,  +  CO  Oizlr  +  •  •  •  +  (0  Cji^r  +  «C'-',+;  +  C;;- 


»— «,  r  • 


Any  (7^1*  r  of  ^his  expression  is  made  up  of  those  elements  of  the  Cj^  ^  whose 
symbols  contain  a  certain  k  of  the  s  letters  but  not  the  remaining  s  ^  k,  A 
(7jl*  r  and  a  C;;zj"V'  are  chiastic  if  the  a;  —  Z  letters  which  distinguish  the  latter 
are  contained  among  the  k  letters  which  distinguish  the  former. 

Theorem  IV.      There  are  (?)(i)CjIJ,r'«  contained  in  every  C^^r- 

Theorem  V.  -5^  « <7jrJ, /«  «''^  chiastic  with  a  C^.,,^,  any  two  of  the 
C^zl^rS  determine  a  C^Z^r'^ith  which  they  are  both  chiastic;  three  of  the 
CnZl  rS  determine  thus  three  (7jzJ,  rS  which  are  chiastic  with  and  determine  a 
CnZl  r  /  •  •  •  ^^^  finally^  the  s  CjlJ^  ^s  determine  s  C^Z^'^r  '*  which  are  chiastic 
with  and  determine  a  Cj[lJ ,.;  and  the  entire  figure  thus  determined  is  a  Cj  ,.. 

When  i/=7i  — «,  this  theorem  is  Veronese's  "perspective  pyramid" 
theorem,  f 

Theorem  VI.  If  a  Cj,.  and  a  C^^y  are  chiastic  there  are  oo*'~'"  C^^J's 
{/cy>  I)  chiastic  with  both  the  C^^r  ^^^  ^^^  ^nTr^  If  ^^  fi^  arbitrarily  one 
5^_,_i  of  the  Cl~i  lying  in  any  S^_-^  of  the  C^^  ^  ^^^  passing  through  the  cor. 
responding  5^_^_i  of  the  C,*;'* ,  the  Cj~/  is  then  completely  determined. 

Theorem  VII.  There  are  oo*('"'*+*^C;~''«  chiastic  with  any  given  C^^^. 
We   may  fix    arbitrarily  the   1/  —  ic  +  1   points  of  the    C^'r    ^V^^ff  o^    the 


*  The  word  ohiastic  is  similarly  used  bj  Sir  Robert  Ball. 
t  Loo.  cit.,  p.  171 ;  also  Grunffzuge  der  Geometrie,  p.  614. 
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I/— IC+  1  S^^s  passing  through  any  S^_^  of  the  C^,r^  ^^  ^^  O^y  is  then 
completely  determined. 

Theorem  VIII.  There  are  <» «(*-»'+*'-«)  (7;+r'«  chiastic  with  any  given  Cl^r* 
We  may  fix  arbitrarily  tfien^  v  -}-  r  -^  k  copoints  of  the  CjV  passing  through 
the  n  —  v  -\'r  —  K  S^_^_^s  lying  in  any  S^_^  of  the  Cj  ,.,  and  the  (7j"V*  will 
then  he  completely  determined. 

Theorem  IX.     A  (7^  ^  is  determined  by 

r(7i  —  i'+r)  +  (j/  —  r)(7i  —  iz  +  r— l)  =  nj/  —  (v+l)(i/  —  r) 
arbitrary  constants. 

§  2.   Constructions  of  Quadric  Polar  Systems, 

It  IS  well  known  that  the  Desargues  configuration  in  the  plane,  the  FJ  2*  deter- 
mines a  certain  conic  or  polar  system  with  respect  to  which  it  is  self-polar. 
Veronese  shows,*  more  generally,  that  the  complete  figure  of  two  perspective 
''fundamental  pyramids"  in  S^^  i.  e.,  the  configuration  Fji+J^ ,  determines  a  cer- 
tain (r  —  1 )  dimensional  quadric  spread,  *^_i,  with  respect  to  which  it  is  self- 
polar.  Each  point  of  the  rj:}:J  ^ ,  named  by  two  letters  is  the  pole,  with  respect 
to  ^^_, ,  of  that  particular  copoint  which  is  named  by  the  remaining  r  +  1 
letters. 

Let  lis  consider  first  the  case  of  the  plane  figure.  Cayley  shows  f  that  the 
ri  2  breaks  up  into  two  pentagons,  each  inscribed  and  circumscribed  to  the  other. 
If  we  take  any  cyclic  arrangement  of  the  five  letters,  as  abcde(=  bcdea  =  edcha^ 
etc.),  it  will  represent  one  of  these  pentagons,  i.  e.,  the  pentagon  whose  vertices 
are  a&,  &c,  cd^  de^  and  ea,  and  whose  sides  are  abc^  bcd^  cde^  dea^  and  eab. 
The  remaining  five  points  and  five  lines  of  the  configuration  form  the  other  pen- 
tagon, i.  e.,  the  pentagon  acebd.  In  either  of  these  pentagons,  each  vertex  is 
the  pole  of  the  opposite  side  with  respect  to  the  polarity,  <I>j ,  of  the  configura- 
tion. 

To  say  that  a  quadric  polarity  sends  each  vertex  of  a  pentagon  into  the  oppo- 
site side  places  five  linear  conditions  on  the  polarity,  which  is  just  sufiicient  to 
determine  it  uniquely.^     A  polarity  may  then  be  given  by  a  pentagon. 

Of  the  two  pentagons  which  form  a  I^  g,  one  may  be  taken  arbitrarily,  and 
any  line  or  point  of  the  second  to  satisfy  a  single  condition.     (A  Tl^  2  depends 

*Loc.  oit.,  p.  193. 

t  Crelle'a  Journal,  vol.  31  (1846),  p.  213  ;  also  Collected  Works,  vol.  I,  p.  317.  This  fact  vnw 
probably  fiist  notioed  by  J.  T.  Graves.  Cf.  Philosophioal  Magazine,  vol.  15  (1839),  p. 
131. 

XCt.  Rbyb,  Geometric  der  Lage  (3d  edition),  vol.  2,  p.  125;  and  KouN,  MathematiBche 
Annalen,  vol.  46  (1895),  p.  303. 
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upon  3.6  —  (3-fl)(3  —  2)=11  arbitrary  constants.  *  Ten  of  these  con- 
stants are  fixed  in  fixing  the  first  pentagon,  leaving  one  arbitrary  constant  to  the 
second  pentagon).  But  the  polarity  is  determined  as  soon  as  the  first  pentagon 
is  fixed,  hence  the  second  pentagon  is  necessarily  self-polar  ^rith  respect  to  the 
polarity  determined  by  the  first  pentagon. 

This  gives  a  method  for  constructing  the  polar  of  a  given  point  with  respect 
to  a  polarity,  when  the  polarity  is  given  by  a  self  polar  pentagon. 

Consider  the  given  pentagon  as  the  pentagon  ahcde  of  a  Ff  2 .  If  we  make 
any  side,  say  ace,  of  the  second  pentagon,  acebd^  pass  through  the  given  point, 
a;,  this  second  pentagon  is  then  determined,  and  the  polar  of  x  must  pass  through 
the  point  hd.  Now  draw  a  different  second  pentagon,  aceb'd\  making  a  dif- 
ferent side,  say  Vd'a\  pass  through  x.  Then  the  polar  of  x  must  pass  through 
the  point  ce   of  this  pentagon,  and  is  thus  determined. 

The  essential  part  of  the  construction  may  be  remembered  conveniently 
as  follows :  Number  the  vertices  and  sides  of  the  pentagon  consecutively 
1,  2,  3,  •  •  •,  10,  assigning  to  the  vertices  the  odd,  and  to  the  sides  the  even 
numbers.  Then  join  a;  to  1  to  meet  4  at  ^1 ,  ^  to  7  to  meet  10  at  J?,  ^  to  3 
to  meet  6  at  (7,  and  C  is  then  on  the  polar  of  x.  Shift  the  numbers,  replacing 
3  by  1,  4  by  2,  6  by  3,  •  •  ■,  2  by  10,  and  repeat  the  above  process,  obtaining 
thus  a  point  C.     Then  CC  is  the  polar  of  x. 

A  dual  construction  gives  the  pole  of  a  given  line. 

Two  pentagons,  representing  two  polarities  ^  and  4>',  of  which  the  first 
sends  points  into  lines  and  the  second  sends  lines  into  points,  give  a  collineation. 
The  common  polar  triangle  of  4>  and  4>'  is  the  fix^d  triangle  of  the  collineation. 
If  AB  CDE  is  a  pentagon  giving  the  polarity  4>,  the  triangle  -B,  D^{AB  DE) 
is  evidently  a  polar  triangle  of  ^.f  If  then  a  given  triangle,  with  vertices 
a,  6,  and  c,  and  sides  a,  /3,  and  7,  is  to  be  the  fixed  triangle  of  a  collinea- 
tion which  is  in  addition  to  send  a  given  point,  P,  into  a  given  point,  P\  we 
can  at  once  construct  two  pentagons  which  will  give  this  collineation.  Let  S  be 
any  line.  Our  two  pentagons  may  be  P,  a,  (/8-8),  (5a),  h  and  P\  a, 
(^.S),(S.a),i. 

The  two  pentagons  ABODE  and  ABODE',  where  E'  lies  on  DE,  give  a 
collineation  in  which  the  point  D  and  all  points  on  the  line  AB  are  fixed  points, 
while  AB,  and  all  lines  through  the  point  D,  are  fixed  lines.  This  collineation 
sends  E  into  E' ,  and  it  sends  any  point,  P,  into  a  point  P'  on  the  line 
PD,  such  that  the  cross  ratio  P,  P',  D,  AB  is  equal  to  the  cross  ratio 
E,E\D,AB. 

Clebsch  X  calls  attention  to  a  collineation  determined  by  a  pentagon.     With 

*Cf.  Jl,  theorem  IX. 

fCf.  Keys,  Qeometrie  der  Lage  (3d  edition),  vol.  2,  p.  125. 

:|:  [lefter  die  Anwendung  der  quadratUcfien  Substitution  auf  die  Oleiehungcn  Sten  Grades  und  die 
geometritfche  Theorie  des  ebenen  Fxinfseits^  Mathematische  ADnaleD,yol.4  (1871). 
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the  pentagon  ABODE  is  naturally  associated  the  pentagon  of  the  diagonals, 
ACEBD^  and  these  two  pentagons  give  the  Clebsch  collineation. 

Passing  now  to  the  three-dimensional  ease,*  we  have  the  configuration,  I^  , , 
which  consists  of  two  perspective  tetrahedra  with  their  center  and  plane  of  per- 
spection.  The  points,  lines  and  planes  are  denoted  respectively  by  combinations 
of  two,  three  and  four  letters  out  of  six.  The  point  ah  is  the  pole  of  the  plane 
crfe/,  and  the  lines  ahc  and  def  are  conjugate,  with  respect  to  a  certain  polarity  ^^ . 

Taking  any  cyclic  arrangement  of  the  six  letters,  as  abcdef^  they  represent  a 
skew-hexagon  whose  six  vertices  are  ah^  hc^  cd^  de^  ef  and  fa;  six  lines  are 
aftc,  bed  J  cde^  def^  efa  Kai/ab;  and  six  planes  are  abcd^  hcde^  cdef,  defa, 
efab  and  Jiibc , 

In  addition  to  the  six  vertices  of  this  hexagon  there  are  nine  other  points  of 
the  configuration,  viz., 

ac^  C6,  ea,  6rf,  df^  fh^  ad^  he  and  c/*, 

each  of  which  lies  in  two  planes  of  the  hexagon,  the  first  six  lying  on  lines  and 
the  last  three  on  the  intersection  of  opposite  planes  of  the  hexagon.  (For 
instance,  ac  lies  on  the  line  abc^  but  ad  lies  on  the  intersection  of  abed  and 
def  a,)  Similarly  there  are  nine  planes  of  the  configuration  besides  the  six  of 
the  hexagon,  viz., 

aice,  bedf^  edea^  defb^  ?/«c,  fahd^  beef^  cdfa  and  deab^ 

the  first  six  passing  through  lines  of  the  hexagon,  and  the  last  three  through 
the  joins  of  opposite  vertices. 

From  these  nine  points  and  nine  planes  we  can  pick  out,  in  three  different 
ways,  a  second  hexagon  which,  like  the  first,  may  be  represented  by  a  cyclic 
arrangement  of  the  six  letters.  Such  a  hexagon  is  adfbec^  and,  like  the  first 
hexagon,  each  vertex  is  the  pole  of  the  opposite  plane  with  respect  to  the  polarity 
4>2.  Moreover  the  hexagons  abcdef  and  adfbee  are  mutually  related  to  each 
other.  Of  the  six  vertices  of  each,  four  lie  on  lines,  and  two  on  the  intersection 
of  opposite  planes  of  the  other.  Of  the  six  planes  of  each,  four  pass  through 
the  lines,  and  two  through  the  joins  of  opposite  vertices  of  the  other.  Also  four 
out  of  the  six  lines  of  each  lie  in  planes  and  pass  through  vertices  of  the  other. 

To  say  that  each  vertex  of  a  hexagon  is  the  pole  of  the  opposite  plane  with 
respect  to  a  polarity  <l>2  is  to  place  nine  linear  conditions  upon  the  polarity,  and 
this  determines  it  uniquely.  Hence,  as  soon  as  one  of  the  hexagons  of  our 
configuration  is  given,  the  polarity  4>2  is  determined.! 

*Cf.  the  author's  paper  in  The  Johns  Hopkins  University  Ciroalar,  April,  1904. 

fDr.  Kasneb,  in  a  paper  on  The  double-six  configurcUion,  American  Journal,  vol.  25 
(1903),  calls  attention  to  a  polarity,  Q,  connected  with  the  double-six.  In  a  letter  to  Professor 
Morley,  he  shows  that  a  skew-hexagon,  self -con  jugate  as  to  ii  (and  thus  determining  Q)  may  be 
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I  wish  now  tx)  show  that  the  first  hexagon,  abcdef^  can  be  taken  arbitrarily, 
and  any  plane  of  the  second  hexagon,  adfbec^  can  be  taken  to  pass  through  any 
point  in  space,  and  that  the  second  hexagon  and  the  entire  T\  3  will  then  be 
determined. 

Suppose  abcdef  to  have  been  chosen  arbitrarily.  We  then  make  any  plane, 
say  adfb ,  of  the  second  hexagon  pass  through  the  line  fab  and  any  given  point 
X,     Let  adfb  cut  def  in  df  and  bed  in  bd.     Then  draw 

bdf  (join  of  bd  and  df)  cutting  fab  in  yft, 


fbe  (    " 

"/6 

a 

«/) 

44 

bede  " 

6e, 

[aie(    " 

"   be 

(( 

a6) 

44 

c/a    " 

ore], 

bee  (    « 

"   be 

u 

6c) 

44 

ede    " 

€C, 

eea  (    " 

"    ec 

(4 

ae) 

44 

aJc    " 

ca, 

and  ead  (   '^ 

"   ea 

41 

cd) 

44 

defa  " 

acZ; 

and  if  our  hexagon  is  now  to  close  properly,  ad  should  lie  in  the  plane  adfb  on 
a  line  with  fa  and  df;  and  I  shall  show  that  this  will  always  be  the  case. 

The  figure  thus  far  constructed  is  part  of  the  figure  of  two  perspective  tetra- 
hedra,  which  we  proceed  to  complete. 

(In  Kg.  1  the  hexagon  abcdef  is  shown  by  dotted  lines,  the  hexagon  adfbec 
by  heavy  lines,  and  the  rest  of  the  configuration  by  light  lines.  The  double 
figure  viewed  through  a  stereoscope  shows  the  figure  in  relief.) 

Draw  cef  (join  of  ec  and  ef).  Then  the  three  lines  fbc  (fb-bc)^  fac 
(fa  •  ca)^  and  cdf  (cd  •  df)  will  cut  cef;  for  they  lie  respectively  in  the 
three  planes  fbce  (fb  be  •  ef  -  be  -  ec)y  face  (fa  -  ae  -  ef  -  ca  -  ec)^  and  fcde 
( df-  deefcd-ec)  passing  through  cef.  Moreover  these  three  lines  all  cut  cef 
at  the  same  point,  c/*,  because  each  pair  of  them  lies  in  a  plane  which  does  not 
contain  cef;  viz.,  fbc  and  fac  lie  in  fabc  (fafb  abbcca);  fac  and  cdf  lie 
in  facd  (fa  df  adcdac);  and  cdf  and  fbc  lie  in  fbcd  (fb  •  df  bdcdbc). 
Also  the  line  bde  (bede)  passes  through  bd  since  it  lies  in  two  planes  contain- 
ing bd ,  viz.,  the  planes  bdef  (bede  fb  •  df  •  bd)  and  bede  (bede-bcdcbd). 

Examination  of  the  figure  now  shows  that  ca  be  cd  cf  and  ae  be  de  ef  are  two 
perspective  tetrahedra  with  ec  as  perspection-center.  Five  pairs  of  correspond- 
ing edges  meet  in  the  five  points  bd^  fb^  df^  ya,  and  aJ,  points  in  the  plane 

selected  in  twenty  di£Ferent  ways  from  the  lines  of  the  doable-six.  If  Li  and  Jfi  (t  =  1 ,  2 ,  •  •  • ,  6) 
are  the  lines  of  the  double-six,  then  any  oorresponding  triples,  as  1^,  X,*  ^s  ^i^^  -^n  -^si  -^s 
form  snob  a  hexagon.  In  this  same  letter  Dr.  Kasnbb  suggests  a  construction  for  a  polarity 
when  defined  by  a  hexagon.  He  reduces  it  to  the  construction  of  several  plane  polarities  defined 
by  plane  pentagons. 
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adfb .     The  sixth  pair  of  edges,  cad  and  ade  (aede)  must  also  meet  in  a  point 
of  this  plane.     But  cad  was  to  meet  the  plane  defa  in  ad,  and  the  line  ade  is 


Fig.  1. 


in  the  plane  defa ,  and,  therefore,  ad  lies  in  the  plane  adfb  and  on  a  line  with 
fa  and  df.  Hence  our  hexagon  closes  properly,  and  the  entire  F*  ^  is 
determined. 
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This  g^ves  us  now  a  mefchod,  similar  to  the  method  for  the  plane,  of  construct- 
ing the  polar  plane  of  any  point  x  with  respect  to  a  polarity  when  the  latter  is 
given  by  a  self-polar  hexagon.  The  vertex  of  the  second  hexagon  opposite  to 
the  plane  passed  through  x  (the  vertex  ec  in  the  case  just  described)  must  lie  on 
the  polar  plane  of  x.  The  construction  of  this  point  ec  is  in  fact  very  simple^ 
and  may  be  stated  as  follows : 

Let  1,  2,  8,  4,  5,  6  be  the  vertices  of  the  given  hexagon  taken  in  order. 
Pass  a  plane  through  x,  1,  and  2  and  cutting  34  and  66  in  A  and  A'  respec- 
tively. Draw  A  A'  cutting  IF  in  5,  and  B6  cutting  the  plane  346  in  C. 
03  will  then  cut  46  in  the  point  D  which  is  the  point  required  on  the  polar 
plane  of  x.  Now  shift  the  digits  around  on  the  hexagon,  replacing  2  by  1,  8 
by  2,  ...  1  by  6,  and  repeat  the*  above  process,  obtaining  a  second  point  D' , 
similarly  for  a  third  point  i)".  The  plane  DB' D"  will  then  be  the  polar  of  x 
with  respect  to  the  polarity  given  by  the  hexagon. 

A  dual  construction  gives  the  polar  point  of  a  given  plane. 

The  combination  of  two  consecutive  space  polarities  gives  a  space  coUineation, 
and  hence  a  space  collineation  may  be  given  by  two  skew-hexagons. 

If  a  given  tetrahedron  with  vertices  a,  6,  c,  and  c?,  and  faces  a,  /8,  7,  and  S 
is  to  be  the  fixed  tetrahedron  of  a  collineation  which  is  in  addition  to  send  a 
given  point,  P,  into  a  given  point,  P',  this  collineation  may  be  given  by  the 
two  skew  hexagons  whose  vertices  are 

P,  a,  (7-/3-€),  (/3a. e),  (aS-c),  h 
and 

P',  a,  (7-/3€),  (^a-e),  (aS-e),  h 

where  6  is  any  plane. 

The  two  hexagons  ABGBEF^^vA  ABCDEF' ,  where  F'  lies  on  EF^  give 
a  collineation  in  which  the  point  E  and  all  points  of  the  plane  ABC  are  fixed 
points,  while  the  plane  ABC  9kvA  all  planes  through  E  are  fixed  planes.  This 
collineation  sends  any  point,  P,  into  a  point,  P' ,  on  the  line  PE^  such  that  the 
cross-ratio  P^P\E^ABC\b  equal  to  the  cross-ratio  F^  F'  E^  ABO. 

§  8.  Associated  systems  of  conies. 

The  two  dual  configurations,  V\^  2  ^'^d  ^X  2  (which  are  respectively  the  section 
by  a  plane  and  the  projection  on  a  plane  of  the  space  configuration  T^,  3)  give 
rise  to  certain  peculiar  sets  of  conies  which  are  worthy  of  notice. 

All  the  elements  of  a  T\  ^  containing  a  given  letter  of  the  six,  say  a ,  form  a 
rj  2*  with  which  is  associated  a  conic  that  may  be  called  F^.  There  are  six 
such  conies.     The  twenty  points  of  the  FJ  2  naturally  fall  into  pairs  such  as  ahe 

*Cf.  Jl,  theorem  L 
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and  def.  The  point  abc  is  the  pole  of  the  line  adef  with  respect  to  F^ ,  and 
since  def  lies  on  adef^  abc  and  def  are  a  pair  of  conjugate  points  with  respect 
to  F^.  Similarly,  since  ahc  and  hdef  are  pole  and  polar  with  respect  to  F^^ 
abc  and  def  are  conjugate  with  respect  to  F^ .  They  are  conjugate  points,  in 
fact,  with  respect  to  all  six  F^s.  The  same  is  true  of  each  of  the  ten  pairs  of 
points.  Regarding  these  ten  point-pairs  as  degenerate  line  conies,  and  the  F'*b 
as  point  conies,  we  have  then  ten  line  conies  each  apolar  with  each  of  six  point- 
conics. 

This  being  the  case,  either  (1)  the  ten  conies  belong  to  a  range  and  the  six  to 
a  4-spread ;  or  (2)  the  ten  belong  to  a  web  and  the  six  to  a  net ;  or  (8)  the  ten 
belong  to  a  4-spread  and  the  six  to  a  pencil.  The  first  supposition  cannot  be 
true,  for  there  can  be  only  three  degenerate  conies  in  a  range.  If  the  second 
alternative  be  true,  the  twenty  points  lie  on  a  cubic  curve ;  but  this  is  impossible 
since  they  lie  by  fours  on  straight  lines.  Therefore  the  third  supposition  is  true, 
and  the  six  conies  F  belong  to  a  pencil,  i.  e.,  they  pass  through  four  points. 
Thus  every  T^  g  determines  four  covariant  points. 

In  the  same  way  it  may  be  shown  that  a  Ci^  2  determines  six  line  conies, 
4>^,  •  •  •,  ^^,  belonging  to  a  range ;  and  hence  a  (7 J  2  determines  four  covari- 
ant lines. 

Every  T;  2  (where  i/^3  and  n^v  +  2)  contains  („!l5)(;ij)  TJ  g's,  with 
each  of  which  is  associated  a  conic  F,*  We  obtain  one  of  these  VI^b  by  pick- 
ing out  all  the  elements  of  the  T^^  2  which,  contain  certain  1/  —  8  letters,  say 
ab  '  "  K^  and  do  not  contain  certain  n  ^  v  —2  letters,  say  mn  • .  •  «.  We  may 
denote  the  conic  associated  with  this  FJ  2  ^Y  ^ab...Kmn...»'  H  1/  =  4,  the  con- 
figuration Fj  2  contains  („!!.e)(^lS)  FJo's,  with  each  of  which  is  associated  a 
pencil  of  six  of  the  conies  F.  The  F^  2»  ^^^  therefore  the  associated  pencil,  may 
be  denoted  by  the  symbol  (5  •  •  •  Kmn  ■  • .  5)  made  up  of  two  groups  of  v  —  4 
and  n-^v  —  2  letters  respectively.  A  given  conic,  as  i^ot... «.««...,  belongs  to 
a  given  pencil,  as  (6  •  ■  •  /e  •  mn  • .  •  5 ),  if  the  n  —  1/  +  2  letters  in  the  two  sym- 
bols are  the  same,  and  if  the  1/  —  4  letters  in  the  symbol  for  the  pencil  are  con- 
tained  among  the  1/  —  3  letters  in  the  symbol  for  the  conic.  We  have  then, 
connected  with  a  F;;  2  (where  1/  =  4  and  n  =  v  +  2)^  („!L5)(Jl|)  conies  lying  in 
{n-t){Z~\)  pencils,  six  conies  in  each  pencil,  and  each  conic  in  1/  — -  3  pencils. 

Similarly,  a  (7f  2  (where  m  =  4  and  n  =  /li  -f-  2)  gives  rise  to  (»!V5)(*l8)  line- 
conics  lying  in  (^e  )("!$)  ranges,  six  conies  in  each  range  and  each  conic  in 
/A  —  3  ranges. 

Restating  this  last  theorem  in  terms  of  the  F's  instead  of  the  Cs,  and  noting 
that  /i  =  7i  —  i'-t-l,we  have : 

Associated  with  every  Fj  2  (where  1/  =  3  and  n  =  i/  +  3)  are  (»!U)(*l3)  ^i^^©- 
conies  lying  in  {n-t){1'^l)  ranges,  six  conies  in  each  range,  and  each  conic  in 

*Cf.  §1,  theorem  IV. 
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n  —  i;  —  2  ranges.  But  thes6  (^^)(*  j)  line-conics  are  the  same  as  the  point 
conies  F  associated  with  the  F;  o.  Hence  we  have  the  somewhat  remarkable 
theorem : 

Associated  with  every  F J  2  {where  1/  =  4  and  71  =  1/  +  3)  are  (n^s){^^l) 
conies  which  lie  by  sixes  in  („!!6)(*lJ)  pencils^  each  conic  in  1/  —  8  pencils^  and 
v)hich  also  lie  by  sixes  in  („*e)(JlS)  ranges^  each  conic  in  n  —  v  —  i  ranges. 

COLLEGEVILLE,  PA. 
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Volume^ 

E.  D.  Roe,  Jr.  :   On  the  coefficients  in  the  product  •  •  • . 

P.  197, 1.  7.  For        p.  2         read        p.  194. 

In  the  table  at  the  bottom  of  the  page  insert  00113  be- 
tween 00023  and  00122. 

P.  199.  In  the  matrix  of  the  /8's,  for  m  +  n  read  2m .     Later 

n  is  taken  equal  to  m . 

P.  203, 1.  1  up.  For         1.  c.  p.  2    *     read         1.  c.  p.  194. 

The  recurrence  formula  stated  in  1.  c.  p.  194  gives  coef- 
ficients as  sums  of  those  found  in  previous  tables,  as  is  seen 
by  expressing  the  sums  in  the  notation  in  which  the  lower 
series  is  also  a  partition. 

H.  F.  Blichfeldt:  Invariants  of  linear  homogeneous  groups  •  •  •. 

P.  466, 1.  4.  For        N=^p''m=^kpl        read         N^p'^m^^ p^'kl. 

P.  466, 1.  6.  After  and  then  also  insert  by  putting  first 

a  =  1 ,  then  a  =  2 ,  etc. 

Volume  6 

E.  V.  Huntington:  A  set  of  postulates  for  real  algebra  •  •  •. 

Pp.  21,  22.  The  statement  that  postulates  Ri''R9>  form  a  categorical 

set  is  clearly  erroneous,  as  noted  in  the  footnote  on  p.  211 ; 
a  correct  account  is  given  on  pp.  217-218.  Since  the 
statement  in  question  was  merely  parenthetical,  the  rest  of 
the  paper  is  not  affected  by  this  correction. 

P.  20  and  p.  32.  In  postulate  i?6 ,  the  element  x  in  2°)  should  be  noted  as 

"  different  from  J^T,"  in  order  to  make  the  proof  of  the  inde- 
pendence of  i?3  conclusive. 

E.  D.  Roe,  Jr. :    On  the  coefficients  in  the  quotient  •  •  • . 

P.  63,  formula  (3).       S^fiq^q^  •••?«)  =  KA  P"-^-^2''-»-P'^  •  •  •  n'^),  where  S^ 
is  applied  to  the  p^s  and  where  PiP^"  'Pn  ^^  *^®  partition 
conjugate  to  y^  ^j    ' '  ^m  •     Thus  any  term  of  S  of  (3)  is  ex- 
cluded, which  is  inconsistent  with  the  subtraction  of  r  single 
546 
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units  from  r  of  the  elements  of  the  conjugate  of  the  par- 
tition p. 
P.  65,  formula  (10).      Writing  p  =  ^""PxVi'  "Pn^  ^1^2"  '  ^n+r^  ^*^  P   ^^" 
jugate  to  y , 

TjiK,K,...Kj^y{K,  +  1  .  ..AC,+  1  .  ..*„) 

=  2/(*>;  •■■<), 

where  any  term  presenting  a  greater  before  a  lesser  number 
in  the  complex  k   is  excluded, 

^r/C?.?*  •••?-)  =  '^./l  on—- ■• . . .  (n  +  r)'' ) , 

where  cr^  is  applied  to  the  z's  only,  and  where  X  is  so  chosen 
for  a  term  that  X  +  z^^^  =  m  +  1 ,  the  theorem  of  (10)  is 

«r[yi?2---?J=^r[7l?2  •••?«] 

=  cr^[0^1**^--*-+-»  '"{n  +  r)*»]. 

Thus  any  term  is  excluded  from  S  (10)  which  does  not  add 
r  single  units  to  r  of  the  elements  of  l*-»-*"-i . . .  7«*i  by  the 
addition  of  aj^ajj  •  •  •  o?^  to  r  of  the  y's. 

In  the  left  member  of  formula  (10)    for     q^    read    q^. 
P.  68, 1.  14  up.  For  007  read        69. 

P.  69, 1.4.  -  t,t,^t,t,  -  ^2C2-<l<n-l- 

P.  71, 1.  9.  The  asterisk  should  be  struck  out,  as  also  in  the  foot- 

note at  the  bottom  of  the  page,  which  is  a  continuation  of 
the  footnote  of  p.  70. 

With  respect  to  both  product  and  quotient  tables  it  is  to 
be  observed  that  when  there  is  more  than  one  self-conju- 
gate among  the  partitions  of  a  table,  as  in  tables  where 
?/?  >  7 ,  some  of  the  coefficients  are  repeated  in  the  table, 
since  all  the  self-conjugates  but  one  occur  twice,  equidistant 
from  ea6h  end^  according  to  the  method  of  ordering  par- 
titions used  in  the  tables.  Where  to  >  7  the  columns 
should  also  be  numbered  0,l,2,8,*-«,  beginning  with 
the  center  and  proceding  in  each  direction  towards  the  ends, 
in  order  that  conjugate  columns  may  be  immediately  recog- 
nized, by  the  same  number,  without  calculation  or  counting. 
— E.  D.  R. 

L.  E.  Dickson:  Definitions  of  a  group  and  afield  •  •  •. 
P.  203, 1.  4.  For  the  heading         [2+]  read         [2><] . 
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